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Abstract: The central question in this paper is the character and role of the within-host and between-
host interactions in vector-transmitted diseases compared to environmental-transmitted diseases. In
vector-transmitted diseases, the environmental stage becomes the vector population. We link an epi-
demiological model for a vector-transmitted disease with a simple immunological process: the effec-
tive transmission rate from host to vector, modeled as a function of the infected cell level within the
host, and a virus inoculation term that depends on the abundance of infected mosquitoes. We explore
the role of infectivity (defined as the number of host target cells infected), recovery rate, and viral
clearance rate in the coupled dynamics of these systems. As expected, the conditions for a disease out-
break require the average individual in the population to have an active (within-host) viral infection.
However, the outbreak’s nature, duration, and dynamic characteristics depend on the intensity of the
within-host infection and the nature of the mosquito transmission capacity. Through the model, we
establish inter-relations between the infectivity, host recovery rate, viral clearance rate, and different
dynamic behavior patterns at the population level.

Keywords: dengue transmission; multiple time scales; within-host dynamics; between-host
dynamics; reproduction number

1. Introduction

Our previous work on the dynamics of within-host and between-host models was centered on dis-
eases where transmission passes through an environmental stage [1–3]. Toxoplasma gondii is the

https://www.aimspress.com/journal/mbe
https://dx.doi.org/10.3934/mbe.2025051


1365

exemplary case. The disease cycle involves primary hosts, such as cats, where the pathogen can re-
produce. The primary infected host either defecates or urinates in the environment that receives the
infection stage of the pathogen, namely oocysts, from which the secondary host will acquire the dis-
ease [4]. The central question in this paper is the character and role of the intermediate stage and the
environment when dealing with vector-transmitted diseases. In these diseases, the environmental stage
is one of the hosts, namely the vector population. Then, the infected vector transmits the pathogen
to the mammalian host. This paper compares these two kinds of disease transmission and pathogen
life cycles.

The infectious disease dynamics integrate two key processes in host-parasite interactions: one is
the epidemiological process associated with disease transmission, and the other is the immunological
process of infection at the individual host level. The transmission of an infectious agent in a popu-
lation involves various spatial and temporal scales, which are broken down into two major groups of
phenomena: those that occur at the population scale (epidemic outbreaks), and those within the host
(pathogen-immune system interactions). A multiplicity of papers of a theoretical nature have explored
this interface, (e.g., [1–3, 5–8]). The vast majority of these works focus their analyses on directly
transmitted diseases based on Kermack-McKendrick type models [9], although some studies have ad-
dressed vector-borne diseases [10, 11] but with a greater level of detail and complexity regarding the
biological mechanisms involved. In [12], the author presented an age-since-infection-structured model
that showed the within-host immune-virus dynamics and within-vector viral kinetics, with feedback at
different levels. For example, [13] utilized a widely used model for theoretical purposes at the immune
system level, which was developed for HIV to solely differentiate between the target cells, infected tar-
get cells, and virions. In particular, [1–3] have looked at the problem of the interplay of between-host
and within-host dynamics in an environmentally driven disease.

Feng et al. [3], generalized their results by introducing a disease-induced death rate into the host
infected class. In particular, in this setting, the evolution of virulence in the host population will favor
a maximum level of virulence (at the between-host level) if the virion production at the cellular level
(within-host) is maximal; alternatively, it will favor an intermediate level of virulence if the maximum
rate of virion production is significant. In our model, we refer to a specific scenario where the increase
in virion production (within-host replication) directly enhances the transmission at the between-host
level. This is a classical assumption based on the idea that higher viral loads often correlate with:
a higher probability of infecting vectors during a blood meal and an increased likelihood that the
infected vector becomes infectious and transmits the pathogen to a new host. According to the above
assumption and the role of time scales, the within-host dynamics (virion production, immune response,
and cell infection) occur on a faster time scale than the epidemiological (between-host) dynamics.

The increase in disease-induced mortality due to higher virulence happens at a sufficiently slower
rate than viral replication and transmission, thus allowing the pathogen to achieve multiple transmission
events before the host dies. This separation of time scales is a common simplifying assumption in
multi-scale models of infectious diseases [5, 7].

In our model, we assume that the vector infectivity depends on the viral load of the vertebrate host
at the time of the mosquito bite. This approach allows us to capture the effect of the within-host viral
dynamics on transmission without explicitly modeling the fate of the virus inside the mosquito. Empir-
ical studies have shown that the probability of mosquito infection and the subsequent transmissibility
increases with the host viremia [14–16], thus providing a biological basis for this assumption. Fur-
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thermore, modeling frameworks such as those in [10] demonstrate that such simplifications can yield
accurate transmission dynamics without sacrificing biological realism.

This paper explores the between-host and within-host trade-offs in the context of vector-borne dis-
ease in a vertebrate host. The aim of this article is theoretical. We explore the coupled dynamics of
within- and between-host dynamics in vector-host transmission systems to identify the association be-
tween the within-host and between-host time scales and dynamics. As mentioned above, [2,3] studied
the interaction of these in an infectious disease with an environmental component. Through this com-
ponent, the virus, is inoculated in the host when interacting with the contaminated environment, thus
linking transmission at the population level with infection at the individual level. Here, we explore the
same problem but replace the passive interaction between a contaminated environment and a host with
that of an insect vector that actively seeks and infects the host. We restrict ourselves to infections in a
mammalian host and do not consider the within-vector dynamics.

Vector-borne diseases are a group of diseases of great human importance, with nearly half of the
world’s population infected with at least one type of vector-borne pathogen [17,18]. To mention just a
few examples, diseases such as African trypanosomiasis, Chagas disease, and dengue fever, are serious
public health problems in many regions of the world, thereby generating high levels of mortality and
morbidity in at-risk populations, which are generally those with the least economic resources and with
the least access to adequate public health systems [19]. On the other hand, arthropod-borne diseases
are abundant in vertebrates such as horses, cattle, and other mammals. Climate change directly impacts
arthropod vectors (abundance, geographical distribution, and vectorial capacity) [20, 21], thus produc-
ing a reemergence of many infectious diseases in humans and animals of direct economic importance.

We explore the fundamental relationship between reproductive numbers at the population and indi-
vidual levels, particularly the role of the within- and between-host systems in epidemic dynamics. As
stated above, we postulate a model that explicitly links epidemiological and immunological dynamics
through an inoculation term that depends on the abundance of infected mosquitoes. This approach, is
based on separating biological time scales: a fast time scale associated with the within-host dynamics
and a slow time scale associated with the epidemiological process. One of the advantages of this ap-
proach is that an explicit linkage between the two processes is established through infected mosquitoes:
within our approach, a bite from an infected mosquito inoculates an extra viral load into the host that
connects, the population dynamics with the within-host dynamics of the disease. At the same time, an
infected mosquito transmits the pathogen to the vertebrate host with an intensity or level that depends
on the viral load or the level of cell infection within the host.

The paper is organized as follows: Section 2 presents the mathematical model and an endemic
scenario; in Section 3, we discuss the conditions for a disease outbreak; and finally, in Section 4, we
present our conclusions.

2. Mathematical model

The dynamics of the Ross-Macdonald model represent the archetypal example of a vector-borne
endemic disease. If the reproductive number is greater than one, then an asymptotically stable endemic
state exists and the disease-free equilibrium is unstable. If the reproductive number is below one,
then the disease-free state is the only equilibrium. In this section, we look at an endemic infectious
disease that is vector-borne. Thus, we couple the classical Ross-Macdonald model for a vector-host

Mathematical Biosciences and Engineering Volume 22, Issue 6, 1364–1381.



1367

system with the standard within-host model. We think of our hosts as a general vertebrate species,
while the vector is generally a mosquito. In the epidemiological model, I represents the number of
infected vertebrate individuals, and Y represents the number of infected mosquitoes. The variables
T and T ∗ correspond to the immunological dynamics and represent uninfected and infected target
cells, respectively. v represents the virus concentration in the plasma of an average infected vertebrate
host. µ and δ represent mortality rates for the vertebrate host and mosquito, respectively and γ is the
recovery rate of the vertebrate hosts. The parameters α = α(x) and β = β(x′) represent the effective
contact rates from mosquito to animal and from animal to mosquitoes, respectively and are assumed
to depend, in general, on some measure of infectiveness either in the mosquito, denoted by x, or the
vertebrate host, x′. The most common assumption for these functions [22, 23] is that they satisfy
α(x), β(x′) ≥ 0, α′(x), β′(x′) > 0, and α′′(x), β′′(x′) ≤ 0 for x, x′ ∈ [0,∞). In our model, β(x′) is the
biting rate that transmits the disease from an infected host with an infectiousness of x′ to a susceptible
mosquito. Our model assumes that the biting rate from the infected mosquito to a susceptible host,
α(x), will be proportional to β(x′). Some evidence which supports this hypothesis is in the work of
Tesla et al. [14], who reported that increasing the viral dose for Zika in the blood meal increases
the probability of mosquitoes becoming infected and becoming infectious. In this sense, additional
findings which support this hypothesis can be found in previous experimental and modeling studies
[24,25]. In summary, the rationale of this assumption is that a high viral load in the vertebrate host will
generate a high viral load infection in the mosquito, which will induce an infectious effective biting
rate. Effectively, α(x) represents the effective contact rates from the mosquito to the vertebrate host.
Since we are not following the within-mosquito dynamics, we will let α be a free parameter; likewise,
β(x′) = aϕ(x′), where ϕ(x′) is the probability of mosquito infection per bite. The equations for the
between-host system are a variant of the so-called Ross-Macdonald equations:

I′ = α(x)
(N − I

N

)
Y − (µ + γ)I,

Y ′ = β(x′)(M − Y)
I
N
− δY, (2.1)

where N and M are the total constant populations of the vertebrate hosts and mosquitoes, respectively.
Normalizing Eq (2.1) by defining i = I/N, y = Y/M, and q = M/N, we can rewrite them as follows:

i′ = α(x)q(1 − i)y − (µ + γ)i,
y′ = β(x′)(1 − y)i − δy, (2.2)

For the within-host system, T , T ∗, and V represent the target cells, infected target cells, and virions,
respectively; as for the parameters, λ represents the recruitment rate of the healthy target cells, m the
natural mortality rate of the target cells, k the cell-infection rate, d the virus-induced cell death, p the
virus proliferation rate per infected cell, c the viral clearance rate, and g = g(y) is an inoculation term
that depends on the abundance of infected mosquitoes. The equations for the within-host dynamics are
as follows

T ′ = λ − kVT − mT,

T ∗
′

= kVT − dT ∗, (2.3)
V ′ = pT ∗ − cV + g(y).
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The model is a coupled system given by Eqs (2.2) and (2.3). The variable and parameter meanings are
given in Table 1.

Table 1. Definition of variables and parameters for systems (2.2) and (2.3).

Notation Description

Between-host model

i Population of infectious vertebrate hosts.
y Population of infectious mosquitoes.
α(x) Effective contact rates from mosquito to host.
β(x′) Effective contact rates from host to mosquito.
q Ratio of mosquitoes and hosts.
γ Recovery rate of vertebrate hosts.
δ Vector mortality rate.
µ Host mortality rate.
Within-host model

T Target cells.
T ∗ Infected target cells.
V Virions.
λ Cell recruitment rate.
k Cell infection rate.
m Naive cell mortality rate.
d Infected cell mortality rate.
p Viral production rate.
c Viral clearance rate.
g(y) Inoculation term as a function of infected mosquitoes.

An epidemiological model is studied below. The virus concentration in the plasma of an average
infected vertebrate host increases due to the feedback from the population-level infection (i.e., infected
mosquitoes). This process is incorporated in the feedback function, g(y), where y gives the number
of infectious mosquitoes y > 0. To link the abundance of infected mosquitoes with the infection
process at the individual level, we assume that the infected mosquitoes directly correlate with the level
of infected target cells. This biological consideration suggests that the function g should have the
following properties: g(y) > 0, g(0) = 0, g′(y) > 0, and g′′(y) ≤ 0. Thus, in the absence of the
feedback (y = 0), when the virus is independent of the population-level infection, the virus within the
host reaches the steady state value. We performed the analysis using numerical simulations for the case
when g(y) > 0.

In general, as in [2, 4], several functional forms can be considered for g(y), and we take g(y) = rys

with r, s > 0. In the next section, we restrict our analysis to the case s = 1 as we aim to illustrate the
framework of linking the within- and between-host dynamics for viral load-dependent contact rates.

The model described in [1–3], is a conceptual model for the dynamics of Toxoplasma gondii, in
which the life cycle of the parasite includes interactions with the environment. Unlike vector-borne
diseases, these are not environmentally transmissible; therefore, the inclusion of the inoculation rate
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g(y) is key to link the within-host dynamics to the between-host dynamics as a feedback function for v
dynamics.

2.1. Biting rates dependent upon within-host states

An essential biological feature of this coupled system is that the within-host dynamics occur on a
faster time scale than the dynamics of the between-host and the environment. Multiple time scales
allow us to study the mathematical properties of the model by separately analyzing the fast- and slow
systems determined by the two time scales. As evidence that supports this analysis, we can cite [26],
which reported on the duration of DEN-1 viremia in a clinical study. Here, the duration of viremia
ranged from 1 to 7 days (mean, 4.5 days; median, 5 days), with viremias of the primary infection
lasting more compared to the secondary infections: the mean duration of viremia for all patients who
experienced a primary dengue virus infection was 5.1 days versus 4.4 days for those with a secondary
dengue virus infection. In contrast, dengue outbreaks last several months, or, in endemic situations,
transmission takes place over the years, as reported in [27] or the statistics provided by the Pan Amer-
ican Health Organization (PAHO) [28], among many other sources.

By [1–3], our objective is to distinguish between the slow and fast subsystems that belong to either
the between-host (epidemiological) or the within-host (immunological) models. For the fast subsys-
tem [2, 3], we only utilize the outcomes directly relevant to our objective and refer the reader to the
mentioned reference for additional information. The within-host dynamics (2.3) can be considered a
fast system where the variable y can be treated as a constant (i.e., it is not changing with time on the
fast time scale). In our case (Eq (2.3)), when g(y) = 0, the system always has the infection-free equi-
librium E0 =

(
T0,T ∗0 ,V0

)
, where T0 =

λ
m , T ∗0 = 0, V0 = 0, and there are no virions or infected cells. Let

Rv(y) denote the within-host reproduction function that depends on the mosquito density; then, define
R0v = Rv(0) given by the standard formula for the within-host model

R0v =
λkp
mcd

as the basic reproduction number of the uncoupled fast (within-host) system.
Let x′ = T ∗(t)/T0, which represents the proportion of infected target cells at time t, and is a measure

of the infectiousness of the vertebrate host. Let

β(x′) = aϕ(x′), ϕ(x′) = (x′)z

with z > 0 and a > 0, the biting rate. In the case of vertebrate infections, these depend on the
infectiousness of the mosquito bite. Then, the between-host basic reproduction number is as follows:

Rb(x′) =

√
a2bqϕ(x′)
(γ + µ)δ

. (2.4)

Note that if x′ = 1, then

Rb(1) =

√
a2bqϕ(1)
(γ + µ)δ

,
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is the maximum biologically feasible reproduction number as a function of the host infectiousness x′.
When Rb(x′) > 1 , the (between-host) endemic equilibrium point can exist and is explicitly given as
follows:

i∗ =
δ(γ + µ)(R2

b(x′) − 1)
aϕ(x′)(qab + γ + µ)

, y∗ =
δ(γ + µ)(R2

b(x′) − 1)
qab(aϕ(x′) + δ)

.

Both of these coordinates depend on x′ and will render the between-host endemic equilibrium when
x′∗ = T̂ ∗/T0; the equilibrium between the infected target cell and infection with the nontrivial equilib-
rium (T̂ (y), T̂ ∗(y), V̂(y)) is as follows:

T̂ ∗(y) =
m
d

(
T0 − T̂ (y)

)
, V̂(y) =

1
c

(
g(y) + pT̂ ∗(y)

)
. (2.5)

T̂ (y) =
1
2

(
a1 −

√
a2

1 − 4a2

)
(2.6)

with

a1 =
g(y)d
pm
+ T0

(
1 +

1
R0v

)
, a2 =

T 2
0

R0v
. (2.7)

An alternative way of looking at the between-host endemic equilibrium is as follows. The endemic
equilibrium point (slow subsystem) (i∗, y∗) is located at the intersection of the zero isoclines of the
between-host equations (for constant within-host dynamics). These are as follows:

y =
aϕ(x′)i

aϕ(x′)i + δ
, y =

abi(γ + µ)
q(1 − i)

. (2.8)

The intersection exists with a positive i whenever Rb(x′) > 1, which we call the basic reproduction
function. However, in this case, our equilibrium is located on the line that describes this intersection
as a function of the parameter x′ (see Figure 1). Still, the value of the basic reproduction number R0b

will only be determined when x′ = x′∗, which implies that Rb(x′∗) = R0b ≤ Rb(1) (i.e., the maximum
of the between-host reproduction function bounds the between-host basic reproduction number). On
the other hand, the dependence of the quantity x′ = T ∗/T0 on c is linear. The within-host reproductive
number is a decreasing function of c [1].

In consequence, given c such that R0v > 1, as the clearance rate increases (the viral life cycle
is faster), the proportion of infected target cells decreases; however, the approach to the equilibrium
becomes slower as c increases (see Figure 2a) because, at the same time, the within-host reproduction
number R0v decreases and approaches 1. As c further increases, there is a value c∗ such that if c > c∗,
then the non-trivial within-host equilibrium is no longer feasible, which implies that the within-host
infection is not sustained, thus bringing to extinction the epidemic. This is due to the reduction of R0v,
which weakens the ability of the virus to sustain an infection within the host. At the same time, the
transient period before reaching an equilibrium becomes longer as R0v approaches the critical threshold.
When c exceeds a certain value c∗, the non-trivial equilibrium is no longer feasible and the infection
dies out. While these results directly arise from the mathematical structure of the model, we recognize
that their biological validity depends on the applicability of the assumptions and parameter values used,
and should not be interpreted as universally generalizable findings.
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(a) 3D representation of the zero-isoclines (Eq
(8)) for the between-host model as a function of
T ∗, the infected target cells. x-axis is i, y-axis
is T ∗ with z = 0.8. The blue-shaded region de-
scribes the transcritical bifurcation that appears.
The endemic equilibrium point occurs when T ∗

reaches the critical value such that Rb(x′) = 1.
Parameters: a=1, b = 1, δ = 1/15, z = 0.8,
q = 5, µ = 1/(70) ∗ 635, γ = 1/7, λ = 5000,
m = 0.31, Rb(x′) > 1.

(b) 3D representation of the zero-isoclines (Eq
(8)) for the between-host model as a func-
tion of z, the exponent of the mosquito bit-
ing rate. x-axis is i, y-axis is z. The blue-
shaded region describes the transcritical bifur-
cation region that appears. The endemic equi-
librium point occurs when T ∗ reaches the crit-
ical value such that Rb(x′) = 1. Parameters:
a=1, b = 1, δ = 1/15, T ∗ = 10, 000, q = 5,
µ = 1/(70)∗635, γ = 1/7, λ = 5000, m = 0.31,
Rb(x′) > 1.

Figure 1. Isoclines of the between-host system as functions of model parameters.
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(a) Proportion of infected host cells T ∗/T0 as a func-
tion of the clearance rate c (Eq (2.6)). Beyond c = 8
the within-host non-trivial equilibrium ceases to ex-
ist and the disease-free equilibrium is the only at-
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(b) Contour plot of T ∗/T0 as a function of c,
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p, the viral production rate vertical axis.

Figure 2. Dependence of the proportion of infected target cells T ∗/T0 (Eq (2.6)) on the viral
production and clearance rates.

On the other hand, if c is small, then the equilibrium quantity T ∗/T0 is very close to 1, and the
within-host reproductive number is large, which implies an active within-host infection and a positive
prevalence at the epidemic level (see Figure 3). The formulation of the coupled model involves the
feedback from the infected vector to the within-host level via the function g(y). Given this feature
of the model, implementing the fast and slow framework requires that the death rate of the infected
cells be greater than the natural death rate in mosquitoes (i.e., d > δ) for the feedback from infected
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mosquitoes into the within-host dynamics; likewise, from the infected hosts into the within-host level,
(i.e., d > γ). These fast-slow assumptions are satisfied by the baseline parameter values utilized in
Table 2.

We have seen that the effect of the within-host dynamics on the between-host subsystem basically
resides in the time it takes for the virus load or number of infected target cells to reach the appropriate
level such that R0b is reached; then, an epidemic outbreak will take place. Once this threshold is
reached, the between-host system dynamics is essentially that of the classical Ross-Macdonald model.

0 200 400 600 800 1000
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0.025

time

i

T*/T0

(a) Behavior of T ∗/T0 (blue line) for large c (fast
clearance rate), in this case c = 7. The threshold
at which R0w = 1 is c∗ = 8. For c above this
threshold, the WH equilibrium does not exist.
Red line i, host infection level (increasing but
imperceptible in this scale). Note the long delay
for the epidemic to take off compared to b).
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(b) Behavior of T ∗/T0 (blue line) for small c
(slow clearance rate), in this case c = 1.5. The
threshold at which T ∗/T0 = 1 is c = 1.1. For c
below this threshold, the equilibrium is unfeasi-
ble. Red line i, host infection level.

Figure 3. Behavior of the between- and within-host systems as a function of c. The blue line
is the number of infected target cells T ∗; the red line is the host prevalence. Parameter values
as in Table 2 except for c.

Table 2. Baseline parameter values for the figures shown. Data from [29].

Parameter Definition Value Units
α effective contact rate free parameter [1/vector ×d]
z scaling 1/2 dimensionless
q ratio of mosquitoes and hosts 1.5 dimensionless
γ recovery rate 1/10 [1/d]
µ host mortality rate 1/(365)(70) [1/d]
δ vector mortality rate 1/20 [1/d]
k cell infection rate 2 × 10−7 [1/virion×d]
p viral production rate 200 [virions]
c viral clearance rate 5 [1/d]
λ cell recruitment rate 10,000 [cell/d]
m naive cell mortality 1/10 [1/d]
d infected cell mortality 0.5 [1/d]
r vector viral influx 0 [virion/vector×d]

Therefore, the result illustrated in Figure 2 is, contrary to the results on dengue reported by [30],
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where short viremias have larger viral loads than long viremias. Due to the way the within-host dy-
namics is modeled and the resulting form that the within-host reproduction number takes, a large c
(short viremias) reduces the magnitude of the reproductive number and, therefore, generates lower
viremias than when c is small (long viremias). For dengue disease, [30] used a more detailed model
which is carefully adapted to dengue viral dynamics that is able to capture dynamical characteristics
that our simple model cannot achieve. Our simple model does not consider any specific activation
mechanisms of innate and adaptive immune responses. Thus, our results cannot be directly compared
to those in [30]. However, the results on malaria [31] may seem to agree with the relation of clearance
and pathogen load that our model produces; however, this similarity is only anecdotal since malaria is a
parasitic disease, where the parasites have specific, and sometimes different, life stages in the host [32].
In this work, it is clear that the length of the pathogen clearance time is associated with higher con-
centrations of parasites. For Zika, [33] reported relatively long viremias in the whole blood samples of
human hosts of more than 26 days, while in macaques [34], the highest viremia was reported for inter-
mediate duration (in macaques the viremia length ranges from 2 to 7 days); for Chikungunya, [35], the
higher frequency of high viremia in the human hosts also occurred on the 7th day of symptom onset
(symptom onset occurs in the interval 1–20 in this study). As we discussed in the text, the between-host
reproduction number will be greater than one until enough infection has accumulated to sufficiently in-
crease the ratio x′ = T ∗(t)m/λ. When the between-host reproduction number that depends on x′ is less
than one, the only equilibrium point is the disease-free equilibrium, which is asymptotically stable.

3. Conditions for a disease outbreak

In our model, we assume that the host’s internal state influences the rates of disease transmission
and the virulence of the disease. According to [8], the infectiousness of a host will grow with the
viral load, and the host’s survival rate will drop as the infection takes over more resources (such as
the target cells that are the target of the infection). Therefore, we propose that in the between-host
model, the parameters β and γ, can be written as functions of the proportion of infected target cells x′.
To keep things simple, we disregard the within-host model’s transitory dynamics and assume that the
within-host system is consistently in equilibrium during the infection, or equivalently to assume that
the within-host dynamics is fast compared to those of transmission and host mortality.

From the perspective of natural selection acting within a host, the optimal clearance rate of the
pathogen c∗ implies an active within-host infection; as the equilibrium state of the within-host system
is a function of the rate clearance rate, it follows that β and γ can be written as functions of c (see, [8]).

According to the above statement, the existence of an epidemic outbreak depends on the strength of
the infection at the within-host level measured by the within-host reproduction number when R0v > 1.
When 0 < Rb(x′) < 1, the only between-host equilibrium point is the disease-free equilibrium, which
is asymptotically stable. Rb(x′) > 1 requires the average individual in the population to have an active
(within-host) viral infection. Still, the transmission efficacy will not be large enough to trigger an
epidemic until Rb(x′) = R0b. We can give a more detailed description of the dependence of the between-
host equilibrium state and the within-host dynamics. First, there exists a critical value of T ∗ = T̂∗ where
Rb(T̂ ∗) = 1. In Figure 1a, we plot the intersection of Eq (2.8) to show how the existence of an endemic
equilibrium depends on T ∗ and i. As T ∗ increases above T̂ ∗, the boundary between the two colored
regions shown in the figure is the line containing the feasible endemic equilibrium realized when T ∗

Mathematical Biosciences and Engineering Volume 22, Issue 6, 1364–1381.



1374

reaches its steady state. A second important feature is associated with the contact rate β(x′) = aϕ(x′),
where ϕ(x′) = (x′)z. Figure 1b shows the intersection of the two isoclines Eq (2.8) that give the feasible
endemic equilibrium but as functions of x′ and z, the exponent of the probability of infection ϕ(x′).
Large values of z prevent an endemic between-host equilibrium point, whereas, for z ≤ 1, the endemic
equilibrium always exists. Additionally, the endemic level is higher when z < 1. Therefore, concave
infection probabilities always generate an endemic state, provided Rb0 > 1, while convex ones do not.
A third observation is that we can expect a variable-duration time delay between crossing the threshold
Rb(T∗) = 1 and the time when the epidemic outbreak occurs and sends the between-host system to its
endemic state (i.e., when Rb(T∗) = R0). This delay appears because our contact rate parameters, which
depend on within-host dynamics, are dynamic.

3.1. The coupled system: endemic scenario
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(a) Growth of the infected hosts i (red) and infected
vectors y (brown) at the initiation of the epidemic
outbreak.
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(b) Within-host reproduction number R0v (cyan)
and between-host reproduction function Rb(x′)
given by Eq (2.4) (green).
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(c) Naive target cells T (black) and infected target
cells T ∗ (blue). Logarithmic scale.
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(d) Infected hosts i (red) and the ratio infected
target cells to the initial number of target cells
T ∗(t)/T0 (blue). Note the difference in the tem-
poral scale of both processes. c = 5.115.

Figure 4. Basic dynamics of systems given by Eqs (2.3) and (2.2) for the baseline parameter
values described in Table 2.

Now, we look at the role of virulence, measured by our variable x′, on the dynamics of our system.
First, we make the reasonable assumption that the recovery rate γ is not constant but satisfies the
following:

γ(x′) = γ(1 − x′),
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which implies that a large virulence is associated with chronic disease with practically no recovery, and
low virulence makes the recovery rate γ(x′) approximately equal to the baseline γ. Recall Rb(x′) given
by Eq (2.4). On the other hand, the endemic equilibrium for the host population, has the following
formula

i∗ =
δ(γ(1 − x′) + µ)x′−z

a(abq + γ(1 − x′) + µ)
(R2

b(x′) − 1). (3.1)

The within-host and between-host population processes are closely coupled, as can be seen in the
timing at which an equilibrium is reached for both subsystems. In Figure 4, we show typical trajectories
for the baseline values.

The observed delay in the onset of the epidemic (see Figure 4a) at the between-host level is associ-
ated with the particular shape of the probability of infection ϕ(x′) = (x′)z (see Eq (6)) from mosquito
to host; therefore, the ratio of mosquito numbers to host numbers is associated with the speed at which
the within-host subsystem increases the proportion of infected cells (Figure 4c,d). Figure 4(b) shows
the relative magnitude of the within-host (constant) reproduction number and the between-host repro-
duction function as x′ changes.

However, the between-host reproduction function approaches its limit Rb(T ∗) at different speeds
depending on the magnitude of z. The epidemic outbreak will be triggered when the within-host system
reaches an equilibrium, regardless of how significant the within-host infection is while approaching
it. Therefore, our model indicates that transmission at the population level is feasible but cannot be
realized until the average infection conditions of individuals reach their corresponding equilibrium.
Therefore, the reproduction number of the between-host system indicates an epidemic outbreak that
will occur later, depending upon the magnitude of T ∗. This is one of the explicit links between the
population-level reproduction number and the within-host infection dynamics. Figures 5a,b show the
system dynamics observed when the within-host reproduction number is R0v > 1. Still, there is no
significant epidemic outbreak even when the viral influx from the inoculum is relatively large. In this
case, the between-host reproduction function cannot exceed the threshold R0b = 1 because the level
of cell infection remains relatively low, and the mosquito biting rate linearly increases with the viral
load. This linear relationship limits the efficiency of transmission compared to scenarios where the
biting rate accelerates. The between-host reproduction function is asymptotic to R0b < 1. Figure 5c,d
illustrate the behavior of the system when the within-host reproduction number is R0w < 1. In this case,
the epidemic outbreak is suppressed even when the viral influx from inoculation is large (r = 10, 000).
In this case, the between-host reproduction function is also asymptotic to R0b < 1 but much lower than
in Figure 5b. Finally, Figure 6 shows the endemic equilibrium i∗ (Eq (3.1)) as a function of the baseline
host recovery rate γ (we have that the effective recovery rate is γ(1 − x′) form the baseline due to our
hypothesis that the recovery rate depends on the proportion of infected cells).

Notice that for a given prevalence, the infection level required to reach it is relatively small when
the recovery time is fast (order of days, small γ) and large (recovery period on the order of weeks or
longer) otherwise.
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(a) Growth of the infected hosts i (red) and infected
vectors y (brown) for the scaling parameter z = 1,
p = 100 and the viral influx rate r = 10, 000.
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(b) Within-host reproduction number R0v (cyan)
and between-host reproduction function Rb(x′)
given by Eq (2.4) (green) for the parameter val-
ues described in a). R0w > 1 and R0b < 1. Pa-
rameters: z = 1, p = 200, c = 5, r = 10, 000.
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(c) Growth of the infected hosts i (red) and infected
vectors y (brown) for the scaling parameter at its
baseline value z = 1 but p = 100. The viral in-
flux rate is r = 10, 000.
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(d) Within-host reproduction number R0v (cyan)
and between-host reproduction function Rb(x′)
given by Eq (2.4) (green) for the parameter val-
ues described in c). R0w < 1 and R0b < 1 but
much lower than in b). Parameters: z = 0.5,
p = 100, c = 5, r = 10, 000.

Figure 5. Basic dynamics of systems given by Eqs (2.3) and (2.2) for changes in the scaling
parameter and the influx of viral particles due to the term ry in Eq (2.3).

Figure 6. Host prevalence as a function of x′, the average proportion of infected cells in the
host. The curves plot Eq (3.1) for large (blue) or small (red) values of the recovery rate γ.
All other parameters as in Table 2.
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4. Conclusions

In this study, we developed and analyzed a model that explicitly integrates the interaction between
epidemiological dynamics at the population level and immune-virus dynamics within the host. Unlike
many existing models that treat these two processes as separate and largely independent, our approach
provides a direct and coherent linkage between them. By doing so, we aimed to capture essential bio-
logical mechanisms which govern the spread and persistence of vector-borne diseases while also incor-
porating the host’s immunological response to infection. Our model is based on two well-established
frameworks: the Ross-Macdonald model for vector-borne disease transmission and a basic virus-cell
interaction model that describes the within-host viral dynamics. The combination of these classical
approaches allows us to explore the fundamental principles which govern the interplay between host
immunity, viral replication, and disease transmission dynamics.

There are fundamental differences between environmental transmission (in our model g(y)) and
vector-borne transmission, particularly the distinction between passive and active modes of pathogen
transmission. This distinction is indeed a key factor in determining the appropriate modeling strategies.
The biological interpretation changes (i.e., the biological mechanisms differ), so our justification for
modeling vectors as an environmental stage lies in the mathematical tractability of separating time
scales and incorporating an intermediate transmission stage. By focusing on the transmission dynamics
and the resulting epidemiological consequences, we are able to capture key aspects of the within-host
and between-host interaction.

In our model, the proportion of infected target cells decreased as a function of the viral clearance rate
c, which was independent of the asymptotic level of infection or prevalence in the vector population
(Figure 2a). However, the clearance rate of the virus plays a critical role in shaping both the within-host
and the between-host dynamics. Specifically, a faster clearance rate extends the transient period before
the system reaches equilibrium, thus delaying the onset of an epidemic at the population level (Fig-
ure 3a). In contrast, a slower clearance rate leads to a higher within-host reproduction number, thereby
accelerating the infection of target cells and shortening the time required for a between-host outbreak
to emerge. Another parameter of importance is the viral production rate p. In our model, increased
the viral production rate increases R0v; as p increased, the sensitivity of T ∗/T0 to the magnitude of the
clearance rate c significantly decreased (Figure 2b). As shown in [1], in this within-host model, fast
clearance rates represent low viral loads. Thus, a low T ∗ and slow clearance rates are associated with
high viremias, and therefore high proportions of infected cells.

Another observation is that the inoculation rate g(y) has a marginal role in the dynamics of the
outbreak. This finding arises under the specific assumptions and structure of the model. In particular,
when the within-host reproduction number R0v is low or the host recovery is rapid, the host environ-
ment may not sustain viral replication over time, which reduces the long-term impact of the inoculum.
However, we acknowledge that in biological systems, especially during early outbreak stages or under
stochastic conditions, the pathogen introduction rate can be a critical determinant of the transmission
success. Thus, the marginal effect of inoculation observed here should be interpreted as a theoretical
consequence of the model’s structure, rather than a generalizable prediction.

Additionally, our results illustrate that the epidemic potential of the disease critically depends on the
recovery time of the infected individuals. Specifically, the viral clearance rate c determines whether an
epidemic can sustain itself. When the recovery times are relatively short (i.e., the immune system clears
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the virus quickly), the viral generation time is too short to support an active outbreak, as indicated
by the condition R0b < 1. In contrast, for infections with long recovery times (small γ), the basic
reproduction number R0b rapidly exceeds the epidemic threshold, thus allowing disease outbreaks even
when the average infection levels are low.

From a broader perspective, our model illustrates that, under its assumptions, diseases characterized
by long viral generation times (small c) may exhibit a higher prevalence, particularly when the recovery
period is also prolonged. Although the model was not calibrated to specific pathogens, we used the
contrasting clinical profiles of dengue fever and West Nile virus to illustrate this concept. Dengue
typically has a short recovery time (usually less than a week), whereas West Nile virus infections
can persist for several months in some hosts [36]. These differences in recovery dynamics, while
not directly modeled here, highlight the potential relevance of the within-host persistence in shaping
the transmission potential and epidemic duration. Our findings suggest that such persistence could
contribute to sustained transmission chains, even when the observed prevalence of active cases remains
relatively low.

While our model adopted a general and simplified framework based on classical formulations of
the within-host and between-host dynamics, the conclusions drawn must be interpreted with care.
The patterns we identified such as the influence of the viral clearance rate, recovery time, and viral
production on transmission potential are not universally applicable, but rather illustrate how specific
mechanisms may interact under the assumptions of our model. The value of this approach lies not in
its ability to provide predictive outcomes for particular diseases, but in highlighting potential trade-offs
and interdependencies between immunological and epidemiological processes that may be relevant
across a range of vector-borne infections.

In this sense, we emphasize that our goal is not to quantitatively model a specific vector disease.
Instead, we presented a conceptual framework that explored how the within-host factors such as vi-
ral replication and immune clearance can shape the conditions for population-level transmission. The
insights provided here should be viewed as theoretical contributions derived from a deterministic sys-
tem under idealized assumptions. Further work, including empirical parameterization and pathogen-
specific dynamics, will be essential to translate these ideas into concrete epidemiological predictions.
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