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Abstract: Climatic factors exert a substantial influence on both biotic and abiotic components of
marine ecosystems, significantly affecting the abundance and spatial distribution of fish species. In this
study, we introduced a stochastic modeling framework, grounded in stochastic differential equations
(SDEs), to analyze the temporal dynamics of sea surface temperature and its relationship with the
abundance of Mahi Mahi (Coryphaena hippurus) in a region of the Colombian Pacific coast. Model
parameters such as sea surface temperature, fish stock, and catch per unit effort for the period 2000 to
2012 were estimated using the maximum likelihood method, implemented via the Euler—Maruyama
numerical scheme. The model’s performance was assessed using empirical data through numerical
simulation, cross-validation, and sensitivity analysis, demonstrating its applicability and robustness in
capturing key ecological dynamics.
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1. Introduction

Fishing along the Colombian Pacific coast requires a variety of methods and gear, and is a primary
source of livelihood for many coastal communities [1]. According to the 2007 report by the
Intergovernmental Panel on Climate Change (IPCC), small-scale fisheries are among the sectors most
vulnerable to the impacts of climate change [2]. Given their strategic and socioeconomic importance,
ensuring the sustainability of these fisheries under increasing climate variability is of critical urgency.
Countries such as Colombia, Ecuador, Bolivia, and Panama are particularly at risk due to rising sea


https://www.aimspress.com/journal/mbe
https://dx.doi.org/10.3934/mbe.2025115

3108

surface temperatures (SST), which threaten marine biodiversity and the availability of
fishery resources.

Rising SST alters the physicochemical properties of marine ecosystems, thereby affecting the
abundance, distribution, and harvest potential of fish species. Marine population dynamics are
inherently stochastic, as evidenced by biological, ecological, and economic research. Markov chains
have been employed to model fish population dynamics and to better understand system behavior
under uncertainty [3]. In parallel, stochastic economic growth models, such as those developed by
Merton [4] and Pindyck [5], have incorporated random processes to describe labor dynamics and
natural resource use [6].

Climate change fundamentally shifts environmental baselines, significantly altering the spatial and
temporal distribution of marine species. Analyzing recent temperature trends and their effects on
species dynamics is therefore essential. For example, the researchers in [7] examined the combined
effects of climate variability, fishing pressure, and endogenous biological processes on anchovy and
sardine populations off the Chilean coast. Their results highlight SST as a primary driver of sardine
biomass, especially after 2006, underscoring the importance of incorporating climate variability into
fisheries management strategies.

A number of models have been proposed to characterize temperature fluctuations. Barboza et
al. [8] used Bayesian methods to reconstruct anomalies in land and sea temperatures. Dornier and
Queruel [9] employed regression models with seasonal adjustments and sinusoidal trends to account
for global warming effects. Brody et al. [10] modeled temperature dynamics using fractional
Brownian motion, where the Hurst parameter H € (0, 1) captures the system’s tendency to revert
toward seasonal norms. In a different context, [11] modeled daily temperature in Balaka, Africa,
using the Ornstein-Uhlenbeck process. Additionally, [10] explored skewed, heavy-tailed
inverse-normal distributions to model temperature variability. These diverse modeling strategies
reflect the complexity of temperature dynamics and their ecological implications.

Global climate projections indicate declines in species richness and abundance, alongside changes
in key oceanographic variables, with direct consequences for global fisheries [12]. In Colombia,
despite the country’s rich fishery resources, the relationship between climate factors and fishery
composition in the Pacific region remains understudied. Regulatory oversight has been inconsistent,
in part due to the absence of a permanent fisheries authority, which has changed institutional homes
multiple times since the 1990s [13]. Consequently, national fisheries data are fragmented.
Nevertheless, historical catch records from 1950 to 2010 have been reconstructed using data from the
Food and Agriculture Organization (FAO) [14, 15]. Although few researchers have assessed the
impacts of climate change on Colombian fisheries [16], such research is critical for informing policy
and safeguarding the livelihoods of coastal communities. The production of rigorous scientific
evidence 1is essential for effective decision-making and the sustainable governance of
marine resources.

In this study, we examined the impact of sea surface temperature variability on Mahi Mahi
(Coryphaena hippurus) catch in the Colombian Pacific region. A stochastic modeling approach is
proposed to capture the dynamic interactions among fish catch, stock abundance, and SST. The
temperature component is modeled using an Ornstein-Uhlenbeck process, as formulated by [11], to
reflect its mean-reverting stochastic behavior. Model parameters are estimated using the maximum
likelihood method, and numerical integration is performed using the Euler-Maruyama scheme.
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The remainder of this article is structured as follows: in Section 2, we introduce the conceptual
framework and present the stochastic model incorporating random perturbations. In Section 3, we
outline the parameter estimation methodology, followed by simulation results, forecasting,
cross-validation, confidence interval construction, and sensitivity analysis. Finally, In Section 4, we
summarize the key findings and offer directions for future research.

2. Stochastic model

In this section, we present a stochastic modeling framework designed to examine sea surface
temperature (SST) variability and its influence on fishing dynamics, with particular emphasis on Mahi
Mahi (C. hippurus) in the Colombian Pacific. The fishery data utilized for model development and
validation were provided by the Hydrobiological Resources Research Group at the Universidad
Nacional de Colombia, Sede Palmira, and by Sepulveda Rodgers & Cia. Ltda. These data are not
publicly available. The environmental dataset employed in this study is formatted in NetCDEF, a
widely adopted standard for representing multidimensional scientific variables, such as SST and
salinity, where each dimension defines the structural organization of the data.

Mahi Mabhi is of high commercial value for b artisanal and industrial fisheries in the region. It is
typically harvested using surface longlines and handlines, while industrial pelagic fleets also employ
surface gillnets during night operations [17]. According to the Autoridad Nacional de Acuicultura y
Pesca (AUNAP), total landings along the Colombian Pacific coast amounted to 50 tonnes in 2013.
This species forms large schools and inhabits both coastal and offshore waters, reaching depths of up
to 85 meters. Due to its biological traits and market demand, Mahi Mahi has substantial exploitation
potential. In 2014, the Colombian Ministry of Agriculture established a national quota of 2000 tonnes.

The model integrates oceanographic data, specifically sea surface temperature (SST), obtained
from satellite-based passive sensors. These satellites provide global SST estimates, where each image
pixel represents a spatially localized temperature value. Remote sensing data are fundamental for
environmental monitoring and risk assessment. In addition to SST, the dataset includes fish catch
records representing the number of individuals captured within the study area. The temporal
resolution is daily and monthly, based on remote sensing sources. The dataset spans January 1979 to
December 2012. Geospatial coordinates (latitude and longitude) define the spatial extent of the study
region, as illustrated in Figure 1.

Researchers such as [18] and [19] have examined the effects of persistent temperature changes on
marine ecosystems. In particular, the researchers in [17] report that fish catch is often correlated with
temperature variability, depending on species-specific distributions. Motivated by these findings, we
propose a model to characterize the behavior of SST and evaluate its implications for
fisheries management.

We begin by analyzing the SST time series, in which each monthly observation comprises three
representative statistical measures, maximum, minimum, and mean SST, calculated from all pixels
within the study area for each satellite image. Figure 2 presents the mean SST time series derived
from satellite observations spanning 1979-2012. The series exhibits pronounced variability and a
consistent tendency to revert toward a long-term equilibrium, suggesting the presence of
mean-reverting stochastic dynamics in sea surface temperature variability.

To assess the distributional properties of the SST data, we apply the Anderson-Darling test [20].
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The null hypothesis H, assumes that the data follow a normal distribution. The test yields a statistic
of A = 1.1076 with a p-value of 0.92166, indicating that H, cannot be rejected at the 5% significance
level. We therefore conclude that the SST data are consistent with a normal distribution.

MW 00W W BCW  7OW W W

Caribbean Sea

1 Pacific Ocean

e Mahi Mahi fish catch point

aN

Exclusive economic zone

3N

2N

0 5 110 220 330 440

Figure 1. Geographic area of data collection for Mahi Mabhi.
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Figure 2. Observed mean sea surface temperature values (°C) in the study area.

Following the methodologies of [21], we model SST as an Ornstein-Uhlenbeck process with a
time-dependent mean reversion level, denoted by 6,. The process is defined to satisfy the
expectation condition:

E[T,]=6,. 2.1

To ensure this condition holds, the OU process is specified as:

deo
JT, = [a 6,1+ %\ ar+ a, (22)

where {B,};o is a standard Brownian motion defined on a filtered probability space (Q, I, P) with
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filtration {J,},0. The model parameters are: a: The speed of mean reversion, 6;: The time-varying
long-term mean, o,: The temperature volatility, and %.

To understand fish population dynamics, we first consider the deterministic logistic growth model
proposed by Verhulst:

o

where X, denotes the fish population at time ¢, r is the intrinsic growth rate, and k is the environmental
carrying capacity. Catch volume alone does not fully represent fish population dynamics, as it is
influenced by multiple factors, including biomass availability, fishing effort, gear selectivity, and
environmental variability [22]. When harvesting is incorporated, the catch at time ¢ is defined as:

1-—], (2.3)

H, = 8X,Y,, (2.4)

where X, is the stock size, Y, is the fishing effort, and S is the catchability coeflicient.

Given environmental stochasticity and measurement uncertainty, a stochastic modeling framework
is essential. Notable studies, including [4, 5], employ SDEs to account for such complexities.
Incorporating environmental noise, the fish abundance model is reformulated as:

X
dx, = [rx, (1 - ?’) —ﬁX,Yt] dt + odT,, (2.5)

where dT; is defined in Eq (2.2), and o is a volatility parameter that captures the influence of SST
variability on population dynamics.

Fishing effort is also subject to economic forces, including expected profit, operational costs (77),
and a mean reversion component governed by the rate x. Following [23], the dynamics of the fishing
effort is described by:

dYt =K (BX;Y[ - an) dt + O-de[, (2.6)

where o, denotes the volatility of fishing effort, and {W,};»o is an independent standard
Brownian motion.

The complete system of SDEs representing the joint dynamics of fish stock, fishing effort, and SST
is given by:

dx, = [rX,(1 - &) - BY.X,| dt + o\dT,,
dYt =K (ﬂYle‘ - nY[) dt + Udet, (2.7)
th = [a (0; - Tt) + %] dt + O-tdB[.

Initial conditions are specified as X, (initial population), Y, (initial fishing effort), and 7y (initial
SST). Parameter definitions are summarized in Table 1. While catch per unit effort and SST can be
directly observed at specific time points, the model accounts for their underlying stochastic behavior.
This system provides a rigorous framework for analyzing the influence of temperature uncertainty on
fisheries dynamics. By integrating environmental and economic drivers, the model enables a more
comprehensive understanding of the interactions among oceanographic conditions, fish stocks, and
catch per unit effort, which are components in achieving sustainable fisheries management.
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Table 1. Definition of parameters in the model.

Parameter Definition

Maximum population capacity.

Intrinsic population growth rate.

Volatility in stock dynamics due to temperature variability.
Volatility in fishing effort due to economic factors.
Catchability coefficient.

Cost per unit of fishing effort.

Mean reversion parameter of temperature.

Mean reversion parameter for catch per unit effort.

a3 ™™g g Y=
N =

3. Estimations and predictions of the proposed model

In this section, we present the estimation of the parameters that govern the stochastic system
described in Eq (2.7), together with an evaluation of the predictive accuracy of the model using
empirical data from the Colombian Pacific region Figure 1. We begin by outlining the methodology
used for parameter estimation, followed by the presentation of the estimated values. The predictive
accuracy of the model is evaluated using the root mean square error (RMSE), which measures the
average deviation between the observed values y; and the predictions of the model J;:

RMSE =

1 n
= Z@i -y, (3.1)
e

where n denotes the total number of observations. Lower RMSE values indicate closer agreement
between the model and the observed data. Since SDEs typically do not admit closed-form solutions,
numerical methods are required to simulate their trajectories. Among these, the Euler-Maruyama
method is particularly suitable due to its conceptual similarity to the classical Euler method for
ordinary differential equations and its computational simplicity. This technique approximates
deterministic and stochastic integrals over discrete time intervals [#;, ¢;.1] within the domain [0, T].

3.1. Temperature model estimation

To model the sea surface temperature (SST) in the study area (Figure 1), we first calculate the
monthly maximum, minimum, and average SST values. The average SST is defined as follows: let
T1ax and Tp;, denote the monthly maximum and minimum SST, respectively. The average monthly
SST, T, is then given by:

Trnax + Tmin

T=——F0—" (3.2)

Preliminary statistical analysis indicates that the average SST is normally distributed. Based on this
observation, we model SST as a stochastic process using the Ornstein-Uhlenbeck framework, which
incorporates mean reversion toward a time-dependent seasonal trend, as described in Eq (2.2).
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3.1.1. Estimation of the mean reversion function 6,

We begin by estimating 6,, the deterministic mean reversion component of the Ornstein-Uhlenbeck
process. This function captures the seasonal fluctuations evident in the SST time series. As shown
in Figure 2, the temperature data exhibit pronounced periodic behavior. Following the methodology
of [11], we model 6, as a sinusoidal function:

6,= A+ Bt +Csin(wt +¢), with = 7—6r, (3.3)

where:

e A and B represent the intercept and linear trend, respectively;

e (C is the amplitude of the seasonal cycle;

e w is the angular frequency, calibrated to reflect annual seasonality at monthly resolution;

e ¢ is the phase shift, which aligns the function with the timing of observed seasonal peaks and
troughs.

Using trigonometric identities, the model is expressed equivalently as:

0, = A + Bt + C [sin(wt) cos(¢) + cos(wt) sin(¢)] (3.4)
= A + Bt + Dsin(wt) + E cos(wt), 3.5)

where D = Ccos(¢) and E = Csin(¢). This transformation allows the model to be estimated using
linear regression with predictors ¢, = t, t, = sin(wt), and t3 = cos(w?):

0, = Bo + Bit1 + Batr + B313. (3.6)

The parameters §; are estimated via ordinary least squares (OLS). The original parameters of the
sinusoidal function are then recovered as:

A = P,
B =By,
_ 3.7
¢ = tan™! (2—;) , 3.7
_ _B
~ cos(¢)”

The results of the regression analysis are presented in Table 2.

Table 2. Estimated regression parameters for the seasonal temperature model.

Coefficient Estimate Std. Error t-value p-value

Bo 27.385347 0.062234 440.036 <2x107'°
B 0.000808 0.000221 3.645 0.000301
B> -0.615167 0.014297 —43.028 <2x107'°
B3 —1.889437 0.006658 —283.774 <2x107'°

The regression yields a residual standard error of 0.0173 on 416 degrees of freedom. The coefficient
of determination R? is 0.9988, indicating an excellent fit to the data. The adjusted R* remains at 0.9988,
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and the model’s overall significance is supported by an F-statistic of 1.201 x 10° with a corresponding
p-value less than 2.2 x 1071,

Using the estimated regression coefficients, we recover the parameters of the seasonal function as
follows:

A = 27.385347,

B = 0.000808,

¢ = 1.256038, (3-8)
C = —1.98706.

Thus, the final expression for the deterministic component of the SST model is:

0, = 27.385347 + 0.000808¢ — 1.98706 - sin (gz + 1.256038).

This function effectively captures the observed seasonality and the long-term trend in SST. While
the deterministic model describes the expected evolution of temperature over time, stochastic
fluctuations are introduced through the diffusion term in Eq (2.7).

3.1.2. Estimation of the mean reversion parameter a

This subsection addresses the estimation of the mean reversion parameter a in the temperature
model introduced in Eq (2.2). We now briefly review the methodology proposed by [24]. Consider a
general stochastic differential equation (SDE) of the form:

dXt = b(Xt, 0) dt + O-(Xt, 9) dBt, XO = X(), (3.9)

where 8 € ® C R denotes the parameter vector to be estimated. It is assumed that Eq (3.9) admits a
unique strong solution for all # € ®, and that the diffusion coefficient o=(-) is strictly positive. Moreover,
the drift and diffusion functions » and o are assumed to be twice continuously differentiable with
respect to all arguments, i.e., b, o € C.

Parameter estimation is carried out within the framework of maximum likelihood estimation (MLE),
as described in [25]. Suppose that the process {X;} is observed at discrete time points {z;}?_, with 7, = 0.
The likelihood function, conditional on the initial observation Xj, is given by:

La(O) = | | foti - 11, X, X,), (3.10)
i=1

where fy(s, x,y) denotes the transition density of the process under parameter 6. Under standard
regularity conditions, the MLE is consistent, asymptotically normal, and efficient [24].

In most practical settings, observations are collected at regular time intervals: X, Xoa, ..., Xua. 1f
the diffusion coeflicient o is independent of 6, then the probability measures induced by the process
are equivalent across values of 6. Under this assumption, the continuous-time log-likelihood function
is given by [26]:

N A 0. X) I [MP(X,0)
51(9)—‘1)' O'Z(XS) dXS_E‘fOV md&' (311)
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Approximating the integrals in Eq (3.11) via It6 and Riemann sums, and differentiating with respect
to 0, yields the approximate score function:

> ‘ b(X(i—l)A’e)
0O = > — 0 (X — X
@ py UZ(XU—UA)( s = Xena)

_A i b(X(i-1ya» 0) B(X(i-1), 6)
o2(Xi-1)n) ’

i=1

where b = 0b/08.
As noted by [21], the score function £,(0) is biased. To address this, we consider the conditional
expectation with respect to the filtration F; = 0°(Xy, ..., Xia). Define:

Fy(x) = B[Xa | Xo = x], (3.12)

which enables us to characterize the expected bias of the score function:

n . . " b(Xi—1yp, 0
Z Eyg [&(9) —4;i.1(0) | 7’7‘—1] = Z M (F(X(-1)a,0) — X(i—1)a)
P

— o2(X-1)a)
_A i b(X(i-1)a,0) i?(X(i—l)A’ 0)
P O-Z(X(i—l)A)

Subtracting this bias term yields the unbiased estimating function G, (6) [26]:

~ _ = b(X(i—l)A’e) o .
G,(0) = Z} Ty i = Finas6). (3.13)

Applying this estimation procedure to the temperature model (2.2), and noting that it follows an
Ornstein-Uhlenbeck process, the conditional expectation is given by:

BT | Tio] = 0, + e “(Ti-1 — 6:-1), (3.14)
which yields the following unbiased estimating function:

n

~ 9,'_ - T,'_ —
Gula) = Y ==L [(T; = 0) — e “(Tiy = 6,1)]. (3.15)

i=1 i-1
Solving the equation G,(a) = 0 yields the estimator & for the mean reversion parameter. Letting

0Ty
Yl—l - 2 ”
(0
i—-1

the estimator simplifies to:

a=-1lo ( Ly Vi (T: = 60 (3.16)

Y (Tis = 6]
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Here, o7 represents the monthly variance of sea surface temperature for month i, covering the
period from January 1979 to December 2012. The dataset thus comprises 420 monthly variance values.
Applying the estimation method to this dataset yields the following result:

a =0.161490, with a standard error of 0.00412.

3.1.3. Estimation of Volatility o,

The temperature dataset includes monthly standard deviations corresponding to the maximum,
minimum, and mean sea surface temperatures (SSTs) over the study period. Additionally, for each
monthly image, the standard deviation (STD) is calculated to quantify SST spatial variability across
all image pixels. For example, in January 1979, the mean SST was 26.40 °C, with a corresponding
STD of 0.0998 °C. The standard deviation is computed using the conventional formula:

1< _
STD = J - Z(Ti — Ty,

i=1

where T; denotes the SST at pixel i, and T is the mean SST across all n pixels.

0.4 4
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Figure 3. Monthly standard deviations of sea surface temperature, with the fitted trend line
shown in red.

In Figure 3, the reported monthly standard deviations are interannual; that is, for each calendar
month (e.g., January), the standard deviation of the monthly mean SST values is computed from 1979
to 2012. The observed variability in these standard deviations motivates the modeling of SST
volatility as a dynamic, time-dependent process. To capture this behavior, we adopt a stochastic
volatility framework based on a mean-reverting Ornstein-Uhlenbeck process.

In this framework, volatility o, is treated as a stochastic process exhibiting random monthly
fluctuations. Consistent with the structure of Eq (2.2), its evolution is governed by the following SDE:

do, = a, (Oyena — 07) dt + 7y, dB,, (3.17)
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where o enq denotes the deterministic long-term trend of the observed volatility series. Based on the
empirical data, this trend is estimated as:

Owend = 0.152565, with a standard error of 0.000192.

Figure 3 illustrates the monthly SST standard deviations alongside the fitted trend line.

3.1.4. Estimation of the diffusion coefficient y,,

Following the approaches outlined in [21, 27], the diffusion coefficient y,, which quantifies the
magnitude of stochastic fluctuations in volatility, is estimated using the empirical quadratic variation:

n—1
2= S (o -a), (3.18)

n
Jj=0

where n = 420 is the number of monthly observations. Substituting the empirical values yields
yf, = 0.006358, with a standard error of 0.000312.

3.1.5. Estimation of the mean reversion rate a,

The mean reversion parameter a, governs the rate at which volatility returns to its long-term average
Owend- As described in [21], we estimate a,- using the following expression:

Z?:] (%) (o-i - o-trend)

Z?:l (%) (O-i—l - O-trend)

ay = —log (3.19)

Applying this estimator to the dataset yields:

a, = 0.515815.

With these estimates, the volatility-related parameters of the temperature model are fully specified.
In the following section, we focus on estimating the remaining model parameters, which are essential
for capturing interactions among variables and for simulating the full system of SDEs (see details
in [28]).

3.2. Discretized equations via the Euler—Maruyama method

In this section, we present the discretization of the continuous-time model (2.7) using the Euler—
Maruyama method, with a particular focus on estimating the parameters governing species stock and
catch per unit effort. The resulting discretized system is given by:

XZ

rA,
T'X,j - T] _Bijij

Y = Y5, + & [BY, X, — Y, | Aty + AW, (320

ij+| = th + Afj + O']ATJ',

T,. =T, +al|6,-T,|At;+6, +0,AB,;
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Here, AT;, AW;, and AB; denote independent standard Brownian increments. The term o,
represents a  time-varying  volatility =~ component, modeled as a  discrete-time
Ornstein-Uhlenbeck process:

Op =0p1 t+ azf(o-trend - O-n—l) + 60'21’ (321)

where Z; ~ N(0,1). The unknown parameter vector is defined as 6 = (r, k,B,n, K, 0'%,0'5), and its

maximum likelihood estimator is denoted by 0 = (f", IAc, B, n,k, 6'1,6'2). Parameter estimation is
conducted by applying the maximum likelihood estimation (MLE) technique to the discretized
system (3.20), following the methodologies outlined in [29,30]. Let (x;,y;), for j = 1,...,n, denote
the observed values of the state variables (X, Y;). Assuming the process is first-order Markovian, the
likelihood function takes the form:

LO) = | | F5051 550135010, (3.22)

J=1

where f(x;,y;| xj-1,y;-1) denotes the conditional joint density of (X;, Y;) given (X;_i, Y;_;). To derive
this density, consider the temperature dynamics from Eq (3.20):

T, —T,=al0,—T,|At; + 6, + 0y(B,., - By).

Assuming daily time steps (i.e., A7; = 1) and recognizing that B, and W, are independent Brownian
motions with stationary increments, we obtain:

(B, - B,) ~N©,1), (W, —W,)~N(O,1).

It follows that:
th+1 - th ~ N(llt» O'ﬁ),

and the joint process Z; = (X;,Y;) follows a conditional bivariate normal distribution N(u;,X;),

depending only on the previous state Z;; = (X;_;,Y;-;), which is consistent with the
Markov property.
The conditional means are:
rx?
/lxj':xj+ rxj_T_lBijj N (323)
Hy, =Yj T K [ﬁx,-yj - ij] . (3.24)

Thus, the conditional joint density is given by:

1[Gy =p)? =)
f(Xj,yj|xj_1,yj_1): [ J J + J Yj

1
EXP1 75 2.2 2.2
; /27r0'10'2x§y§ { 2 grx; T2Y;

17
Substituting this into the likelihood function (3.22) yields:

}.
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- 1 1[0 =) 5=y,
”&”””ZITTZZZ%%“P{E[ 72 T |
J=1 27T0'10'2ijj 17 zyj

This can be simplified to the following compact form:

1 1o |G =pe)? O —py)?

LO;x;,y;) = m expy ——
P @re iy T T p{sz S

}

The corresponding log-likelihood function is:

am:—gmgm—gmmmg—zhmﬁw

=

n (3.25)
1 [(x,- — ) 0=y
22| e

Parameter estimation proceeds by maximizing the log-likelihood function (3.25). This typically
involves numerical optimization techniques, either gradient-based or derivative-free, over the
parameter space.

Explicit parameter solutions of the model

The system of nonlinear equations, derived from the discretized model, is numerically solved to
obtain estimates of the parameter vector . The number of observations, n, is predefined by the
program. The parameter estimates are computed using the following analytical expressions:

n (a{(K - 6v0) + 0(3vo — k) — &*({* - 4w1))

7= , (3.26)

¥
arn (a/2/< —a?vo +a’l + 2avin - 2v2ng)

he o , (3.27)
ne

o m (a2 (K +vo —a*l = 2avin + ZVZI’ZQ))

B = , (3.28)

Y
£ K+ 4avd — al®? - 3vio (3.29)

40 — 6alp + 20 %n

The symbols used in these expressions are defined as follows:

n

a:Zn:xi, V:Zn:x,-z, {=Zn:?€iyi, Q:i}’i, /l:Zyiz'
Py T P

i=1 i i= i i=1

The intermediate quantities « and ¢ are given by:

K= \/ozz(Sv/l + %) — 18avio + v (—8vaAn + 9vo? + 8%n),
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p=2 (a2(2vg2 +%n) — 4o + 20* A = 2avinp + vzngz) .

Using these formulas, the estimated parameter values for the model (2.7) are summarized in Table 3.

Table 3. Estimated parameters of the model (2.7).

Parameter Definition Estimated Value
k Maximum population capacity. 64000.861
r Intrinsic population growth rate. 0.089176
5 Volatility parameter for population dynamics, capturing
oy o . . 0.158927
variability due to temperature and effort interactions.
o2 Volati.lity par'ameter' reflecting variability in price 0.000196
associated with fishing effort.
B Catchability coeflicient. 0.002023
n Cost per unit of fishing effort. 3564.19
a Mean reversion parameter for temperature. 0.161490
2 Diffusion parameter associate.q with 0.006358
sea surface temperature volatility.
O trend Long-term trend of volatility. 0.152565
ay Mean reversion parameter for volatility. 0.515815
K Mean reversion parameter for catch per unit effort. 0.000038
60000
‘té 40000
&
20000 4
5
2000 2005 2010
Years
=—— Observed values — Stochastic approximation
Figure 4. Comparison of observed and simulated stock values using the Euler-

Maruyama method.

To evaluate model performance, subsequent analyses compare model predictions with observed
data. Figure 4 depicts a comparison between observed stock values and those predicted by the
Predictions were generated via maximum likelihood estimation using the
Euler-Maruyama discretization detailed in Section 3.2. The figure demonstrates strong agreement
between observed and simulated stock values, indicating that the model effectively captures

stochastic model.
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underlying population dynamics. The RMSE was computed as RMS E = 0.029657, reflecting a high
level of concordance between the model and empirical observations.

Figure 5 compares observed catch per unit effort with simulated values obtained from the estimated
model parameters, using the Euler-Maruyama discretization of system (3.20). The RMSE for catch per

unit effort was 0.066680, indicating a satisfactory model fit and supporting its validity in reproducing
observed patterns.

084

o
m

| V‘ i |
M Mh kl' N)J Aﬂ\' J’ \W\.\M r{\l | \\N

2000

Catch per unit of effort
o
S

o
[

2010
Years
— Observed values Stochastic approximation

Figure 5. Comparison of observed and simulated catch per unit effort.

Parameters related to sea surface temperature were estimated assuming an Ornstein-Uhlenbeck
process, discretized via Euler-Maruyama as described in Eqs (3.20) and (3.21). Simulations follow
the methodology adapted from the open-source implementation by [21]. Figure 6 shows the resulting
temperature trajectory. The RMSE for this model is 0.232686, indicating that the mean-reverting
stochastic process provides a suitable representation of sea surface temperature dynamics.

29 |

Temperature °C

"
=~
E———
m—

L TN
b WW‘H .M M ﬂ\n \:\\ | w

Figure 6. Comparison of observed and simulated sea surface temperatures using the Euler-
Maruyama method.
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To evaluate forecasting performance, the dataset is partitioned into training (70%, 2000-2008) and
testing (30%, 2009-2012) subsets. Forecasts are then extended through 2015. As illustrated in
Figure 7, predicted trajectories for stock (X;), catch per unit effort (Y¥;), and temperature (7;) exhibit
coherent and realistic trends. Summary statistics over the forecast period are: stock = 55,441.20 (SD
= 0.359), catch per unit effort = 0.2709 (SD = 0.1645), and temperature = 28.0139°C (SD = 0.6655).

Stock

Catch per unit of effort
——
——

] M N\M k J /,M l"\A‘f"\‘h

I | (

| W |

Vw I\ i UL |
2004 2010 2015 200 2005

Years Years

—— Observed values = Stochastic approximation —— Observed values Stochastic approximation

2010

Temperature °C

Years
—— Observed values Stochastic approximation

Figure 7. Forecast trajectories up to 2015 for stock, catch per unit effort, and sea
surface temperature.

3.3. Confidence intervals and forecast uncertainty

To quantify the uncertainty associated with the model’s forecasts, we construct confidence intervals
for sea surface temperature, stock, and catch per unit effort. For the temperature process, modeled by
the Ornstein-Uhlenbeck equation, a (1 — @) X 100% confidence interval at time s is defined as:

(Qujo(Ty), Q1-apa(Ty)), (3.30)

where Q,,»(T) and Q;_,,2(T;) represent the empirical quantiles obtained from a large ensemble of
simulated trajectories, each initialized at the last observed temperature value. The ensemble mean,
denoted T, is the point forecast. Figure 8 displays the 95% confidence interval for sea surface
temperature over a S0-month forecast horizon. The prediction suggests that, 50 months after the last
observed data point, the temperature will lie within the interval [26.5761, 27.6763].
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Figure 8. Forecasted sea surface temperature with 95% confidence interval, 50 months
beyond the last observation.

Confidence intervals for stock and catch per unit effort are constructed using a similar approach.
For the stock at time #, the 95% confidence interval is:

(Qu2(X)), Qi-a2(X1))

where the quantiles are based on 10,000 simulated paths of the system described in Eq (3.20). The
corresponding results are illustrated in Figure 9, which shows the forecasted stock dynamics over a
15-month period.

64200 —
-
64100 —
64000 — ———
Sy
< 63900
=
gn 63800 —
63700 — * Data Confidence set
63600 — = Prediction Stochastic paths
-
63500 —
I I I I I I
154 156 158 160 162 164

Time (manths)

Figure 9. Forecasted stock with 95% confidence interval, 15 months beyond the
last observation.

Similarly, the 95% confidence interval for catch per unit effort is given by:

(Qu2(Y1), Q1-a2(Y1)),

based on 10,000 simulations of Y. The forecasted interval over a 30-month horizon is shown in
Figure 10. Since lower bounds of the simulated intervals may occasionally fall below zero, the
interval is adjusted to ensure non-negativity, consistent with the theoretical domain of the variable.
The modified interval is thus expressed as:

(max {0, Qu/2(Y))}, Q1-0/2(Y?)) . (3.31)
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Figure 10. Forecasted catch per unit effort with 95% confidence interval, 30 months beyond
the last observation.

The analysis indicates that, 15 months after the final observation, the stock is expected to lie within
the interval [63,921.37, 63,999.13]. For catch per unit effort, the raw forecasted interval is
[-0.0412, 0.0686]. However, given that catch per unit effort must lie in the range [0, 1], the effective
interval is adjusted to (0, 0.0686).

3.4. Cross-validation

In this section, we assess the model’s generalizability through a cross-validation procedure. A K-
fold cross-validation strategy is employed, in which the dataset X is partitioned into K = 10 mutually
exclusive subsets, resulting in training—validation pairs {77, ‘Vl-}fi |- As discussed in [31], this approach
strikes a balance between maximizing data utilization and minimizing redundancy across folds. Model
hyperparameters are tuned by minimizing the RMSE, and overall model performance is evaluated using
three standard metrics: RMSE, the coefficient of determination (R?), and mean absolute error (MAE).
The results of the 10-fold cross-validation are summarized in Table 4.

Table 4. Results of the cross-validation analysis.

RMSE R-Squared MAE
X, 0.6018 0.5793 0.4113
Y, 0.0464 0.7386 0.03391
T, 0.3327 0.6080 0.2491

RMSE quantifies the average magnitude of the prediction errors, with lower values indicating
higher predictive accuracy. The R? values represent the proportion of variance in the observed data
that is explained by the model: 57.93% for stock (X;), 73.86% for effort (Y;), and 60.80% for
temperature (7;). MAE offers a complementary measure by capturing the average absolute deviation
between predicted and actual values. The cross-validation results suggest that the model demonstrates
satisfactory predictive performance across all response variables, with particularly strong accuracy in
forecasting catch per unit effort.
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3.5. Sensitivity analysis

A sensitivity analysis is conducted to evaluate the impact of the estimated model parameters on the
output variables. Specifically, we compute partial derivatives of the form du/dp, where u denotes the
model output and p represents a given parameter [32]. When u is a function of p, the derivative is
given by:

Ou  Ou(p)
dp  Op
The sensitivity of the model output with respect to each parameter is summarized using the
normalized sensitivity index (SI), defined as:

_ Oufop _ |lpll ou
“PX ufpll  Null dp

To identify potential inflection points in the model response, the second-order derivative is
also computed:

(3.32)

Pu _ 0u(p)
op>— op?

In addition, to explore regions indicating structural changes in model behavior, the function u(p) is
plotted against the estimated parameter p. Figure 11 presents the results of the sensitivity analysis for
four key parameters: S (catchability coefficient), r (intrinsic growth rate), k (carrying capacity), and «
(mean reversion parameter for effort).

(a) Stock (a) Catch per unit effort (b) Stock (h) Catch per unit effort
1000 1000 —
200
950 | 150 950 |
900 | 150
900
100 +
850 | 100
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800 —
800 501 50
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0 700 Ui
T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
00 01 02 03 04 05 06 00 01 02 03 04 05 086 0.0 01 02 03 04 05 06 07 00 01 02 03 04 05 06 07
B B r r
(c) Stock (c) Catch per unit effort (d) Stock (d) Catch per unit effort
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Figure 11. Sensitivity analysis of model parameters. (a) Top-left: 8 (catchability coeflicient);
(b) Top-right: r (intrinsic growth rate); (c¢) Bottom-left: k (carrying capacity); and (d)
Bottom-right: « (mean reversion parameter for effort).
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Catchability coefficient (8): With an estimated value of  ~ 0.002023, the analysis indicates an
inverse relationship between S and both stock biomass and catch per unit effort. For the range 0 < 8 <
0.6, model outputs remain stable. However, for 5 > 0.65, the estimated effort becomes negative, which
is biologically implausible. Therefore, the plausible range for 8 is 0 < 5 < 0.6.

Intrinsic growth rate (r): Estimated at r ~ 0.089176, the model remains stable for 0 < r < 0.7.
Beyond this threshold, stock and effort estimates decline sharply, indicating model instability. Thus, to
preserve consistency, r should be constrained within this interval.

Carrying capacity (k): With an estimated value of k ~ 64,000.861, this parameter represents the
ecosystem’s maximum sustainable stock. For values of £ > 80,000, both stock and effort estimates
deteriorate rapidly and may become negative. To ensure model stability, k should lie within the interval
0 <k <80,000.

Mean reversion parameter for effort (k): Estimated at k & 0.000038, this parameter improves the fit
of the effort sub-model. The sensitivity plot shows that for k > 0.8, stock biomass increases sharply
while effort declines significantly. To avoid unrealistic projections, « should be limited to the range
0<«k<07.

4. Conclusions

We developed a stochastic modeling framework to analyze fishery resources along the Colombian
Pacific Coast. By integrating SDEs with empirical ecological and environmental data, the model
captures the complex interactions between biological processes (e.g., species stock dynamics) and
environmental factors (e.g., sea surface temperature and catch per unit effort). The stochastic
formulation incorporates inherent variability, enabling a more realistic representation of ecological
dynamics over time. Model performance was evaluated using the RMSE and stochastic simulation
trajectories, demonstrating strong agreement between observed and predicted values. A key
contribution of this work is the introduction of a time-varying formulation for catch per unit effort, in
contrast to traditional constant-effort models. Parameter estimation was conducted using the
maximum likelthood method, with model discretization implemented via the Euler-Maruyama
scheme to ensure both computational efficiency and numerical stability.

The model’s forecasting capabilities were assessed using k-fold cross-validation, providing reliable
estimates of predictive accuracy and generalizability. Confidence intervals were constructed from
simulated trajectories, offering insight into forecast uncertainty. Additionally, a sensitivity analysis
was performed to examine the model’s responsiveness to parameter variations, an essential step for
identifying influential parameters, and has practical applications in fields such as finance, ecology,
and resource management. These results support model calibration and inform evidence-based policy
decisions. The findings contribute to the development of data-driven strategies for fisheries
management. The proposed methodology offers a practical tool for regulatory decision-making,
including the formulation of sustainable fishing quotas by governmental agencies. Future work will
entail incorporating additional environmental covariates, such as chlorophyll concentration, sea
salinity, and surface ocean biomass by extending the model to account for spatio-temporal dynamics,
thereby enhancing ecological realism and policy relevance.
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