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Abstract: The effectiveness of isolation strategies against emerging infectious diseases (EIDs) is
critically undermined by two interacting factors: Limited resource capacity and imperfect public
compliance, yet their combined impact remains poorly quantified. We develop an ordinary differential
equation (ODE) model incorporating a saturation function for resource limits and a compliance
parameter (ϵ) to quantify their nonlinear interaction. Theoretical analysis reveals a resource-driven
backward bifurcation, indicating that reducing a basic reproduction number R0 below 1 is necessary
but may be insufficient for disease elimination when isolation capacity is critically low. Numerically,
we identify a counterintuitive paradox: High compliance amplifies the infection risk when isolation
resources are severely constrained. The simulation results classify the dynamic regimes under various
parameter settings and reveal the qualitative impact of different isolation strategies. The study finds that
increasing isolation resources, combined with a certain level of compliance, significantly reduces the
infection risk and aids in disease control. Notably, specific transmission patterns emerge when isolation
resources are inadequate, resulting in elevated infection risks even when compliance is high. Our
results underscore the imperative of synchronizing resource allocation with behavioral interventions,
particularly during early outbreak stages, providing a framework for precision public health strategies.
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1. Introduction

Infectious diseases remain a major global health burden, causing over 15 million deaths
annually—more than a quarter of global mortality [1]. Emerging infectious diseases (EIDs), defined
as infections newly appearing or rapidly increasing in incidence or geographic range [1], include
dengue fever, Influenza A (H1N1), Crimean-Congo hemorrhagic fever (CCHF), acute hepatitis in
children, atypical pneumonia (SARS), and COVID-19. Such EIDs not only threaten public health but
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also impose significant economic burdens worldwide [2–5], underscoring the critical need to study
their disease transmission dynamics for guiding effective intervention strategies [6–8].

Globally, public health responses to EIDs commonly feature isolation, quarantine, contact tracing,
and vaccination [9–14]. Isolation remains a cornerstone strategy that reduces contact rates and
interrupts transmission pathways, playing a pivotal role in epidemic control [7, 15–19]. However,
sudden outbreaks often strain existing healthcare systems, leading to insufficient isolation capacity
that undermines containment efforts [20]. The COVID-19 pandemic starkly revealed the consistent
limitation of isolation resources globally. For instance, the Chinese Center for Disease Control and
Prevention (CDC) reported severe shortages [21], and New Zealand faced a critical gap with only
approximately 6,000 isolation rooms available over an eight-week period [22]. Similar shortages were
observed in South Korea, Italy, Spain, and Iran [23], demonstrating that limited isolation resources are
a widespread global challenge. This study therefore first investigates how inadequate isolation
resource capacity shapes an epidemic’s dynamics and control.

The effectiveness of isolation also heavily depends on individual compliance. Factors such as
household co-infection, mild or asymptomatic infections, and limited information accessibility
decrease compliance with isolation protocols [24]. Even with legal enforcement or financial
incentives, noncompliance persists [25, 26]. For instance, Steens et al. [27] documented age-related
variations in isolation compliance, highlighting significant demographic heterogeneity. Addressing
the impact of isolation compliance on an epidemic’s transmission constitutes the second key focus of
this work.

In practice, limited isolation resources and low public compliance often coexist, creating a
synergistic limitation on disease control for which the combined impact remains poorly quantified.
However, these studies often treat resource constraints and behavioral compliance in isolation. The
coupled effects of these factors, particularly their nonlinear interaction leading to emergent dynamics
like backward bifurcation, lack theoretical quantification. This gap motivates our systematic
investigation into how these factors jointly influence transmission of infectious diseases and the
design of effective interventions.

Mathematical modeling serves as a fundamental framework for analyzing infectious disease
dynamics, offering critical insights since the seminal work of Kermack and McKendrick [28, 29]. It
provides a quantitative tool to analyze an epidemic’s transmission behavior, evaluate intervention
strategies, and reveal counterintuitive dynamics that are difficult to discern through empirical methods
alone. Recent studies have incorporated limited isolation capacity into compartmental models to
better represent real-world constraints [30–33]. Ahmad and Seno [30] pioneered a Filippov-type
susceptible-infectious-recovered-quarantined (SIRQ) model with piecewise smooth isolation capacity
constraints, while Fu and Seno [31] extended this via delay-differential equations in their
susceptible-infectious-recovered-infectious-quarantined (SIRIQ) framework to capture temporal
resource allocation effects, which are approaches that neglect behavioral heterogeneity. In contrast to
their model, which does not account for isolation compliance, we incorporate a compliance parameter
to reveal the rich dynamics arising from the coupling of resource limitations and behavioral
responses. Similarly, Wang et al. [23] used dynamic data-driven models to show that increasing
healthcare resources and intensity of intervention effectively mitigated the spread of and deaths from
COVID-19. In contrast, they independently calibrated resources and compliance, whereas we
quantify the resource-behavior coordination threshold. Optimal control approaches have also been
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developed that address limited isolation capacity, such as the strategy to balance epidemic control and
resource costs proposed by Nenchev [34].

Behavioral compliance significantly affects the effectiveness of isolation. While Gao et al. [26]
developed an ordinary differential equation (ODE) model to assess the combined effect of testing and
isolation compliance, our study focuses specifically on quantifying the nonlinear interaction between
isolation resource constraints (characterized by a saturation function) and isolation compliance.
Statistical studies, such as the multivariate analysis of Foroozanfar et al. [24], have linked high
compliance to outbreak containment, focusing on behavioral factors in conjunction with resource
constraints.

To investigate the influence of these two factors on disease spread patterns, we construct an
infectious disease model that simultaneously incorporates limited isolation capacity and imperfect
compliance. Consequently, we represent resource limitations by a saturated isolation rate function and
behavioral responses by a compliance parameter ϵ. We then derive the global dynamics associated
with the basic reproduction number R0 and analyze how it governs the behavior of the system. By
classifying the dynamic regimes of the model and using numerical simulations in two subcases, we
evaluate various intervention strategies.

Unlike Wang et al. [23], who empirically identified key factors through cross-country data
comparisons, our theoretical approach focuses on intrinsic dynamics. Specifically, we employ
numerical bifurcation analysis to reveal how parameters govern transitions between equilibrium
states. This enables us to quantify resource-dependent tipping points—a critical advance for precision
control.

To bridge this gap, we develop a unified ODE framework that simultaneously incorporates (i)
saturation effects of finite isolation resources, (ii) time-varying compliance, and (iii) their synergistic
impact on epidemic thresholds. This approach rigorously characterizes backward bifurcation as an
emergent property of resource–behavior coupling (Theorem 3.4) and derives operational thresholds
for resource allocation (Section 4.2).

The paper is organized as follows: Section 2 introduces the compartmental model with saturated
isolation rates and compliance parameters. Section 3 presents the main theoretical results including the
threshold dynamics and a bifurcation analysis. Section 4 provides numerical simulations exploring the
parameter effects and isolation delays. Section 5 concludes with a discussion and future directions.

2. Model formulation

We develop a deterministic model to analyze the influence of isolation on the disease spread trends.
The population is divided into five compartments: Susceptible individuals (S ), infected individuals
awaiting test results (IT ), untested or nonisolated infected individuals (I), isolated infected individuals
(LI), and recovered individuals (R).

Referring to [26], we assume that all newborns and individuals entering the population are
susceptible, and they enter the susceptible compartment S at a recruitment rate of Λ. A proportion σ
of new infections are tested, and infected individuals awaiting test results leave the compartment IT at
a rate θ. Among them, a proportion ϵ fail to isolate themselves and transition to the compartment I,
while the remaining individuals move to the isolation compartment LI at a rate of (1 − ϵ)θ. The initial
conditions are S (0) > 0, IT (0) > 0, I(0) > 0, LI(0) > 0, R(0) > 0, and the total population is given by
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N(t) = S (t) + IT (t) + I(t) + LI(t) + R(t). All other parameters are assumed to be non-negative. The
parameters of the model are shown in Table 1. Our model is based on the following assumptions.

• In our formulation, the LI compartment represents perfect isolation with no secondary infections,
and individuals in the IT compartment are less infectious while awaiting test results compared with
those in the I compartment. Specifically, they are less infectious with a probability ρ. Therefore,
the infection rate is given by:

λ(t) =
β
(
ρIT (t) + I(t)

)
N(t) − LI(t)

.

• We assume perfect testing (no false positives or negatives). This assumption allows us to focus
specifically on the interplay between resource constraints and compliance behavior. In reality,
false negatives would increase the pool of unisolated infectious individuals, potentially
exacerbating transmission. We incorporate a saturated isolation rate, inspired by [35], which
takes the form (1 − ϵ)θIT (t)/(1 + δIT (t)). Here, δ is a positive constant that quantifies the
limitation level of isolation resources.

Table 1. Descriptions and values of parameters involved in the model (2.1).

Parameter Description Value Units Reference

Λ
Recruitment rate (new individuals entering the

population)
1762 persons day−1 [36]

β Transmission rate of infected individuals 0.25 day−1 Assumed
σ Proportion of infections that are tested 0.85 – [26]
ϵ Proportion of infected individuals not isolated 0.1, 0.3, 0.5 – [26]
1 − ϵ Compliance rate for isolation 0.9, 0.7, 0.5 – [26]

θ
Rate of leaving the test result waiting period

(inverse of average waiting time)
0.333 day−1 [26]

γI Recovery rate of nonisolated infected individuals 0.12 day−1 Estimated from [26]

ρ
Reduction factor of infectiousness due to

testing/isolation
0.7 – Estimated from [26]

δ Isolation resource efficiency parameter 0.0001–0.01 persons−1 [37]
µ Natural death rate 0.0107 year−1 [36]
µI Mortality rate of nonisolated infected individuals – day−1 –
µLI Mortality rate of isolated infected individuals – day−1 –
γLI Recovery rate of isolated infected individuals – day−1 –

Motivated by Gao et al. [26], and based on our assumptions, we derive a general model (2.1) that
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incorporates saturated isolation rates.
dS
dt
= Λ − λ(t)S (t) − µS (t),

dIT

dt
= σλ(t)S (t) − (µ + µI)IT (t) − ϵθIT (t) −

(1 − ϵ)θIT (t)
1 + δIT (t)

,

dI
dt
= (1 − σ)λ(t)S (t) + ϵθIT (t) − (µ + µI + γI)I(t),

dLI

dt
=

(1 − ϵ)θIT (t)
1 + δIT (t)

− (µ + µLI + γLI )LI(t),

dR
dt
= γI I(t) + γLI LI(t) − µR(t),

(2.1)

where λ(t) = β(ρIT (t) + I(t))/(N(t) − LI(t)).
The model is described by a system of ODEs as follows, and the corresponding flowchart is shown

in Figure 1.

Figure 1. The schematic diagram of Model (2.1), which captures limited isolation capacity
and isolation compliance.

To justify further simplification, we first analyze the total population dynamics. Summing all
equations in Model (2.1) gives

dN(t)
dt
= Λ − µN(t) − µI I(t) − µLI LI(t) − µI IT (t).

According to reports from the Tianjin CDC [38] and the Chinese CDC [21], the disease-induced
mortality is less than 0.1%. The parameter sensitivity analysis of the basic reproduction number in
Model (2.1) is presented in the Supplementary materials. Consequently, we set µI = 0 and µLI = 0,
leading to

dN(t)
dt
= Λ − µN(t), with lim

t→∞
N(t) =

Λ

µ
.

Furthermore, since World Health Organization (WHO) data [37] indicates that the number of isolated
individuals is negligible compared with the total population, the infection force can be approximated
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as λ(t) = β(ρIT (t)+ I(t))/N(t). Under the assumption of a constant total population N = Λ/µ at a steady
state, the infection force simplifies to λ(t) = µβ(ρIT (t) + I(t))/Λ.

With the abovementioned simplifications, we reduce Model (2.1) to the following system:

dS
dt
= Λ − λ(t)S (t) − µS (t),

dIT

dt
= σλ(t)S (t) − µIT (t) − ϵθIT (t) −

(1 − ϵ)θIT (t)
1 + δIT (t)

,

dI
dt
= (1 − σ)λ(t)S (t) + ϵθIT (t) − (µ + γI)I(t),

dLI

dt
=

(1 − ϵ)θIT (t)
1 + δIT (t)

− (µ + γLI )LI(t),

dR
dt
= γI I(t) + γLI LI(t) − µR(t),

(2.2)

where λ(t) = µβ(ρIT (t) + I(t))/Λ.
Since the LI and R compartments decouple from the rest, we focus on the following reduced three-

dimensional system for subsequent analysis:

dS
dt
= Λ − λ(t)S (t) − µS (t),

dIT

dt
= σλ(t)S (t) − µIT (t) − ϵθIT (t) −

(1 − ϵ)θIT (t)
1 + δIT (t)

,

dI
dt
= (1 − σ)λ(t)S (t) + ϵθIT (t) − (µ + γI)I(t),

(2.3)

with λ(t) = µβ(ρIT (t) + I(t))/Λ.

3. Model analysis

A comprehensive theoretical investigation is carried out in this section for Model (2.3), which
incorporates saturated isolation rates. First, we demonstrate that all state variables remain
non-negative and bounded for non-negative initial conditions, indicating that Model (2.3) is
mathematically well-posed (Theorem 3.1). Subsequently, by employing the next-generation matrix
(NGM) method, we derive the basic reproduction number R0 and examine the local stability of the
disease-free equilibrium (DFE) (Theorems 3.2 and 3.3). The existence of endemic equilibrium (EE) is
further explored, and criteria for the emergence of backward bifurcation are derived (Theorem 3.4). In
addition, we prove the uniform persistence of the disease (Theorem 3.6). Finally, we explore how
changes in R0 affect the qualitative behavior of the system, thereby offering a comprehensive
characterization of the disease dynamics.

3.1. Well-posedness of the solutions

From a biological standpoint, the population variables should remain non-negative and bounded at
all times. In this subsection, we prove the positivity and boundedness of the solutions of Model (2.3),
thereby establishing the well-posedness of Model (2.3).

Mathematical Biosciences and Engineering Volume 22, Issue 12, 3262–3294.



3268

Theorem 3.1. Model (2.3) admits a unique, bounded solution for all t ≥ 0, given initial conditions
within the domain

D =
{

(S , IT , I) ∈ R3
+

∣∣∣ S + IT + I ≤
Λ

µ

}
.

Furthermore, the compact set D is positively invariant under the flow of Model (2.3).

Proof. Positivity: Integrating the first equation of Model (2.3) yields

S (t) = e
∫ t

0

[
µβ
Λ

(
ρIT (x)+I(x)

)
−µ

]
dx

(
S 0 +

∫ t

0
λ e−

∫ s
0

[
µβ
Λ

(
ρIT (x)+I(x)

)
−µ

]
dx ds

)
> 0.

Thus, S (t) > 0 for all t ≥ 0. For the second equation, after suitable estimation, we have

dIT

dt
= σλ(t)S (t) − µIT − ϵθIT −

(1 − ϵ)θIT

1 + δIT
≥ σλ(t)S (t) − µIT − ϵθIT − (1 − ϵ)θIT .

Consequently

IT (t) ≥ e
∫ t

0

[
σµβρS (x)
Λ
−µ−θ

]
dx

(
IT (0) +

∫ t

0

σµβ

Λ
I(s)S (s)e−

∫ s
0

[
σµβρS (x)
Λ
−µ−θ

]
dxds

)
.

Integrating the third equation gives

I(t) = e
∫ t

0

[ (1−σ)µβS (x)
Λ

−µ−γI
]
dx

×

(
I(0) +

∫ t

0

[ (1 − σ)µβρ
Λ

IT (s)S (s) + ϵθIT (s)
]
e−

∫ s
0

[ (1−σ)µβS (x)
Λ

−µ−γI
]
dxds

)
.

(3.1)

Since the initial conditions are non-negative, a sufficiently small constant t0 > 0 exists such that
IT (0) > 0 and I(0) > 0 for all t ∈ [0, t0). Next, we need to prove that IT (t) > 0 and I(t) > 0 for all t ≥ 0.
Otherwise, some t1 > 0 exists such that min{IT (t1), I(t1)} = 0 and min{IT (t), I(t)} > 0 for all t ∈ (0, t1).
Without loss of generality, we assume I(t1) = 0. From the left-hand side of the equation (3.1), we have
I(t1) = 0, which contradicts I(t1) > 0 obtained from the right-hand side of the equation. Therefore,
I(t) > 0 for all t ≥ 0. Similarly, we can easily show that IT (t) > 0 for all t ≥ 0.

We consider the combined form of the three equations to verify the boundedness of the system.

dW
dt
= Λ − µS (t) − µIT (t) −

(1 − ϵ)θIT (t)
1 + δIT (t)

− (µ + γI)I(t) ≤ Λ − µW(t),

where W(t) = S (t) + IT (t) + I(t). By comparison with the differential inequality dW
dt ≤ Λ − µW(t), we

conclude that lim supt→∞W(t) ≤ Λ/µ. Thus, the feasible region is given by

D = {(S , IT , I) ∈ R3
+ | S + IT + I ≤ Λ/µ},

which is positively invariant. This proof is complete.
□
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3.2. Disease-free equilibrium and basic reproduction number

This subsection derives the DFE of Model (2.3), calculates R0 using the NGM method, and analyzes
the local and global stability conditions of the DFE.

Model (2.3) possesses a DFE, denoted E0 = (S 0, 0, 0), where S 0 = Λ/µ. In Model (2.3), the infected
compartments are IT and I. According to the NGM method [39], the new infection terms F and the
transition termsV for these compartments are defined as follows:

dIT

dt
dI
dt

 = F (IT , I) −V(IT , I) =


σµβ(ρIT + I)S

Λ
(1 − σ)µβ(ρIT + I)S

Λ

 −
(µ + ϵθ)IT +

(1 − ϵ)θIT

1 + δIT

(µ + γI)I − ϵθIT

 .
Linearizing the system around E0 = (Λ/µ, 0, 0), we obtain the Jacobian matrices of new infections F
and transitions V as

F = DF (IT , I)
∣∣∣
E0
=

 σρβ σβ

(1 − σ)ρβ (1 − σ)β

 , V = DV(IT , I)
∣∣∣
E0
=

µ + θ 0

−ϵθ µ + γI

 .
The NGM is given by K = FV−1. We now compute V−1 and FV−1

V−1 =


1
µ + θ

0

ϵθ

(µ + θ)(µ + γI)
1
µ + γI

 , FV−1 =


Z

σβ

µ + γI

Z1
(1 − σ)β
µ + γI

 .
where

Z =
σρβ

µ + θ
+

ϵθσβ

(µ + θ)(µ + γI)
, and Z1 =

(1 − σ)ρβ
µ + θ

+
ϵθ(1 − σ)β

(µ + θ)(µ + γI)
.

The basic reproduction number R0, defined as the spectral radius of the NGM K = FV−1, is given by
the dominant eigenvalue of K, obtained from solving its characteristic equation det(K − λI) = 0. By
calculating the expression for R0 as follows:

R0 =
(1 − σ)β
µ + γI

+
σρβ

µ + θ
+

ϵθσβ

(µ + θ)(µ + γI)
,

represents the average number of secondary infections generated by a single infectious case in a
population of entirely susceptible individuals [40].

Theorem 3.2. The DFE E0 of Model (2.3) is locally asymptotically stable if R0 < 1, and unstable if
R0 > 1.

Proof. To analyze the local stability of E0, we compute the Jacobian matrix of Model (2.3) evaluated
at E0. It is given by

J(E0) =


−µ −βρ −β

0 σβρ − µ − θ σβ

0 ϵθ − βρ(σ − 1) (1 − σ)β − (µ + γI)

 .
Mathematical Biosciences and Engineering Volume 22, Issue 12, 3262–3294.



3270

By expanding the characteristic polynomial along the first column, it is straightforward to observe
that λ1 = −µ is an eigenvalue. The remaining two eigenvalues are the roots of the characteristic
polynomial of the submatrix

J1 =

(
σβρ − µ − θ σβ

ϵθ − βρ(σ − 1) (1 − σ)β − (µ + γI)

)
.

The trace and determinant of J1 are given by

Tr(J1) = σβρ − µ − θ + (1 − σ)β − µ − γI ,

Det(J1) = (µ + θ)(µ + γI) − σβρ(µ + γI) − (1 − σ)β(µ + θ) − σβϵθ.

From R0 < 1 and the non-negativity of all its components, we can draw two key conclusions. First,
each individual term in the decomposition must be less than 1. We can obtain

(1 − σ)β < µ + γI , σρβ < µ + θ.

Using these two inequalities, we can further deduce that Tr(J1) < 0. Second, multiplying both sides of
R0 < 1 by (µ + θ)(µ + γI) (as epidemiological parameters are positive) gives

(µ + θ)(µ + γI) > σβρ(µ + γI) + (1 − σ)β(µ + θ) + σβϵθ.

From this, it follows that Det(J1) > 0.
The E0 is locally asymptotically stable when Tr(J1) < 0 and Det(J1) > 0, which occurs precisely

when R0 < 1. Hence, the DFE is locally stable if and only if R0 < 1. This proof is complete. □

Theorem 3.3. The DFE E0 of Model (2.3) is globally asymptotically stable if R0 < R∗, where

R∗ =
(1 − σ)β(µ + θ) + (µ + ϵθ)

[
(µ + γI) − (1 − σ)β

]
(µ + θ)(µ + γI)

< 1.

Proof. To prove the global asymptotic stability of E0, we construct the following Lyapunov function
L = l1IT + l2I. To eliminate all coefficients of terms involving I in the inequality satisfied by dL

dt (i.e., to
make their sum zero), we set the coefficients of the Lyapunov function L = l1IT + l2I (where l1, l2 > 0
are undetermined coefficients) as follows: l1 = 1, l2 =

σβ

(µ+γI )−(1−σ)β .
Taking the derivative of L along the trajectories of system (2.3) gives

dL
dt
= l1

dIT

dt
+ l2

dI
dt

= σλS − (µ + ϵθ)IT −
(1 − ϵ)θIT

1 + δIT
+ l2

[
(1 − σ)λS + ϵθIT − (µ + γI)I

]
≤ σλS 0 − (µ + ϵθ)IT + l2

[
(1 − σ)λS 0 + ϵθIT − (µ + γI)I

]
= σβ(ρIT + I) − (µ + ϵθ)IT +

σβ

(µ + γI) − (1 − σ)β
[
(1 − σ)β(ρIT + I) + ϵθIT − (µ + γI)I

]
=

[
R0 ·

(µ + θ)(µ + γI)
(µ + γI) − (1 − σ)β

]
IT −

[ (1 − σ)β(µ + θ) + (µ + ϵθ)
[
(µ + γI) − (1 − σ)β

]
(µ + γI) − (1 − σ)β

]
IT .
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Hence, dL
dt ≤ 0 whenever

R0 < min
(
(1 − σ)β(µ + θ) + (µ + ϵθ)

[
(µ + γI) − (1 − σ)β

]
(µ + θ)(µ + γI)

, 1
)
.

To show that this upper bound is less than one, we compute

(1 − σ)β(µ + θ) + (µ + ϵθ)
[
(µ + γI) − (1 − σ)β

]
− (µ + θ)(µ + γI) = θ(1 − ϵ)(β − σβ − µ − γI).

Since R0 < 1, we get l2 > 0 and β − σβ − µ − γI > 0; thus the expression above is negative, which
implies that R∗ < 1.

Furthermore, dL
dt = 0 if and only if (iff) IT = 0 and I = 0. Therefore, the largest compact invariant set

contained in {(IT , I) : dL
dt = 0} is the singleton E0. By LaSalle’s invariance principle [41], we conclude

that the DFE is globally asymptotically stable whenever R0 < R∗. This completes the proof. □

3.3. Existence of endemic equilibrium

In this subsection, we establish the existence of the endemic equilibrium for Model (2.3). Owing
to the complexity of the expressions involved, we focus on proving the existence of the equilibrium
rather than deriving its explicit form [42].

By defining E∗ = (S ∗, I∗T , I
∗) as the endemic equilibrium and solving the steady-state equations of

Model (2.3), we derive S ∗ and I∗ in functions of I∗T

S ∗ =
σΛ − (µ + ϵθ)δI2

T + σΛδIT − (µ + θ)IT

σµ(1 + δIT )
.

I∗ =
(µ + ϵθ)δβρI3

T +
(
−σΛδβρ + µβρ + µδΛ + ϵθΛδ + θβρ

)
I2
T

Λσβ − (µ + ϵθ)δβI2
T + σΛβδIT − (µ + θ)βIT

+
(−σΛβρ + Λµ + Λθ)IT

Λσβ − (µ + ϵθ)δβI2
T + σΛβδIT − (µ + θ)βIT

.

By summing the second and third equations of Model (2.3) and substituting the expressions above, we
obtain a cubic equation in I∗T of the form

f (I∗T ) = s(I∗T )3 + p(I∗T )2 + qI∗T + r = 0,

where

s = (µ + ϵθ)
[
σδ2βµ − δ2βµ − δ2βϵθ − σδ2βρ(µ + γI)

]
,

p = (µ + ϵθ)
[
−2(µ + θ)δβ + Λσδ2β + σ(µ + γI)δβρ

]
+ σ(µ + γI)

[
−Λσδ2βρ + µβρδ + Λµδ2 + ϵθΛδ2 + θβρδ

]
,

q = Λσδβθ(1 − ϵ) + 2Λσδβ(µ + ϵθ) − µδ
− (µ + θ)2β + σ(µ + γI)

(
−2Λσδβρ + µβρ + 2µδΛ + ϵθδΛ + θβρ + θΛδ

)
,

r = Λσβ(µ + θ) + σ(µ + γI)(−Λσβρ + µΛ + θΛ) − µ − (1 − ϵ)θ.

Clearly, the leading coefficient s is always negative. We observe that the sign of the constant term r
corresponds to the sign of R0−1: when R0 < 1, r > 0; and when R0 > 1, r < 0. According to Descartes’
rule [43], the number of positive real roots equals the number of sign changes in the coefficients or is
less than that given by an even number. Hence, the number of endemic equilibria depends on the values
of the system’s parameters and R0, as shown in Table 2.
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Table 2. Existence of the endemic equilibrium of Model (2.3).

Case s p q r R0
Number of

changes in sign
Number of

positive roots

1 - + + + R0 > 1 1 1
2 - + + - R0 < 1 2 0, 2
3 - + - + R0 > 1 3 1, 3
4 - + - - R0 < 1 2 0, 2
5 - - + + R0 > 1 1 1
6 - - + - R0 < 1 2 0, 2
7 - - - + R0 > 1 1 1
8 - - - - R0 < 1 0 0

3.4. Existence of backward bifurcation

As shown in Table 2, Model (2.3) undergoes a backward bifurcation. In this subsection, we provide
a formal proof of the existence of this backward bifurcation.

Theorem 3.4. Two positive equilibria occur in Model (2.3) when R0 < 1; at R0(β) = 1, a backward
bifurcation occurs.

Proof. We will now apply the center manifold theorem, as described by Castillo-Chavez and Song [44],
to demonstrate the existence of a backward bifurcation. First, we set x1 = S , x2 = IT , and x3 = I. The
system of equations corresponding to Model (2.3) is given by

dx1

dt
= Λ − λ(t)x1 − µx1,

dx2

dt
= σλ(t)x1 − µx2 − ϵθx2 −

(1 − ϵ)θx2

1 + δx2
,

dx3

dt
= (1 − σ)λ(t)x1 + ϵθx2 − (µ + γI)x3,

(3.2)

where λ(t) = µβ(ρx2(t) + x3(t))/Λ.
We choose β as a bifurcation parameter. The critical value β∗, satisfying R0(β∗) = 1, is

β∗ =
(µ + θ)(µ + γI)

σρ(µ + γI) + ϵθσ + (1 − σ)(µ + θ)
.

The DFE is given by E∗0 =
(
x∗1, 0, 0

)
, where x∗1 = Λ/µ. The linearization at the DFE for β = β∗ is given

by (see (3.2))

J(β∗) =


−µ −β∗ρ −β∗

0 σβ∗ρ − µ − θ β∗σ

0 ϵθ − β∗ρ(σ − 1) (1 − σ)β∗ − (µ + γI)

 .
The eigenvalues of the Jacobian matrix at the DFE are found by solving the characteristic equation∣∣∣J(β∗) − λI3×3

∣∣∣ = 0. The eigenvalues are given by λ1 = −µ, λ2 = 0, and λ3 = σβ
∗ρ + (1 − σ)β∗ − (µ +
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θ)− (µ+γI). Hence, 0 is a simple eigenvalue. To compute the right eigenvector ω⃗, we solve J(β∗)ω⃗ = 0,
assuming ω⃗ = (x, y, z). Similarly, the left eigenvector ν⃗ is computed by solving ν⃗J(β∗) = 0. We set
ν⃗ = (ν1, ν2, ν3). By calculation, we obtain the following expression:

ω⃗ =

(
(µ + θ)β∗

µ
,−β∗σ, β∗σρ − (µ + θ)

)
,

ν⃗ = (0, β∗ρ(σ − 1) − ϵθ, β∗σρ − (µ + θ)) .

Using the algebraic operations for a and b as described in Castillo-Chavez and Song [44], we
compute

a =
3∑

k,i, j=1

vkwiw j
∂2 fk

∂xi∂x j
(E0), b =

3∑
k,i=1

vkwi
∂2 fk

∂xi∂β∗
(E0).

By calculation, we obtain the following expression:

a =
[
β∗ρ(σ − 1) − ϵθ

]
·

[
2

(µ + θ)β∗

µ
(−β∗σ)

β∗σρµ

Λ
+2

(µ + θ)β∗

µ
(β∗σρ−µ−θ)

β∗σµ

Λ
+β∗2σ2(−2δθ(1−ϵ))

]
,

b =
[
β∗ρ(σ − 1) − ϵθ

]
·
[
−β∗σ2ρ + (β∗σρ − µ − θ)σ

]
+(β∗σρ−µ−θ)·

[
−β∗σρ(1 − σ) + (β∗σρ − µ − θ)(1 − σ)

]
.

Substituting β∗ into the expressions for a and b, we find that a > 0 and b > 0. According to the
Castillo-Chavez and Song bifurcation theorem [44], this implies the existence of backward bifurcation
at R0(β) = 1. This completes the proof. □

Remark 3.5. The occurrence of a backward bifurcation indicates that achieving R0 = 1 may not
guarantee elimination of the disease. Numerical simulations in Section 4 further demonstrate the
occurrence of this phenomenon.

3.5. Uniform persistence of the disease

Systemic persistence indicates the disease cannot be eradicated and will remain endemic above a
certain threshold, complementing the scenario of a stable DFE and providing a theoretical basis for
classifying the long-term dynamics in numerical simulations. In this subsection, we aim to prove the
consistent persistence of Model (2.3) conditional on R0 > 1, i.e., when R0 > 1, disease persists in the
population [45].

Theorem 3.6. If R0 > 1, the disease in Model (2.3) is uniformly persistent. That is, a positive constant
ϵ0 > 0 exists such that, for all initial values (S (0), IT (0), I(0)) ∈ R3

+, the solutions of Model (2.3) satisfy

lim inf
t→∞

S (t) ≥ ϵ0, lim inf
t→∞

IT (t) ≥ ϵ0, lim inf
t→∞

I(t) ≥ ϵ0,

lim sup
t→∞

S (t) ≤
Λ

µ
, lim sup

t→∞
IT (t) ≤

Λ

µ
, lim sup

t→∞
I(t) ≤

Λ

µ
.

Proof. Define

X = {(S , IT , I) | S ≥ 0, IT ≥ 0, I ≥ 0},
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X0 = {(S , IT , I) | S ≥ 0, IT ≥ 0, I > 0},
∂X0 = X \ X0.

To prove uniform persistence of the system (2.3) with respect to (X0, ∂X0), we first note that both X
and X0 are positively invariant due to the structure of the model. Additionally, ∂X0 is relatively closed
in X, and the system is point-dissipative. Set

M∂ = {(S (0), IT (0), I(0)) : (S (t), IT (t), I(t)) ∈ ∂X0, ∀t ≥ 0} .

We show that M∂ = {(S , 0, 0) | S ≥ 0}. Assume that (S (0), IT (0), I(0)) ∈ M∂. It is sufficient
to demonstrate that IT (t) = 0 and I(t) = 0 for all t ≥ 0. Otherwise, t0 ≥ 0 exists such that either
IT (t0) > 0, I(t0) = 0 or IT (t0) = 0, or I(t0) > 0. For the case IT (t0) > 0 and I(t0) = 0, we get

dI
dt

(t0) = (1 − σ)
µβ

Λ
ρIT (t0)S (t0) + ϵθIT (t0) > 0.

Therefore, a positive constant ϵ0 > 0 exists such that IT (t) > 0 for t0 < t < t0 + ϵ0. This proves that
(S (t), IT (t), I(t)) < ∂X0 for t0 < t < t0 + ϵ0, which contradicts the assumption that (S (0), IT (0), I(0)) ∈
M∂. Similar contradictions arise in the remaining cases, leading to the conclusion that M∂ = {(S , 0, 0) |
S ≥ 0}.

It is worth noting that E0 is globally asymptotically stable in Int M∂ and forms an isolated invariant
set in X. Therefore, Ws(E0) ∩ X0 = ∅. Every orbit in M∂ converges to E0, and E0 is acyclic in M∂. We
claim that Ws(E0) ∩ X0 = ∅ for R0 > 1. Assuming the contrary, we get Ws(E0) ∩ X0 , ∅, which leads
to the existence of a positive solution for the system (S (t), IT (t), I(t)), where (S (0), IT (0), I(0)) ∈ X0.
Then (S (t), IT (t), I(t))→ E0 as t → ∞ for R0 > 1.

For R0 > 1, we can choose an η > 0 small enough such that R0(1 − η) > 1. When t is sufficiently
large, we then have m − ηm ≤ S (t) ≤ m + ηm. Therefore, we can deduce that the following inequality
is valid:

dIT

dt
(t) ≥ σλ(m − ηm) − (µ + ϵθ)IT − (1 − ϵ)θIT ,

dI
dt

(t) ≥ (1 − σ)λ(m − ηm) + ϵθIT − (µ + γI)I.

Thus, we get a comparison system for the original system, and when the initial values are the same,
the eigenroot of the comparison system is smaller than the eigenroot of the original system. Therefore,
the stability of the comparison system can be judged.

dÎT

dt
(t) = σλ(m − ηm) − (µ + ϵθ)IT − (1 − ϵ)θIT ,

dÎ
dt

(t) = (1 − σ)λ(m − ηm) + ϵθIT − (µ + γI)I.

Define

M =

 σm(1 − η)µβρ
Λ
− µ − θ − λ σ(m − ηm)µβ

Λ

(1 − σ)m(1 − η)µβρ
Λ
+ ϵθ (1 − σ)(m − ηm)µβ

Λ
− (µ + γI) − λ

 .
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Recall that the stability modulus of an n × n matrix M, denoted s(M), is defined as s(M) = max{Re λ :
λ is an eigenvalue of M}, and the characteristic polynomial is |M − λE| = λ2 + a1λ + a2, where

a1 = −
[
σm(1 − η)

µβρ

Λ
− µ − θ + (1 − σ)(m − ηm)

µβ

Λ
− (µ + γI)

]
,

a2 = (µ + θ)(µ + γI)
(
1 − R0(1 − η)

)
.

When R0(1−η) > 1, a2 < 0, meaning that s(M) is a simple positive eigenvalue of M, corresponding
to a (componentwise) positive eigenvector. This contradicts the assumption that (S (t), IT (t), I(t))→ E0

as t → ∞. Thus Ws(E0) ∩ X0 = ∅ for R0 > 1, proving that Model (2.3) is uniformly persistent. The
proof of the theorem is now complete. □

Figure 2 presents a bifurcation diagram summarizing the global dynamics of Model (2.3) in relation
to R0. Specifically, when 0 < R0 < R∗, as described in Theorem 3.3, the DFE is globally asymptotically
stable, indicating that the disease will eventually die out. For R∗ < R0 < RC, the system’s qualitative
behavior remains unclear and requires further investigation. When RC < R0 < 1, as described in
Theorem 3.4, Model (2.3) may admit two positive equilibria, suggesting the occurrence of backward
bifurcation. In this case, the long-term outcome (whether the disease persists or vanishes) depending
on the initial conditions. Finally, for R0 > 1, as established in Theorem 3.6, the system exhibits uniform
persistence, implying that the disease will persist over time.

Figure 2. The global dynamics of Model (2.3) associated with R0. Specifically, Theorem 3.3
establishes the extinction of the disease when 0 < R0 < R∗, Theorem 3.4 addresses
the bistability and backward bifurcation phenomena in the interval RC < R0 < 1, and
Theorem 3.6 proves the uniform persistence of the disease when R0 > 1.

4. Numerical experimentations

To validate and further substantiate the theoretical findings, numerical simulations were performed
using MATLAB R2020b to systematically investigate the combined effects of isolation resource
availability and compliance on the dynamics of an epidemic’s transmission. The parameter δ,
representing the level of isolation resources, is based on COVID-19 outbreak data published by the
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Hubei Provincial Health Commission, ranging from 0.0001 to 0.01, where 1/δ denotes the maximum
isolation capacity [46]. For instance, a value of δ = 0.0001 corresponds to a maximum isolation
capacity of 10,000 beds. Following the data provided by Gao et al., the isolation compliance
parameter ϵ is chosen as 0.1, 0.3, and 0.5 [26].

We first analyze the influence of varying isolation resource levels on infection dynamics under
fixed compliance scenarios. The simulation results indicate that, for a given compliance rate,
increasing the availability of isolation resources significantly reduces the infection burden,
highlighting the positive role of resource input in epidemic control. We then examine the effects of
varying compliance levels under different resource conditions, which reveal a synergistic interaction
between isolation compliance and resource availability in modulating transmission dynamics.
Notably, the simulations suggest that under conditions of resource scarcity, higher compliance may
paradoxically lead to an elevated infection risk, reflecting atypical transmission behavior. Finally, we
analyze the impact of isolation time delays on the spread of the disease. The results underscore the
critical importance of timely implementation of isolation measures for effective epidemic mitigation.

4.1. Impact of isolation capacity

To better understand how limited isolation resources affect the epidemic’s spread and control
strategies, we perform numerical simulations to investigate the system’s dynamics with respect to the
resource-related parameter δ. Specifically, on the basis of the biologically meaningful parameter
combinations provided in Table 1, we fix the isolation compliance parameter at ϵ = 0.3 and conduct
simulations for various values of δ, where 1/δ denotes the maximum available isolation capacity. We
use the transmission probability β as the bifurcation parameter to investigate changes in the system’s
dynamic response and propagation behavior under varying levels of isolation resources.

Figure 3. Bifurcation diagram of (R0, I) for different values of the isolation capacity
parameter δ (δ = 0.0001 and δ = 0.0002), where blue solid lines represent stable equilibria,
red dashed lines represent unstable equilibria, and black dots labeled with “H” indicate that
the system undergoes Hopf bifurcation. According to the different phenomena occurring in
the system, R0 is divided into four regions (A, B, C, D).

We first fix the isolation resource parameter at δ = 0.0001 and δ = 0.0002, and allow β to vary
continuously within the interval [0.0001, 0.5]. The resulting bifurcation diagram, as shown in Figure 3,
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illustrates the equilibrium transitions of the system under different transmission intensities.
When the isolation resource parameter δ = 0.0001, the system exhibits typical forward bifurcation

behavior. As shown in Figure 3, for Model (2.3), when R0 increases from below 1 to above 1, a
stable positive equilibrium emerges, while the DFE becomes unstable. Specifically, when R0 < 1, the
number of infected individuals gradually decreases to zero over time, leading to disease extinction.
When R0 > 1, the number of infected individuals increases as R0 rises, and the epidemic evolves into a
sustained endemic state. When R0 < 1, the DFE is the only stable equilibrium, indicating that effective
control is achievable if the R0 remains below the threshold through appropriate interventions.

In Figure 3, for δ = 0.0002, the system exhibits a stable DFE when R0 < 1 (Region A), causing the
disease to eventually disappear as the infected individuals tend to zero. This indicates that stable
epidemic control can be achieved by maintaining R0 < 1 (Figure 4(a, b)). When 1 < R0 < 1.18274
(Region B), the system exhibits a stable EE, while the DFE becomes unstable, and the outbreak
evolves into an endemic state (Figure 4(c, d)). For 1.18274 < R0 < 2.01545 (Region C), the system no
longer tends to a stable equilibrium but instead exhibits an unstable DFE along with an unstable EE.
At this stage, the system experiences a Hopf bifurcation, leading to a limit cycle with persistent
oscillations in the infected population. This behavior indicates that the system is sensitive to the initial
conditions, with the epidemic exhibiting periodic fluctuations. In practical scenarios, disease
transmission is subject to the influence of multiple factors. Under resource constraints, recurrent
outbreaks occur frequently, and the scales of infection are characterized by multiple peaks
(Figure 4(e, f)). Finally, when R0 > 2.01545 (Region D), the system stabilizes at a stable endemic
equilibrium, despite the instability of the DFE, leading to a convergence to a stable epidemiological
state with no cyclic fluctuations, although outbreaks persist (Figure 4(g, h)).

These results indicate that while maintaining R0 < 1 is crucial for controlling outbreaks effectively,
the system may still exhibit unstable dynamics and cyclic outbreaks when R0 > 1, particularly near
the Hopf bifurcation threshold. Therefore, public health interventions must not only aim to reduce R0

below the epidemic threshold but also consider the potential dynamic uncertainties within the critical
interval. Recognizing this is vital to preventing recurrent or fluctuating outbreaks driven by the
system’s intrinsic instability.

We set the isolation resource parameter to δ = 8 × 10−4 and allow β to vary continuously within
the interval [0.0001, 0.4]. The corresponding bifurcation diagram, shown in Figure 5, illustrates the
changes in the system’s equilibrium states under varying transmission intensities.

Unlike Figure 3, Figure 5 illustrates backward bifurcation, where solutions originating from any
positive equilibrium (EE) with R0 < 1 converge to DFE. Specifically, when R0 < 0.8822 (Region A),
the system converges to the DFE, leading to disease extinction. For 0.8822 < R0 < 1 (Region B), the
system exhibits two unstable EEs. For instance, when β = 0.2 (R0 = 0.9538), the unstable EEs are
E∗1 = (154752.6633, 302.4789, 353.0193) and E∗2 = (97901.5292, 3543.3520, 3528.3008) (Figure 6(a,
d)). An EE emerges when R0 > 1. Specifically, when 1 < R0 < 1.1441 (Region C), the EE is unstable,
and the system experiences a Hopf bifurcation, leading to a limit cycle (Figure 6(b, e)). This suggests
that the number of infections will oscillate over time due to the initial conditions, potentially leading
to repeated outbreaks. Consequently, public health strategies must consider long-term prevention,
cyclical resource allocation, and not solely one-time emergency interventions. When R0 > 1.1388
(Region D), the EE becomes stable (Figure 6(c, f)), indicating that the disease will persist within the
population.
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Figure 4. The plots of each region (A, B, C, D) divided at δ = 0.0002 for Figure 3: The left
panel of each set is a timing plot and the right panel is a phase plot. Each set of plots has the
same R0.
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Figure 5. Bifurcation diagram of (R0, I) for different values of the isolation capacity
parameter δ (δ = 0.0008), where blue solid lines represent stable equilibria, red dashed
lines represent unstable equilibria, and black dots labeled with “H” indicate that the system
undergoes Hopf bifurcation. According to the different phenomena occurring in the system,
R0 is divided into four regions (A, B, C, D).

Figure 6. The plots of each region (B, C, D) divided at δ = 0.0008 for Figure 5: The first
row shows the time series diagrams, while the second row displays the phase diagrams. The
upper and lower diagrams share the same basic reproduction number (R0).
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We set the isolation resource parameter as δ = 0.0015 and allow β to vary continuously from
0.0001 to 0.4. The bifurcation diagram corresponding to these parameter values is shown in Figure 7,
illustrating the changes in the system’s equilibrium states under varying transmission intensities.

Figure 7. Bifurcation diagram of (R0, I) for different values of the isolation capacity
parameter δ (δ = 0.0015), where blue solid lines represent stable equilibria, red dashed
lines represent unstable equilibria, and black dots labeled with “H” indicate that the system
undergoes Hopf bifurcation. According to the different phenomena occurring in the system,
R0 is divided into four regions (A, B, C, D).

The bifurcation diagram is shown in Figure 7. When R0 < 0.7229 (Region A), for any positive
initial condition, the system converges to the DFE, leading to the disease’s extinction. In the range
0.7229 < R0 < 0.8026 (Region B), the system has two unstable EEs, yet the solution still converges
to the DFE, indicating that the disease remains controllable within this interval (Figure 8(a, d)). When
0.8026 < R0 < 1 (Region C), both a stable E∗2 and an unstable E∗1 emerge, forming a bistable structure
(Figure 8(b, e)). Specifically, the stable EE, E∗2, coexists with the stable DFE, E0. For instance, when
β = 0.2 and R0 = 0.9538, the system has two EEs: E∗1 = (161412.8194, 5761.1777, 5451.9172) and
E∗2 = (161412.8194, 94.1738, 112.0152), with E∗2 being the stable EE. This behavior suggests that the
final state of the system depends on the initial conditions, where the extinction or persistence of the
disease is closely tied to the early infection dynamics. When R0 > 1 (Region D), the system has a
single stable EE, and the disease continues to spread (Figure 8(c, f)).

We set the isolation resource parameter to δ = 0.015 and allow β to vary continuously from 0.0001 to
0.4. The resulting backward bifurcation diagram, shown in Figure 9, is a typical backward bifurcation
diagram.

Upon examining Figure 9, when R0 < 0.5150 (Region A), the system only has a stable DFE, and
solutions starting from any positive equilibrium converge to the DFE (Figure 10(a, d)). In the range
0.4688 < R0 < 1 (Region B), the system possesses two positive equilibria. The stable DFE coexists
with the stable E∗2, resulting in a bistable state (Figure 10(b, e)). The ultimate trajectory of the
epidemic depends on the initial conditions. For instance, when β = 0.14 (R0 = 0.6677), Model (2.3)
exhibits two positive equilibria: E∗1 = (162444.3073, 99.2235, 103.2082) and
E∗2 = (97042.6144, 5422.6596, 4975.2892), where E∗1 is unstable and E∗2 is stable. This suggests that
the stable E∗2 coexists with the stable DFE E0. When R0 > 1 (Region C), the EE becomes stable
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Figure 8. The plots of each region (B, C, D) divided at δ = 0.0015 for Figure 7: The first
row shows the time series diagrams, while the second row displays the phase diagrams. The
upper and lower diagrams share the same basic reproduction number (R0).

(Figure 10(c, f)), indicating that the disease will persist in the population over time. The existence of a
backward bifurcation highlights that simply reducing R0 below 1 is insufficient for eradication of the
disease; more stringent control measures are required for disease extinction.

4.2. Comprehensive effects of isolation capacity and compliance

This section further investigates the influence of variations in isolation resources on the system’s
bifurcation structure and the infection level. Figure 11(a) illustrates the changes in the bifurcation
diagram under different isolation capacities (characterized by δ), while Figure 11(b) illustrates that
changes in isolation resources significantly affect the total number of infected cases I + IT .

As shown in Figure 11(a), for a fixed isolation compliance rate (ε = 0.3), increasing the maximum
available isolation resources (i.e., decreasing δ) causes the turning point to approach 1. This shift
suggests that the disease becomes more controllable. Additionally, the domain of attraction of the DFE
expands, which is evident from the fact that Point c lies above Point b, which, in turn, lies above the
reference point in Figure 11(a), and the overall infection level decreases. These results indicate that
enhancing the isolation capacity reduces the prevalence of the infection and improves the effectiveness
of epidemic control.

Figure 11(b) further demonstrates that although δ does not influence R0 (R0 = 1.9076 > 1), it
significantly impacts the total number of I + IT , when all other parameters are held constant.
Specifically, an increase in δ (corresponding to a reduction in isolation resources) leads to a marked
rise in the infection burden, as indicated by the ordering a > b > c > d in Figure 11(b). Conversely,
decreasing δ (i.e., enhancing the isolation capacity) substantially lowers the number of infections and
alleviates pressure on both social and healthcare systems.

To systematically evaluate the combined effects of isolation compliance and isolation resource
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Figure 9. Bifurcation diagram of (R0, I) for different values of the isolation capacity
parameter δ (δ = 0.015), where blue solid lines represent stable equilibria, red dashed lines
represent unstable equilibria, and black dots labeled with “S N+” represent a saddle-node
bifurcation. According to the different phenomena occurring in the system, R0 is divided
into four regions (A, B, C).

Figure 10. Analytical plot of regions (A, B, C), divided by δ = 0.015, corresponding to
Figure 9: The first row shows the time series diagrams, while the second row displays the
phase diagrams. The upper and lower diagrams share the same basic reproduction number
(R0).
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(a) (b) R0 = 1.9076

Figure 11. (a) Bifurcation diagram of the effect of different parameters δ (1/δ denotes
the maximum isolation capacity) in the (R0, I) plane. This demonstrates the fundamental
difference in bifurcation behavior between scenarios of abundant and scarce isolation
resources, revealing the critical role of resource thresholds in disease control. (b) Results
for R0 = 1.9076, varying isolation resources (δ = 0.01, 0.001, 0.0005, 0.0001), and observing
the timing diagram of I + IT over time.

availability on the dynamics and control of infectious diseases, we conducted simulations to analyze
how changes in compliance influence the disease’s dynamics under varying levels of isolation
capacity (δ = 0.01, 0.001, and 0.0001). This was achieved by jointly adjusting the isolation resource
parameter δ and the isolation compliance parameter, where (1 − ε) denotes the compliance rate to
isolation measures.

Figure 12. The effect of different isolation compliance (ϵ = 0.1, ϵ = 0.3, ϵ = 0.5) on
the total number of infections(I + IT ) at different isolation capacities (δ = 0.01 corresponds
to 100 beds, δ = 0.001 corresponds to 1000 beds, and δ = 0.0001 corresponds to 10,000
beds) in the (R0, I + IT ) plane. This reveals the paradoxical phenomenon of high compliance
actually accelerating transmission during resource scarcity, underscoring the necessity for
coordinated interventions targeting both resources and behavior.

The subplots (a), (b), and (c) in Figure 12 correspond to δ = 0.01, δ = 0.001, and δ = 0.0001,
representing low, moderate, and high levels of isolation resources, respectively. With all other
parameters held constant, these plots illustrate how isolation compliance influences the transmission
of the disease. The simulation results indicate that for δ = 0.01 and δ = 0.001 (Figure 12(a, b)), the
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saddle-node bifurcation point shifts toward the threshold R0 = 1 as the compliance parameter ε
increases (i.e., compliance decreases), resulting in a reduced bifurcation gap ∆R = 1 − RCi. This shift
signifies enhanced epidemic controllability and a decline in the final number of infections, I + IT , as
shown in Figure 12(a, b) (i.e., Point a > b > c). This counterintuitive result suggests that under
severely constrained isolation resources, high compliance alone may be insufficient to suppress the
outbreak, due to nonlinear interactions between behavioral responses and capacity limitations. In
contrast, when isolation resources are adequate (δ = 0.0001), higher compliance (lower ε)
consistently leads to a reduced infection burden (i.e., Point c < b < a in Figure 12(c)), highlighting a
synergistic control effect between resource availability and compliance, consistent with classical
infectious disease theory.

4.3. Impact of isolation delays

Due to limited medical resources, infected individuals cannot always be isolated promptly. As a
result, isolation is subject to a time delay. To account for this, we now present a model that incorporates
the time delay in isolation [47, 48].

dS
dt
= Λ − λ(t)S (t) − µS (t),

dIT

dt
= σλ(t)S (t) − µIT (t) − ϵθIT (t) −

(1 − ϵ)θIT (t − τ)
1 + δIT (t − τ)

,

dI
dt
= (1 − σ)λ(t)S (t) + ϵθIT (t) − (µ + γI)I(t).

where λ(t) = µβ(ρIT (t − τ) + I(t))/Λ.
In this model, we introduce a new parameter τ to represent the time delay in isolation. We assume

that there is a fixed time delay, τ, between the detection of an infected individual and their actual
isolation. The values of τ = 1, 3, and 7 days are selected to represent low, medium, and high isolation
delays, respectively [47, 48]. Furthermore, it is assumed that this delay is the same for all infected
individuals, neglecting potential variations in quarantine delays due to individual differences.
Numerical simulations are employed to analyze the impact of isolation delay on disease transmission
and control, as illustrated in Figure 13. We set δ = 0.0008 and ϵ = 0.3, and the remaining other
parameters are shown in Table 1.

Figure 13(a, b) presents the simulation results for β = 0.25 and R0 = 1.1923. In Figure 13(a), the
blue curve represents the infection trajectory I when the isolation time delay τ = 3, while the red curve
illustrates the case without any isolation time delay. It is evident that the presence of a time delay
in isolation leads to increased oscillation amplitudes, with higher peak values and delayed oscillatory
behavior. This indicates that isolation time delays can amplify fluctuations in epidemic dynamics.
Figure 13(b) compares the infection dynamics for τ = 1, 3, and 7, showing that a shorter isolation time
delay results in a reduced peak in the oscillations. This highlights the importance of prompt isolation
in reducing the epidemic’s severity.

Figure 13(c, d) corresponds to the simulation results when β = 0.28 and R0 = 1.3354. In
Figure 13(c), the blue curve represents the trajectory of I when the isolation time delay is τ = 3, while
the red curve corresponds to the case without an isolation delay. The presence of an isolation time
delay leads to a higher infection peak, indicating an increase in the number of infections. However,
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Figure 13. Effect of isolation time delay on the number of infections I. (a) and (c) Contrasts
with and without time delay. (b) and (d) The effect of the size of the time delay, where τ = 1,
3, and 7 represent low, medium, and high isolation delays, respectively.
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the final number of infections remains unchanged. Figure 13(d) compares the infection trajectories for
τ = 1, 3, and 7. The results show that reducing the isolation delay significantly lowers the peak
infection value, thereby decreasing the number of infections at the peak, while the final epidemic size
remains the same. These findings emphasize that early isolation is essential for curbing the severity of
epidemics and limiting their spread.

4.4. Timeliness of isolation

To explore how the timing of isolation resource deployment affects the effectiveness of epidemic
control, we conducted numerical simulations to evaluate how increasing the isolation capacity at
different stages of the epidemic affects the number of infected individuals. We performed numerical
simulations to evaluate how augmenting the isolation capacity at different stages of the outbreak
impacts the progression of infections. In particular, we investigated the temporal dynamics of
infection numbers by adjusting isolation resource availability at various time intervals (e.g., Day 20
vs. Day 70) during the epidemic. This approach enables a quantitative assessment of the timeliness
and effectiveness of isolation interventions, thereby providing insight into the optimal scheduling of
resource allocation for mitigating disease transmission.

Figure 14 presents the simulation results, illustrating the temporal evolution of the number of
infected individuals under two distinct intervention timings. We set δ = 0.01, 0.002, 0.0005, and
ϵ = 0.3, and the remaining other parameters are shown in Table 1.

Figure 14. The timeliness of segregation, with (a) increasing the amount of segregated
resources at 20 days and (b) increasing the amount of segregated resources at 70 days. The
baseline case (δ = 0.01, red curve) is used as the control group, and compared with two
intervention scenarios: δ = 0.002 (blue curve) and δ = 0.0005 (green curve).

Figure 14 illustrates the moderating effect of the timeliness of isolation interventions on the
dynamics of the epidemic’s spread according to the numerical simulations. Figure 14 (a, b) depicts
the impact of enhancing quarantine resources, corresponding to reductions in the quarantine resource
parameter δ, on the evolution of size of the infected population when the intervention is implemented
on Day 20 and Day 70. The baseline case (δ = 0.01, red curve) serves as the control group and is
compared with two intervention scenarios: δ = 0.002 (blue curve) and δ = 0.0005 (green curve).

In Figure 14(a), the increase in isolation resources markedly alters the infection dynamics. The
number of infected individuals decreases significantly during the early stage of the epidemic, and the
suppressive effect becomes more pronounced as δ decreases (green and blue curves). Notably, the peak
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of the green curve exceeds that of the blue curve in the mid-stage of disease progression, resulting in
a subpeak phenomenon. Ultimately, the system converges to a much lower endemic level, confirming
the dual positive effects of early reinforcement of isolation, namely delaying the outbreak and reducing
the final infection size.

As shown in Figure 14(b), increasing the isolation resources on Day 70 still results in a decrease in
the final number of infections. However, compared with Figure 14(a), the intervention implemented at
this later stage exhibits a substantially weaker suppressive effect during the early phase of the disease’s
spread. This comparison highlights the critical importance of timely enhancement of isolation capacity
in effectively mitigating the spread of infection.

In summary, timely resource-based interventions are crucial for effective epidemic control. Early
enhancement of isolation capacity significantly improves the suppression of the disease’s spread. This
underscores the need for governments to identify risks promptly, respond decisively, and prioritize the
rapid deployment of isolation resources to achieve targeted and efficient outbreak mitigation.

5. Conclusion and discussion

In the early stages of EIDs, limited emergency preparedness often results in a shortage of isolation
resources and inadequate compliance with isolation protocols. To explore the combined impact of
these limitations on disease transmission and their implications for control strategies, we propose a
mathematical model that incorporates saturated isolation rates. Through both theoretical analysis and
numerical simulations, we examined how constrained isolation capacity and incomplete compliance
influence the dynamics of the epidemic’s spread.

From an analytical perspective, we establish the well-posedness of Model (2.3) (Theorem 3.1) and
prove the stability of the DFE (Theorems 3.2 and 3.3). We further analyze the existence of EEs and
provide a global threshold characterization of R0. Specifically, when 0 < R0 < R∗, the DFE is globally
asymptotically stable, indicating that the disease will eventually die out (Theorem 3.3). When Rc <

R0 < 1, a backward bifurcation may occur under certain conditions (Theorem 3.4). For R0 > 1, the
model exhibits uniform persistence, implying that the disease will persist in the population (Theorem
3.6). The emergence of phenomena such as backward bifurcation and uniform persistence suggests that
limited resources can generate complex dynamics, complicating disease control. Our analysis provides
a comprehensive theoretical framework for assessing the interplay between resource constraints and
compliance.

Numerical simulations reveal a rich spectrum of dynamics, including forward, backward, Hopf,
and saddle-node bifurcations. As the resource parameter δ increases (indicating a decrease in isolation
capacity), the system undergoes a transition from forward to backward bifurcation (Figure 11). When
isolation resources are sufficient, higher compliance leads to a smaller scale of infection
(Figure 12(c)). However, when both isolation compliance and isolation resources vary
simultaneously, insufficient resources may give rise to complex transmission patterns. Notably, under
certain circumstances, a higher compliance level combined with low isolation resources may lead to
increased infection risk and prevalence (Figure12(a, b)). The elucidation of this mechanism not only
provides a theoretical foundation for the real-world phenomenon of high compliance yet ineffective
control but also highlights the critical nonlinear interaction between behavior and resources.
Additionally, reducing isolation delays significantly suppresses infection peaks and alleviates
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healthcare burdens (Figure 13).
Overall, the numerical simulations comprehensively support and extend the theoretical analysis, and

constitute a key component of this study by highlighting the intricate interplay of isolation capacity,
compliance behavior, and temporal intervention factors.

Compared with previous studies [24,26,30,49], our integrated approach reveals distinctive insights.
While Ahmad et al. and Gao et al. focused on individual factors, our concurrent analysis of resource
saturation and behavioral compliance uncovers a novel paradox.

Moreover, the modeling framework proposed in this study is generalizable and can be extended to
investigate the combined effects of other intervention factors, such as vaccination or limited testing
resources. By adjusting the parameter settings, it can also be adapted to various scenarios, such as
COVID-19, influenza, and other sudden outbreaks of infectious diseases. This demonstrates the
broader applicability of our approach and its potential to inform public health decision-making in
complex epidemic contexts.

Our analysis yields several key policy implications.

• Maintaining isolation capacity above critical thresholds is essential, even when R0 < 1, to prevent
backward bifurcation.

• Interventions should be implemented early—within 20 days of detecting the initial case—to
maximize the effectiveness of reducing the infection burden and preventing recurrent outbreak
waves.

• Public health strategies must synergistically enhance both isolation capacity and public
compliance to mitigate the risk that high compliance, paradoxically, intensifies the outbreak’s
severity under resource constraints.

This study has several limitations that suggest promising directions for future research. First, the
assumption of perfect case detection is idealized; incorporating testing inaccuracies would enhance
realism. Second, the dynamic behavior for R∗ < R0 < RC requires further theoretical investigation.
Third, extending the framework to account for asymptomatic transmission and demographic
heterogeneity would broaden its applicability across diverse epidemiological contexts. Subsequent
studies could also examine the coupled effects of parameters such as testing rates (σ) and reductions
in infectiousness (ρ), and systematically evaluate differential impacts of isolation on symptomatic
versus asymptomatic populations [50–52]. Finally, exploring the interactions between isolation and
other interventions [53] would yield a more comprehensive understanding of coordinated outbreak
control.

In summary, this research provides a comprehensive theoretical foundation for understanding the
intricate interplay between behavioral compliance and resource allocation in epidemic control, offering
actionable insights for designing public health strategies in resource-constrained settings.
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Supplementary

Numerical simulation code

The numerical simulation source code referenced in the main text is provided to facilitate
replication of our results. The archive file “MATLAB Code.zip” contains scripts for the model
simulation, bifurcation analysis, and sensitivity analysis, implemented in MATLAB R2020b. Detailed
comments are included within the code to explain the key steps.

Sensitivity analysis

Quantifying the parameter’s sensitivity is crucial for understanding how uncertainties in the
assumptions and estimates affect the dynamics of Model (2.1). In this section, we employ the partial
rank correlation coefficient (PRCC) method to quantitatively assess the sensitivity of the parameters
to the basic reproduction number R̄0.

We derive the basic reproduction number for Model (2.1) using the NGM method [39]. The model
has a DFE Ē0 = (S̄ 0, 0, 0, 0, 0), where S̄ 0 = Λ/µ. Considering the infected compartments IT and I, the
matrices for new infection terms (F̄ ) and transition terms (V̄) are


dIT

dt
dI
dt

 = F̄ (IT , I) − V̄(IT , I) =


σβ(ρIT + I)S
S + IT + I + R

(1 − σ)β(ρIT + I)S
S + IT + I + R

 −
(µ + µI + ϵθ)IT +

(1 − ϵ)θIT

1 + δIT

(µ + µI + γI)I − ϵθIT

 .
Linearizing around Ē0 yields

F̄ = DF̄ (IT , I)
∣∣∣
Ē0
=

 σρβ σβ

(1 − σ)ρβ (1 − σ)β

 , V̄ = DV̄(IT , I)
∣∣∣
Ē0
=

µ + µI + θ 0

−ϵθ µ + µI + γI

 .
The NGM is given by K̄ = F̄V̄−1. We now compute V̄−1 and F̄V̄−1

V̄−1 =


1

µ + µI + θ
0

ϵθ

(µ + µI + θ)(µ + µI + γI)
1

µ + µI + γI

 , F̄V̄−1 =


Z̄

σβ

µ + µI + γI

Z̄1
(1 − σ)β
µ + µI + γI

 .
Z̄ =

σρβ

µ + µI + θ
+

ϵθσβ

(µ + µI + θ)(µ + µI + γI)
, and Z̄1 =

(1 − σ)ρβ
µ + µI + θ

+
ϵθ(1 − σ)β

(µ + µI + θ)(µ + µI + γI)
.

The NGM is K̄ = F̄V̄−1. The basic reproduction number R̄0 is the spectral radius of K̄, which is given
by

R̄0 =
(1 − σ)β
µ + µI + γI

+
σρβ

µ + µI + θ
+

ϵθσβ

(µ + µI + θ)(µ + µI + γI)
.

We adopt the PRCC method to quantitatively illustrate the sensitivity of the parameters to the basic
reproduction number R̄0. Here, R̄0 is selected as our response function, and the input parameters
assumed are β, σ, µ, γI , ρ, ϵ, θ, and µI . We take the parameter values from Table 1 as the baseline. The
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range for each parameters is set to approximately 20% above and below the baseline value. Figure 15
presents the PRCC results, where the magnitude indicates the strength of the influence and the sign
indicates the direction (positive or negative) of the correlation.

Sensitivity analysis based on PRCC identifies the parameters exerting a significant influence on the
basic reproduction number R̄0 (Figure 15). The transmission rate β demonstrates the strongest positive
correlation. The proportion of noncompliant individuals ϵ and the infectiousness reduction factor ρ
also exhibit positive correlations. Conversely, the recovery rate γI , the testing proportion σ, the test
result waiting rate θ, and the natural death rate µ are all negatively correlated. Most critically, the
disease-induced death rate µI shows a negligible effect, thereby providing a solid justification for its
exclusion (µI = 0) in the simplified model analyzed in the main text.

Figure 15. PRCC sensitivity analysis of the parameters for R̄0.
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