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Abstract: In this work, we study the qualitative properties of a simple mathematical model that can
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in order to assess the validity of the qualitative properties of the model.

Keywords: ordinary differential equation; stochastic differential equation; fractional differential
equation; Caputo derivative; Brownian motion; stability; qualitative properties

1. Introduction

Antimicrobial resistance (AMR) is a critical global health challenge that compromises the
effectiveness of antibiotics, leading to prolonged infections, increased mortality, and significant
economic burdens [1]. AMR arises when bacteria develop mechanisms to evade the action of
antibiotics, and reversing this resistance is essential to restore the efficacy of treatments [2]. The
phenomenon of AMR reversal occurs when resistant bacteria lose their resistance mechanisms, often
due to fitness costs associated with resistance. In antibiotic-free environments, sensitive bacteria may
outcompete resistant ones, leading to the dominance of sensitive populations. Mechanisms such as
reversible mutations, the loss of resistant plasmids, and the impact of fitness costs have been
well-documented as drivers of AMR reversal [3—5]. Various mathematical models have described the
dynamics of AMR, particularly in bacterial populations, both in vitro and in vivo [6,7]. These models
provide important insights into how resistance evolves and under what conditions it can be reversed.

To enhance the understanding of AMR reversal dynamics, it is useful to consider analogies with
epidemiological processes. In epidemiology, the propagation of an infectious disease is modeled by
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categorizing individuals either susceptible, infected, or recovered (SIR). Analogously, in AMR
dynamics, sensitive bacteria can be conceptualized as susceptible, resistant bacteria as infected, and
the reversal of resistance as a recovery process. This analogy provides a framework to examine AMR
as an epidemiological process, particularly directly modeling bacterial populations, rather than in
infected patients. However, it is crucial to note that while AMR reversal can occasionally align with
this analogy, it does not invariably hold true because of the complexity of the resistance mechanisms
and bacterial ecology [8,9].

Epidemiological models have long been an important tool for mathematical biology, starting with
the pioneering work of Kermack and McKendrick in 1927, who proposed the SIR model to describe
the spread of infectious diseases within a closed population [10]. Subsequent developments have
introduced stochastic and fractional approaches to better capture the complexities of real-world
dynamics. For instance, stochastic models incorporate randomness to account for population
variability and inherent uncertainties in disease transmission [11-15]. Fractional models extend
traditional models by incorporating fractional derivatives, which allow for the inclusion of memory
effects and non-local interactions [16]. These approaches are particularly valuable for analyzing the
stability of antimicrobial resistance (AMR) dynamics. Stability analysis is essential to understand
whether resistance will persist, decline, or be eradicated, which is analogous to predicting the
endemicity or eradication of infectious diseases. By identifying critical thresholds, such as the basic
reproduction number in epidemiological models or resistance thresholds in AMR, these models
enhance the capability of predicting the system behavior.

This study addresses AMR reversal using three modeling approaches: deterministic, stochastic, and
fractional. To examine the qualitative characteristics of the three models and compare their outcomes,
we introduce a simple mathematical model that has been adapted to explore the resistance reversal. To
the best of our knowledge, no existing study has analyzed the qualitative properties of a model for AMR
reversal from the perspectives of deterministic, stochastic, and fractional differential equations. Rather
than proposing a single mathematical model that incorporates all three frameworks, our study focuses
on comparing how the stability and long-term behavior of AMR reversal differ across these approaches.
This comparative analysis reveals that the outcomes regarding AMR extinction and persistence can
vary significantly, depending on the modeling approach employed.

We have divided this work into two main parts. First, we analyze a mathematical model of AMR
reversal deterministically, stochastically, and fractionally. Then, the qualitative properties of the model
are analyzed. More specifically, we ensured the existence and uniqueness of solutions to these models.
In addition, we ensured the invariance of the solutions within a biologically relevant set. Moreover, we
demonstrated the stability of the trivial solutions in these models. Finally, we provide the conditions
for disease extinction, disease persistence, and stationary measures in some models. In the second part,
we used assumed data from E. coli exposed to colistin to numerically validate the theoretical results .

2. Mathematical model formulation

Let S (¢) denote the number of sensitive bacteria at time #, and R(¢) represent the number of resistant
bacteria at time #. To formulate our mathematical model, we make the following basic assumptions,
keeping in mind that the primary focus is on exploring the deterministic, stochastic, and fractional
modeling approaches, thereby using AMR dynamics as an illustrative example, rather than going into
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biological details.

- We assume a turnover rate u which represents that both sensitive and resistant bacteria die and
are replaced at a proportional rate, while ignoring fitness costs of resistance.

- Let 8 denotes the rate at which sensitive bacteria acquire plasmids through conjugation. Resistant
bacteria lose their resistance genes and revert to a sensitive state at a rate vy.

- Sensitive bacteria reduce the rate of acquiring resistance by selective pressure as the population

of the resistant bacteria increases, which is modeled by a functional response g(R) = f———:,

) ) 1 +€R
where € is a known constant called a saturation rate.
Consequently, our mathematical model is described by the following deterministic equations:
dsS
— = u(N-S)+7yR- S
dt He )*Y 'Bl + €R
(2.1)

dR
— = S —(y+ k.
a - P& o

In this work, the term R represents non-negative real numbers. The equations in (2.1) are coupled by
the assumption N = §(#) + R(?) for all € Rj. Thus, we can study one equation in terms of the resistant
bacteria R(¢). More precisely, we will study the following deterministc equation:

R _ R
dr 1+ €eR

(N = R)~ (y + R 2.2)
In the stochastic model, we perturb the rate 5 as follows:
Bdt = Bdt + cdB(®),

where o is the rate of the stochastic perturbation and B is a Brownian motion in a probability space
(Q, 7, P). Therefore, the stochastic differential equation takes the following form:

R R
dR = (ﬁm(N “R) - (y+ ,u)R) di+ o ——(N = R)B(1). (2.3)

+ €R
This type of perturbation appears in [12, 13].
Finally, we introduce the fractional model, which we represent with the following fractional
differential equation:
d'R R
a - Pirer

(N =R) = (y + R, (2.4)
where T is the Caputo derivative of order «, with @ € (0, 1). This type of fractional model equation

can be found in [16, 17].

In this work, we define the threshold parameters that characterize the qualitative properties of (2.2)—
(2.4). The ideas for proving the qualitative properties of (2.3) were adapted from [18] and are presented
here in terms of the stochastic threshold parameter.
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3. Theoretical results

3.1. Defining thresholds

In order to facilitate the mathematical calculations of the three models (2.2)—(2.4) and make the
results easier to understand, we define certain thresholds, similar to the basic reproduction numbers
in epidemiological models, and introduce Lyapunov operators. These thresholds and operators guide
the stability and persistence of plasmid-carrying bacteria within a population in different modeling
contexts.

Table 1. Thresholds and Lyapunov operators for the three mathematical approaches
considered in our mathematical models (2.2)—(2.4).

Approach Threshold Lyapunov operator
Deterministic K¢ := PN Ly = (,BL(N ~-R) - (y+ )R) 4
"Torw TR : A dR_
, BN o°N 1{, R |\ d
Stochast K = - Li=Lj+ -|locr"——=WN-R)|—
ochastic T 20+ T arer Y R ae
N d(l
Fractionary (Kg = PN Ly:=—
(y+) dr*

3.2. The deterministic approach

This section explores the qualitative properties of the deterministic model (2.2). Let us note that if

R
1+ e€R

B N-R)—-(y+wR=0,

then the equilibrium points of (2.2) are as follows:

BN —y—-u

R=0 and R= =
B+ely+p

&a- (3.1

We start by showing that (0, N) is an invariant set. More precisely, if Ry € (0, N), then there exists
a unique global solution R(#; Ry) of (2.2) such that R(z; Ry) € (0, N) for all # € Rj. For this end, we
use Lyapunov operator techniques, which are typically applied in the case of SDEs, however these
techniques can also be used in the deterministic case, where the stochastic noise is zero (see [19]).

Theorem 3.1 (Invariance). For any Ry € (0, N), there exists a unique global solution of (2.2) invariant
in (0, N).

Proof:
R
Let Ry € (0,N). Consider D := (0,N) and let b(R) := ,Bm(N — R) — (y + wWR, for R € R*. Note
€
that b is locally Lipschitz because it is continuously differentiable. Now, consider V : D — R defined

1 1 1
by: V(R) := R + N_R and D, = (—,N — —), for n € N. It is clear that V € C‘(D;Rg) and that
- n n

{D,},exy C D, D, are domains, D, C D, D,, T D such that V,, := Ring V(R) — o0, asn — oo. On the
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other hand, given R € D, we have that:

L,V(R) = b(R)V'(R)

R 1
(ﬁ1+eR( ~R- (““)R)( N - R)Z)
_—ﬁ(N—R)+(7+ﬂ)+ BR _ (y+mR
“R1+eR) ' R T (N-R(+eR) (N—RP
< (y +1) N BN .

R (N-R

Let us take ¢ := max{y + u, SN}. Thus,

L;V(R) < c(% + ) =cV(R).

N-R
Then, there exists a unique solution R(- ; Ry) of (2.2) in R such that R(#; Ry) € (0, N),forallt € Rj. O
Now, we prove the asymptotic stability of the equilibrium points of the deterministic model (2.2)

defined in (3.1) (see Definition .2). Intuitively, the parameter 7(6’ acts as an indicator of the system’s
dynamics, as we will see in the following theorem.

Theorem 3.2 (Asymptotic stability). If ‘7(5’ < 1, then R = 0 is an asymptotically stable equilibrium
point of (2.2). Moreover, if 7(61 > 1, then R = &, is an asymptotically stable equilibrium point of (2.2).

Proof:
First, let’s see that R = 0 is an asymptotically stable equilibrium point of (2.2). Consider ¢ > 0 small
enough and let D = (-4, ). Note that

R
b(R) izﬁm(N —R)— (y + R,

for R € D. It is clear that b is differentiable and

b'(R) =B —F5(N-R) -

(1 + €R)?
for R € D. Thus, b'(0) = BN — (y + u) < 0. By the Lyapunov linearization theorem for the

deterministic case, we have that R = 0 is an asymptotically stable equilibrium point of (2.2).

Now, let’s see that R = &, is an asymptotically stable equilibrium point of (2.2). Let D := (0, N) and

consider V : D — R defined by the following:

V(R) := Néiifd (% - 1) -1- ln(Néidgd (% - 1))

Clearly, V € C!'(D;R) and V is positive definite at R = &;. In addition, given R € D, we have the
following:

LV(R) = b(R)V'(R)
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e N> (&-R)
_ (ﬁm(N -R) - (y +ﬂ)R) (_E(N — &N - R))
 N-R N* (¢ -R)
_(ﬁm—(wﬂ))(‘?w—&z))'

Thus, L;V(R) < 0, for R # &;. Then, by the Lyapunov stability theorem (Theorem 4.7 in ( [20]) for
equilibrium points in the deterministic case, we have that R = &, is an asymptotically stable equilibrium
point of (2.2). O

In the following theorem, we show that if the deterministic threshold condition K < 1 is fulfilled,
then the population of resistant bacteria will ultimately die out. Of course, this result is stronger than
the previous one when 7(6’ <1

Theorem 3.3 (Extinction). If ‘Ké’ < 1, then for any Ry € (0, N), we have the following:
lim R(t; Ry) = 0.
>0

Proof:
Let’s show that

lim su

t—00

We already know that there exists a unique solution R(-; Ry) in R of (2.2) such that R(#; Ry) € (0, N)
for all # € Rj. Let us denote R(-; Ry) by R and D := (0, N).

. 1H(R(§; R _ o

Now, consider the function V : D — R defined by V(R) := In(R). It is clear that V € C'(D;R).
Let ¢ > 0. By the chain rule and integrating from O to ¢, we have the following:

ft@(s)ds = ft L;V(R(s))ds.
o ds 0
In other words, t
V(R() — V(R(0)) = fo LyV(R(s))ds.
That is,
In(R(?)) = In(Ry) + fo t LV (R(s))ds

_ (., RG) 1
=In(Ry) + L (ﬁm(N —R(8))— (y + ,u)R(s)) %ds

" N —R(s)
= In(R — - d
n(Ro) + fo (Bl T eR(G) (y +,u)) s
< In(Ro) + (BN = (y + ).
Then, dividing by 7, we obtain the following:

In(R(7)) _ In(Ro)
- < ; + BN — (y + ).

Mathematical Biosciences and Engineering Volume 22, Issue 2, 389-414.



395

Therefore,

: In(R(1))
lim sup

[—0o0

<BN - (y+pu) <O.

Thus,
lim R(¢) = 0.

t—00

O

In the following theorem, we state that when the deterministic threshold 7(51 > 1, the population of

resistant bacteria will persist over time. In other words, the system described by (2.2) converges to the
non-trivial equilibrium point &, defined in (3.1) as t — oo.

Theorem 3.4 (Persistence). If 7(6[ > 1, then there exists &; € (0, N) such that for any Ry € (0, N),
lim R(; Ry) = &q, (3.2)
>0

where &, is the equilibrium point defined in (3.1).

Proof:
Let D := (0, N) and consider V : D — R defined by the following:

V(R) := Néid.fd (% - 1) -1- ln(Néidfd (% - 1))

Clearly, V € CY(D;R), V is positive definite at R = &, and L;V(R) < 0 for R # &,. Additionally, we
have: V(R) — o0 as R — 0" and as R — N~. By the Barbashin-Krasovskii theorem (Theorem 4.2 in
[20]), R = &, is a globally asymptotically stable equilibrium point of (2.2), meaning that tlgg R(t; Ry) =
&, for any Ry € (0, N). O

3.3. The stochastic approach

In this section, we present a series of results that involve the numerical value K. The proofs
are direct modifications of the proofs in [18]. In [18], a family of stochastic differential equations is
considered, depending on a general function g(R) under certain conditions. In this article, we work with
the function g(R) = B; i = as a particular case of [18]. We have chosen to provide intuitive commentary
on the results and to reference the work in [18] for the full proofs.

Now, in this section explores the qualitative properties of the stochastic model (2.3). Let us note

that

R
ﬁm(N—R)—()’"‘,U)R:O

and

—R) =
0-1+6R(N )=0.

where the only equilibrium point of (2.3) is R = 0.
The following result is fundamental in the stochastic modeling of population systems, as it
guarantees that, the stochastic system has a unique global solution that remains within the interval
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(0, N) over time regardless of the initial condition R, € (0, N). This implies that the model is robust to
random fluctuations and ensures that the stochastic dynamics of the resistant bacterial population
neither becomes extinct in finite time nor exceeds the maximum capacity N. In other words, the
system is able to realistically model a sustained population range in the presence of randomness.

Theorem 3.5 (Invariance). For any R € (0, N), there exists a unique global solution of the stochastic
system (2.3) that remains invariant in (0, N).

Proof:
See Theorem 2.1 in [18]. O
2772
The following result states that if K < 1 - o) then, starting near extinction (R = 0), the
Y
resistant bacterial population converges to extinction with high probability (see Definition .4).
22
Theorem 3.6 (Asymptotic stability). If K < 1 - Y then R = 0 is an asymptotically stable
YT HU
equilibrium point in the probability of (2.3).
Proof:
See Theorem 2.2 in [18]. O

In the following theorem, we present sufficient conditions for the population of resistant bacteria
to converge to extinction as ¢+ — oo. One condition that seems natural after the previous results is
that K < 1; this ensures that if we start close to the equilibrium point R = 0, then the system
will converge to O with a high probability. Another condition is needed to guarantee convergence to
extinction starting from any point. This condition arises from the utilized Lyapunov function, so it may
be subject to refinement. The condition is that 02N < S; this suggests a certain restriction on 3, in the
sense that this parameter cannot be taken as arbitrarily small.

Theorem 3.7 (Extinction). If K] < 1 and 02N < B, then for any Ry € (0, N), we have the following:

]P(limR(-,t;Ro) - 0) -1

[—00

Proof:
We already know that there exists a unique solution R(-,-;Ry) in Rj of (2.3) such that
R(-,t; Ry) € (0, N), for all t € R, P-a.s. Let us denote R(-, -; Ry) by R and define D := (0, N).

Now, consider the functions V : D — R defined by V(R) := In(R) and ¢ : D — R defined by
¢(R) := —— Ttis clear that V € C?(D;R) and ¢(R) < N, for all R € (0, N).

1+R

Let > 0. By It6’s formula (Theorem 6.2 in [21]), we have the following:

V(R(?)) — V(R(0)) = f L,V(R(s)) ds+f V'(R(s))o(R(s))dB(s), P-as.

0 0
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In other words,
In(R(?)) = In(Ry) + f L,V(R(s))ds + f V'(R(s))o(R(s)) dB(s)
0 0

) '[N —R(s) 1 0%(N - R(s))*
_ln(Ro)+f(ﬁTR(s) (v + >—5W)‘“

N = R(s)
f TRG) ———dB(s)

1 !
= In(Ro) + fo ﬁsﬂ(R(S))—(Vﬂl)—502¢2(R(S))dS+ fo T@(R(s)) dB(s).

1
Now, since N < E and the function f(u) := fu — (y + u) — Eazuz is increasing for u < ﬁz, then
o

f(@(R(s))) < f(N), for all s € [0, t]. In other words,

1 1
Pe(R() = (y + 1) = 50°¢*(R(5)) < BN = (y + ) = 50N,

for all s € [0, #]. The rest of the proof is similar to the proof of Theorem 2.3 in [18].
O

Before stating the theorem on the persistence of the bacterial population, we would like to provide
a brief intuition of the result. In this context, the quantity R(:, #; Ry) represents the size of the resistant
bacterial population over time ¢, starting from an initial condition R,. A key objective is to understand
whether this population tends to persist over time or, on the contrary, tends to vanish.

The theorem below indicates that, under certain conditions on the system parameters (K > 1), there
exists a persistence level &; such that the resistant bacterial population will repeatedly reach this level
over time. In other words, despite the stochastic variability in the model, we can expect the population
not only to remain above extinction thresholds but also to oscillate around &; > 0. In summary, this
implies a tendency towards persistence rather than extinction, thus providing a measure of stability for
the resistant bacterial population under the effect of random factors.

The proof of the following theorem has subtle differences compared to the proof of Theorem 2.4 in
[18]. We will highlight these differences in the demonstration, and when the tools are fully analogous,
we will refer to [18].

Theorem 3.8. If K > 1, then there exists & € (0, N) such that for any Ry € (0,N), the following
holds:

limsupR(-,t;Ry) > &5, P—a.s. (3.3)
—o0
and
liminf R(-,#; Ry) < &, P—a.s. (3.4
—00

where &g is given by

N - B+ B =202 + 1)
o2+ € — €xJB" = 2020y + 1)
In other words, the solution process R(-, - ; Ry) visits the level &, infinitely often for any Ry € (0, N).

& =
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Proof:
Let D := (0, N), and consider V : D — R defined by V(R) := In(R). It is clear that V € C*(D;R). Note
that the stochastic Lyapunov operator applied to V is given by the following:

B(N —R) 103N = R)

) - =TT forall ReD.
TR VTR T epe c fora

L,V(R) :=
Rewriting, we have the following:

1
LV(R) = Pp(R) = (y + j) = 50°¢*(R), forall Re D,
N-R . ) . .
where ¢(R) := TR Consider the following quadratic function:
1
f(uw) :=Pu—(y+u) — zazuz, for all u € R.

1
Note that f(0) = —(y + u), and since K > 1, then f(N) = BN — (y + ) — EO'ZN2 > (. Therefore, there

exists 7 € (0, N) such that f(r7) = 0. Now, there exists a unique &; € (0, N) such that ¢(&5) = n. Thus,
0= f(n) = fe&) = L V().

Case 1. If Ez < N, since ¢’(R) < 0, for all R € (0, N), there exists m € (0, N) such that:
o

- L,V is increasing in (0, m) and L;V(R) > 0, for all R € (0, m).
- L,V is decreasing in (m, &) and L;V(R) > 0, for all R € (m, &;).
- L,V is decreasing in (&5, N) and L;V(R) < 0O, for all R € (&, N),

where L,V () is the maximum value of L,V in (0, N).

Case 2. If O’% > N, since ¢'(R) < 0, then for all R € (0, N), L,V(0") := Rli_)rgl+ L,V(R) = BN — (y +
i) — %O'ZNZ >0and L,V(N7) := lim L,V(R) = ~(y +p) < 0:

- L,V is decreasing in (0, &) and LgV(R) > 0, for all R € (0, &y).

- L,V is decreasing in (&, N) and L;V(R) < O, for all R € (&, N).
The rest of the proof is similar to proof of Theorem 2.4 of [18]. O

The following theorem establishes the stationary distribution of the solution R of the stochastic
system (2.3). This allows us to ensure that the stochastic model exhibits a stable and predictable
behavior over the long term under certain conditions. Therefore, as the system evolves, the distribution
of resistant bacteria will stabilize to a unique stationary distribution.

Theorem 3.9 (Stationary distribution). If K§ > 1, then u.(-) is the unique stationary distribution
associated with the solution R of (2.3).

Proof:
See Theorem 2.5 in [18] O.
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3.4. The fractionary approach

Finally, in this section explores the qualitative properties of the fractionary model (2.4). Let us note

R
that if ﬁm(N — R) — (y + w)R = 0, then the equilibrium points of (2.4) are as follows:
€

BN—y—u

R=0 and R= =
B+ely+p)

& (3.5)

We start showing that (0, ‘K(J;) is an invariant set. In this case, the invariance is more restrictive, since
the fractional model has more limitations.

Theorem 3.10 (Invariance). For any Ry, € (0, 7(({), there exists a unique global solution of (2.4)
invariant in (0, ‘K({ ).
Proof: R
Let R € (0, %) and define b(R) := B zN =R = (y+wR, for R € R*.
€
First, let us show that there exists a unique global positive solution of (2.4). Since b is locally Lipschitz,
there exists a unique local maximal solution R(-;Ry,a) : [0,Tf) — R, where T, is the fractional
1
explosion time. Since R, € R*, there exists ny € N such that — < R,.

no
Now, we define the following sequence of stopping times:

1
T, :=inf {t €[0,T¢) : R(t; Ry, ) ¢ (—,n)}, for n > ny.
n
It is clear that {7}y, 1S an increasing sequence. Moreover,
T :=lim T, = inf {t € [0,T;) : R(t: Ry, @) ¢ (0, 00)}.

n—oo

Let us show that T, = oo. Suppose that T,, < oo; then, there exists 7 € R" such that 7, < T.
Moreover, there exists n; € N, with n; > ny such that 7,, < T. On the other hand, consider the function
V : R* — R defined by the following:

V(R) :=R -1 —In(R).

Given R € R*, by property Lemma 3.1 of [22], we have the following:

1\dR
LiVR) < (1 - 13) T
1y, R
=(1- ]—e)(ﬂm(N —R) — (y + 1R)
N-R
=N -R) -+ R =P 1)

<BN+B+v+u.
Let ¢ := BN + 8+ ¥ + u. Thus, for all R € R, L;V(R) < c. Applying the fractional integral to both
sides from O to T A T}, for n € N, with n > ng, we have the following:

cT?
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Now, foralln e N,n > n;, wehave T AT, =T, and V(R(T AT,)) = V(R(T),)).
Note that:

V(R(T,)) = (% —1- ln(%)) A (n —1- 1n(n));

hence,

(= t-m() -1 -mo) < v+

Then, as n — oo, we have the following:
cT®

VR * 7 =

a

. . . ) cT* .
This is a contradiction, since the expression V(Ry) + H—4—D is finite.
o'

Now, let us show that R(#; Ry, @) € (0, N), for all t € Rj. Let us denote this solution by R.

Lett € R*. Note that: R R()
I 0= ﬁTR(t)(N — R(1)) — (y + R()

< BN = (v + 1R()
Solving the inequality, we have the following:

R(1) < (Ro = Ky )Ea(=(y + 01" + K3,

where E,, is the Mittag-Leffler function of parameter a defined in [23]. Since 0 < E,(—(y + w)t*) < 1

and Ry — 7(0f < 0, then
R < %K.

O

Theorem 3.11 (Asymptotic stability). If (K(')f < 1, then R = 0 is an asymptotically stable equilibrium
point of (2.4). Moreover, if(Kgr > 1, then R = &7 is an asymptotically stable equilibrium point of (2.4).

Proof:

First, let us show that R = 0 is an asymptotically stable equilibrium point of (2.4). Consider 6 > 0

sufficiently small and let D = (-9, 6). Note that

bR =P ek

for R € D. It is clear that b is differentiable and

(N —=R) - (y + @R,

’ — 1 — — R__
VR =B gV R ~Bro g~ +m.

for R € D. Thus, b’'(0) = BN — (y + u) < 0. By the fractional Lyapunov linearization theorem

(Theorem 2 in [24]), we have that R = 0 is an asymptotically stable equilibrium point of (2.4).

Now, let us show that R = £, is an asymptotically stable equilibrium point of (2.4). Consider 6 > 0

sufficiently small and let D = (§; — 6, &7 + 6). Thus,
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1 .
B = (N =) - f—2L —(y+ ) <0

(1 + Eff)z 1+ Eff
By the fractional Lyapunov linearization theorem (Theorem 2 in [24]), we have that R = & is an
asymptotically stable equilibrium point of (2.4). O

Theorem 3.12 (Extinction). If K < 1, then for any Ry € (0, %)), we have the following
lim R(t; Ry, ) = O.
—00

Proof:
Let D := [0, ‘K({ ] and consider V : D — R defined by the following:

RZ
V(R) := 5 for R € D.

Clearly, V € C'(D;R) and V are positive definite at R = 0. Additionally, given R € D, using the
Lemma 2.1 of [22], we have the following:

d°R

LiVR) < =2
=BT g B -O+wR
_ (BN -R)
—R(W—(YJF#))
_pBrety+p)
=R 1+ €R & = R)
_ _oBrely+w)
=k 1+€R (sl + R).

Thus, L;V(R) < 0 for all R € D; and moreover,
A:={ReD:L;V(R) =0} ={0}.

Then, by the fractional LaSalle theorem (Lemma 4.6 in [25]), we have that R = 0 is a globally
asymptotically stable equilibrium point of (2.4). Then, lim R(#; Ry, @) = 0 for any R, € (0, ‘K({ ).
1—00

O
N — v —
Theorem 3.13 (Persistence). If 7(0f > 1 and B ﬂ; K_ f_ < € < 1, then there exists &5 € (0, 7(({ )
YTH
such that for any R, € (0, Wg ),
lim R(t; Ry, @) = ff, (3.6)
>0

where &y is the equilibrium point defined in (3.1).
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Proof:
Let D := [0, ‘7(({ ] and consider V : D — R defined by the following:

R
V(R) ::R—ff—fj-ln(é?), forRe D,R #0, and V(0) = 1.
f

Clearly, V € C!(D - {0};R) and V is positive definite at R = &r. Additionally, given R € D — {0}, using
the Lemma 3.1 of [22], we have the following:

£r\d"R
LfV(R)S(l—E)dta
_ &r R
= (1= ) (BN = RY = (y + R
N —-R
= R-ep(BE 0 i+ o)
(R—£)(B+ €ty + )
_ R-E)PB+ey+w)
B 1+€R '

Thus, L;V(R) < 0 for all R € D — {0}; and moreover,
A={ReD-{0}: L;V(R) =0} = {&}.

Then, by the fractional LaSalle theorem (Lemma 4.6 in [25]), we have that R = &, is a globally
asymptotically stable equilibrium point of (2.4). Then, lim R(#; Ry, &) = &5 for any R, € (0, 7(({ ).
—00
|

4. Numerical simulations

Our three proposed approaches, (2.2)—(2.4), can be numerically validated, using data from various
real-world epidemiological phenomena that align with our hypotheses. However, we have represented
the phenomenon of AMR, specifically focusing on the resistance of Escherichia coli to colistin.
Although this particular case serves as a representative study to explore our mathematical framework,
it does not fully capture the complexities inherent in the AMR dynamics.

Colistin has been the final option for treating multidrug-resistant gram-negative bacteria (MDR-
GNB), and it is also extensively used in veterinary practice [26]. The recent discovery of plasmid-
mediated colistin resistance, exemplified by the mcr-1 gene in E. coli, has raised concerns regarding
its use in food-producing animals and its potential to accelerate the spread of resistance. Studies have
called for a reassessment of colistin usage and dosing in animal husbandry to safeguard its effectiveness
in human healthcare [27,28]. The reversibility of AMR, especially for colistin, has been demonstrated
in laboratory experiments using E. coli that carry the mcr-1 gene [29]. Under colistin-free conditions,
there is a significant reduction in antibiotic resistance genes due to the elimination of MDR plasmids.
This suggests that the high fitness costs associated with mobile genetic elements, such as plasmids,
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make resistance unstable, and consequently, strict antibiotic control can help reverse resistance driven
by these genes [29]. Other studies have also demonstrated that E. coli adapts to prolonged antimicrobial
exposure through the genetic regulation of porins and efflux pumps, which are crucial for bacterial
resistance. Therefore, both transcriptional and post-translational regulation of membrane proteins are
essential for the physiological adaptation of gram-negative bacteria to antibiotic stress [30].

We begin with a population of N = 10° bacteria and consider two initial conditions: R(0) = N — 1
(indicating that almost all bacteria are resistant) to demonstrate extinction (or clearance of bacteria)
and R(0) = 1 (where almost all bacteria are susceptible) to illustrate persistence. Under stressful
conditions, the turnover rate of E. coli (u) is typically significantly lower than that under optimal
conditions because of the adverse factors that affect bacterial growth. In our study, we assumed a
natural turnover rate of g = 0.1, which imply that the bacterial population doubles or clears
approximately every 10 days. The population-dependent rate of R-plasmid transfer through
conjugation 3 for E. coli under colistin exposure was derived from observational data in [29], where it
was suggested that a susceptible bacterium acquires an R-plasmid approximately every two days. The
rate of R-plasmid loss was estimated to be within the range of [0, 2], thus indicating that resistant
bacteria may lose plasmids every 12 hours (y = 2), or never lose them (y = 0). The saturation
parameter 1/e, which represents the number of resistant bacteria at which plasmid transfer becomes
less efficient due to competition between sensitive and resistant bacteria, was assumed to be equal to
the total population N (e = 1/N = 1079).

Finally, considering that AMR largely stems from an evolutionary process in which bacteria
gradually adapt to their environment under antibiotic stress [31], it is possible to capture AMR
dynamics by highlighting the influence of historical exposure in the presence of the fitness costs
associated with plasmids. This suggests that the resistance characteristics of E. coli are not only
dependent on current conditions, but are also heavily influenced by their previous exposure to
antibiotics (selective pressure) and the presence of plasmids. For @ € (0, 1), when « is closer to zero,
the influence of the past states becomes more pronounced, indicating that the previous antibiotic
pressures significantly contribute to the current state of resistance. Table 2 shows the values used for
the validation experiments.

Table 2. Parameters involved in the mathematical model (2.1): Description, dimension and

values.
Parameter Description Dimension Value
N Constant population Population 10°
u Turnover rate of bacteria Time™! 0.1
y Rate of R—plasmids loss Time™! [0, 2]
B Rate of R-plasmid acquisition through conjugation (Population X Time)~! 5x1077
€ Saturation rate Population™! 107°
o Random perturbation for the parameter 3 Population™' x Time™'/2  [1077, 5x107°]
a Order of the fractional derivative Dimensionless 0,1)

Figure 1 illustrates the extinction scenarios for antibiotic-resistant bacteria for the three different
modeling approaches (deterministic, fractional, and stochastic). These scenarios were evaluated for
varying values of the plasmid loss rate y. In each of these plots, it can be observed that the resistant
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bacterial populations tended to decline over time, provided that the threshold K| parameters remained
below 1. In the deterministic and fractional models, the extinction of resistant bacteria occurs at a faster
rate as y increases from 1 to 2. This behavior suggests a strong correlation between the plasmid loss rate
and the speed of bacterial extinction, with higher values of y leading to a more rapid approach toward
zero population levels for resistant strains. While exhibiting a more erratic pattern due to inherent
randomness, the stochastic model, also shows a trend toward the extinction of resistant bacteria when
the critical threshold K remains below 1. This threshold condition indicates that the resistant bacteria
cannot sustain their population over time, the reinforcing the consistency of the extinction behavior
across all three modeling approaches under these conditions.

P x10°

—=1.00, Threshold= 0.455
—1=1.25, Threshold= 0.370
8 =150, Threshold = 0.312
—7=1.75, Threshold= 0.270
— = 2.00, Threshold = 0.238

Resistant bacteria

(a) Deterministic (b) Stochastic

1le6

< g o =
~ o © o

Resistant bacteria

o
N

o
o

0 2 4 6 8 10
Time (davs)

(c) Fractional

Figure 1. Extinction scenario for the three modeling approaches at different values of the
plasmid loss rate v and R(0) = N — 1. The remaining parameters used in the numerical
simulation are listed in Table 2. For the stochastic case, the perturbation parameter was
o = 107°. For the fractional case, the derivative order was @ = 0.7.

Figure 2 illustrates the persistence scenario for resistant bacteria using the three modeling
approaches. This condition, K, > 1, signifies that the resistant population can sustain itself over time,
thereby avoiding a clearance. In each model, as the plasmid loss rate vy increased within the range of
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0-1, resistant bacteria exhibited a stable persistence level. This indicates that lower values of y
promoted plasmid retention, thereby supporting the maintenance of antibiotic resistance within the
bacterial population. Notably, for values of y near one, the population of resistant bacteria approached
a steady-state level early on and remained nearly constant over extended time periods. This
steady-state persistence across all three models suggests that, when K, > 1 and y < 1, the conditions
facilitate a resilient resistant population capable of persisting over time.

A0° Ly

—~

—7=0.00, Threshold= 5.000
—1=0.10, Threshold= 2,500

7= 0.20, Threshold=1.667 6r
—1=0.30, Threshold = 1.250
— =040, Threshold = 1.000

o

o

Resistant bacteria
> P -~
: . T
=

=)

L Il | | | | J 0 I | | | | | |
20 4 60 80 100 120 140 160 180 200 0 20 40 60 8 100 120 140 160 180 200

=)

(a) Deterministic (b) Stochastic

1e5

L L - ]

'S

Resistant bacteria
N w

[

o

0 25 50 75 100 125 150 175 200
Time (days)

(c) Fractional

Figure 2. Persistence scenario for the three modeling approaches at different values of the
plasmid loss rate y and R(0) = 1. The remaining parameters used in the numerical simulation
are listed in Table 2. For the stochastic case, the perturbation parameter was o = 107°. For
the fractional case, the derivative order was a = 0.7.

Figure 3 presents a comparison between the deterministic and stochastic models for different
values of the white noise intensity o-. In these simulations, the plasmid loss rate was set to y = 2 with
an initial condition of R(0) = N — 1 for the extinction case, and vy = 0 with R(0) = 1 for the
persistence case. The plots reveal how the stochastic noise intensity o influences the extinction and
persistence behaviors in the stochastic model compared with the deterministic model. As the value of
o increases, the stochastic model exhibits greater fluctuations, reflecting the impact of random
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perturbations on bacterial population dynamics. This variability contrasts with the deterministic
model, which follows a smooth trajectory toward either extinction or persistence, depending on the
initial conditions and plasmid loss rate. Specifically, under the extinction condition (y = 2,
R(0) = N — 1), the stochastic model shows a more erratic decline in resistant bacteria as o increases,
thus suggesting that a higher noise intensity accelerates fluctuations toward extinction. Conversely, in
the persistence case (y = 0, R(0) = 1), the stochastic model demonstrated sustained fluctuations
around a stable population level. Here, increasing the noise intensity o introduces variability, but does
not prevent the resistant population from persisting. These results indicate that stochastic fluctuations
modulated by o can significantly alter the dynamics of the resistant bacteria. Higher noise levels
amplify random effects, thus leading to more pronounced deviations from the deterministic model
outcomes, particularly affecting the stability of bacterial populations under both extinction and
persistence conditions. In the stochastic case, the expression:

2272
s._ BN N
0=
(y+u 20y+p
shows that K depends on o when the rest of the parameters are fixed. Note that when o is equal to
zero, we have K] = 7(8’, and K decreases as a function of o?. For this reason, it is clear that a

deterministic extinction implies a stochastic extinction, and a stochastic persistence implies a
deterministic persistence.

5
10 x10

}105

— Deterministic 8-

\ ) 19'6
0=2e6

1 - -

i 0=3e6 L
o=4e-6 6
0=5¢-6

Resistant bacteria

s 5 6 71 8 9 1 0 20 40 60 8 100 120 140 160 180 200
Time (days) Time (days)

(a) Extinction (b) Persistence

Figure 3. Deterministic and stochastic comparison for different values of the stochastic
perturbation rate. Here the plasmids loss rate is v = 2 and R(0) = N — 1 for extinction, and
v =0 and R(0) = 1 for persistence.

In Figure 4, the fractional model is analyzed for different values of the fractional derivative order a.
The simulations were conducted with y = 1.5 and an initial condition of R(0) = N —1 for the extinction
scenario, and with y = 0.2 and R(0) = 1 for the persistence case. The results show that as the order
a of the fractional derivative increases, both the extinction and persistence behaviors in the fractional
model become more pronounced. Specifically, in the extinction case, larger values of « led to a more
rapid approach to zero for the resistant bacterial population. This suggests that a higher order of the
fractional derivative accelerates the population decline by amplifying the memory effects inherent in
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the fractional systems. This reflects how the system’s extended memory dynamically integrates past
interactions, such as historical antibiotic usage or environmental pressures. These enhanced memory
effects make the population more responsive to cumulative changes, thus intensifying the rate of decline
as adverse factors compound over time. Conversely, in the persistence case, increasing « results in a
faster stabilization at the persistence level. This stabilization implies that higher values of « facilitate
more efficient regulation of the population dynamics, thus allowing the resistant bacteria to reach a
steady state more quickly. This behavior is characteristic of fractional models, where memory effects
become more pronounced as « increases, thus leading to a faster stabilization in response to lower
plasmid loss rates.

The histograms in Figure 5 provide an approximation of the stationary distribution associated with
the stochastic model (2.3). This stationary distribution corresponds to the probability measure induced
by R, := lim,,. R(t;-). Notably, this probability measure is independent of the initial condition.
Moreover, if the system begins (¢ = 0) with this probability measure, it then remains the same for all
t > 0, thus reflecting its invariance over time.

1le5

1e6

1.0 2.5
[} 2.0
fos
g

1.5

80.6
10
E 04
g 0.5
€0.2 :

0.0 0.0

0 2 4 6 8 10 0 25 50 75 100 125 150 175 200
Time (days) Time (days)
(a) Extinctiony = 1.5 (b) Persistence y = 0.2

Figure 4. Fractional approach for different values of the order of the derivative a. Here, the
plasmids loss rate y = 1.5 and R(0) = N — 1 for extinction, and y = 0.2 and R(0) = 1 for
persistence.

5. Discussion

This study addressed antimicrobial resistance (AMR) reversal using three distinct modeling
approaches: deterministic, stochastic, and fractional. By proposing a simplified epidemiological
model hypothetically adapted to represent this phenomenon, this study aimed to analyze the
qualitative properties of these approaches and compare their outcomes. Although the model provided
an interesting framework for exploring AMR reversal, it did not incorporate all the complex dynamics
that underlie the resistance reversal process. This mathematical exercise offered useful outputs to the
strengths and limitations of each modeling perspective in capturing the phenomenon.

The results obtained from the analysis in this study showed that all three models (deterministic,
stochastic, and fractional) are well posed, satisfying the conditions of existence, uniqueness, and
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Figure 5. Stationary mean (histograms) of the stochastic model for different values of y
associated with the persistence of resistant bacteria. The parameter values used are those
from Table 2. Additionally, oo = 1077 and the initial condition R(0) = N — 1. Here, when y
increases, the mean of the stationary distribution shifts to the left.
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invariance within its the domain, and (0, V) refers to the number of resistant bacteria contained in the
population, thus providing the model with coherence and biological relevance. For each of these
models, three thresholds (Kg, K;» and 7(({ , were identified as structurally similar to the basic
reproduction number characteristic of epidemiological models. It was demonstrated that, if these
thresholds are less than one, then the asymptotic stability of the trivial equilibrium point R = 0 is
guaranteed. In the stochastic model, the condition K < 1 also implies that the trivial equilibrium is
stable in probability. In contrast, when these thresholds are greater than one, both the deterministic
and fractional models guarantee the asymptotic stability of the nontrivial equilibrium point.

In relation to the phenomenon of extinction (bacterial clearance), it should be noted that the
modeling in the deterministic and fractional cases is similar. The stochastic model was more detailed
and presented more scenarios. The existence of the stationary measure in the stochastic case provides
a probabilistic framework that allows for a better understanding of the evolution of AMR.

To validate the theoretical models, our numerical experiments focused on the AMR of Escherichia
coli to colistin, a last-resort antibiotic for infections caused by multidrug-resistant gram-negative
bacteria (MDR-GNB). By analyzing the extinction and persistence of resistant bacteria in relation to
different plasmid loss rates (y) and the intensity of stochastic noise (o), we observed that the
threshold parameter K is critical to determine whether a resistant population goes extinct or persists.
When K, < 1 and y increase, plasmid loss becomes more frequent and accelerates the extinction of
resistant bacteria, as the cost of maintaining the plasmid outweighs the adaptive benefits. In contrast,
under persistent conditions (K, > 1 and y < 1), bacteria manage to maintain the plasmid, thus
showing early stabilization in both deterministic and fractional models, as well as a persistent level of
resistance in the stochastic model, even with small fluctuations. This suggests that plasmid retention
is key to maintaining resistance in an environment with continuous antibiotic exposure, where a lower
plasmid loss rate allows resistance to persist over time.

Furthermore, by incorporating the memory of prior exposure to antibiotics (evolutionary pressure)
through the fractional approach, represented by the parameter a, it was observed that higher values
of « intensified the response of the bacterial population. In the extinction case, high values of «
facilitate a more rapid decline in the resistant population due to memory effects in the system, which
reinforces the response to plasmid loss pressure. In the case of persistence, high values of a allow
for a more efficient and rapid stabilization of the resistant population, thus demonstrating that the
history of antibiotic exposure and the regulation of resistance genes (such as the reduction of porins or
increased expression of efflux pumps) have an accumulating and relevant effect on bacterial adaptation.
These findings highlight the importance of biological memory in AMR, as the adaptation of E. coli to
antibiotic stress is not solely dependent on the current conditions, but is strongly influenced by the
history of prior exposure, thus implying that antibiotic control strategies could leverage this effect to
reverse resistance in bacterial populations.

The results of this study provide an important basis for the qualitative analysis of SIS-type
mathematical models in general and set the stage for future research aimed at applying these findings
to broader and more complex epidemiological studies. Despite the relevance of these results, this
study has some limitations. First, one of the most important limitations is the assumption of a
constant population, whereas in a realistic scenario, these bacteria can grow or decline depending on

the environmental conditions and other factors. Second, the function g(R) = is a functional

response adapted from the literature and may not specifically represent the transfer (acquisition and
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loss) of plasmids. Nevertheless, it was proposed in [18] a general formulation for the stochastic case.

However, without significant challenges, similar results can be obtained with function 4, which
possess the properties determined in [18]. Third, the simplification of the model regarding the
environmental conditions and population structure. In our approach, we assumed a homogeneous
bacterial population and constant external conditions such as nutrient availability and antibiotic
pressure. However, in real-world scenarios, factors such as environmental heterogeneity, competition
between different bacterial strains, and fluctuations in antibiotic exposure can significantly influence
the resistance dynamics. Including these factors in the model could offer a more detailed perspective
and allow for a better representation of the complex interactions in bacterial systems exposed to
antibiotics.

This study raises open questions for future research. A key area is the explicit calculation of the
mean and variance of the stationary measure in the stochastic model (2.3). The other is to identify the
specific conditions under which R = 0 becomes an unstable equilibrium point in the probability.
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Appendix

Stability

Definition .1. Equilibrium point of an ordinary differential equation.
Consider the ordinary differential equation:

dx
i b(x), (A.1)

where b is a continuous function on a non-empty interval I C R, and let ¢ € 1. We say that € is an
equilibrium point of (A.1), or that € is a trivial solution of (A.1), if and only if b(¢) = 0.

Definition .2. Stability of an equilibrium point of an ordinary differential equation.
Let & be an equilibrium point of (A.1). We say that:
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1) € is a stable equilibrium point of (A.1) if and only if for every € > 0, there exists 6 > 0 such that
for all xq € I, with |xy — &| < 6, we have:

|x(t; x0) — €&l <€, forallteRy.

Otherwise, we say that & is an unstable equilibrium point of (A.1).
2) & is an asymptotically stable equilibrium point of (A.1) if and only if & is a stable equilibrium
point of (A.1) and there exists 6 > 0 such that for all xy € I with |xy — &| < 6, we have:

lim x(z; xp) = &.
1—00

3) & is a globally asymptotically stable equilibrium point of (A.1) if and only if & is a stable
equilibrium point of (A.1) and for all xy € I, we have:

lim x(z; xp) = &.
1—00
Here, x(t; xo) represents the global solution x of (A.1) that starts at x, at time t.

Definition .3. Equilibrium point of a stochastic differential equation.
Consider the stochastic differential equation:

dX = b(X)dt + o(X) dB(1), (A.2)

where b and o are continuous functions on an interval I C R, B is a Brownian motion on a probability
space (Q,F,P), and let ¢ € 1. We say that ¢ is an equilibrium point of (A.2), or that & is a trivial
solution of (A.2), if and only if b(¢) = o(€) = 0.

Definition .4. Stability of an equilibrium point of a stochastic differential equation.
Let & be an equilibrium point of (A.2). We say that:

1) € is a stable equilibrium point in probability of (A.2) if and only if for every € > 0 and r € (0, 1)
there exists a & > 0 such that for all xy € 1, |xo — &| < 6, it holds that

P(IX(.t:x0) =€l <€, forallt €RY) > 1—r.

In the contrary case, we say that & is an unstable equilibrium point of (A.2).

2) & is an asymptotically stable equilibrium point in probability of (A.2) if and only if € is a stable
equilibrium point in probability of (A.2) and for every r € (0, 1) there exists a 6 > 0 such that for
all xy € 1, |xg — €| < 6, it holds that

B lim X(., 15 xo) = £ 21-r

3) & is a globally asymptotically stable equilibrium point in probability of (A.2) if and only if £ is a
stable equilibrium point in probability of (A.2) and for all x, € 1, it holds that

P(lim X(-,1; xp) = £) = 1.
1—00
Where X (-, t; xo) represents the global solution X of (A.2) that starts at x, at time t.
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Definition .5. Equilibrium point of a fractional differential equation.
Consider the fractional differential equation:

d®x

— = b(x), A3

o (x) (A.3)
where b is a continuous function on a non-empty interval I of R, a € (0, 1), and let ¢ € 1. We say that &

is an equilibrium point of (A.3) or that & is a trivial solution of (A.3) if and only if b(¢) = 0.

Definition .6. Stability of an equilibrium point of a fractional differential equation.
Let & be an equilibrium point of (A.3). We say that:

1) € is a stable equilibrium point of (A.3) if and only if for every € > 0, there exists a 6 > 0 such that
for every xy € I, |xy — &| < 0, it holds that

|x(t; x0, @) — €| < €, forallt € R}.

Otherwise, we say that & is an unstable equilibrium point of (A.3).
2) & is an asymptotically stable equilibrium point of (A.3) if and only if ¢ is a stable equilibrium
point of (A.3) and there exists 6 > 0 such that for every xy € I, |xo — €| < 6, it holds that

lim x(t; xp, @) = €.
—o0

3) & is a globally asymptotically stable equilibrium point of (A.3) if and only if ¢ is a stable
equilibrium point of (A.3) and for every x, € 1, it holds that

lim x(t; xp, @) = &.
t—00
where x(t; xo, @) represents the global solution x of (A.3) that starts at x, at time t.
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