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Abstract: This work investigates the minimum eradication time in a controlled susceptible-
infectious-recovered model with constant infection and recovery rates. The eradication time is
defined as the earliest time the infectious population falls below a prescribed threshold and remains
below it. Leveraging the fact that this problem reduces to solving a Hamilton-Jacobi-Bellman
(HJB) equation, we propose a mesh-free framework based on a physics-informed neural network
to approximate the solution. Moreover, leveraging the well-known structure of the optimal control
of the problem, we efficiently obtain the optimal vaccination control from the minimum eradication
time using the dynamic programming principle. To improve training stability and accuracy, we
incorporate a variable scaling method and provide theoretical justification through a neural tangent
kernel analysis. Numerical experiments show that this technique significantly enhances convergence,
reducing the mean squared residual error by approximately 80% compared with standard physics-
informed approaches. Furthermore, the method accurately identifies the optimal switching time. These
results demonstrate the effectiveness of the proposed deep learning framework as a computational
tool for solving optimal control problems in epidemic modeling as well as the corresponding HJB
equations.

Keywords: physics-informed neural networks; optimal control; Hamilton-Jacobi-Bellman equation;
controlled epidemic model; minimum eradication time

1. Introduction

The study of vaccination strategies and eradication times in susceptible-infectious-recovered (SIR)
models has a long history, beginning with the seminal work of Kermack and McKendrick [1], and
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its variants have received a great deal of attention during and after the outbreak of COVID-19. The
controlled SIR model is a cornerstone in mathematical epidemiology and is frequently employed to
study the dynamics of disease transmission and control strategies. Various optimization problems
based on the SIR model, where the vaccination strategy is treated as a control, have been extensively
studied within the framework of optimal control theory [2–5].

The controlled SIR model is given byṠ = −β(t)S I − r(t)S ,
İ = β(t)S I − γ(t)I,

for t > 0, with the initial conditions S (0) = x and I(0) = y ≥ µ for some µ > 0. Here, β(t) and γ(t)
denote the infection and recovery rates, respectively, and r(t) represents a vaccination control that takes
values in [0, 1].

Recently, Bolzoni et al. [4] introduced the notion of minimum eradication time, defined as the first
time I falls below a given threshold µ > 0. For mathematical treatments, the eradication time in
controlled SIR models with constant infection and recovery rates was first studied as a viscosity
solution to a static first-order Hamilton-Jacobi-Bellman (HJB) equation in [6]. Additionally, two
critical times in SIR dynamics were studied in [7]: the point at which the infected population begins
to decrease and the first time that this population falls below a given threshold. Both studies [6, 7]
focused on SIR models with a constant β and γ. To identify the optimal controls, the Pontryagin
maximum principle (PMP) [8] was applied, confirming that a bang-bang control (i.e., taking values
of 0 or 1) is optimal. The authors of [9] extended the notion of eradication time to cases involving
time-inhomogeneous dynamics. However, numerical treatments for solving Hamilton–Jacobi
equations and determining the optimal vaccination controls remain relatively unexplored.

Motivated by the fact that the minimum eradication time satisfies an HJB equation in the viscosity
sense [6, 10], we introduce a novel framework based on physics-informed neural networks (PINNs) to
solve this problem in a mesh-free and scalable manner. Traditional numerical schemes often suffer from
discretization errors and are limited in their flexibility, especially when handling high-dimensional or
nonlinear systems. In contrast, our approach embeds the HJB’s dynamics directly into the training
of a neural network, enabling efficient approximation without spatial discretization. Moreover, by
incorporating the dynamic programming principle (DPP) into a neural optimization loop, we compute
both the value function and the associated optimal bang-bang vaccination control within a unified PINN
framework. This integration offers a new perspective for solving optimal control problems in the study
of controlled epidemic models using deep learning.

Unlike existing deep learning approaches for epidemic modeling, which typically require
retraining for each initial condition, our PINN-based framework computes the minimum eradication
time uniformly across a range of initial states. This is made possible by the structural property of the
optimal control in our setting. Specifically, the optimal control exhibits a bang-bang form, which is a
unique property in our problem’s setting. Leveraging this structure, we apply the DPP to recover the
optimal vaccination strategy directly from the computed eradication time, without solving the control
problem separately.

In addition, we provide rigorous theoretical support to explain why it works. While PINNs have
shown success in various applications, their training is often unstable, particularly when applied to
stiff or degenerate partial differential equations (PDEs). To address this issue, we leverage a variable
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scaling (VS) technique originally proposed in [11] and develop a theoretical foundation for solving
the HJB equation arising in the minimum eradication time problem. Specifically, using neural tangent
kernel (NTK) theory [12], we quantify how VS affects the convergence rate during the training of
PINNs. This constitutes the first NTK-based convergence analysis associated with HJB equations
arising in the controlled SIR problem and provides new insights into the theoretical tractability of
PINN-based optimal control. We further analyze the impact of applying distinct scaling factors to each
variable. This variable-specific scaling effectively captures the anisotropic behavior inherent in the
HJB equation.

1.1. Related works

PINNs [13] have gained significant attention as a powerful and flexible framework for solving
differential equations, and have been widely adopted in various fields, including epidemic
modeling [14, 15], fluid mechanics [13, 16–18], finance [19, 20], and biomedical engineering [21, 22],
where understanding the underlying physical models is crucial.

In the framework of PINNs, we solve differential equations by training a neural network. The loss
function consists of initial and boundary conditions, along with residual terms derived from the
governing equations. However, the training results are highly sensitive to the choice of boundary
condition settings, requiring the introduction of a penalty coefficient to balance the boundary loss
term. Heuristic adjustments to the penalty coefficient can accelerate convergence. However, if not
properly set, these values may lead to inaccurate solutions. To address these challenges, various
adaptive methods have been proposed. One example is a learning rate annealing algorithm [23]. This
algorithm dynamically adjusts the weights assigned to each term in the loss function. PINNs with
adaptive weighted loss functions have been introduced for the efficient training of Hamilton-Jacobi
(HJ) equations [24]. To further enhance the stability of PINNs, the authors of [25] proposed an
adaptive training strategy that ensures stable convergence through the lens of NTK theory [12].
Recently, the failure of PINNs in stiff ordinary differential equation (ODE) systems was
observed [26], and stiff-PINN was proposed as an improvement. Subsequently, various methods have
been introduced, such as self-adaptive PINNs [27] and variable scaling PINNs [11]. Among these
methods, we employ the variable scaling technique [11], as it is simple and effective.

While PINNs have been successfully applied to a wide range of differential equation problems, their
application to optimal control, particularly in solving HJB equations, remains relatively underexplored.
The key challenge lies in ensuring stability and accuracy when approximating the value functions and
control policies. This has motivated recent studies investigating the interplay between deep learning
and optimal control, aiming to develop computationally efficient methods that leverage the advantages
of PINNs for solving partial differential equation (PDE) and optimal control problems.

There is a rich body of literature exploring the interplay between PINNs and optimal control. By
leveraging the ability of PINNs to solve partial differential equations (PDEs) and the scalability of
deep neural networks, researchers have developed computationally efficient methods for solving
optimal control problems. For instance, a training procedure for obtaining optimal control in
PDE-constrained problems was presented in [28]. Similarly, the authors of [29] utilized a
Lyapunov-type PDE for efficient policy iteration in control-affine problems. Slightly later, a deep
operator learning framework was introduced to solve high-dimensional optimal control
problems [30], building on the policy iteration scheme developed in [31]. Most recently, [32]
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demonstrated the application of deep learning in controlled epidemic models.
In parallel, recent studies have explored the integration of artificial intelligence (AI) with

mechanistic epidemiological models to enhance predictive capabilities and inform public health
interventions [33, 34]. These approaches highlight the potential of AI to address complexities in
disease dynamics that traditional models may not fully capture.

Building on these advancements, our work focuses on leveraging PINNs for solving optimal control
problems, specifically in the context of SIR models with vaccination strategies. The proposed approach
not only provides an effective approximation of the minimum eradication time but also facilitates the
synthesis of optimal control policies in a computationally efficient manner.

1.2. Contributions

This paper makes the following contributions:

• We propose a PINN-based framework to approximate the minimum eradication time in the
controlled SIR model by solving the associated HJB equation in a mesh-free manner. Our
approach enables the simultaneous computation of eradication times across all initial conditions,
eliminating the need for retraining.
• By leveraging the known structural property that the optimal control in the controlled SIR model

is a bang-bang control with at most one switching, we recover the optimal vaccination strategy
efficiently via the DPP, thereby avoiding the complex control synthesis procedures commonly
required in general optimal control problems.
• We provide a theoretical analysis based on NTK theory, which explains the effectiveness of the

variable scaling method in training PINNs for solving the HJB equation. Furthermore, we
introduce variable-specific (nonuniform) scaling to address the anisotropic behavior inherent in
the PDE, improving both training stability and convergence.

1.3. Organization of the paper

The remainder of this paper is organized as follows: Section 2 presents preliminary results on
the minimum eradication time in the context of HJB equations. Section 3 reviews variable scaling
PINNs and includes an error analysis specific to our HJB equation. Section 4 details the training
procedure, while Section 5 presents the experimental results. Finally, Section 6 concludes the paper by
summarizing the key findings, discussing the limitations of the approach, and providing directions for
future research.

2. HJB equation for the minimum eradication time

2.1. Minimum eradication time problem

Throughout the paper, we consider a time-homogeneous controlled SIR model where the infection
and recovery rates are constant:

β(t) ≡ β and γ(t) ≡ γ.
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We consider a threshold µ > 0 and the initial conditions x ≥ 0 and y ≥ µ. Let r(t) ∈ U = {r : [0,∞)→
[0, 1]} be a vaccination control. Under these settings, we define the eradication time as

ur(x, y) := min{t > 0 : I(t) = µ},

where S r and Ir satisfy Ṡ r = −βS rIr − rS r,

İr = βS rIr − γIr,
(2.1)

with (S r(0), Ir(0)) = (x, y).
A crucial property of ur is that for each t ∈ [0, ur(x, y)],

ur(x, y) = t + ur(S r(t), Ir(t)), (2.2)

which is known as the DPP. This relationship can be interpreted as follows: at time t, the remaining
eradication time from the state (S r(t), Ir(t)) is ur(x, y).

Finally, the minimum eradication time is defined as

u(x, y) := min
r∈U

ur(x, y). (2.3)

The mathematical properties of this value function have been extensively studied in [6]. For the
convenience of readers, we summarize the theoretical results provided in [6].

Thanks to (2.2), it is known that u is the unique viscosity solution to the following HJB equation.

Theorem 1 (Theorem 1.2 of [6]). For µ > 0, the value function u defined in (2.3) is the unique viscosity
solution to

βxy∂xu + x(∂xu)+ + (γ − βx)y∂yu = 1 in (0,∞) × (µ,∞), (2.4)

with the boundary conditions

u(0, y) =
1
γ

ln
( y
µ

)
for y ≥ µ,

and
u(x, µ) = 0 for 0 ≤ x ≤

γ

β
.

In the next section, we proceed by identifying the optimal control that minimizes the
eradication time.

2.2. Optimal bang-bang control

With the value function u(x, y), characterized as the unique viscosity solution to the HJB
equation (2.4), we now turn our attention to identifying the corresponding optimal control. In the HJB
framework, the optimal cost is encoded in the value function, and the structure of the optimal control
is identified through minimization of the Hamiltonian. In our setting, the dynamics are affine in the
control variable, which implies that the optimal control takes the form of bang-bang [35].

To make this connection more explicit, we invoke the PMP [8], which provides a necessary
condition for optimality in terms of the dynamics of adjoint variables. In our model, the PMP reveals
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that any optimal vaccination strategy r(t) ∈ [0, 1] must satisfy a bang-bang structure, meaning that
r(t) ∈ {0, 1} for almost every t ∈ [0, ur]. The switching behavior is determined by the sign of the
adjoint variable, which evolves according to a differential equation coupled with the state
dynamics [4, 6, 35].

Moreover, in the time-homogeneous controlled SIR model with constant infection and recovery
rates, it is known [4] that the optimal control switches at most once from r(t) = 0 to r(t) = 1. This
result follows from a careful analysis of the monotonicity properties of the adjoint state. Consequently,
we restrict our attention to switching controls of the form

rτ(t) =

0, t < τ,

1, t ≥ τ.
(2.5)

Here, rτ and τ are referred to as the switching control and switching time, respectively.
We now recall some well-known results on the minimum eradication time and the optimal

switching time.

Theorem 2 (Theorem 1.4 of [6]). Let µ > 0, x ≥ 0, and y ≥ µ. Then,

u(x, y) = min
τ≥0
{τ + ur0(S (τ), I(τ))}, (2.6)

where S (t) and I(t) satisfy the uncontrolled SIR model:Ṡ = −βS I,

İ = βS I − γI,
(2.7)

with (S (0), I(0)) = (x, y). Moreover, any τ for which the minimum in (2.6) is achieved is the switching
time of the optimal switching control.

To solve for the optimal switching time τ from (2.6), it is necessary to compute ur0 . Recalling the
DPP (2.2), when r ≡ 1, i.e., r = r0, we have the following identity:

ur0(x, y) = t + ur0(S r0(t), Ir0(t)), (2.8)

where S r0 and Ir0 satisfy Ṡ r0 = −βS r0 Ir0 − S r0 ,

İr0 = βS r0 Ir0 − γIr0 ,
(2.9)

with (S r0(0), Ir0(0)) = (x, y). Taking the time derivative of both sides of (2.8), we deduce that

0 = 1 +
d
dt

ur0(S r0(t), Ir0(t))

= 1 + Ṡ r0(t)∂xur0 + İr0(t)∂yur0

= 1 + (−βS r0(t)Ir0(t) − S r0(t))∂xur0 + (βS r0(t)Ir0(t) − γIr0(t))∂yur0 .

Setting t = 0 and using the dynamics (2.9), we obtain:

βxy∂xur0 + x∂xur0 + (γ − βx)y∂yur0 = 1 in (0,∞) × (µ,∞),
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where ur0 satisfies the same boundary conditions as u.
We finish this section with well-established properties of the optimal switching time τ∗ such that

u(x, y) = uτ
∗

(x, y). We define the following:

S := {(x, y) : u(x, y) = ur0(x, y)},

Corollary 6.2 in [6] yields ∂xur0(x, y) ≥ 0 for (x, y) ∈ S,
∂xur0(S (τ∗), I(τ∗)) = 0 for (x, y) ∈ SC,

(2.10)

where (S , I) satisfies (2.7) with (S (0), I(0)) = (x, y).
Furthermore, by Corollary 6.4 in [6], we have∂xu(x, y) ≥ 0 for (x, y) ∈ S,

∂xu(x, y) ≤ 0 for (x, y) ∈ SC.
(2.11)

On the basis of the theoretical properties of the minimum eradication time, we propose a training
procedure to solve (2.4) and compute the optimal switching time through a PINN framework, which
does not require spatial discretization.

3. Variable scaling physics-informed neural networks

In this section, we explain the variable scaling physics-informed neural network (VS-PINN), which
is a crucial component of our method. For completeness, we begin with an overview of PINNs.

3.1. Physics-informed neural networks

PINNs are trained using a loss function that enables the neural network to approximate a solution
satisfying both the differential equation and the initial or boundary conditions. Specifically, we focus on
solving a PDE with a boundary condition, as the problem we address falls into this category. Suppose
we have a bounded open domain Ω ⊂ Rd and the following equations:

D[u](x) = f (x) in Ω,

u(x) = g(x) on ∂Ω,

whereD is a differential operator.
We train a neural network u(x; θ) using the loss function

L = λrLr + λbLb, (3.1)

where the residual loss Lr and the boundary loss Lb are defined as

Lr =
1
Nr

Nr∑
i=1

|D[u](xi
r) − f (xi

r)|
2, Lb =

1
Nb

Nb∑
j=1

|u(x j
b) − g(x j

b)|2.
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Here, the residual data points xi
r ∈ Ω and the boundary data points x j

b ∈ ∂Ω are typically sampled
randomly from uniform distributions. The weights λr, λb, and the number of data points Nr, Nb are
tunable parameters.

In our problem, we consider Ω = (0,∞) × (µ,∞) for µ > 0 and define the operatorsD andD0 as

D = βxy∂x + x(∂x)+ + (γ − βx)y∂y,

D0 = βxy∂x + x∂x + (γ − βx)y∂y,
(3.2)

where (∂x)+u = (∂xu)+. We solve for u and ur0 , satisfying

D[u] = 1 and D0[ur0] = 1 in Ω, (3.3)

with the boundary conditionsu(0, y) = ur0(0, y) = 1
γ

ln
(

y
µ

)
for y ≥ µ,

u(x, µ) = ur0(x, µ) = 0 for 0 ≤ x ≤ γ
β
.

(3.4)

A schematic diagram of the framework is presented in Figure 1.

Figure 1. Training u and ur0 under the PINN framework.

3.2. Variable scaling

In [11], Ko and Park proposed a simple method that improves the performance of PINNs. The idea
is to scale the variables so that the domain of the target function is magnified, making the function
less stiff.

Let us begin with a change of variable x = x̂/N and setting

û(x̂) := u(x̂/N).

The function û is a scaled version of the function u, with its domain expanded by a factor of N, causing
its stiffness to decrease by a factor of N compared with u. Thus, our goal is to train û instead of directly
training u. After training û, we can simply recover our original target u by substituting

u(x) = û(Nx).
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Unlike [11], we use different scaling parameters Nx, Ny for each component x, y and also apply
translations, which means we use

x̂ = Nxx + bx, ŷ = Nyy + by.

We employ this approach to address the anisotropic behavior in PDEs such as our HJB equation, where
the dynamics exhibit asymmetry across different variables x and y. By doing so, we effectively mitigate
the imbalance in gradient magnitudes during training and improve the optimization’s stability. Thus,
after training û, we recover u by

u(x, y) = û(Nxx + bx,Nyy + by).

Recall that the differential operator of our problem in (3.2) takes the form of D = F(x, y, ∂x, ∂y). The
modified version of our problem has the domain Ω̂ = (bx,∞) × (Nyµ + by,∞).

By the chain rule,

∂xu(x, y) = ∂x̂u(x, y) · ∂x x̂ = ∂x̂û(x̂, ŷ) · Nx,

∂yu(x, y) = ∂ŷu(x, y) · ∂yŷ = ∂ŷû(x̂, ŷ) · Ny,

we define the operators D̂ and D̂0 as

D̂ = β
(x̂ − bx)(ŷ − by)

Ny
∂x̂ + (x̂ − bx)(∂x̂)+ + (γ − β

x̂ − bx

Nx
)(ŷ − by)∂ŷ,

and

D̂0 = β
(x̂ − bx)(ŷ − by)

Ny
∂x̂ + (x̂ − bx)∂x̂ + (γ − β

x̂ − bx

Nx
)(ŷ − by)∂ŷ.

We then solve for û and ûr0 , satisfying

D̂[û] = 1 and D̂0[ûr0] = 1 in Ω̂,

with û(0, ŷ) = ûr0(0, ŷ) = 1
γ

ln
(

ŷ−by

Nyµ

)
for ŷ ≥ Nyµ + by,

û(x̂, µ) = ûr0(x̂, µ) = 0 for bx ≤ x̂ ≤ Nxγ

β
+ bx.

(3.5)

As a result, we should use the loss function in (3.1) modified by replacing D (or D0) and f , g, u(x; θ)
(or ur0(x; θ)) with D̂ (or D̂0) and f̂ , ĝ, û(x̂; θ) (or ûr0(x̂; θ)) in order to train û(x̂; θ) (or ûr0(x̂; θ)), where
f (x) = f̂ (x̂) = 1, g and ĝ are given in (3.4) and (3.5), respectively, that isg(0, y) = 1

γ
ln

(
y
µ

)
for y ≥ µ,

g(x, µ) = 0 for 0 ≤ x ≤ γ
β
,

and ĝ(0, ŷ) = 1
γ

ln
(

ŷ−by

Nyµ

)
for ŷ ≥ Nyµ + by,

ĝ(x̂, µ) = 0 for bx ≤ x̂ ≤ Nxγ

β
+ bx.

In the following section, we analyze the effect of the scaling factors.
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3.3. Theoretical support via neural tangent kernel

We now establish the theoretical foundation for the efficiency of the variable scaling method in our
problem through the lens of NTK [12], a widely used framework for analyzing the training dynamics
of deep neural networks. In [25], the NTK theory was extended to PINNs.

Applying this theory, the authors of [11] demonstrated that the variable scaling method in PINNs
applied to a simple one-dimensional Poisson equation enhances training efficiency. In this section, we
establish a proof for Eq (2.4), which is more complex than the one-dimensional Poisson equation. To
avoid redundancy, we focus on solving for u.

3.3.1. NTK

Given that the parameter θ of a PINN u(x; θ) is trained through the gradient flow

dθ
dt
= −∇θL

with respect to the loss (3.1) with λr = λb = 1/2, it is proved in [25] that the evolution of u and D[u]
follows [ du(xb;θ(t))

dt
dD[u](xr;θ(t))

dt

]
= −

[
Kuu(t) Kur(t)
Kru(t) Krr(t)

] [
u(xb; θ(t)) − g(xb)
D[u](xr; θ(t)) − f (xr)

]
,

where Kuu(t) ∈ RNb×Nb , Krr(t) ∈ RNr×Nr , and Kru(t) = [Kur(t)]⊤ ∈ RNr×Nb , whose (i, j)th entries are given
by

(Kuu)i j(t) =
〈

du(xi
b; θ(t))
dθ

,
du(x j

b; θ(t))
dθ

〉
,

(Kru)i j(t) =
〈

dD[u](xi
r; θ(t))

dθ
,

du(x j
b; θ(t))
dθ

〉
,

(Krr)i j(t) =
〈

dD[u](xi
r; θ(t))

dθ
,

dD[u](x j
r; θ(t))

dθ

〉
.

We call the matrix K(t) =
[
Kuu(t) Kur(t)
Kru(t) Krr(t)

]
the NTK of the training dynamics of u(x; θ) via PINN.

In [25], it is proved that the NTK of the PINN at initialization, i.e., the kernel at t = 0, converges to
a deterministic kernel and remains the same in the infinite-width limit when θ(0) is assumed to follow
the standard normal distribution. In [11], it is shown that variable scaling can enhance the performance
of PINNs by analyzing how the initial NTK of the one-dimensional Poisson equation evolves with
variable scaling. We follow their argument to deduce a similar result for Eq (2.4).

By definition, K(t) is positive semi-definite. The eigenvalues of K(t) are related to the convergence
rate of the training dynamics. Since it is difficult to directly compute all eigenvalues of K(t), we
instead consider the average of the eigenvalues Tr(K(t))

Nr+Nb
. It is a weighted average of Tr(Kuu(t))

Nb
and Tr(Krr(t))

Nr

as follows:
Tr(K(t))
Nr + Nb

=
Nb

Nr + Nb

Tr(Kuu(t))
Nb

+
Nr

Nr + Nb

Tr(Krr(t))
Nr

.
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For notational simplicity, we set the translation parameters bx = by = 0 and omit the hat (ˆ) notation
in this subsection as follows:

D = β
xy
Ny
∂x + x(∂x)+ + (γ − β

x
Nx

)y∂y,

and let our neural network be

u(x, y; θ) =
1
√

d1

d1∑
k=1

Wk
2σ(W1k

1 x +W2k
1 y + bk

1) + b2, (3.6)

with σ = max{0, x3}, since the activation function is required to be twice differentiable in NTK
theory [12, 25] to ensure stationarity of NTK. Among the twice differentiable activation functions, we
focused on the cubic rectified linear unit (ReLU) activation function in our theoretical analysis,
primarily for reasons of analytical tractability. Specifically, for commonly used activation functions σ
such as a sigmoid or hyperbolic tangent, computing expectations like E[σ(X)] when X ∼ N(0, δ2)
becomes complex and often intractable in closed form. Although our theoretical analysis is based on a
strong assumption, our experimental results indicate that the variable scaling method remains
effective for a broader class of activation functions. We initialize the parameters W ik

1 ,W
k
2 , b

k
1, b2 from

the standard normal distribution N(0, 1).
We focus on training a PINN within the rectangular domain

[0,Nxℓx] × [Nyµ,Ny(µ + ℓy)], (3.7)

and introduce an augmented boundary given by

[0,Nxℓx] × {Nyµ} ∪ {0} × [Nyµ,Ny(µ + ℓy)] ∪ [0,Nxℓx] × {Ny(µ + ℓy)}. (3.8)

Although this approach necessitates additional simulations to obtain ground-truth data for the
augmented boundary given by (3.8), the associated computational cost is significantly lower
compared with simulating the entire two-dimensional domain. To proceed, we sample the boundary
points {x j

b, y
j
b}

Nb
j=1 uniformly from the augmented boundary (3.8) and sample the residual points

{xi
r, y

i
r}

Nr
i=1 uniformly from the restricted domain (3.7). Note that the domain (3.7) is obtained by

scaling the domain [0, ℓx] × [µ, µ + ℓy] (ℓx, ℓy > 0).

3.3.2. Convergence of NTK for HJB

We now present the main result, which demonstrates that the average of eigenvalues of the
deterministic kernel grows in the scaling factors.

Theorem 3. Under the sampling regime of data points and the differential operator as described above,
the following convergences hold as the width d1 of (3.6) goes to infinity:

Tr(Kuu(0))
Nb

P
→ O

(
(N2

x + N2
y + 1)3

)
and

Tr(Krr(0))
Nr

P
→ O

(
P(Nx,Ny)

)
,

where
P
→ represents the convergence in probability and P(x, y) is a degree 3 homogeneous polynomial

in x2 and y2 with positive coefficients. Moreover, if Nx = Ny = N, then

Tr(K(0))
Nr + Nb

P
→ O(N6)*.

* f (x) = O(g(x)) implies that constant C > 0 and x0 exist such that | f (x)| ≤ C|g(x)| for all x ≥ x0.
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Before presenting the proof, we state a useful lemma regarding the moment bounds of Gaussian
distributions, which will be used repeatedly throughout the proof. The proof of the lemma is omitted
and can be found in [36].

Lemma 1. If X ∼ N(0, δ2), then

E[X2n] =
(2n)!
2nn!
δ2n and E[X2n−1] = 0 ∀n ∈ N.

Proof of Theorem 3. We first compute the limit of Tr(Kuu(0))/Nb as the width d1 goes to infinity. From
the definition, we see that

Tr(Kuu(0))
Nb

=
1

Nb

Nb∑
j=1

〈
du(x j

b, y
j
b; θ)

dθ
,

du(x j
b, y

j
b; θ)

dθ

〉
,

and each summand is decomposed as〈
du(x j

b, y
j
b; θ)

dθ
,

du(x j
b, y

j
b; θ)

dθ

〉
=

〈
du(x j

b, y
j
b; θ)

dW1
1

,
du(x j

b, y
j
b; θ)

dW1
1

〉
+

〈
du(x j

b, y
j
b; θ)

dW2
1

,
du(x j

b, y
j
b; θ)

dW2
1

〉
(3.9)

+

〈
du(x j

b, y
j
b; θ)

dW2
,

du(x j
b, y

j
b; θ)

dW2

〉
+

〈
du(x j

b, y
j
b; θ)

db1
,

du(x j
b, y

j
b; θ)

db1

〉
+

〈
du(x j

b, y
j
b; θ)

db2
,

du(x j
b, y

j
b; θ)

db2

〉
.

For notational convenience, we write

X1 := W1k
1 ∼ N(0, 1), Y1 := W2k

1 ∼ N(0, 1), X2 := Wk
2 ∼ N(0, 1), Z := bk

1 ∼ N(0, 1).

Since X1,Y1, and Z are independent, we have

S := X1x j
b + Y1y j

b + Z ∼ N(0, (x j
b)2 + (y j

b)2 + 1).

The first term of (3.9) is then expressed as〈
du(x j

b, y
j
b; θ)

dθ
,

du(x j
b, y

j
b; θ)

dθ

〉
=

1
d1

d1∑
k=1

(
Wk

2σ
′(W1k

1 x j
b +W2k

1 y j
b + bk

1)x j
b

)2
.

By the law of large numbers, this term converges in probability to

(x j
b)2E[X2

2σ
′(S )2] = (x j

b)2E[X2
2]E[σ′(S )2] = (x j

b)2E[σ′(S )2]

as d1 goes to infinity, where the first equality holds, since X2 and S are independent. As

σ′(S ) =

3S 2, if S ≥ 0,
0, if S < 0,

we have
E[σ′(S )2] =

9
2
E[S 4] = O

(
((x j

b)2 + (y j
b)2 + 1)2

)
, (3.10)
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where the last equality follows from Lemma 1 and S ∼ N(0, (x j
b)2 + (y j

b)2 + 1). Thus, the first term
of (3.9) is the order of

(x j
b)2O(((x j

b)2 + (y j
b)2 + 1)2).

The second term of (3.9) is〈
du(x j

b, y
j
b; θ)

dW2
1

,
du(x j

b, y
j
b; θ)

dW2
1

〉
=

1
d1

d1∑
k=1

(
Wk

2σ(W1k
1 x j

b +W2k
1 y j

b + bk
1)y j

b

)2
.

By the law of large numbers and (3.10), this term converges in probability to

(y j
b)2E[X2

2σ
′(S )2] = (y j

b)2E[X2
2]E[σ′(S )2] = (y j

b)2E[σ′(S )2] = (y j
b)2O(((x j

b)2 + (y j
b)2 + 1)2)

as d1 goes to infinity.
The third term of (3.9) is〈

du(x j
b, y

j
b; θ)

dW2
,

du(x j
b, y

j
b; θ)

dW2

〉
=

1
d1

d1∑
k=1

(
σ(W1k

1 x j
b +W2k

1 y j
b + bk

1)
)2
.

By the law of large numbers, this term converges in probability to E[σ(S )2] as d1 goes to infinity.
Noticing that

σ(S )2 =

S 6, if S ≥ 0,
0, if S < 0,

we deduce
E[σ(S )2] =

1
2
E[S 6] = O(((x j

b)2 + (y j
b)2 + 1)3)

by Lemma 1.
The fourth term of (3.9) is〈

du(x j
b, y

j
b; θ)

db1
,

du(x j
b, y

j
b; θ)

db1

〉
=

1
d1

d1∑
k=1

(
Wk

2σ
′(W1k

1 x j
b +W2k

1 y j
b + bk

1)
)2
.

By the law of large numbers and (3.10), this term converges in probability to

E[σ′(S )2] = O(((x j
b)2 + (y j

b)2 + 1)2)

as d1 goes to infinity.
Finally, the last term in (3.9) is 〈

du(x j
b, y

j
b; θ)

db2
,

du(x j
b, y

j
b; θ)

db2

〉
= 1.

Combining them all together, we deduce that〈
du(x j

b, y
j
b; θ)

dθ
,

du(x j
b, y

j
b; θ)

dθ

〉
= O

(
((x j

b)2 + (y j
b)2 + 1)3

)
.
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Note that we sample (x j
b, y

j
b) uniformly from the scaled boundary (3.8), and thus x j

b and y j
b are scaled

with Nx and Ny, respectively. Thus, we conclude that

Tr(Kuu(0))
Nb

=
1

Nb

Nb∑
j=1

〈
du(x j

b, y
j
b; θ)

dθ
,

du(x j
b, y

j
b; θ)

dθ

〉
= O

(
(N2

x + N2
y + 1)3

)
. (3.11)

Next, we compute the limit of Tr(Krr(0))/Nr as the width d1 goes to infinity. From the definition,

Tr(Krr(0))
Nr

=
1
Nr

Nr∑
i=1

〈
dD[u(xi

r, y
i
r; θ)]

dθ
,

dD[u(xi
r, y

i
r; θ)]

dθ

〉
,

and each summand is decomposed as〈
dD[u(xi

r, y
i
r; θ)]

dθ
,

dD[u(xi
r, y

i
r; θ)]

dθ

〉
=

〈
dD[u(xi

r, y
i
r; θ)]

dW1
1

,
dD[u(xi

r, y
i
r; θ)]

dW1
1

〉
+

〈
dD[u(xi

r, y
i
r; θ)]

dW2
1

,
dD[u(xi

r, y
i
r; θ)]

dW2
1

〉
+

〈
dD[u(xi

r, y
i
r; θ)]

dW2
,

dD[u(xi
r, y

i
r; θ)]

dW2

〉
+

〈
dD[u(xi

r, y
i
r; θ)]

db1
,

dD[u(xi
r, y

i
r; θ)]

db1

〉
+

〈
dD[u(xi

r, y
i
r; θ)]

db2
,

dD[u(xi
r, y

i
r; θ)]

db2

〉
.

(3.12)

Recall that
D[u] = β

xy
Ny
∂xu + x(∂xu)+ + (γ − β

x
Nx

)y∂yu.

Computing the first derivatives of u, we get

∂xu(xi
r, y

i
r; θ) =

1
√

d1

d1∑
k=1

Wk
2W1k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1)

and

∂yu(xi
r, y

i
r; θ) =

1
√

d1

d1∑
k=1

Wk
2W2k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1).

Thus, we get

D[u(xi
r, y

i
r; θ)] = β

xi
ry

i
r

Ny
√

d1

d1∑
k=1

Wk
2W1k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1)

+
xi

r
√

d1

 d1∑
k=1

Wk
2W1k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1)

+

+ (γ − β
xi

r

Nx
)

yi
r
√

d1

d1∑
k=1

Wk
2W2k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1).
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The first term of (3.12) is〈
dD[u(xi

r, y
i
r; θ)]

dW1
1

,
dD[u(xi

r, y
i
r; θ)]

dW1
1

〉
=

1
d1

d1∑
k=1

[βxi
ry

i
r

Ny
Wk

2

(
W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)xi
r + σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1)
)

+ δxi
rW

k
2

(
W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)xi
r + σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1)
)

+ (γ − β
xi

r

Nx
)yi

rW
k
2W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)xi
r

]2

,

where

δ =

1 if
∑d1

k=1 Wk
2W1k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1) ≥ 0,
0 if

∑d1
k=1 Wk

2W1k
1 σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1) < 0.

Temporarily denoting

Ak =
βxi

ry
i
r

Ny
Wk

2W1k
1 σ

′′(W1k
1 xi

r +W2k
1 yi

r + bk
1)xi

r,

Bk =
βxi

ry
i
r

Ny
Wk

2σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1),

Ck = xi
rW

k
2W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)xi
r,

Dk = xi
rW

k
2σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1),

Ek = (γ − β
xi

r

Nx
)yi

rW
k
2W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)xi
r,

and applying the power-mean inequality, we achieve〈
dD[u(xi

r, y
i
r; θ)]

dW1
1

,
dD[u(xi

r, y
i
r; θ)]

dW1
1

〉
≤

1
d1

d1∑
k=1

5(A2
k + B2

k +C2
k + D2

k + E2
k ).

By the law of large numbers,

1
d1

d1∑
k=1

A2
k
P
→
β2(xi

r)
4(yi

r)
2

N2
y

E[X2
1σ
′′(S )2],

1
d1

d1∑
k=1

B2
k
P
→
β2(xi

r)
2(yi

r)
2

N2
y

E[σ′(S )2],

1
d1

d1∑
k=1

C2
k
P
→ (xi

r)
2E[X2

1σ
′′(S )2],

1
d1

d1∑
k=1

D2
k
P
→ (xi

r)
2E[σ′(S )2],

1
d1

d1∑
k=1

E2
k
P
→ (γ − β

xi
r

Nx
)2(xi

r)
2(yi

r)
2E[X2

1σ
′′(S )2].
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where S = X1xi
r + Y1yi

r + Z and
P
→ denotes the convergence in probability.

By (3.10), we have E[σ′(S )2] = O
(
((xi

r)
2 + (yi

r)
2 + 1)2

)
.

Using the fact
|σ′′(X1xi

r + Y1yi
r + Z)|2 ≤ 36|X1xi

r + Y1yi
r + Z|2,

we have

E
[
X2

1σ
′′(S )2

]
≤

36
(2π)3/2

∫ ∞

−∞

∫ ∞

−∞

x2(x2(xi
r)

2 + y2(yi
r)

2 + z2 + 2xyxi
ry

i
r + 2yzyi

r + 2xzxi
r) exp

(
−

x2 + y2 + z2

2

)
dzdydx

= 36(|xi
r|

2E[X4
1] + (yi

r)
2E[X2

1Y2
1 ] + E[X2

1Z2])

= 36
(
3(xi

r)
2 + (yi

r)
2 + 1

)
.

(3.13)

Since we sample (xi
r, y

i
r) from the scaled domain (3.7), xi

r and yi
r are scaled with Nx and Ny, respectively,

as we adjust Nx,Ny. Thus, we have〈
dD[u(xi

r, y
i
r; θ)]

dW1
1

,
dD[u(xi

r, y
i
r; θ)]

dW1
1

〉
= O

(
(N4

x + N2
x + N2

x N2
y )(3N2

x + N2
y + 1) + N2

x (N2
x + N2

y + 1)2
)
,

(3.14)
where we omitted other variables such as β and γ, as our primary focus is on the dependency on Nx

and Ny.
To proceed, we now observe that the second term in (3.12) is written as〈

dD[u(xi
r, y

i
r; θ)]

dW2
1

,
dD[u(xi

r, y
i
r; θ)]

dW2
1

〉
=

1
d1

d1∑
k=1

[βxi
ry

i
r

Ny
Wk

2W1k
1 σ

′′(W1k
1 xi

r +W2k
1 yi

r + bk
1)yi

r

+ δxi
rW

k
2W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)yi
r

+ (γ − β
xi

r

Nx
)yi

rW
k
2

(
W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)yi
r + σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1)
) ]2

.

Similarly, we temporarily denote

Ak =
βxi

ry
i
r

Ny
Wk

2W1k
1 σ

′′(W1k
1 xi

r +W2k
1 yi

r + bk
1)yi

r,

Bk = xi
rW

k
2W1k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)yi
r,

Ck = (γ − β
xi

r

Nx
)yi

rW
k
2W2k

1 σ
′′(W1k

1 xi
r +W2k

1 yi
r + bk

1)yi
r,

Dk = (γ − β
xi

r

Nx
)yi

rW
k
2σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1)yi
r,
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and apply the power mean inequality to deduce〈
dD[u(xi

r, y
i
r; θ)]

dW2
1

,
dD[u(xi

r, y
i
r; θ)]

dW2
1

〉
≤

1
d1

d1∑
k=1

4(A2
k + B2

k +C2
k + D2

k).

By the law of large numbers, (3.10), (3.13), and the symmetry between E[X2
1σ
′′(S )2] and

E[Y2
1σ
′′(S )2], we have

1
d1

d1∑
k=1

A2
k
P
→
β2(xi

r)
2(yi

r)
4

N2
y

E[X2
1σ
′′(S )2] = O

(
N2

x N2
y (3N2

x + N2
y + 1)

)
,

1
d1

d1∑
k=1

B2
k
P
→ (xi

r)
2(yi

r)
2E[X2

1σ
′′(S )2] = O

(
N2

x N2
y (3N2

x + N2
y + 1)

)
,

1
d1

d1∑
k=1

C2
k
P
→ (γ − β

xi
r

Nx
)2(yi

r)
4E[Y2

1σ
′′(S )2] = O

(
N4

y (N2
x + 3N2

y + 1)
)
,

1
d1

d1∑
k=1

D2
k
P
→ (γ − β

xi
r

Nx
)2(yi

r)
2E[σ′(S )2] = O

(
N2

y (N2
x + N2

y + 1)2
)
.

Thus, we get〈
dD[u(xi

r, y
i
r; θ)]

dW2
1

,
dD[u(xi

r, y
i
r; θ)]

dW2
1

〉
= O

(
N2

x N2
y (3N2

x + N2
y + 1) + N4

y (N2
x + 3N2

y + 1) + N2
y (N2

x + N2
y + 1)2

)
.

(3.15)
The third term of (3.12) is〈

dD[u(xi
r, y

i
r; θ)]

dW2
,

dD[u(xi
r, y

i
r; θ)]

dW2

〉
=

1
d1

d1∑
k=1

[βxi
ry

i
r

Ny
W1k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1)

+ δxi
rW

1k
1 σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1)

+ (γ − β
xi

r

Nx
)yi

rW
2k
1 σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1)
]2

.

Denoting

Ak =
βxi

ry
i
r

Ny
W1k

1 σ
′(W1k

1 xi
r +W2k

1 yi
r + bk

1),

Bk = xi
rW

1k
1 σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1),

Ck = (γ − β
xi

r

Nx
)yi

rW
2k
1 σ

′(W1k
1 xi

r +W2k
1 yi

r + bk
1),

we have 〈
dD[u(xi

r, y
i
r; θ)]

dW2
,

dD[u(xi
r, y

i
r; θ)]

dW2

〉
≤

1
d1

d1∑
k=1

3(A2
k + B2

k +C2
k ).
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By the law of large numbers,

1
d1

d1∑
k=1

A2
k
P
→
β2(xi

r)
2(yi

r)
2

N2
y

E[X2
1σ
′(S )2],

1
d1

d1∑
k=1

B2
k
P
→ (xi

r)
2E[X2

1σ
′(S )2],

1
d1

d1∑
k=1

C2
k
P
→ (γ − β

xi
r

Nx
)2(yi

r)
2E[Y2

1σ
′(S )2].

By Lemma 1 and the fact that σ′(x)2 ≤ 9x4, we have

E[X2
1σ
′(S )2]

≤
9

(2π)3/2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

x2(xxi
r + yyi

r + z)4dzdydx

=
9

(2π)3/2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

x2(x4(xi
r)

4 + y4(yi
r)

4 + z4 + 6x2y2(xi
ry

i
r)

2 + 6y2z2(yi
r)

2 + 6x2z2(xi
r)

2)dzdydx

= 9(15(xi
r)

4 + 3(yi
r)

4 + 3 + 18(xi
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Similarly,
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Thus, we have〈
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(3.16)

The fourth term of (3.12) is〈
dD[u(xi

r, y
i
r; θ)]

db1
,

dD[u(xi
r, y

i
r; θ)]

db1

〉
=

1
d1
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Denoting
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βxi
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r
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1 σ
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1 xi

r +W2k
1 yi

r + bk
1),
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1 σ
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we have 〈
dD[u(xi

r, y
i
r; θ)]

db1
,

dD[u(xi
r, y

i
r; θ)]

db1

〉
≤

1
d1

d1∑
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3(A2
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k +C2
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By the law of large numbers,

1
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By (3.13), we have〈
dD[u(xi

r, y
i
r; θ)]

db1
,

dD[u(xi
r, y

i
r; θ)]

db1

〉
= O

(
N2

x (3N2
x + N2

y + 1) + N2
y (N2

x + 3N2
y + 1)

)
. (3.17)

Lastly, the fifth term of (3.12) is simply〈
dD[u(xi

r, y
i
r; θ)]

db2
,

dD[u(xi
r, y

i
r; θ)]

db2

〉
= 0. (3.18)

Combining (3.14)–(3.18), we obtain

Tr(Krr(0))
Nr

= O
(
P(Nx,Ny)

)
, (3.19)

where P(x, y) is a degree 3 homogeneous polynomial in x2 and y2 with positive coefficients.
By (3.11) and (3.19), we finally conclude that the average convergence rate of NTK increases as

the variable scaling factors Nx and Ny increase. In the special case where we set Nx = Ny = N, the
right-hand sides of both (3.11) and (3.19) become O(N6). □

In practice, we use gradient descent in training, which is not identical to the ideal gradient flow.
Consequently, arbitrarily increasing Nx and Ny may lead to excessively large parameter updates during
a single step of gradient descent, potentially destabilizing the training process. Therefore, it is crucial
to empirically determine an appropriate value for Nx and Ny to ensure stable learning.

4. Methodology

Our goal is to approximate u and ur0 using the PINN framework without discretizing the spatial
domain and to use these results to estimate the optimal switching control via (2.6) with high accuracy.
To achieve this, we train u and ur0 separately by solving (3.3) within a fixed domain
D := [0, ℓx] × [µ, µ + ℓy], where ℓx, ℓy and µ > 0 are given. While the original domain is unbounded,
we restrict it to a bounded subset for training, since sampling can only be performed over a finite

Mathematical Biosciences and Engineering Volume 22, Issue 7, 1598–1633.



1617

region. To reduce potential boundary effects near the truncated region along the positive y-axis, we
impose suitable boundary conditions. This approximation is physically justified, as the total
population is finite and the state variables x and y are inherently bounded in real-world
epidemic settings.

We then identify the optimal control r via (2.6), which minimizes the eradication time, by modeling
τ as a neural network function. For the ease of training the switching time τ, we introduce another
neural network to approximate the uncontrolled dynamics (S (t), I(t)) satisfying (2.7).

Figure 2 outlines the full workflow, where we first train u and ur0 using PINNs, then learn the
uncontrolled system dynamics, and finally optimize τ using the DPP framework.

Learn u and ur0 via PINNs

Learn uncontrolled system dynamics (2.7)

DPP
minθ

((
u(·) − τ(·) − ur0(S (τ(·)), I(τ(·)))

)2
+(∂xur0(S (τ(·)), I(τ(·))))2

)
for learning τ

Figure 2. Procedure for solving τ using the DPP framework, with trained u and ur0 , and the
learned uncontrolled dynamics (S (t), I(t)).

4.1. Solving HJB equations

Let us begin by solving

βxy∂xu + x(∂xu)+ + (γ − βx)y∂yu = 1 in [0, ℓx] × [µ, µ + ℓy],

and
βxy∂xur0 + x∂xur0 + (γ − βx)y∂y in [0, ℓx] × [µ, µ + ℓy],

via PINNs, or equivalently,

D[u] = 1 and D0[ur0] = 1 [0, ℓx] × [µ, µ + ℓy],

where
D = βxy∂x + x(∂x)+ + (γ − βx)y∂y and D0 = βxy∂x + x∂x + (γ − βx)y∂y.

To leverage the idea of the VS-PINN, we set

u(x, y; θ1) = NN
(
Nxx + bx,Nyy + by; θ1

)
and ur0(x, y; θ2) = NN

(
Nxx + bx,Nyy + by; θ2

)
,
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where NN(·; θ1) and NN(·; θ2) represent fully connected neural networks parametrized by θ1 and θ2,
respectively. Note that Nx,Ny, bx and by are not trained during training. We then explicitly define the
loss function.

Residual loss: with the prespecified training data {(xi
r, y

i
r)}

Nr
i=1 ∈ [0, ℓx] × [µ, ℓy + µ] for Nr ∈ N, the

residual loss associated with u is given as

Lr[u(·; θ1)] =
1
Nr

Nr∑
i=1

(D[u(xi
r, y

i
r; θ1)] − 1)2.

Similarly, the residual loss corresponding to ur0 is defined as

L0
r [ur0(·; θ2)] =

1
Nr

Nr∑
i=1

(D0[ur0(xi
r, y

i
r; θ2)] − 1)2.

Boundary loss: we define the boundary loss function on

Γ := [0, ℓx] × {µ}︸        ︷︷        ︸
=:D1

∪ {0} × [µ, µ + ℓy]︸             ︷︷             ︸
=:D2

∪ [0, ℓx] × {µ + ℓy}︸              ︷︷              ︸
=:D3

⊂ ∂D, (4.1)

where ∂D denotes the boundary of the domain D. Given Nk
b ∈ N, we randomly sample Nk

b points from

Dk and denote them by {(x j
b,k, y

j
b,k)}

Nk
b

j=1 for k = 1, 2, 3. With Nb = N1
b + N2

b + N3
b , let

Lb[u(·; θ1)] =
1

Nb

3∑
k=1

Nk
b∑

j=1

(
u(x j

b,k, y
j
b,k; θ1) − u(x j

b,k, y
j
b,k)

)2
. (4.2)

We note that the boundary loss for learning ur0 is identical to that used for learning u.
One key challenge is the approximation of u(x j

b,k, y
j
b,k) at the boundary points for each j and k. To

address this, we revisit an intrinsic property of optimal control for the minimum eradication time,
demonstrating that the optimal vaccination strategy takes the form of (2.5). Accordingly, we propose
Algorithm 1 for numerical implementation. Leveraging the structure of the optimal control, we
compute the first time when I falls below µ by using the controls rsdτ for s ∈ N ∪ {0} and dτ > 0. The
solution to the controlled SIR model (2.1) is approximated using the fourth-order Runge-Kutta
method with a step size dt > 0.

4.2. Optimal switching control

The recovery of the optimal control is significantly simplified by the theoretical result from [4] that
the optimal policy is of bang-bang form with at most one switch, as we pointed out in (2.5). This allows
us to avoid general policy parameterization and instead directly optimize over a scalar switching time,
as formalized via the dynamic programming principle.

The optimal control can be recovered efficiently by exploiting its known structure: as shown in [4]
and (2.5), the policy takes a bang-bang form with at most one switch. This allows us to reduce
the control synthesis to a scalar optimization over the switching time, bypassing general
policy parameterization.
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Algorithm 1 Find the minimum eradication time
1: Input: Time resolution of the optimal control dτ, the maximum switching time L, the

discretization size dt, the maximum iteration step M, the eradication threshold µ, and the initial
susceptible and infectious population x, y ∈ D.

2: Output: τ > 0 such that rτ is an optimal control.
3: Set (S 0, I0) = (x, y) and τ = 0.
4: while True do
5: for m = 0, 1, 2, . . . ,M do
6: Compute S m+1, Im+1 using the Runge-Kutta method corresponding toṠ = −βS I − rτS ,

İ = βS I − γI.

7: end for
8: mτ := min{m′ : Im′ ≤ µ}.
9: τ = τ + dτ.

10: Break if τ > L.
11: end while
12: Return u(x, y) = minτ{mτ}.

With u and ur0 computed in the previous section, we now solve for the optimal switching time τ
satisfying (2.6),

u(x, y) = min
τ≥0
{τ + ur0(S (τ), I(τ))},

which involves a complex and nonlinear optimization process. To avoid solving this optimization
problem directly, we introduce a neural network τ(x, y; θ) and propose optimizing the following
problem:

min
θ

(
u(·) − τ(·; θ) − ur0(S (τ(·; θ)), I(τ(·; θ)))

)2

,

where S and I satisfy the uncontrolled system of ODEs (2.7), that is,Ṡ = −βS I,

İ = βS I − γI,

with (S (0), I(0)) = (x, y). Since the closed-form solutions of S and I are unavailable, we reduce the
above optimization problem to

min
θ

(
(u(·) − τ(·; θ) − ur0(S (τ(·; θ);ω), I(τ(·; θ);ω)))2

)
,

where we approximate (S (t), I(t)) using a neural network w(x, y, t;ω), that is,

(S (t), I(t)) ≈ w(x, y, t;ω).

This approximation corresponds to training a neural network w(x, y, t;ω) with w(x, y, 0;ω) = (x, y)
that best mimics the uncontrolled dynamics (S (t), I(t)) satisfying (2.7) with (S (0), I(0)) = (x, y).
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4.2.1. Learning the uncontrolled SIR model

Figure 3. Training of the uncontrolled dynamics via the PINN framework.

Algorithm 2 Training of the dynamics
1: Input: The number of initial samples Np, the number of interior collocation points Nint, the number

of boundary points Nbdry, the number of temporal discretization steps NT , the total time horizon T ,
and the timestep size dt = T/NT .

2: Output: Trained neural network w(x, y, t;ω) ≈ (S (t), I(t)), approximating the solution of (2.7)
with initial condition (S (0), I(0)) = (x, y).

3: Sample the boundary data {(xk
bdry, y

k
bdry, tk)}

Nbdry

k=1 ⊂ ∂D × T .
4: for k = 1 to Nbdry do
5: Initialize (S 0, I0)← (xk

bdry, y
k
bdry).

6: for m = 0 to tk do
7: Compute (S tk , Itk) using the Runge-Kutta method applied to:Ṡ = −βS I,

İ = βS I − γI.

8: end for
9: Assign w(xk

bdry, y
k
bdry, tk)← (S tk , Itk).

10: end for
11: while training has not converged do
12: Sample the interior collocation points {(x j

int, y
j
int, t j)}

Nint
j=1 ⊂ D × [0,T ].

13: Sample the initial points {(xi
p, y

i
p)}Np

i=1 ⊂ D.
14: Compute the loss function L[w(·;ω)] as defined in (4.3).
15: Update the parameters: ω← Adam(L).
16: end while
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We propose to train a neural network w(x, y, t;ω) : (x, y, t) 7→ R2 that approximates the flow of
uncontrolled dynamics (S (t), I(t)) with (S (0), I(0)) = (x, y) for all points (x, y) ∈ D. To train such a w,
we first randomly choose interior points from the domain D = [0, ℓx] × [µ, µ + ℓy]. For the stability of
training, we further sample points from the boundary of D given by

∂D = [0, ℓx] × {µ} ∪ {0} × [µ, µ + ℓy] ∪ [0, ℓx] × {µ + ℓy} ∪ {ℓx} × [µ, µ + ℓy].

Let T , NT , Np, Nint, and Nbdry be given and set dt = T/NT and T := {mdt : m = 0, 1, 2, ...,NT }. With
random samples {(xi

p, y
i
p)}Np

i=1 ⊂ D, {(x j
int, y

j
int, t j)}

Nint
j=1 ⊂ D × [0,T ], {(xk

bdry, y
k
bdry, tk)}

Nbdry

k=1 ⊂ ∂D × T , and
Ntot = Np + Nint + Nbdry, let us define the loss function as

L[w(·;ω)] :=
1

Ntot

( Np∑
i=1

L0[w(xi
p, y

i
p, 0;ω)]︸                 ︷︷                 ︸

initial loss

+

Nint∑
j=1

Lp[w(x j
int, y

j
int, t j;ω)]︸                    ︷︷                    ︸

ODE system loss

+

Nbdry∑
k=1

Lbdry[w(xk
bdry, y

k
bdry, tk;ω)]︸                           ︷︷                           ︸

boundary loss

)
(4.3)

for
L0[w(x, y, 0;ω)] := (w(x, y, 0;ω)[1] − x)2 + (w(x, y, 0;ω)[2] − y)2,

and

Lp[w(·;ω)] :=
(
∂w(·;ω)[1]
∂t

+βw(·;ω)[2]w(·;ω)[1]
)2

+

(
∂w(·;ω)[2]
∂t

−βw(·;ω)[1]w(·)[2]+γw(·;ω)[2]
)2

,

where w(·)[1] and w(·)[2] denote the first and second components of w.
Lastly, Lbdry is defined via

Lbdry[w(x, y, kdt;ω)] := ∥w(x, y, kdt;ω) − g(x, y, kdt)∥22,

where the reference vector g(x, y, kdt) is computed as follows:

g(x, y, kdt) = (S k, Ik),

where the reference vector g(x, y, kdt) is obtained by numerically solving the uncontrolled
dynamics (2.7) using the fourth-order Runge-Kutta method, with the initial conditions (S 0, I0) = (x, y)
and a step size dt > 0. The training details are provided in Algorithm 2, and an overview of the
framework is illustrated in Figure 3.

4.2.2. Learning the optimal switching time τ

Given u, ur0 , and a neural network w(x, y, t;ω) that approximates the uncontrolled SIR dynamics
satisfying (2.7) with (S (0), I(0)) = (x, y), we minimize the following loss function:

L[τ(·; θ)] :=
1
N

N∑
i=1

{(
u(xi, yi)−τ(xi, yi; θ)−ur0(S (τ(xi, yi; θ)), I(τ(xi, yi; θ)))

)2

+pen(xi, yi, τ(·; θ))
}
, (4.4)

over θ for the randomly sampled points {(xi, yi)}Ni=1 ∈ D where

pen(x, y, τ) =


(
∂xur0(w(x, y, τ)[1],w(x, y, τ)[2])

)2

if (x, y) ∈ SC,

0 otherwise.

Here, w(x, y, τ) approximates the solution (S (τ), I(τ)) to the uncontrolled SIR with (S (0), I(0)) = (x, y)
and is learned from the previous section. The penalty term ensures that τ satisfies (2.10).
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5. Experimental results

5.1. Parameter selection and implementation details

In all experiments presented in this paper, the parameters of the controlled SIR model are set as
follows: β = 2, γ = 10, and µ = 0.01. We optimize using the Adam optimizer [37] with a fixed
learning rate of 0.0001. For hardware, we used a single local GPU (RTX 3090) for all experiments.

Various model parameters are explored to investigate the optimal eradication time. Since the focus
of this study is to characterize the optimal control, we focus on identifying model parameters that yield
non-trivial control, excluding scenarios in which the optimal control is identically one, i.e., r(t) ≡ 1.

To train models, we employ uniform sampling over the bounded computational domain. This choice
is supported by the semiconcavity of the viscosity solution to the HJB equation [6] and the known
structure of the optimal control, which is bang-bang with at most one switching time. Variations in
hyperparameters, including batch sizes and learning rates, did not produce significant differences in
performance. Notably, the incorporation of skip connections led to improvements in the prediction
of u and uncontrolled dynamics, but had a negative effect on τ. Detailed discussions are provided
in Appendix A.

5.1.1. Learning u and ur0

Figure 4. Feed-forward network with residual connections and scaling scheme.

We employ feed-forward neural networks with skip connections where the width is fixed as 50 and
the depth consists of five hidden layers unless otherwise stated, as illustrated in Figure 4. Regarding
the activation functions, we use the hyperbolic tangent function. Our experimental results indicate that
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the variable scaling method remains effective for the hyperbolic tangent activation function.
To test the efficiency of our method for approximating u and ur0 , we consider the domain [0, 20] ×

[0.01, 1] by setting ℓx = 20 and ℓy + µ = 1, while varying the scaling factors Nx and Ny in Section 4.1.
During training, we sample 1000 interior collocation points at each iteration.

To define the boundary loss (4.2), we randomly select 100 data points from each boundary Di

defined in (4.1) for i = 1, 2, 3, resulting in a total of 300 points, as illustrated in Figure 5. For the
reference values obtained by Algorithm 1, we set dt = dτ = 0.001.

Additional experiments validating the robustness of the variable scaling method are presented in
Appendix B.

5.1.2. Learning the uncontrolled dynamics

To learn the uncontrolled dynamics, we use the same neural network architecture and activation
functions as described above but consider a slightly larger spatio-temporal sampling domain given by
[0, 20]× [0.01, 2]× [0, 2.5], setting ℓx = 20, ℓy + µ = 2, and T = 2.5 in Section 4.2.1. The value of T is
determined heuristically on the basis of the observation that the susceptible and infectious populations
approach zero after a sufficiently long duration, which we set to T = 2.5.

To define the boundary loss, we set NT = 250, and hence, dt = 0.01 in Algorithm 2 and sample
4000 points from ∂D × T by setting Nbdry = 4000 in (4.3).

For the initial loss, we sample 1000 points per batch from D by setting Np = 1000, shown as
green dots in the figure. Additionally, to define the ODE system loss in (4.3), 1000 collocation points
(S (0), I(0), t) are sampled per batch uniformly by setting Nint = 1000.

5.1.3. Learning the optimal switching time τ

Figure 5. Collocation points and data points used in training u, ur0 , w, and τ. For training u
and ur0 , collocation points (red dots) and data points (blue dots) are used (left). For training
w, collocation points (red dots), data points (blue dots), and initial condition (green area) are
used as shown in the middle. For training τ, only collocation points are used (right).

We use a neural network without skip connections, with a width of 200 and five hidden layers,
where leaky ReLU functions are applied in all hidden layers, and the Softplus function is employed in
the final layer.
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The domain of interest is given by [0, 20]× [0.01, 1]. Recalling the loss function (4.4), we note that
the values of u are required in the same domain, while a larger domain must be considered for ur0 and
w since I(τ(x, y; θ)) may exceed 1. Therefore, we approximate ur0 in the domain [0, 20] × [0.01, 10],
using variable scaling factors of Nx = 1 and Ny = 4.

Similar to the previous experiments, we randomly sample 1,000 collocation points per batch
uniformly, as shown in Figure 5 (right), and train using the DPP loss function (4.4).

5.2. Result of learning u and ur0 via PINNs

Table 1. Evaluation of the mean square error (MSE) of variable scaling

Nx Ny MSE of u MSE of ur0

1 1 3.743 × 10−5 7.067 × 10−6

1 20 5.893 × 10−6 3.883 × 10−6

1 40 7.992 × 10−6 5.490 × 10−5

1 80 4.608 × 10−5 2.217 × 10−5

2 1 1.488 × 10−5 7.130 × 10−6

2 20 9.979 × 10−6 7.257 × 10−6

2 40 8.175 × 10−6 3.403 × 10−5

4 80 5.372 × 10−5 1.917 × 10−5

5 1 7.730 × 10−6 1.046 × 10−5

Table 2. Evaluation of the mean square error (MSE) of different depths in the domain
[0, 20] × [µ, 1] with µ = 0.01, Nx = 1, and Ny = 20.

Number of hidden layers MSE of u MSE of ur0

5 5.893 × 10−6 3.883 × 10−6

1 3.111 × 10−4 4.006 × 10−5

We use the minimum eradication time u obtained from Algorithm 1 as a reference and compare
it with the approximate minimum eradication time computed by our PINN algorithm. Similarly, we
compute the eradication time under the control ur0 using the Runge-Kutta method with a timestep of
dt = 0.001. The mean square error (MSE) is then evaluated over the entire set of reference points
obtained from Algorithm 1 across the domain.

Table 1 summarizes the MSE values corresponding to different choices of the scaling factors Nx

and Ny. As observed, applying variable scaling with various scaling parameters Nx and Ny consistently
improves the MSE of the base case (Nx = Ny = 1), which aligns with the error analysis presented
in Section 3.3. Among the many choices of scaling parameters, we empirically found that the result
with Nx = 1,Ny = 20 results in the lowest MSE, which reduced the MSE of the baseline setting by
approximately 3.743×10−5−5.893×10−6

3.743×10−5 × 100% ≃ 84.3%.
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We also investigate the effect of network depth in the domain [0, 20] × [0.01, 10]. Table 2 presents
the results for different numbers of hidden layers. Training with a model containing five hidden layers
yields a lower MSE compared with training with a single hidden layer, demonstrating that deeper
networks improve the approximation accuracy. The level set for values of u and ur0 is presented in
Figure 6.

Furthermore, we provide a comparison with the finite difference method (FDM) for solving ur0 in
Appendix C, where FDM provides inaccurate estimates of the solution, supporting the idea that our
method is more efficient.

(a) Values of u learned via the PINN with a different number of hidden layers and Nx = 1,Ny = 20: A single hidden layer
(left), five hidden layers (middle), and the reference values of u computed by Algorithm 1 (right).

(b) Values of trained ur0 learned via the PINN with a different number of hidden layers and Nx = 1,Ny = 20: A single
hidden layer (left), five hidden layers (middle), and reference values of ur0 computed by Algorithm 1 (right).

Figure 6. u and ur0 trained with different hidden layer sizes.

5.3. Result of learning uncontrolled SIR dynamics

To evaluate the trained uncontrolled SIR dynamics w, we use the Runge-Kutta method. For
reference data, we first sample {(xi, yi)}1000

i=1 ⊂ [0, 20] × [0.01, 1] and approximate (S (tk), I(tk)),
satisfying the uncontrolled dynamics (2.7) with the initial conditions (S (0), I(0)) = (xi, yi) for all
i = 1, . . . , 1000 and tk ∈ {0.025k | 0 ≤ k ≤ 100}, using the Runge-Kutta method.
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The MSE of w in estimating the population dynamics is 7.557 × 10−3, indicating that the neural
network effectively estimates the uncontrolled dynamics. Figure 7 illustrates a comparison between
the trajectories approximated by the trained neural network and those obtained via the
Runge-Kutta method.

Figure 7. Comparison between w(S (0), I(0), t;ω) and the ground truth computed via the
Runge-Kutta method for selected initial conditions (S (0), I(0)) that are not part of the training
set or the boundary conditions. The left shows the trajectories for S (0) = 5.0, I(0) = 0.5,
while the right panel corresponds to S (0) = 10.0, I(0) = 0.5. The dashed lines represent
the results obtained using the Runge-Kutta method, whereas the solid lines indicate the
estimations from the trained neural network.

5.4. Result of learning the optimal switching time

Recalling (2.11) and (2.10), the region where the optimal switching time is nonzero is characterized
by the inequality ∂xu(x, y) ≤ 0, as demonstrated in Figure 8.

To evaluate the accuracy of the estimated switching time, we compute the MSE of the estimated
switching time τ using the samples {(xi, yi)}1000

i=1 ⊂ S
C.

The optimal switching time for the initial conditions
(S (0), I(0)) : {(0.01i, 0.01 j) | 0 ≤ i ≤ 2000, 0 ≤ j ≤ 100} is approximated using the reference values
obtained from Algorithm 1, with a time discretization of dt = 0.001 and dτ = 0.001.

Furthermore, we assess the performance of our model using different numbers of hidden layers.
When using a single hidden layer, the model achieves an MSE of 6.662 × 10−4. However, increasing
the depth to five hidden layers results in a slightly higher MSE of 6.667×10−4, indicating that additional
depth does not necessarily improve accuracy in this setting.

Figure 9 confirms that our trained model achieves accurate estimation of τ with minimal error.
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Figure 8. Heatmap of the region S and its complement. The figure illustrates the ground
truth of the optimal switching time τ (left), the region S = {(x, y) : ∂xu(x, y) ≥ 0} (middle),
and the complementary region SC = {(x, y) : ∂xu(x, y) ≤ 0} (right).

Figure 9. Results of the trained switching time τ. The figure presents the estimated switching
time τ(·; θ) (left), the ground truth τ (middle), and the difference between the ground truth
and the estimated values, τ − τ(·; θ) (right).

6. Conclusions

We proposed a novel approach for approximating the minimum eradication time and synthesizing
optimal vaccination strategies for a controlled SIR model via variable scaling PINNs and the dynamic
programming principle. A salient feature of our method is that it does not require domain
discretization and offers a computationally efficient solution to HJB equations related to the minimum
eradication time. The experimental results confirmed the accuracy and robustness of our method in
approximating the eradication time and deriving optimal vaccination strategies. Furthermore, the
theoretical justification for our approach is established on the basis of NTK theory.

Despite these contributions, our study has several limitations. The current framework assumes a
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time-homogeneous controlled SIR model with constant infection and recovery rates, which might
limit its applicability to real-world scenarios with time-inhomogeneous dynamics or heterogeneous
populations. Additionally, while our method improves computational efficiency, the training of
physics-informed neural networks remains sensitive to the hyperparameter choices and boundary
conditions, which require further investigation.

Future work will focus on extending this framework to time-inhomogeneous SIR models, for
which theoretical support has been proposed in [9]. In addition, exploring systems with
state-dependent infection rates β = β(S , I), as considered in nonlinear incidence models [5], is also a
promising direction. Another important extension is to adapt the framework to impose the minimal,
non-augmented boundary conditions that ensure the well-posedness of the HJB equation. These
directions would broaden the applicability of the proposed approach and address key theoretical and
practical challenges in controlled SIR models.
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Appendix

A. Choice of timestep size and the number of sampling points

Figure A1. SIR trajectory simulation with various timestep sizes dt.

The distribution of collocation points significantly affects PINNs’ performance. We tested both
uniform and exponential sampling strategies, and observed that both are effective under our
experimental setup.

For the training of the value functions u and ur0 , we use 1000 collocation points per batch, together
with 300 fixed boundary points to ensure sufficient coverage near the domain boundaries. To train a
neural network w(x, y, t;ω) that approximates the uncontrolled SIR dynamics, we use 1000 collocation
and initial points per batch, along with 4000 fixed boundary points to accurately capture the evolution
under the uncontrolled dynamics. For the training of the switching time function τ(x, y; θ), we use 1000
collocation points per batch sampled from the SC.

These choices provide a balance between numerical accuracy and computational efficiency, and are
consistent with the stability and convergence behavior reported in the main paper.

We also note that the choice of timestep size in learning the uncontrolled SIR model is critical for
obtaining accurate numerical solutions. To determine appropriate values, we first conduct preliminary
experiments by plotting the SIR trajectories. We generate (S , I) trajectories with different timestep
sizes and confirm that using dt = 0.01 and dt = 0.001 leads to consistent results, as seen in Figure A1.
On the other hand, we choose a smaller timestep dt = dτ = 0.001 when approximating the minimum
eradication time and optimal switching time for better accuracy.

B. Variable scaling under different parameter settings

To further investigate the robustness of the variable scaling method, we conducted additional
experiments under various parameter settings. Specifically, we examined how changes in the infection
rate β, the recovery rate γ, and the domain scaling factors affect the error.

As seen in Table A1, the mean squared residual errors for different scaling parameters (Nx,Ny)
across several combinations of (β, γ) and domain widths (ℓx, ℓy). In all cases, the appropriate choice of
variable scaling leads to a significant reduction in error, which confirms the robustness and
generalizability of the proposed scaling scheme.
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Table A1. Evaluation of the mean square error (MSE) of variable scaling on different
experiment parameters with the threshold µ = 0.01.

β γ x y Nx Ny MSE of u
2 4 [0, 5] [µ, 5] 1 1 7.488 × 10−5

2 4 [0, 5] [µ, 5] 2 2 4.350 × 10−5

2 4 [0, 15] [µ, 8] 1 1 4.049 × 10−5

2 4 [0, 15] [µ, 8] 1 2 3.923 × 10−5

2 2 [0, 5] [µ, 10] 1 1 2.983 × 10−5

2 2 [0, 5] [µ, 10] 1 2 2.694 × 10−5

2 2 [0, 5] [µ, 10] 1 8 2.407 × 10−5

C. Comparison with the finite difference method

To compare our method with the standard finite difference method (FDM), we use the same
experimental parameters (β = 2 and γ = 10) as in Figure 6(b) and consider the following equation:

βxy∂xur0 + x∂xur0 + (γ − βx)y∂yur0 = 1 in [0, ℓx] × [µ, µ + ℓy], (6.1)

with boundary conditions

ur0(0, y) = 1
γ

ln
(

y
µ

)
for µ ≤ y ≤ µ + ℓy,

ur0(x, µ) = 0 for 0 ≤ x ≤
γ

β
,

ur0(x, µ) = b2(x) for
γ

β
≤ x ≤ ℓx,

ur0(x, µ + ℓy) = b1(x) for 0 ≤ x ≤ ℓx,

where the boundary functions b1(x) and b2(x) are obatined via Algorithm 1.
To implement the standard finite difference scheme, we discretize the domain [0, ℓx] × [µ, µ + ℓy]

using ∆x = ∆y = 0.01, and obtain the discretized domain

G := {(xi = i∆x, y j = µ + j∆y) : 0 ≤ i ≤ ℓx/∆x, 0 ≤ j ≤ ℓy/∆y}.

For all (xi, y j) ∈ G, letting
Ui, j ≈ ur0(xi, y j),

the first-order scheme is given by

(β xi y j + xi)
U j,i − U j,i−1

∆x
+ (γ − β xi) y j

U j,i − U j−1,i

∆y
= 1,

where

∂xur0(xi, y j) ≈
U j,i − U j,i−1

∆x
, ∂yur0(xi, y j) ≈

U j,i − U j−1,i

∆y
.
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Figure A2. Minimum eradication time computed via the finite difference method over [0, 5]×
[µ, 1] (left), [0, 20] × [µ, 1] (middle), and the reference domain (right), with µ = 0.01.

However, as shown in Figure A2, while the finite difference method provides accurate estimates
of the minimum eradication time in the region S (0) ≤ γ

β
= 5, it fails to yield stable results beyond

this threshold. In particular, for S (0) > 5, where the value function exhibits steep gradients and rapid
transitions (see Figure A2), the FDM scheme produces numerical instabilities and diverging solutions.

In contrast, the PINN approach demonstrates superior robustness and stability, successfully
capturing the solution structure even in such challenging regions. This comparison highlights the
advantages of the proposed PINN framework, especially in handling domains with sharp transitions
or lacking reliable stability theory for traditional schemes.
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