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Abstract: Tick-borne illnesses are transmitted to mammals like rodents and deer by infected ticks.
These illnesses have shown dramatic increase in recent times, thereby increasing public health risk in
the United States. Additionally, these mammals can be impacted by predation and the fear of their
predators. In this study, we modeled the lethal and non-lethal effect of predation of the mammals
on the dynamics of tick-borne disease using ehrlichiosis as our model disease system. Results of the
theoretical analysis of reduced form of the model indicate that the model equilibria are stable when
the tick fecundity and mortality rates are not host dependent. Furthermore, predator-induced fear and
predator attack rates are two of the significant parameters of the model outputs from the sensitivity
analysis carried out. Numerical simulation of the model shows that the combined impact of both lethal
and non-lethal predation sets off a cascading chain reaction leading to a corresponding reduction in the
prey and tick populations; in particular there are more infected larvae when infected prey population
are low and few infected larvae when there are more infected prey. Similar dynamics was observed
for the infected nymphs and adult ticks and infected predator population. Furthermore as the fear of
the predator increases, the prey population reduces which subsequently lead to a decrease in the tick
populations and subsequently disease in the community.

Keywords: tick-borne disease; ehrlichia chaffeensis; lethal and non-lethal effect of predation;
sensitivity analysis; amblyomma americanum

1. Introduction

Ehrlichiosis, formally known as human monocytic ehrlichiosis, was recognized as a human disease
in the late 1980s; however, official reporting by the CDC on the disease began in 2000 [1,2]. Ca-
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nine ehrlichiosis, a disease caused by the Ehrlichia bacteria, has received particular attention due to
its influence on the health of domesticated dogs. These illnesses, which are transmitted to people by
tick bites, pose a substantial danger to world health due to their potential for broad transmission and
complex ecological dynamics. Ehrlichia ewingii, Ehrlichia muris eauclairensis, and Ehrlichia chaf-
feensis are bacterial species belonging to the class Ehrlichiosis. Among these, Ehrlichia chaffeensis is
the most prevalent in the United States [2]. The bacterium responsible for ehrlichiosis is transmitted
to humans primarily by Amblyomma americanum, which is of significant concern in the United States
not only due to its extremely aggressive and somewhat indiscriminate biting behavior throughout all
three life stages, but also because of its potential to transmit several bacteria known to cause diseases
in humans [3].

Amblyomma americanum, commonly known as the lone star tick, is widely distributed across the
eastern and central United States, with a range that has expanded due to climate change and habitat
alterations [4,5]. It thrives in wooded areas, grasslands, and dense brush, where it can easily find hosts.
The tick’s life cycle consists of four stages, egg, larva, nymph, and adult, each requiring a blood meal
to progress to the next stage [6]. A. americanum feeds on a variety of animals, including mammals,
birds, and reptiles. Larvae and nymphs feed on small mammals such as rodents and rabbits [7], while
adult ticks feed on large mammals such as foxes and coyotes but they primarily rely on white-tailed
deer as their main hosts [8]. Coyotes, foxes, and owl are predatory animals that feed on small animals
such as rabbits and rodents [9].

Extensive research has been conducted on the role of host abundance and tick ecology in disease
transmission (see [10-13] and references therein); however, the impact of predation — both lethal
(direct consumption of hosts) and non-lethal (behavioral and physiological changes in host populations
due to predation risk) — remains less explored in mathematical models. Fear of predation can lead
to a range of behavioral, physiological, and ecological responses in prey populations. The effect of
these responses on the prey population and disease dynamics can be as significant as direct predation
itself [14]. For instance, the fear of predators can alter host behavior, leading to reduced foraging and
movement, which may decrease tick-host contact rates [15, 16]. Chronic stress from predation risk can
suppress host immune responses, potentially increasing their susceptibility to infection [17].

Changes in habitat use due to predator presence may modify tick-host encounter rates, either re-
ducing or amplifying disease transmission [16]. Prey-predator interactions are fundamental drivers of
ecosystem dynamics, with cascading effects that can ripple through entire food webs [18, 19]. Wang
et al. [20] explore the fear effect in prey-predator interactions, revealing how the perception of preda-
tion risk can influence prey behavior and, by extension, disease transmission dynamics. This insight
broadens our understanding of the non-lethal effects of predation.

Some recent studies have shed light on how the non-lethal effects of predation affect disease dy-
namics. In this context, Hossain et al. [21] observed that fear can eliminate chaotic oscillations of their
proposed system by either making the endemic equilibrium regular (stable equilibium point or stable
limit cycle) or moving it towards the disease-free state. Recently, Zhang [22] investigated the effect
of the fear factor on an eco-epidemiological system with a standard incidence rate and found that an
increase in the level of fear changed a disease-free equilibrium from unstable to stable. Moreover, the
study by Pribadi and Chalasani [23] delves into fear conditioning in invertebrates, opening up new
avenues for understanding the psychological and behavioral aspects of prey species when confronted
with predation threats. However, the intricate relationship between prey-predator interactions, fear, and

Mathematical Biosciences and Engineering Volume 22, Issue 6, 1428—1463.



1430

tick-borne diseases has not been comprehensively explored. This gap in our knowledge highlights the
critical need for further investigation on how ecological factors like prey-predator interactions and fear
responses influence disease dynamics. To effectively mitigate tick-borne diseases, we must understand
how prey-predator interactions, mediated by fear, impact disease prevalence in ticks.

The goal of this study is to understand the complex interplay between lethal and non-lethal predation
on the dynamics of tick-borne diseases with the aim of addressing the following specific research
questions:

1. What are the cascading effects of fear within ecosystems, and how do they influence tick abun-
dance, prey behavior, and ultimately, disease transmission dynamics?

2. Can fear-induced changes in host behavior and predator dynamics serve as effective tools in man-
aging tick-borne disease risk within a given ecosystem?

The rest of the paper is organized as follows: in Section 2, we begin by formulating the ticks-prey-
predator dynamics with disease.

In order to capture the intricacies of Amblyomma Americanum ticks’ life cycle, we classify the ticks
into their different life stages and explore stability analysis and sensitivity analyzes of the resulting
model. Moving into Section 3, we use a reduced version of the disease model following some stated
assumption and subsequently carry out the stability. In Section 5, we carry out extensive simulations
using results from the sensitivity analysis. These simulations offer a glimpse into the practical impli-
cations of our findings, bridging the gap between theoretical insights and practical applications. We
discuss and summarize our findings in Section 6.

2. Model Formulation

To formulate the ticks-prey-predator dynamics with disease, we adapt some of the approaches used
in earlier modeling of ticks dynamics in [24-26]. We assume that transovarial transmission is very
unlikely for ehrlichiosis, so all eggs laid are without infection. The eggs hatch into susceptible larvae
(Ls) which progresses into infectious larvae (L) after acquiring infection from feeding on an infected
prey (M) at the rate A, expressed as

Ay = BiuM L
M
where ;) is the effective transmission probability and M is the total prey population (susceptible
and infected). The susceptible and infected larvae mature at the rate o, or die in a density dependent

manner (uy(Ls, L;, M)) express as

1.01 + Lg + L
(Ls, Ly, M) = 0.25 + [0.015 ln(#)].

Thus, we have the following equations for susceptible and infected larvae:

dL

d_ts = O-EE_/lLMLS —O-LLS _ﬂL(LSaLIaM)LS’
dL,

E = AmLs —o Ly —pur(Ls, Ly, M)L;,
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Regardless of whether or not larvae are susceptible or infectious (Lg and L;, respectively), they molt
into nymphs at the rate o, once fully engorged from a blood meal, or die at the density dependent rate,
un(Ns, Ny, M, P) given as

101+ Ng + N
MN(NsaNz,M,P)=0.45+[0.021n( +Ns + 1)]

M+ P

The nymph life-stage is the least discriminant when it comes to host preference and as such, we
incorporate the potential for nymphs to feed on both prey and predator which are small and large hosts
respectively. At this stage the susceptible nymphs may become infected if feeding on an infectious
host. The force of infection, Ay, 1s defined as:

_ ByuM; + BnpPi
M P’

/1NM

where By, is the probability that a susceptible nymph becomes infected after feeding on an infectious
host. M, and P are the number of susceptible and infectious prey and predator hosts. The susceptible
and infectious nymphs mature to become adult ticks at the rates o-y. The equations describing the rates
of change for susceptible and infectious nymph populations (Ns and Ny, respectively) are:

dN

7: = o1Ls — AyuNs — oyNs — uny(Ns, Nj, M, P)Ns,
dN;

W = oL + AyyNs — oyN; — un(Ns, Ni, M, P)Nj,

The susceptible and infectious adult ticks quest for hosts, especially larger hosts like the predator
population. At this point, there is the possibility of a susceptible tick becoming infected if feeding on
an infectious host. The force of infection for feeding adult ticks is:

BarPy
P b

/lAP =

where B4p i1s the probability that a susceptible adult becomes infected after feeding on an infec-
tious host. The susceptible and infectious populations are reduced by natural death at the rates
(ua(As, A, P)Ag), expressed as

101+ Ag + A
1a(As, Ay, P) = 035 + [0.03 1n(¢)].

With these, we have the following equations for susceptible and infectious feeding adults, given as Ag
and A;:

dAg
7 = O-NNS - /1APAS _/JA(AS’AI’ P)AS’
dA;
— = onN;+ AupAs — us(As, Ay, P)Ay,

Note that once a larvae (or nymph or adult) becomes infectious, it remains so for the rest of its life.
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Like the expression for the susceptible and infected tick populations we can express the susceptible
and infected in the prey and predator systems as

dMg Ty ) M ayP
= 1-— M—( )M — Ayr Mg — uy Mg,
( K, M s mrivls — Up Mg

dt 1+7P a+
dM] =AM M (Q’MP )M
7 MTMs — Upp a+ M I»
dPys np(Ms + M;)(Ps + Py)
= — ApaPs — upPy,
dr a+ M PALS — UpLs
dP;
— = ApaPs — upPy,
di PALs — Uply

where the forces of infection for the prey and predator A, and Ap4 are express as:

Bur(L; + Np) s = Bpa(N; + Ap)
M= * T py = A T

A , )
MT Vi P

where )7 and Bp, are the probability that a susceptible prey and predator becomes infected after been
fed on by an infectious tick.

Furthermore, we assume that the host do not recover from the infection, see [27,28]. With these
assumptions we have the following system of equations for the eggs and the larvae, nymphs, and adults:

dE E

— = frp(A,P)[1 — — |(As + Ap) — 0E — ugkE, (2.1)
dt Kg

dLg

o ok — AyyLs — o Ls — pr(Ls, Ly, M)Ls,

dL;

i AmLs — oLy — pur(Ls, Ly, M)L;,

dNg

7 = O-LLS _/lNMNS _O-NNS —,UN(NS,NI,M,P)NS,

dN;

W =oL; + AyyNs — onN; — un(Ns, N, M, P)Ny,

dAg

7 = O'NNS _/lAPAS _ﬂA(AS’AI’ P)AS’

dA

d_tl = O-NN1+/1APAS _ﬂA(AS7A[7P)A15
dMg Ty ) M (QMP)

= 1—— M- Ayr Mg — Mg — uyMs,

dt (1+TP( KM) MIES T \a+ m)TS THMES
dM[ a’MP

— = Ayr Mg — M—( )M,

i mrMs — Uy My a+ M 1

dP Mg+ M

d_tS: P(¥)(PS + Pp) — ApaPs — upPs,

dP;

—— = Aps Py — upPy,

i pALs — UpLy
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The model flow diagram is given in Figure 1.

Prey Predators
Np(Ms + M;)(Ps + Pp) A P

("_M)(l_ﬁ)M
1+P Ky A, Mg a+M
gy = B

ayP ayP
wutts 112 s moonld 1 (25w, wes L,
Ticks
frg(4,P) (1 E )A
g (4, -
E Kg orE o.Lg oyNsg
IIML(LS, M)Ls luzv(Ns. M,P)Ns l HaAg, P)As
ucgE A,Ls A, Ns A,As
- L' “ o.NNI n
— —)

l MLy, MLy 1 uNN, M, P)N; IMA(A,, PA;

Figure 1. Flow diagram of ticks-prey-predator model (2.1) with disease.

2.1. Analysis of the ticks-prey-predator model (2.1)
2.1.1. Positivity and boundedness of solutions

Following the results in subsection 3.1 and the approach in Guo and Agusto [29] we can prove the
following lemmas for model positivity and boundedness of solutions.

Lemma 1. Let the initial data F(O) > 0 , where F(t) = (E(t),Ls(t),L;(t), Ns(t), Ni(¢t),
Ag (1), As(t), Ms(t), My(t), Ps(t), P;(t)). Then the solutions F(t) of the system are non-negative for all
t>0.

Lemma 2. The region Q = QrUQyp C RTXR? is positively-invariant for the system with non-negative
initial conditions in R,
where,

pr )

Qr {(E(f),Ls(t),LI(f),Ns (1), Ni(1), As (D), A(1)) € RL: E(t) < K, Nr(1) <
Wlth,/JT = min’(/'tL(LS’Ll, M)’/'tN(NSaNI’ M’ P)’NA(AS’AI’ P))9

Nr = Ls(t) + L[(t) + Ns(t) + N[(t) + As(t) + A], and E(t) < Kg.
Qup = {(Ms(l),Ml(f),Ps(f), Pi(n) € Ry = (Ms(t), M(t), Ps (1), Py(1)) < %},

Ky(my — o + 77)2 S
47TM

0.

where r =

Proof. The first seven equations of model (2.1) give the following after summing the equations repre-
senting the larvae, nymphs, and adult stages
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dE E
—dit) = fre(A, P)(l - K—E)(AS +Ap) — (0 +up)E (2.2)
d]\;’Tt(t) = o - urNy, (2.3)

where pr = min{u;(Ls, Ly, M), un(Ns, N1, M, P), ua(As, Ay, P)}, Since K is the carrying capacity, it
follows that £ < Kg. Hence, equation (2.3) becomes

dNr (1)
< Kg — urNr,
i S OpBg— UrNNT
Thus,
K K
Ne(t) < ZETE S (NT(O) — E)e_"”, 2.4)
Hr Hr
oeKg 0eKg . . )
If N7 (0) = , then Nr(t) = . Hence, equation (2.4) implies that N7(f) is bounded.

T T
Furthermore, in Section 3.1 below, we show that the domain Q,,p is bounded. Thus, all solutions
starting in the region € remain in Q. Hence, the region is positively-invariant and hence, the region Q
attracts all solutions in R1!. O

2.1.2. Stability of disease-free equilibrium (DFE)

The tick-prey-predator model has a disease-free equilibrium (DFE) denoted by &). The DFE is
obtained by setting the right-hand sides of the equations in the model (2.1) to zero, which is given by

80 = (E*,Lé"O’N;’O,A;’O’M;’O’Pé‘,o),

The analytical expression of the DFE is difficult to obtain due to the nonlinearity of the density-
dependent fecundity and mortality functions in the tick population, see subseection 3.1.2 above. To
establish the stability of disease-free equilibrium (&y) we use the reproduction number Ry which is
obtained using the next generation operator method on system (2.1). Taking L;, N;, A;, M, and P; as
the infected compartments and then using the notation in [30], the Jacobian F and V matrices for new
infectious terms and the remaining transfer terms are defined as:

0 0 0 0 PBea
0 OL* Bur Bur O
0 BLA”;—S 0 0 0 ur 0 0 0 0
s 0k, 0 0 0
F= v=l 0o 0 & o 0
N* N* ’ 2 )
BN;S ﬁNAA;*S 0 0 0 0 0 -0, ks O
s s 0 0 0 —oy pa(P)
BapAy  BarAg 0 0 0

P; P;
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@y P 1.01 1.01

k= 0y +0.25+0.0151 (—) ks = oy + 0.45 +0.02 1 (—) d

a+M*+'UM » =0+ + n iYe 3 OnN nM;+P; an
1.01)

N
pa,(P) = 0.35 +0.03 Inf =~
S
Therefore, the reproduction is given as Ry = p(FV '), where p is the spectra radius is given as

where k; =

V2
Ry = x {M* PYP kiJok
0 2M;MA1(P*)P§k1k2k3up S:uA1( ) G K1KaK3 M

X[klkzﬁPA(A§ k3fBap + NsfBnpon) My
+a, (PO)Burip(LgksBry + Lsfryor + Ngkofina) Py
+([k1k2,3PA(A§ k3Bap + NS,BNPO'N)M;]2

=2kikaBpapia,(P)Burip[Asksap(LskaBrm + LsBryor + Ngkofinum)
+NgBnpon(Lsksfim — LsBrmor — NgkofSna) 1M Py
+pa, (P)Brrpp(LsksBrm + LgBrmor + Ny kzﬁNM)Pglz

I
+4A§<M;>2N;uA,<P*>k1k%kgﬁApﬁMTﬁNpﬁpAup) ]} ,

It is worth mentioning that R, > 0 provided

[kikoBpa(AsksBap + NsBupon) My + [ar(al, p)Buritpy(LsksBom + LyBimor + NkoBym) Pyl
+ 4A5 (M5 )’ Ny par(al, pYkiksksBapBurByeBratty

> 2k kofpaptar(al, p)BuritpAsksBap(LsksBry + LgBrmor + NykoBym)

+ NsfBnpon(Lgksfrm — LsBrmor — NgkoBnm) 1M Py,

Thus, the following result is established using Theorem 2 in [30].

Lemma 3. The DFE of ticks-prey-predator model (2.1) with disease, given by &y, is locally asymptot-
ically stable (LAS) if Ry < 1, and unstable if Ry > 1.

The basic reproduction number (Ry) measures the average number of new infections generated by
a single infected individual (tick, prey or predator) in a completely susceptible population [30-33].
Thus, Lemma 3 implies that malaria can be eliminated from the human population (when Ry < 1) if
the initial sizes of the sub-populations are in the basin of attraction of the DFE, &,.

3. Ticks-prey-predator model without disease

To formulate the ticks-prey-predator dynamics, we classified the Amblyomma Americanum ticks
into the following life stages: egg E, larvae L, nymph N, and adult A while P and M are predator and
prey populations respectively.

The number of eggs are determined, in part, by the number of egg-laying adults. The fecundity
of egg-laying adults is reduced in a density-dependent manner by the factor mz(A, P), with a female
having the capacity to lay a maximum of f = 6000 eggs if mg(A, P) = 1. The function is given as:
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w4, P) = 1-{025+0.045 h{%)}},

where P is the population of the predator. The egg hatch into larvae at the rate og or the decay at a
fixed daily, per-capita rate (ug). The equation for the eggs (E) is given by:

dE

E
— = frp(A.P) (1 - K—)A — (o + pp)E,

E

The larvae population (L) increases depending on the egg developmental rate or hatching rate (o).
The population decreases via maturation by a fixed rate o, as well as via death in a density dependent
manner described as:

101+ L
(L, M) = 0.25 + [0.0155 ln(T+)]

Thus, the equation for the larvae (L) population is given by:

dL

i opgE —[op + ur(L, M)]L,

The population of the nymphs increase following the maturation of the larvae. Nymphs that survive
feeding on a host then become engorged, once engorged, they either molt into adult ticks at the rate
oy, or die in a density-dependent manner described as:

101+ N
(N, M, P) = 0.45 + 0,025 n( = =% .

M+ P

where M is population of the prey. Hence, the equations describing the rates of change for the nymph
population (N) is given as:

dN

E = O-LL_[O-N+/1N(N7M7P)]N’

Once attached to a host, the adult ticks can take up to several days to finish feeding. They may also
die in a density dependent manner:

101 +A
ua(A, P) =035 + [0.035 1H(T+)],

All of these components lead to the following equations for adult ticks, given as:

dA

= N — A, P)A,
dr (oY Ha( )
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We assume that the prey population grew logistically; however, the population is also limited due

Vs ) .
to the fear of the predator at the rate (1 MP)’ where ), is the preys birth rate and 7 regulates the

+T
1

strength of fear incited by the predator. This decreasing fear function (TTP) was first introduced by

Wang et al. [20]. The function has gained widespread acceptance within the research community, as
evidenced by its adoption and application in various studies. For more information, see [21,34,35] and
references therein. Biologically meaningful properties are embedded within the fear function, which
dictate its behavior within the model framework.

(i) In the absence of fear (7 = 0), the fear function yields:

1
— =1,
1+0-P

(i1)) When there are no predators (P = 0), the fear function becomes:

1
=1
l+7-0

(iii) As the fear level increases (t — o), the fear function approaches zero:

b

1m =
=00 | + TP

(iv) When the predator population is abundant (P — o0), the fear function tends to zero, causing the
birthrate or disease transmission rate to decline:

lim =0,
P 1 + 7P

The properties of the fear function represent biological and epidemiological factors such as fear inten-
sity, predator presence, and population dynamics, all of which impact disease transmission.

The prey population is reduced by predation by a Holling type 2 functional response at the rate
( QMM

a+ M
prey that is not influenced by fear of predators and thus is isolated from the logistic equation for the

prey population. This novel phenomenon of splitting the natural death rate into two in prey dynamics
involving fear of predation was recently introduced by Antwi-Fordjour et al. [36]. Thus, the rate of
change of the prey population is expressed as:

dM_(nM)l MM (aMP)M M
i \1+P K, a+ M) T HM

), where @), is the attack rate of the predator. We note that u,, represents the death rate of the

. . . . T
The predator population increases after predation of the prey population at the rate ( "
a

np is the energy conversion rate due to predation of the prey. The energy conversion rate from prey to
predator measures how efficiently a predator converts the energy from its prey into its own growth and
reproduction. The predator population is reduced due to mortality at the rate yp. Thus the equation of
the predator population is given as:

), where
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dP 7TpM
— = P — upP,
dt (a +M ) Hr
Combining the above description and assumptions we have the following system of equations for
the ticks-prey-predator system:

‘2—? = fre(A, P) (1 - KEE)A ~ (0 + up)E G-
‘;_’; = opE — oy L — (L, M)L

c%/ = oL —onN —uy(M,N, P)N

‘jl_‘l‘ = owN — (A, P)A

dM P M ayP

() -

dP npM

dar (aiM)P_“PP’

The model flow diagram is given in Figure 2 and the description of the parameters and the values
used in simulations are given in Table 1.

Eggs Ticks
E —
Larvae Nymphs Adults
L :> N :> A
r=- |
| 11 |
| 11 y |
| Prey hosts 11 Predators I
- M oo —d e s o P 4__|
| A
e o e .

Figure 2. Flow diagram of ticks-prey-predator model (3.1) .
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Table 1. Description of the parameters of the ticks-prey-predator model (3.1). Tick related
parameter values and estimates are taken from [24,25] and the varied prey-predator related
parameter values are biologically feasible.

Parameter/Variable Description Value References
g Growth rate of eggs dependent on A and P [24,25]
ur Larva death rate as a function of L and M [24,25]
Un Nymphs death rate as a function of M, N and P [24,25]
Ha Adults ticks death rate as a function of A and P [24,25]

f Birthrate of tick eggs 6000  [25]
Kg Carrying capacity of eggs 15000 Variable
o) Eggs maturation rate 1/5 [25]
UE Eggs in-viability rate 0.008 [25]
oL Larva maturation rate 1/5 [25]
oN Nymphs maturation rate 1/7 [25]
Ty Preys birth rate 0.8 Variable
T Strength of fear of predators 1 [37]
Ky Carrying capacity of preys 1 [38]
Uy Preys natural death rate 0.1 [39]
ay Predators attack rate 0.5 [39]
a Half saturation constant 0.4 Variable
mp Predator biomass conversion efficiency 1.5 Variable
up Predators natural death rate 0.3 Variable

3.1. Quantitative analysis of ticks-prey-predator model (3.1)
3.1.1. Positivity and boundedness of solutions

We shall investigate the positivity and boundedness of the prey and predator populations of system
(3.1). From an ecological standpoint, the biomass of a population cannot exhibit negativity at any point
in time, thereby necessitating the persistence of non-negative solutions. Boundedness guarantees that
these populations will not undergo exponential growth over an extended duration.

Theorem 1. Forallt > 0, the solutions (M(t), P(t)) of the system (3.1) with initial conditions M(0) > 0
and P(0) > 0 remain non-negative.

Proof. Since the functions on the right-hand side of system (3.1) are continuous and locally Lipschitz
in the positive octant R2, the system has a unique solution that exists for all ¢ € [0, c0).
The predator (P) and prey (M) equations of system (3.1) can be rewritten as

dm
e Mg\(M, P) (3.2)

dt ’ ’

Mathematical Biosciences and Engineering Volume 22, Issue 6, 1428—1463.
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a1, = (2 )1 1) - (225 -

7TPM
M, P :(
8 ) T+ M

)_ﬂpa

We apply the integrating factor technique to system (3.2), a fundamental method for solving differ-
ential equations, to find the solutions of the system (3.1);

M(t) = M(0) exp (f g1(M, P) ds),
0

P(t) = P(O)exp (f g(M, P) ds) ,
0

From the expressions above, it is clear that M(¢) and P(¢) remain non-negative for all future time if
they initiate from an interior initial point of
R} = {(M(1), P(t)) : M(1) > 0, P(1) > O},
O

Theorem 2. The solutions (M(t), P(t)) of system (3.1) with initial conditions M(0) > 0, P(0) > 0 are
ultimately bounded.

Proof. Consider the function W(M(¢), P(t)) = M(t) + P(t). Thus
dW(M(1), P(t)) dM N dP

dt Codt dt
T M (Q’MP) (ﬂPP)
= - —|M- M — M + M — pupP
(1+TP)( KM) a+ ) T ) T
T M ((ﬂ'p—a’M)P)
= 1= | M+ (L2 =S\ — i M — ppP
(1+TP)( KM) o m M = He s

Assume mp < ay, and n € R, such that n < up and my, + 7 > py. Due to the positivity of the
solutions, it is obvious that M(f) < K, by comparison to the logistic equation.
Then,

W oW (”M )(1 M)M+(M)M—,uMM—,uPP+n(M+P)

1+7P _K_M a+M

IA

(”M)l M\ bt oM = 1pP + (M + P)
1+7P K., KM= Hp i

M
S?TM(l—K—)M—,uMM—/JpP-F?](M'FP)
M

=7TMM—K—M — M — upP +nM + nP
M
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T
= (mw = iy + DM = = M® = (up = )P
M

T
< (7ty =y + M — K—MM2
M

< Ky(mty — py +1)° _
- 47TM

r,

Ky(rty — p +1)°

where r = 1 > 0. By solving the differential inequality above, we obtain the
™
solution
0<WWM(), P(t)) < f(1 — e + W(M(0), P(0))e™™,
n
Thus,

0 < W(M(t), P(1)) < % as 1t — oo,

Therefore, the solutions (M(), P(t)) to the system (3.1) with positive initial conditions are ultimately
bounded. O

3.1.2. Stability analysis of the equilibrium points

To find equilibrium points, we need to set the derivatives of all variables to zero and solve the
resulting equations simultaneously.

E
fJTE(P)(l—K—)A—O'EE—/JEE:O
E

osE — o L — u (M)L = 0
O'LL—O'NN—IUN(M,P)N:O
O'NN—/JA(P)A:O

ﬂ'MM) M (CL’MP)
1-—]- M — M =
(1+TP ( KM) o+ )M M =0

7TPM)
P—upP =0,
(a+M He

Denote the equilibrium values as follows:
P:P*,M:M*,E:E*,L:L*,N:N*’A:A*

Since the equations are highly nonlinear in nature due to the density-dependent fecundity and mor-
tality in the tick population, making it difficult to find analytical solutions. As a result, it may not be
feasible to solve them explicitly. Instead, it may be necessary to employ numerical methods or utilize
software tools to obtain approximate values for the equilibrium points.

However, it is biologically feasible to assume that the number of larvae, nymphs, and adult ticks
are smaller than the number of eggs (that is, A < N < L < Kf), since most ticks die if they are unable
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to find a host to fed on [40]; from subsection 3.1 above we have that the prey and predator population
are bounded, that is |[M| < C; and |P| < C,, where C; and C, are non-negative constants; then we can
assume that the tick fecundity and mortality are constant rates (that is g, ug, tr, iy, and ua). Thus
model (3.1) reduces to the following simple system

dr

E =nr —urT (3.3)
dM 7TMM M QMP

@ 1_—_( )M- M

dt (1+TP)( KM) a+m)” T

dP 7TPM

— = P — upP,

dt (a+M) HpS

where 1 = frg, and T denotes the total tick population from eggs to adult. The reduced system (3.3)
has three non-negative steady states namely:

(1) Tick-only equilibrium (7', M, P) = (F—T, 0, 0).
Hr

r
pr’
(iii)) The coexistence equilibrium (7", M*, P*) = (

T
7T_T app —Wi F+ YWy
ur mp —pp 2ay VKyt (tp — up)

(i1) Predator-free equilibrium (7, M, P) = ( Ky (1 — LM ) , 0) for my > .

), where 7p >

pp, wa > wi, and

w1 = Ky (auytrp + ay(mp — up)),
wy = Ky [(a/] - a,uM‘z')2 + 4aa/MT7rM] 71120
— 2y up [KM (apy — auyt) + alszMuf, + 2atmy(a + KM)] p,

Thus, the following Theorem gives the conditions for the stability of equilibrium points obtained from
system (3.3).
Theorem 3. Consider the system given by system (3.3). Then the following statements hold:
(i) The tick-only equilibrium is locally asymptotically stable if uy > my,
(ii) The predator-free equilibrium point is locally asymptotically stable if pp > %,
(iii) The coexistence equilibrium is locally asymptotically stable provided the signs of wy and w, given
in (3.6) are positive.

Proof. The Jacobain matrix for the system (3.3) at any equilibrium point is given as

—Hr 0 0
_ __aayP ay(Ky—2M) myMWM-Ky)  ayM
J=| 0 —Gh T Kamn THM TRaapre T e | (3.4)
0 _anpp_ TpM_
(a+M)? a+M — HP

(i) To analyze the stability of the equilibrium where only ticks are present, we begin by evaluating
the Jacobian matrix at the tick-only equilibrium point.

—HT 0 0
J = 0 Ty — MM 0 ,
0 0 —Hp
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The eigenvalues associated with the Jacobian matrix J* are 4y = —uy < 0, Ay = my — py and
Az = —up < 0. Thus the tick-only equilibrium is locally asymptotically stable if p; > my,.

(i) To investigate the stability of predator-free equilibrium, we evaluate the Jacobian matrix at the
predator-free equilibrium point,

—HMT 0 0

o Kt (umr—70) (e (o ta+ Kpp)+ang (Pr+ 1))~ Ky )
JU=l 0wt T (Pr+ 12 (ara+ Kan)—Karting) ) (3.5)
0 0 Kympum—nm)

Kupym—nym(a+Ky) Hp

The eigenvalues associated with the Jacobian matrix J*™ are 4y = —ur <0, Ao = =y + uy <0

and A3 = % — up. Thus the predator-free equilibrium is locally asymptotically stable

if > Kyunp(um—mm)
o DHP T Rk ) . . .
(iii) From the Jacobian matrix (3.4), we derive the following characteristic equation
(=7 = D) (A2 + w3 +wy) = 0, (3.6)
where
aay P pM 2nyM Ty
w3 = >~ + + Uy t+ pp — )
(a+ M)y a+M Ky(rP+1) TP+ 1
note that w; > 0, if
npM Ty aayP 2nuyM

+up > + —~ —~ ,
HuThe = M T P+1 @+ M?  Ky(P+1)

and

2nynpM? atmynpM?P UynpM . acyipP
Wy = — — —
YT Kua+ MYTP+ 1) Ky(@a+ MREP+12  a+M  (a+ M)
TynpM atnynpMP 2upmy M UpTTy
+ + 2 2 + HmHp — ——,
(a+ M)TP+1) (a+M)>*(tP+1)7? Ky(P+1) TP+ 1
Additionally, wy > 0 if
2 ynpM? atnynpM?P uyrtpM  aayupP
Hmpp > + 2 >t - 2
Kyla+ M)(tP+1) Ky(a+ M)?*(tP+1) a+M (a+ M)
TynpM atnynpMP 2upmy M N UpTT
(a+M)TP+1) (a+M>*aP+1)? Ky(zP+1) tP+1°
The eigenvalues associated with the equation in (3.6) are 4, = —ur < 0 and other two roots

(i.e., A, and A3) of the quadratic equation in A*> + wsd + wy = 0. The other roots are given as
Ay + A3 = w3 > 0 and 4,43 = wy > 0. Thus the stability of the coexistence equilibrium point
depend on sign of w3 and wy.

O
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4. Sensitivity analysis for models (2.1) and (3.1)

Deterministic model outputs are governed by its input parameters, which exhibit some uncertainty
in the process of their selection. Exploration of the ticks-prey-predator models (2.1) and (3.1) above re-
quires determination of which parameters most strongly affect key model outputs (such as the number
of infected individuals). A global sensitivity analysis was carried out using Latin Hypercube Sampling
(LHS) and partial rank correlation coefficients (PRCC) to assess the impact of parameter uncertainty
and the sensitivity of these key model outputs of the numerical simulations to variations in each param-
eter. LHS is a stratified sampling without replacement technique which allows for an efficient analysis
of parameter variations across simultaneous uncertainty ranges in each parameter [41-44]. To generate
the LHS matrices, we assume that all the model parameters are uniformly distributed. PRCC measures
the strength of the relationship between the model outcome and the parameters, stating the degree of
the effect that each parameter has on the outcome [41-44]. It is a reliable sensitivity measure for non-
linear yet monotonic relationships between the model input and output, provided that the inputs have
minimal or no correlation [42].

We start by exploring first the sensitivity analysis of model(3.1) without disease and then model
(2.1) with disease.

4.1. Sensitivity analysis of model (3.1) without disease

For the ticks-prey-predator model (3.1), a total of 1,000 runs were then carried out for the model
using parameter values sampled from the LHS matrix and the outcome were ranked using the PRCC
method. The parameter values used are given in Tables 1 (with ranges varying from +20% the stated
baseline values). The response functions in this case are the sum of the ticks L + N + A, the preys (M),
and the predators (P).

The outcomes of the global sensitivity analysis are shown in Figure 3 and given in Table 2.

The parameters with the most significant impact on the sum of ticks (L + N + A) are tick eggs
maturation rate (0g), the egg carrying capacity (Kg), the predator birth and natural death rates (7p, and
up), the predator’s attack rate (a,,), and the half saturation constant (a). Details are shown in Figure
3(a).

The significant parameters for prey (M) response function are shown in Figure 3(b); these parame-
ters are the carrying capacity (Kj,) of the prey, the predator birth and natural death rates (7p, and up),
the predators attack rate (a),), and the half saturation constant (a).

For the predators (P) response function, the significant parameters are the predators birth and natural
death rate (mp and up). Other parameters are the preys’ birth and natural death rate (), and uy,) and
their carrying capacity (Kj,). The predators attack rate (@), the half saturation constant (a), and the
fear of predators (7) are equally significant, see Figure 3(c).

Note that the fear factor 7 have a variable sensitivity indices for the three response function. It has
a negative impact on the sum of the infected ticks, and the predator, and a positive significant impact
on the prey population; however, the magnitude of the index is small.

The sensitivity indices are either positive or negative indicating the direction of the impact on the
response functions, and the values of the indices indicate the magnitude of the response functions, see
Table 2.
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Figure 3. PRCC values for the ticks-prey-predator model (3.1) using as response functions
(a) sum of ticks L + N + A; (b) prey (M); and (c) predator (P). Parameter values used are as
given in Table 1.

4.2. Sensitivity analysis of model (2.1) with disease

For ticks-prey-predator model (2.1) a total of 1,000 simulations (runs) of the model for the LHS
matrix were also carried out, using the parameter values given in Tables 1 (with ranges also varying
from £20% the stated baseline values) and the same response functions namely the sum of infected
ticks L; + N; + A;, infected preys (M;), and infected predators (P;). The PRCC method was then used
to rank the parameter after the simulation runs were completed. The outcomes of the global sensitivity
analysis are shown in Figure 4 and given in Table 3.

Figure 4(a) depict the parameters with the most significant impact on the sum of infected ticks
(L; + N; + A)), these are tick eggs maturation rate (o g), the egg carrying capacity (Kg), the predators
birth rate (p), the predators attack rate (a,,), and the half saturation constant (a).

The impact of the model parameters on the infected preys (M;) are shown in Figure 4(c). The
impact of the parameters on the response function M; are small, however, some of the effect of these
parameters significant on M;. The significant parameters are the nymphs maturation rate (o), the
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Table 2. PRCC and p-values of the ticks-prey-predator model (2.1) using the sum of ticks
L+ N + A, prey (M), and predator (P) as response functions.

Response function L+ N+ A M P
Parameters PRCC p-value PRCC  p-value @ PRCC  p-value
Kg 0.9471 0 0.0022 09439  0.0345 0.2784
UE -0.1706  <0.0001 0.0245  0.4423  -0.0277 0.3845
Ok 0.9920 0 -0.0184  0.5642  -0.0337  0.2895
oL 0.2118  <0.0001 -0.0137 0.6668 0.0130  0.6822
oN 0.1685  <0.0001 -0.0091 0.7744 -0.0274 0.3888
Ky -0.2504 <0.0001 -0.5105 <0.0001 0.6927 < 0.0001
™ -0.0250 0.4327 -0.2162 <0.0001 0.6557 < 0.0001
Um 0.0326 0.3064  0.1229  0.0001 -0.4581 < 0.0001
T -0.0521 0.1019  0.1014  0.0014  -0.4550 < 0.0001
mp -0.8651  <0.0001 -0.9615 0 0.9453 0
Up 04262 <0.0001 0.7504 <0.0001 -0.9239 0
ay -0.6624 < 0.0001 -0.6895 <0.0001 -0.9727 0
a 0.9073 0 0.9671 0 0.4524 < 0.0001

predator birth rates (7rp), and the half saturation constant (a).

Lastly for the infected predators (P;) depicted in Figure 4(c), the significant parameters are the egg
carrying capacity (Kg), the probability that a susceptible prey becomes infected from an infectious
larvae tick (B1y), the prey carrying capacity (Kj,), preys birth and natural death rate (), and ).
Other parameters are the fear of the predator (7), predator biomass conversion efficiency (rp), predators
natural death rate (up), the predators attack rate (a,,), and the half saturation constant (a).

The fear term 7 as for model (3.1) have a variable sensitivity indices for the three response function.
It has a negative impact on the sum of the infected ticks, and the predator, and a positive significant
impact on the prey population; however, the magnitude of the index is small.

It is interesting to note that the infection transmission probabilities have mostly non-significant
impact on all the response functions L;+N;+A;, M;, and P; except for the probability that a susceptible
prey becomes infected from an infectious larvae tick (By).

Parameters with the largest partial rank correlation coefficient (PRCC) values have the largest im-
pact on each of the response functions. The parameters with positive PRCC values have a positive
impact on the response function and lead to increase in their values. While the parameters with nega-
tive PRCC values will reduce the response function values.

5. Numerical simulations

In this section, we simulate models (2.1) and (3.1) using initial conditions and parameter values
that lead to unstable and stable dynamics, see Section 3.1. We start with the tick-prey-predator model
(3.1) without disease and choose the unstable equilibrium due to the interesting dynamics exhibited
by this equilibrium point. We also simulate the model (3.1) to show the impact of the attack rate and
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Figure 4. PRCC values for the ticks-prey-predator model (2.1) using as response functions
(a) sum of infected ticks L; + N; + Ay; (b) infected prey (M;); and (c¢) infected predator (P;).
Parameter values used are as given in Table 1.

fear of the predator following the result of the sensitivity analysis in Section 4. Lastly, we simulate
the ticks-prey-predator model (2.1) with disease to show the disease transmission dynamics given the
interactions between the ticks, prey, and predator.

5.1. Numerical simulations of model (3.1)
5.1.1. Stable and unstable dynamics

We simulate the ticks-prey-predator model (3.1) using initial conditions and parameters values that
lead to unstable and stable dynamics and focus on the prey-predator interaction. Figure 5(a) shows the
dynamics when the equilibrium is unstable; while Figure 5(b) shows the dynamics when the equilib-
rium is stable. We see in Figure 5(a) an oscillatory dynamics as the prey and predator interact. This
oscillatory behavior dissipates in a stable environment; see Figure 5(b). A stable attractor is observed
in Figure 5(c). Here, the trajectory of the initial condition (IC) converges toward a stable limit cycle.

Next, we simulate the ticks-prey-predator model (3.1) for the unstable prey-predator equilibrium to
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Table 3. PRCC and p-values of the ticks-prey-predator model (2.1) using the sum of infected
ticks L; + N; + A, infected prey (M;), and infected predator (P;) as response functions.

Response function L;+ N; + A; M; P;
Parameters PRCC p-value PRCC p-value PRCC  p-value
Kg 0.6749 <0.0001 -0.0100 0.7546 0.0111  0.7280
HE -0.0105 0.7436  -0.0032 0.9198 0.0528  0.0985
OE 0.8561 <0.0001 -0.0335 0.2938 0.0070  0.8261
oL -0.0144 0.6513  0.0257 0.4205 0.0116 0.7162
oN 0.0611 0.0557 -0.0750 0.0187 0.0323  0.3118
Bim 0.0064 0.8411 -0.0366 0.2521 0.0183  0.5672
Byum -0.0031 0.9234  0.0131 0.6814 0.0535 0.0936
Bnp 0.0103 0.7474  -0.0338 0.2898 -0.0377 0.2384
Bar -0.0003 0.9929  -0.0275 0.3887 -0.0153  0.6321
Bur -0.0280 0.3810 -0.0001 0.9974 0.0476  0.1359
Bra 0.0508 0.1113  -0.0177 0.5786 -0.0070  0.8263
Ky -0.0812 0.0109  0.0289 0.3651 0.5860 < 0.0001
V%) -0.0108 0.7359  -0.0313 0.3269 0.3033 < 0.0001
U 0.0087 0.7849  0.0361 0.2579 -0.3583 < 0.0001

T -0.0421 0.1875  0.0201 0.5287 -0.1858 < 0.0001
p -0.4257 <0.0001 0.0685 0.0319 0.9502 0

Up 0.1660 <0.0001 -0.0251 0.4327 -0.9229 0
ay -0.1864 <0.0001 -0.0205 0.5213 -0.9606 0

a 0.4577 <0.0001 -0.0905 0.0045 0.1729 <0.0001

see the effect of the prey-predator interaction on the tick dynamics. Figure 6(a) shows the prey-predator
interaction as in Figure 5. In Figure 6(b) we plot the simulation result of larvae and prey together. The
figure shows the larvae population following the trajectory to the prey population. Similarly, we plot
the simulation results of the eggs, nymphs, adults, along with predator. We also observed in Figure 6(c)
the nymphs and the adult population following, in this case, the trajectory of the predator population,
but that is not the case with the eggs.

5.2. Numerical simulations of model (2.1) with disease

We simulate the ticks-prey-predator model (2.1) with disease using initial conditions and param-
eters values that lead to unstable dynamics and show the disease transmission dynamics given the
interactions between the ticks, prey, and predator. We observed oscillatory dynamics in susceptible
and infected populations as prey and predator interact (see Figure 7). These oscillatory dynamics are
similar to the dynamics observed in model (3.1) without disease. Figure 7(a) shows the dynamics
among the susceptible ticks, and prey population while Figure 7(b) shows the dynamics of the infected
ticks and the prey population.

We observed in Figure 7(a) the trajectory of the susceptible larvae population follow the trajectory
of the susceptible prey population as the model without disease. While susceptible nymphs and adults
follow the trajectories of susceptible predators, see Figure 7(c). For the infected larvae in Figure
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Figure 5. Numerical simulations of the ticks-prey-predator model (3.1) showing the prey-
predator interaction when (a) the equilibrium is unstable; (b) the equilibrium is stable; (c) a
stable limit cycle is observed from the phase portrait

7(b), we observed more infected larvae when the infected prey population are low and few infected
larvae when there are more infected prey. We also observed in Figures 7(c) and 7(d) the trajectories
of the nymphs and adult population either susceptible or infected follow the trajectory of the predator
population (susceptible or infected).

5.2.1. Simulation scenario based on sensitivity analysis

Next, we run some simulation scenario using the results from the sensitivity analysis varying the
prey-predator parameters a,, (predator attack rate), 7 (strength of fear of predators). The parameter a,
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Figure 6. Dynamics of the model (3.1) showing the impact of the prey-predator interac-
tions on the tick population. (a) the prey-predator interactions; (b) effect of prey dynamics
on larvae population; (c) effect of predator dynamics on the eggs, the nymphs, and adult
population; (d) effect of prey-predator dynamics on ticks population.

have significant negative impact on the response functions for the sum of infected ticks L; + N; + Ay,
infected prey (M;) and infected predator P;; while the impact of 7 is minimal and positive on the sum of
infected ticks L; + N; + A;, and infected prey (M)). It is however, has negative impact on P;. Although
the impact of this parameter is low and insignificant, we include this in our simulation because of it’s

biological importance.

5.2.2. Varying predator attack rate (a,,)

We set the predator attack rate ay, to 0.5, 0.75, 0.95 and simulate model (3.1) to explore the effect
of predator attack rate (a,,) on the system. We observed from Figure 8(a) a significant decrease in the
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Figure 7. Dynamics of model (2.1) showing the effect of the prey-predator interactions on
the tick populations; (a) effect of susceptible prey dynamics on susceptible larvae population;
(b) effect of infected prey dynamics on infected larvae population; (c) effect of susceptible
prey-predator dynamics on susceptible ticks population; (d) effect of infected prey-predator

dynamics on infected ticks population.

susceptible predator population (P) as the attack rate a,, increases with a slight increase in the prey
population (M) during the times the prey population increases following a decrease in the predator pop-
ulation. Figure 8(b) show the infected populations. We observed a decrease in both prey and predator
populations with increasing attack rate; however, there are more infected prey when the predator are
low. Furthermore, we observed in Figures 8(c) and 8(d) the cascading effect of the predator attack on
prey who are the hosts to the larvae and nymph tick populations; thus as the attack rate increases we
observed a decrease in the tick populations namely the larvae, nymphs, and adults.
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Figure 8. Numerical simulations of the ticks-prey-predator model (3.1) varying predator
attack rate (o) = 0.5,0.75,0.95): (a) susceptible prey and predator; (b) infected prey and
predators; (c) susceptible ticks (larvae, nymphs, and adults) (d) infected ticks. Green are
larvae, cyan are nymphs, and red are adults. Solid lines represent a, = 0.5, dash lines are
ay = 0.75, and dash dot lines represent a; = 0.95.

5.2.3. Varying the fear of the predator (1)

Next, we vary the fear of the predator and set the fear parameter 7 to 1.50, 2.50, 4.50, and simulate
model (2.1) to explore the effect of the predator fear rate (7) on the system. We observed from Figure
9(a) a decrease in the susceptible predator population (Pg) as 7 increases with a horizontal shift to
the right in the prey population (Mg) when the prey population increases following a decrease in the
predator population. Figure 9(b) show the infected populations (P;, M;). Both the prey and preda-
tor populations decrease with increasing attack rate; however, there are more infected prey when the
predator are low. Figures 9(c) and 9(d) shows the cascading effect of the fear of predator on susceptible
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and infected tick populations; thus as the fear rate increases, we observed a decrease in larvae, nymphs,
and adults tick populations; although this decrease is not as much as what we observed in Figure 8(b)
above.

© (d)

Figure 9. Numerical simulations of the ticks-prey-predator model (3.1) varying the fear of
the predator (1) setting 7 = 1.50,2.50,4.50: (a) susceptible prey and predator; (b) infected
prey and predators; (c) susceptible ticks (larvae, nymphs, and adults) (d) infected ticks. Solid
lines represent T = 1.50, dash lines are v = 2.50, and dash dot lines represent 7 = 4.50.

5.2.4. Varying attack (ay,) and fear (7) rates

Lastly, we vary together the predator attack rate (a,,) and the fear of the predator (7) and simulate
model (2.1) to explore the joint effect of the predator attack rate (@),) and prey fear rate (7) on the
system. We observed a significant decrease in the susceptible predator population (Py) in Figure 10(a)
as 7 increases with a horizontal shift to the right in the susceptible prey population (M) at the times

Mathematical Biosciences and Engineering Volume 22, Issue 6, 1428—1463.



1454

the prey population increases following a decrease in the predator population. Figure 10(b) show the
infected populations. We observed a decrease in both prey and predator populations with increasing
attack rate; however, there are more infected prey when the predator when the prey are low. We also
observed a strong cascading effect of the fear of predator on ticks in Figure 10(c) and 10(d); thus
leading to a decrease in the larvae, nymphs, and adults tick populations as the attack and fear rates
increases.

0.6 0.07

0.06

0.04

0.03

0.02
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Figure 10. Numerical simulations of the ticks-prey-predator model (3.1) varying preda-
tors attack rate (ay,) and fear of the predators (7) setting @y, = 0.5,0.75,0.95 and 7 =
1.50,2.50,4.50 : (a) infected prey and predators; (b) infected ticks (larvae, nymphs, and
adults). Solid lines represent ay; = 0.5, 7 = 1.50, dash lines are ay, = 0.75, 7 = 2.50, and
dash dot lines represent ay; = 0.95, 7 = 4.50.
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5.2.5. Varying transmission probability (5;)

Next, we vary the probability that a susceptible prey becomes infected from an infectious larvae
tick (Bry) and set By = 0.018, 2 x 0.018, 3 X 0.0.18 in Figure 11. We also vary the probability that
a susceptible prey and predator becomes infected from an infectious nymphs and adult tick, and vice
versa. We then double and triple 51, Bvm, Bnes Baps Bra, Bur- Although these parameters have low
sensitivities index from the sensitivity analysis results. We observed that as the transmission proba-
bilities increases the susceptible populations (host and ticks) decreases and the infected populations
increases.
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Figure 11. Numerical simulations of the ticks-prey-predator model (3.1) varying predator
attack rate (ay): (a) infected prey and predators; (b) infected ticks (larvae, nymphs, and
adults). Solid lines represent 8y, = 0.018, dash lines are 8); = 0.018 X 2, and dash dot lines
represent 8, = 0.18 X 3.
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5.2.6. Summary of the simulation scenarios

In this section we ran some simulation scenarios using some of the parameters with the
most impact from the sensitivity analysis, specifically we varied the prey-predator parameters
ay (predator attack rate), 7 (strength of fear of predators). We also varied the transmission
probabilitiesfBy, By, Bnps Bap, Bra, Bur, although these parameters had minimal effect on the
response functions used in the sensitivity analysis. We observed a cascading effect of the predator’s
attack and fear on the prey and the tick populations, since the prey are hosts of the larvae and nymphs.
We summarized below the findings from the simulations

(i) Varying predator attack rate (a,,): As the attack rate on the prey increased the tick populations
namely the larvae, nymphs, and adults we decreased;
(i1) Varying the fear of the predator (7): As the fear rate increased, the larvae, nymphs, and adults tick
populations decreased;
(ii1) Varying transmission probability: As the transmission probabilities increased the infected popu-
lations increased leading to a decrease in the susceptible populations both host and ticks alike.

The implications of these results are discussed next in the section below.
6. Discussion

In this paper we developed and analyzed two mathematical models involving ticks-prey-predator
interactions model (2.1) with disease and model (3.1) without disease. We use Erhlichiosis as our
model disease transmitted by ticks, see Erhlichiosis model in [24]. The quantitative analysis of model
(2.1) with disease transmission, indicate that the disease-free equilibrium is locally asymptotically
stable when the reproduction number is less than one and unstable otherwise.

To carry out the quantitative analysis of ticks-prey-predator model (3.1), we first simplify the model.
The quantitative analysis of the simplified form using boundedness of the prey and predator indicates
that the model has three equilibrium points: tick-only equilibrium, predator-free equilibrium, and co-
existence ticks-prey-predator equilibrium. These three equilibrium points are locally asymptotically
stable given the conditions in Theorem 3.

Next we carried out a global sensitivity analysis using LHS/PRCC method to determine the parame-
ter with the most influence on the response functions obtained from the ticks-prey-predator model (3.1)
without disease. The parameters with the most significant impact on the sum of ticks (L + N + A), the
prey (M), and the predators (P) are the tick eggs maturation rate (og), the egg carrying capacity (Kg).
Other significant parameters are the preys’ birth and natural death rate (i), and ) and their carrying
capacity (Kj,). The parameter denoting the fear of predators (7) is equally significant. The last sets of
significant parameters are the predator birth and natural death rates (7p, and wp), the predator’s attack
rate (), and the half saturation constant (a).

We also carried out a global sensitivity analysis using LHS/PRCC method to determine the param-
eters of the ticks-prey-predator disease model (2.1) with the most influence on the response functions
namely the sum of infected ticks (L; + N; + A;), infected prey (M), and the infected predators (P;). The
most significant parameters for these functions shown in Figure 4 and given in Table 3. These parame-
ters are tick eggs maturation rate (0 g), the egg carrying capacity (Kg), the probability that a susceptible
prey becomes infected from an infectious larvae tick (8;,,). The other significant parameters are the
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preys birth and natural death rate (), and u,,), and their carrying capacity (K,,). The other equally
significant parameters are the predator biomass conversion efficiency (7p) or predators birth rate, the
natural death rate (up), the attack rate (a,,), and the half saturation constant (a). The other parameters
are the fear of the predator (7).

The ticks-prey-predator interactions models (2.1) and (3.1) with and without disease have several
significant parameters (like o g, Kg, 7y, tiar, Kygs wp, ip, @y, and 7) that are common given the three
response functions under consideration. The parameter 8;,, from model (2.1) is the only parameter not
common to both models.

The fear term 7 in models (2.1) and (3.1) have variable sensitivity indices for the three response
functions. It has a negative impact on the sum of the infected ticks, and the predator, and a positive
significant impact on the prey population, although their magnitude if small. This indicate that the
effect of fear is negative on the ticks and predator and positive on the prey. This positive effect on
the prey we expect is in the short term because studies have show that fear can affect the birth rate
of prey population [45], limit foraging activities [46]. For instance, mule deer limit their forage due
lion attacks [46]. Thus, in the long run that effect on the prey would be negative since the fear of the
predator would prevent them from foraging for food and even mating leading to a decrease in their
population over time [45—47].

In Figure 6, we focus on the simulation of the ticks-prey-predator model (3.1) for the unstable prey-
predator equilibrium shown in Figure 5(a) to see the effect of the prey-predator interaction on the ticks
dynamics. Figure 6(a) shows the prey-predator dynamics. In Figure 6(b), we see that the larvae pop-
ulation follows the trajectory of the prey population, this is due to a number of factors: for instance,
the larvae feeds on the prey. Furthermore, the larvae mortality which is density dependent is also de-
pendent on the prey population; hence, the larvae population decreases with the prey population and
increases when the prey population increases. We also observed in Figure 6(c) that the nymphs and the
adult follow the predator population trajectory since the egg laying rate, nymph, and adult mortality
both depends on the predator population. Additionally, the nymph population also depends on the prey
population. However, from our numerical simulations, we observed dominance by the predator popu-
lation in terms of following the trajectory. This is quite interesting and worthy of further investigation
to ascertain the true cause of dominance by the predator population. This observation substantiate the
results obtained in [48]. Although this interactions is between coral reef fishes; however, the authors
emphasized the importance of predation and competition within hierarchies between two coral reef
fishes.

Considering the effect of varying the predators attack rate (a,,) is crucial in understanding disease
outbreaks within the populations. In Figure 11, we investigate how changes in the predators attack
rate impact disease transmission. By adjusting @, from 0.5 to 0.95, we observed distinct outcomes.
We observed in Figure 8(a) a decline in the populations of infected larvae, nymphs, and adult ticks as
the predators attack rate on the prey increases. This decline indicates that the infected predators play
a significant role in reducing the prevalence of tick-borne diseases by preying on the infected ticks.
Consequently, the overall tick burden decreases, leading to a potential reduction in disease transmission
to hosts. This observation from our numerical simulations substantiate experimental results in ecology
where predators and competitors of vertebrates can in theory reduce the density of infected nymphs
[18], and thus may have a cascading impacts on the tick-borne disease risk. However, in Figure 8(b),
we observe a different trend. Here, despite the increase in predator activity, we notice a decrease in
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the predator population and a marginal rise in the prey population. This unexpected outcome suggests
a possible trade-off between predator survival and prey control efficiency. The decline in the infected
predator population might be attributed to the additional time and energy expended in intensifying
attacks on infected prey individuals. As a result, while predator activity may initially reduce disease
prevalence, sustained high attack rates could lead to a decline in predator fitness, potentially impacting
long-term disease regulation dynamics.

The non-lethal effect of predation due to fear (7) is further explored in Figure 9. We observed a
decline and shift in the dynamics of the infected ticks populations, i.e., larvae, nymphs, and adult ticks
as the strength of fear parameter increases, see Figure 9(a). This observation indicates that intensifying
the strength of fear of infected predators among infected prey populations lead to a decrease in tick
burden within the ecosystem, thus a cascading effects on the tick-borne disease risks. Also, in Figure
9(b), we observed a decrease and shift in the infected predator populations and a slight decrease in the
population of the infected prey. These could be due to several factors. Intensifying the strength fear of
predators may have resulted in reduced encounter rates between infected predators and infected prey,
limiting opportunities for predation and thus impacting the infected predator populations. In a related
study [49], researchers found similar results. They noticed that as the fear of predation increased, the
predator population decreased, and in some cases, high levels of fear even caused the predators to
become extinct. Additionally, an increase in the strength of fear (7) could lead to changes in infected
predator behavior, such as decreased hunting efficiency. Conversely, the slight decrease in infected
prey populations may be as a result from a combination of reduced predation pressure and altered prey
behavior in response to fear. The infected prey populations may exhibit avoidance behaviors or alter
their habitat use patterns to reduce encounters with infected predators, leading to a decrease in infected
prey densities over time [50] .

In Figure 10, we carried out numerical simulations where we simultaneously increased both the
infected predators’ attack rate (@) and the strength of infected predators fear (7) to observe their
combined impact on the dynamics of the system. Our observations revealed a trend consistent with
the findings from individual parameter variations. As we increased both @), and 7 simultaneously, we
observed a decrease in the populations of infected larvae, nymphs, and adult ticks, see Figure 10(a).
Similarly, we observed a decline and a shift in the predators population. Therefore, the combined
effect of predators attack rate and the intensity of fear can have intricate consequences on populations
of infected prey and predators, consequently influencing the risk of tick-borne diseases.

7. Conclusion

To conclude, in this study we developed a deterministic model of ordinary differential equations to
gain insight on the effect of prey-predator interaction and the cascading effect of fear of the predators
on ticks population and disease prevalence. We found that tick host predator and fear of the predators
reduces the tick populations and disease prevalence. We summarize the other results as follows:

(i) The results of the Sensitivity analyzes was implemented using three response or output functions
namely the sum of infected ticks (L; + N;+A;), infected predators (M), and the infected predators
(Py) to identify the parameters with the most impact on these functions in no particular order. The
most significant common parameters among these functions are the eggs maturation rates (o g),
and carrying capacity (Kg). Other significant parameters are the preys birth and natural death
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rates (7, tar). The last sets of significant common parameters are the predator birth and natural
death rates (7p, and up), the predator’s attack rate (ay,), and the half saturation constant (a). The
probability that a susceptible prey becomes infected from an infectious larvae tick (51y,) is also a
significant parameter.

(i1) The trajectory of the susceptible larvae population follow the trajectory of the susceptible prey
population. While susceptible nymphs and adults follow the trajectories of susceptible predator.
The trajectories of the nymphs and adult population either susceptible or infected follow the
trajectory of the predator population (susceptible or infected).

(ii1) There are more infected larvae when infected prey population are low and few infected larvae
when there are more infected prey. Similar dynamics was observed for the infected nymphs and
adult ticks and infected predator population.

(iv) Prey predation and fear of predator have cascading effect on tick populations and disease preva-
lence. As prey attack rate increases, there is corresponding reduction in the prey and ticks pop-
ulation; furthermore as the fear of the predator increases we observed a reduction in the prey
population which subsequently lead to a decrease in the ticks populations.

In this study, we have used mathematical models to investigate the cascading effect of prey-predator
interaction and predator fear tick populations and disease prevalence. One of the limitations of this
study is not including additional source of food for the predator. We know that often times, the predator
have other sources of food aside from the prey populations, see [S1] and references therein. Another
limitation of the study is that we were not specific as to the kind of prey population we are interested
in; however, tick larvae and nymphs are known to feed on small mammals while the adult ticks feed
on much larger mammals including the predators which we capture in the two models in this study.
Another major drawback was the availability of data. Although, we have off set this drawback by using
parameter estimates from literature; we are confident in our conclusions since are results are backed
up by the outcomes obtained from the sensitivity analysis we carried out.
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