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Abstract: This paper investigated the synchronization issue of uncertain chaotic neural networks
(CNNs) using a delayed impulsive control approach. To address the disturbances caused by parameter
uncertainty and the flexibility of impulsive delays, the concept of average impulsive delay (AID) and
average impulsive interval (AIl) were utilized to handle the delays as a whole. Under the condition
that the norms of uncertain parameters are bounded, the synchronization criteria for uncertain CNNs
were derived based on linear matrix inequalities (LMIs). Specifically, we relaxed the constraints on the
delay in the impulsive control inputs, thus allowing it to flexibly vary without being bound by some
conditions, which provides a broader applicability compared to most existing results. Additionally, the
results show that delayed impulses can facilitate the synchronization of uncertain CNNs. Finally, the
validity of the theoretical results was verified through a numerical example.
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1. Introduction

In recent decades, neural networks (NNs) have received much attention for their ability to simulate
complex dynamics and are widely applied in fields such as nonlinear programming and image
processing [1-7]. Some NNs exhibit a chaotic behavior, thus adding to the complexity of the
system. Chaotic attractors have been discovered in three-dimensional autonomous networks [1, 2],
and research indicates that chaotic behavior in the mammalian brain is related to associative memory
and neuronal synchronization [3,4]. Neuronal synchronization is crucial for information processing.
Additionally, the chaotic characteristics also provide new avenues for information encryption [5],
with their unpredictability and sensitivity making them effective tools for secure communication.
As technology advances, the research on chaotic neural networks (CNNs) will continue to deepen
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and expand.

The study of chaotic synchronization has received a lot of attention due to its important applications
in encryption, financial prediction, and secure communication, and other fields [5, 8—11]. Over
the past two decades, impulsive control (IC) has been widely used as an effective method for
system stabilization and chaotic synchronization [12-15]. It has been shown that CNNs can achieve
synchronization under IC. The advantage is that discrete control inputs are only applied at specific
moments, thus simplifying the controller structure and reducing communication stress and control
costs. In addition, impulsive control has the several significant advantages. First, it enables fast
system synchronization with less control energy, thus improving the control efficiency. Second, this
control strategy is highly adaptable to the dynamic characteristics of the system and can better cope
with uncertainties (such as random noise and unknown parameters) and nonlinear factors in complex
systems. This efficient and economical strategy has been extensively applied in complex systems such
as signal processing, financial market analyses, and neural networks [16—-19]. With the technological
advancements, the application prospects of impulsive control in chaotic synchronization are expected
to become more broader.

In practical systems, the input of impulsive signals and the sampling of system states are usually
affected by time delays. In recent years, the research on time-delay impulsive differential systems
has gradually gained attention, with a continuous emergence of relevant results [16, 20-24]. For
instance, researchers have explored the existence and uniqueness of solutions for time-delay impulsive
systems [25,26], stability criteria based on the Lyapunov method [20, 21], and chaos synchronization
under time-delay impulsive control [14,21,22]. However, there are still two aspects that need further
investigation in the context of time-delay impulsive synchronization control. First, the effect of impulse
the control input on the synchronization performance has not been fully clarified [21]. Second, most
existing studies assume that the impulse delay is either a fixed constant or subject to strict constraints,
which may lead to conservatism in the research outcomes [20, 24]. In previous studies, the authors
typically treated the time delay as a fixed constant or assumed that the delay varied within a specific
range but did not exceed a predefined upper bound [27]. While this approach offers some conveniences
in the theoretical analysis, the dynamic nature of impulsive delays (i.e., delays that vary with the timing
of the impulsive) often makes such assumptions overly simplistic in practical applications. This might
restrict the scope of application of the research outcomes in the real world. In reality, impulsive
delays are not static but dynamically change with different impulsive triggering moments. This
dynamic characteristic makes traditional fixed-delay approaches inadequate for the effective handling
of impulsive delays. Therefore, it would be helpful to more effectively address the impulsive delay
problem if it were treated as a whole. Recently, a new concept called the average impulsive delay
(AID) has emerged. By using the idea of an AID, we can effectively mitigate the impact of varying
delays at different impulsive moments and handle impulsive delays from a holistic perspective.

On the other hand, the system parameters are often affected by factors such as modeling
inaccuracies, external disturbances, and measurement errors during the actual operation, thereby
exhibiting uncertainty. When the model is subjected to disturbances in real-world scenarios (including
nonlinear coefficients, external environmental interferences, periodic fluctuations, stochastic noise,
and time-varying uncertainties), synchronization errors may fail to converge and even diverge, thus
leading to system instability. Higher levels of uncertainty may trigger bifurcations (such as Hopf
bifurcations), which can disrupt the synchronized state. Moreover, measurement errors and noise can
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further amplify these errors, thus causing the system to deviate from its intended trajectory. Therefore,
designing appropriate control strategies to suppress uncertainties is crucial to ensure that the system
remains stably synchronized in the presence of parameter perturbations. In recent years, the issue of
parameter uncertainty has gradually become a research hotspot, which has attracted the attention of
many scholars [28-30]. For example, in [28], the author proposed a method based on an improved
Lyapunov-Krasovskii functional combined with linear matrix inequalities (LMIs) techniques, which
established a new stability criteria for systems with parameter uncertainties. In previous studies [31],
the author investigated the robust stability of nonlinear systems with mixed delays and parameter
uncertainties. Moreover, due to the high sensitivity of chaotic dynamic systems to parameter changes,
even slight uncertainties can have a significant effect on the overall behavior of the system. Therefore,
achieving synchronization of chaotic systems under parameter uncertainties remains a challenging
problem.

Based on the brief summary and discussion above, the purpose of this paper is to study the
synchronization problem of CNNs with parameter uncertainties using the delayed impulse control
method. The following are the main contributions of this paper:

(1) A delayed impulse control method based on an AID and an average impulsive interval (All) is
proposed to address the synchronization problem of uncertain CNNs. This method effectively relaxes
the constraints on the delay of the impulse control inputs, thus making it more flexible than those in
most existing studies.

(2) Several sufficient conditions for reaching the synchronization of CNNs with parametric
uncertainties are derived using LMIs. In comparison to existing research, the obtained synchronization
conditions are more general and significantly reduce conservatism.

(3) The effectiveness of the proposed method is verified through a theoretical analysis and numerical
simulations. The results show that delayed impulses can significantly promote the synchronization of
uncertain CNNs, which provide additional insights for research in this area.

Notations: Let R”" represent the n-dimensional Euclidean space, and R™ represent the n X m-
dimensional Euclidean space. The notation 3. denotes the set of positive integers, and R stands for the
set of real numbers. The notation Y > 0 indicates that the matrix Y is positive definite. The symbol
||- || denotes the Euclidean norm for matrices or vectors. For any matrix A, A7 denotes its transpose
and A~! denotes its inverse. The symbol % denotes a symmetric matrix block. Matrix 7 is the identity
matrix.

2. Preliminaries

2.1. Model description

Let the following uncertain CNNs serve as the drive system:
QD) =—(F+VF (0))QMD +(E+VED) ¢ Q1) + T, (2.1)

where Q(7) = (Qi(¢), ..., Q,(1))" denotes the state variable of the drive system, Q(¢) stands for the
derivative of the state variable, & denotes the neuron connection weight matrix, ¥ = diag(fi, ..., f,)
denotes a diagonal matrix, where f; > 0,i € 3,, V&E(¢) and VF () denote time-varying parameter
uncertain matrices, J stands for the external input, and ¢ is a nonlinear activation function.
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Consider the following system as the response system for uncertain CNNs (2.1) with parameter
uncertainties:

{?(t) =—(F+VFO)ROD+E+VEM) RN+ T, t+1, 22)

VRO =UQ®), =ty
where R (1) = (R (1), ...R, (1)) stands for the state variable of system (2.2), VR(r) = R(%) — R(),
and the impulsive sequence {f;};c3, 1s strictly increasing, which satisfies 1, < £, < -+ < [ <

-+, limg #p = +0o0. We assume that system (2.2) is right continuous at every instant ¢ = #, (i.e.,
R(t) = R(1)). In this paper, we design U (¢) as follows:

Ut) =Ps(t—01) ) —s (1), ke 3., (2.3)

where ¥ € R is the impulsive gain matrix, and §; is the time delay in impulsive. ¢ () = R(t) — Q(?)
is defined as the synchronization error of systems (2.1) and (2.2). Then,

s ) =Rt — Q1)
=R(t;) + VR () — Q ()
=R()+¥Ps((te —00)7) —s () — Q1)
=R(#%) - Q)+ Ps (e —0)7) — s ()
=¢(f) + s ((t—00)7) — s (&)

=Y¥Y¢ ((tk - 6k)_) . (2.4)
Then, the error system is obtained by subtracting system (2.1) from system (2.2) as follows:
S =-F+VFD)s@O+(E+VEM)(s(0), t # 1, 2.5)
) =¥s((t—01)7),

where ¢ (¢ (2)) = ¢ (R(1)) — ¢ (Q (1)), and we assume that the delayed impulsive d; satisfies #; < §; <
Tee1-

2.2. Assumptions, definitions, and lemmas
The following are some necessary assumptions, definitions, and lemmas presented in this paper.

Assumption 1 ( [11]). Suppose that the activation function ¢ satisfies the Lipschitz condition, that is,
there exists a positive constant ¢, such that

[0 @ =@ (0] < tlz =1, (2.6)
where z,r € R, j=1,...,n.
Definition 1 ( [6]). The method for calculating the All I 4 between two consecutive impulsive signals
is defined as follows:

t— 1
T, = limsup 0 2.7)

t—+o00 Mf (t, tO) |

where Mg (t, ty) represents the count of impulses within the impulse sequence {t;} that occur in the
interval (ty, ).
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Definition 2 ( [7]). The AID 6 for the impulse delay sequence {5}, is defined as follows:

_ 01 +0r,+...+0
5 = liminf —— Mt

t—+00 Mf (t’ [0) ’

(2.8)

where M. (t, 1)) represents the count of impulses within the impulse sequence {t;} that occur in the
interval (ty, t).

Definition 3 ( [22]). Generally, if uncertain CNNs (2.1) and (2.2) satisfy the condition lim,_, ,, ||R (t) —
Q@) || = 0, then they are considered synchronized, where R(t) and Q(t) represent the solutions to
systems (2.1) and (2.2), respectively. Consequently, by the definition of synchronization, if the system
error ¢(t) = R(t) — Q(¢) satisfies the condition

lim {lg(®)]l = 0,
t—+00

then, we can conclude that systems (2.1) and (2.2) have achieved synchronization.

Lemma 1 ([11]). Let € > 0; for any matrix G, G, € R, there exist a positive define matrix D > 0,
such that

1
GG+ Gy G < G DG + ggg@_lgz-

Lemma 2 ([32]). Let u, and u, be real vectors with appropriate dimensions, and S and VA (t) be real
matrices with the appropriate dimensions, ||VA (t)|| < y; for Ya > 0, the following inequality holds:

2
2u1TSTV.?((t)u2 < afulTSTSul + %uguz.

Lemma 3 ( [33]). Give the following matrix:

En E12)
E= ,
(E21 Ex

where EIT1 =E, ElT2 =E,, Egz = Eyy, then, E < 0 is equivalent to any of the following conditions:

(1) Ej <0, and Ey, —ETE[[E}, <.
(2) Ex» <0, andE;; - E12E521E1T2 <0.

Remark 1. Definition 1 and [34] define the All in different ways. Definition 1 in [6] uses the upper
limit T4 = limsup,_, ., /\4:(;3 5 to describe the long-term average behavior of the impulsive sequence. It
is widely applicable, especially for analyzing non-periodic or highly stochastic impulsive sequences.
In contrast, reference [34] constrains the number of impulses in any time interval using the upper and
lower bounds %—MG < Me(tr, 1) < %+Mo. Although this provides a more precise local control, it
is more conservative and has a narrower scope of application. Definition 1 is less conservative because
it imposes weaker constraints on the impulsive sequence, thus making it applicable for a broader range
of scenarios while maintaining the universality of the theoretical analysis. It is particularly well-suited

to study the long-term behavior and global stability of the systems.

Mathematical Biosciences and Engineering Volume 22, Issue 6, 1382—-1398.



1387

Remark 2. Definitions 1 and 2 describe the characteristics of the impulsive sequence from the different
perspectives of impulse intervals and impulse delays, respectively. Note that since both AIl and AID
are related to M, (t, 1), we can derive the following relationship:

51 +52+"‘+5M§(,,,0) B 5

lltr_1)1+1£f t—ty I,
Remark 3. We define two sets of time sequences 3 and N, which correspond to {t;}re3, and {5y e, that
satisfy (2.7) and (2.8), respectively. To simplify the expression, we denote the collection of sequences
that satisfy {tilkez, € 3 and {0ire3, € N as H{ti}, {6kDiez,. We denote (P, H) as an impulsive
controller aimed at synchronizing the uncertain CNNs (2.1) and (2.2). Additionally, we term this
control strategy as the average-delay impulsive control.

3. Main results

In this section, the average-delay impulsive control method will be used to study the chaotic
synchronization between systems (2.1) and (2.2). By the definitions of AIl and AID , we have relaxed
the restrictions on impulse delay and have derived the synchronization criteria between systems (2.1)
and (2.2) based on LMIs. The results show that impulsive delay promotes the synchronization of the
two uncertain CNNs.

Theorem 1. Assume that Assumption 1 holds and under the average-delayed impulse controller
(¥, H). If there exists positive constants 1 > 0, 1 > 0, and positive definite matrices N > 0,D > 0
such that

TN~ NF + (a1 + a) N+ 5T, + ZL2+ LDL+ NED'EN ~ 7N E'N) _

N D 0, (3.1
(_iN I‘I:T/(/V) <0, 3.2)
and
InA+nr(Zy—96) <0, (3.3)
where L = diag(, ..., t,), then, uncertain CNNs (2.1) and (2.2) can reach synchronization.
Proof. We choose a nonnegative Lyapunov function for the error system (2.5):
V(1) =" ONsQ), (3.4)

where N > 0; then, based on Lemmas 1 and 2, for ¢ € [#;_y, #;) , k € 3, the right hand derivative of the
Lyapunov function V (¢) along the error system (2.5) is calculated as follows:

VO =¢"ONs@) +s" N
= [~ (F + VF (1) s (0) + (E+VED) ¢ (s ] Ns (1)
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+ " ON[-(F +VF 0)s (1) + (E+VED) ¢ (s (1)]
=" O[-F'N-NF|s@®) +¢" 0|~ (VF &) N = NVF )]s 0+ ¢" (s ) ENe (1)
+ " (ONE@ (s (1) +¢" (¢ (1) (VE@) N () +6" (VNVED) ¢ (s (). (3.5)

According to (2.6), Lemmas 1 and 2, we can derive the following:

2

sT (1) [— (VF ) N =N (VF (t))] s(0)=-2" (ONVF (s () < arsT (ON?s (1) + 2/711"] ¢,

e (cMENst)+s" ONEp(s) < ¢" (s(M) Dy (s (1) +s" HNED'E Ng (1)
<TWOLDLs () + T ONED'ETNG (1),

" (@) (VED) Ns(t) +sT (ONVE @) ¢ (s (1) < ass” () Ng (1)
1
+ 67290% ) (VE ) (VE (1) ¢ (s (1))

2
Y
<o’ N+ =" (0 L ().
2
From Lemma 3 and (3.1), one can obtain the following:

2

2
CFTN - NF +( + o) N>+ T, + 22 rDL + NEDETN 2N <0.  (3.6)
(04} (0%}

Then, by substituting the result of the simplification above into Eq (3.5), one can obtain the
following:

2 2

VO <" O|-F'N=NF +(a; +a) N* + Z—llfn + Z—izz + LDL+NED'E'N —aN|s (@)
<¢" () nNg (1)
<aV(). (3.7)
From (3.7), we derive the following:
V() <V (tgy) 7, (3.8)

Additionally, from (3.2), it can be derived that at the impulsive instant ¢ = ¢, the following equation
holds:

V@) =" (6 Ne (1)
<" (6= 6)7) PTN P ((te = 6)7)
=¢" (=6 ) PINNTNVe (1 — 6))
<¢" (% = 6)7) AN ((t = 6))
=AV((tx = 61)7). 3.9
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The following analysis is based on (3.8) and (3.9).
Next, we will prove that the following inequality holds, for Vp € 3,7 € [tp_l, tp):

V() < ! exp [—7‘(

p-1
$ ,} Y, (3.10)
i=0

J

where Vy = ¢ (1) N¢ (1), and ¢(r) = ¢ (1, 1y, s (1)) represents the solution of the error system (2.5)
through the initial value ¢ (zy)). Note that since d, stands for the impulsive delay at the impulsive
moment ¢ = 0, there is no control input at ¢t = 0. Therefore, when j = 0, 6y = 0.

For 1 € [19, 1), the following is derived from (3.8),

V(1) < Y, (3.11)

Therefore, it can be verified that (3.10) holds when p = 1. Next, we assume that (3.10) also holds for
p=gq,ie,Vge 3, ,Vte [tq,l, tq),

-1

=

V(1) <2 exp [—n ) j] Y, (3.12)

1l
(=]

J

when p =g+ 1, from 1, < 6 <,k € 34; then, 1, -0, € [tq_l, tq), and according to (3.9) and (3.10),

V(ty) = 2V ((tq - 5q)_)

-1
< A-217exp [—7‘( qZ: 6j] ¢ la=00)
=0
= A%exp [—n Zq“ 5 j] el (3.13)

J=0

Fort € [tq, tqH), according to (3.8), we can get that V() < V (tq) e”(f—fq); substituting (3.13) into it,
we have the following:

S
V() < Aexp|—n Z S; €n(t‘1_t0)(V0' ea(z—zq)
[ =0
= Alexp|-n Z 5;| Y, Gu14)
=0

i.e., when p = g+ 1, (3.10) also holds. Therefore, through mathematical induction, we can deduce that
(3.10) holds, for Vp € 3.. Furthermore, since the condition {#;}rc3, € J and {6 hez, € N, it follows
that

M‘f(l‘,t())
(V(t) < /le(t,to) exp [—ﬂ' Z 6]:| eﬂ'(t—to)(vo

J=0
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[ Me(t,t0)
= exp Mg (f, t()) Ind—n Z é‘]] en(t—to)(vo
| 0
(Mct.t)lna - T4 6, 0 _q
= — X (t — ﬂ(l—to)(v
o Me(2, 1) /Mf(t, f) U 0
- Mg(t’ to) Ind—7 Z;\:(g(t,to) 5/_ =ty
- ] + | X (= to) | Vo 3.15
P M, (2, 1) /Mg(t, ) 7| X (1= 10)| Vo (3.15)

Then, based on the definitions of the AIl, AID, and (3.3), we can obtain the following:

i Me(t,t0) InA — 7 Zﬁf)(t’m) 9; / r—1y -l
imsu +r|x (-
Doar M (t.10) Me(t, 1o) oo
InA— 7o
mA-mo+nly (3.16)
Iy
Then, it follows from (3.15) and (3.16) that
lim V(1) = 0.
t—+00

Taking (3.4) into account, it follows that lim,_,,. ¢(t)Y Ng(r) = 0. As a result, the uncertain CNNs
systems (2.1) and (2.2) achieves synchronization. The proof is complete.

Remark 4. In previous studies (such as references [14,21,22]), the time delay of the impulsive signal
(i.e., signal delay) is usually supposed that the impulse delay is a fixed constant or subject to strict
constraints. This assumption makes the existing research criteria relatively conservative in dealing
with impulsive time delay problems. However, in practical systems, the time delay of the impulsive
signal is not always fixed or strictly limited; on the contrary, it can vary flexibly. This flexibility
is common in practical applications, though previous studies have not fully considered this aspect.
Based on this, this paper employs the concept of an AID. This means that the time delay in the impulse
control input can flexibly exist between two consecutive impulse moments. Compared with the AID
concept in reference [7], this paper considers a more generalized lower-bound form of the AID concept.
Additionally, this paper has employed the LMIs method to verify and analyze the effectiveness of the
proposed controller.

Remark 5. To achieve synchronization between uncertain CNNs (2.1) and (2.2), impulsive control
inputs need to be continuously implemented. This means that to ensure these two systems can
synchronize, I, should not be set too large. According to condition (3.3), we know that Ty < 6 — %
Because of the time delay in the impulse control inputs, we find that 14 can be larger than the value
allowed without delay (i.e., 14 < —]“Tl ). Intuitively, it is observed that within each impulse interval
(tx-1, ty), the error ¢(t) may increase due to the absence of impulsive control inputs. This implies that
under the condition ty_y < t — 6x < Iy, the inequality ||c((tx — 6 )7 < llc(¢)I| might be satisfied.
Therefore, taking this into account, we can infer that the time delay of the impulse control input may
positively affect the synchronization of systems (2.1) and (2.2) (this will be verified in the numerical
examples section).
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In particular, if both the impulse interval and the delay of the impulse control input are set to constant
values, (i.e., t;y — t;_; = I” and 6, = 0", Vk € 3.,), then the following corollary can be drawn.

Corollary 1. Suppose Assumption 1 is valid. Set the impulse interval 1= > 0, the impulse delay 6° > 0,
and the constants 1 > 0,1 > 0; assuming there exists positive definite matrices N > 0 and D > 0,
which satisfy

PINY — ™ IN <0,

and (3.1) and (3.2) hold, then

PINNTINY — AN <0,

and

2 2
_FTN = NF + () + an) N2 + %zn + %1? + LDL+NED'ETN — 7N <0,
1 2

will hold. Then uncertain CNNs (2.1) and (2.2) can reach synchronization under the impulse controller
(Y {L7,07D.

4. Numerical example

In this section, the validity of the theoretical results under the proposed average-delay impulsive
control strategy is verified by providing an example. We select the three-neuron uncertain CNNs (4.1)
as the drive system and (4.2) as the corresponding response system. Their forms are as follows:

QD) =—(F+VF())QD) +E+VED) ¢ Q1) + T 4.1)

The corresponding response system is as follows:

4.2)

RO =—(F+VFO)RMD+E+VEM) R+ T, t#1,
VR() = U@, t=t,

where the uncertain CNNs (4.1) has the initial condition @, = (—0.75, —1.5,0.3). The behaviors of the
uncertain CNNs (4.1) with the initial value @ is shown in Figure 1, and the evolution of error norm
|ls(2)|| without control is shown in Figure 2.
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Qs(t)

Figure 1. The behaviors of the uncertain CNNs (4.1).

The response system (4.2) has the initial condition R, = (-2.5, 2.1, 2.6), and the nonlinear activation
function

PQ) = [¢1(Qi(1)), P2(Q(1)), p3( (], Q) € R,

takes the form

1
@i(Qi(1) = §(|Qi(t) +1]=-1Qn -1, i=1,2,3.

Moreover,
[1 0 O] 12 -16 O
F=|01 0], &=]1.2 1 0.9},
0 0 1) 0 22 1.5
[1 0 O] 1 11
VF(t) =0.13cos(r) [0 1 O, V&) :O.lcos(t)[l 1 1], g =0.
|0 0 1) 1 11

It is evident that, the norm of the time-varying parameter uncertainty matrices V¥ (¢) and VE(r) are
bounded, under the above conditions, (i.e., [[VF(#)|| < 0.13, [[VE®)|| < 0.2). Additionally, we can
calculate to obtain £ = diag(¢y, t,t3) = Z. Select the parameters 7 = 3.9, 4 = 0.4, and the impulsive
gain matrix ¥ = 0.67. Moreover, with the help of MATLAB’s Toolbox LMI, it can be verified that
LMIs (3.1) and (3.2) in Theorem 1 are satisfied. Additionally, the following are the relevant feasible

solutions:

N =10.0070 0.3326 —0.0206

0.3075 0.0070  0.0472
0.0472 -0.0206 0.2626
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0.8178 0.0065  0.1997
D =10.0065 0.9436 -0.0333].
0.1997 -0.0333 0.6372

In this simulation example, we set the impulse sequence 7, = 5k, k € 3.. When there is a delay in
the impulsive control input, the delay 6 needs to satisfy the condition 6 > 7, + (In 1)/ ~ 4.77. Under
this condition, the drive-response systems (4.1) and (4.2) can achieve a synchronized state, which can
be observed from the evolutionary trajectory of the error system in Figure 3, and the red solid line in
Figure 4.

ls@

O 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

t

Figure 2. Evolution of the error norm ||¢(¢)|| without control.

Specifically, the designed delayed impulsive sequence is 6, = 4.85 + ((=1)¥)/20 + 0.04| cos(k?)|,
and it can be verified that 6 > 4.85, which satisfies the condition (3.3) in Theorem 1. However, when
there is no delay in the impulsive sequence, that is, d; = 0, the uncertain CNNs (4.1) and (4.2) cannot
achieve synchronization, which can be observed from the blue dashed line in Figure 4. Under this
condition, we can calculate that 7(7y — ) + In A £ 0 does not satisfy the condition (3.3) in Theorem 1,
which further confirms the positive effect of a delayed impulsive on achieving synchronization.

Moreover, if other parameters remain constant, then increasing the impulse control intensity results
in a faster convergence rate of the system error. Similarly, if the impulse delay is increased while still
satisfying (3.3) in Theorem 1, then the rate of stabilization of the error system will also be faster, as
shown in Figure 5 (‘i’ = diag{0.4,0.4,0.4}, Sr = 4.86 + ((=1))/20 + 0.04| cos(k?)]). On the contrary,
reducing the impulse gain and decreasing the impulse delay may lead to an instability of the error
system (i.e., divergence), as shown in Figure 6 (5?’ = diag {0.67,0.6,0.6},6;, = 3 + ((=1)")/20 +
0.04| cos(k?)| ). This demonstrates that the control strategy designed in this paper is effective.
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5. Conclusions

In this paper, the synchronization problem of uncertain CNNs was investigated via the delayed
impulsive control technology. To address the variable delays in the impulsive control inputs, an
average-delay impulsive control strategy was utilized. By utilizing the concepts of AIl and AID, some
sufficient conditions were derived based on LMIs for the synchronization of uncertain CNNs. The
results of the study show that the presence of impulsive delays can effectively prompt the stabilization

of the error system. Future research will consider the synchronization problem of delayed uncertain
CNNs under the delayed impulse control.
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