MBE, 22(1): 1-22.

% DOI: 10.3934/mbe.2025001
AIMS Received: 04 October 2024
EE Revised: 01 December 2024

Accepted: 06 December 2024
http://www.aimspress.com/journal/mbe Published: 16 December 2024

Research article

Stochastic models of population growth

Katarzyna Pichér' and Ryszard Rudnicki**

! Institute of Mathematics, University of Silesia, Bankowa 14, 40-007 Katowice, Poland
2 Institute of Mathematics, Polish Academy of Sciences, Bankowa 14, 40-007 Katowice, Poland

* Correspondence: Email: rudnicki@us.edu.pl.

Abstract: We considered three types of stochastic models of a single population growth: with
diffusion-type noise; with parameters replaced by stochastic processes; and with random jumps
describing a sudden decrease in population size. We presented methods for studying stochastic
processes modeling population growth, in particular, the long-time behavior of sample paths and their
distributions. We were especially interested in the asymptotic stability of the density of the distributions
of these processes. We gave biological interpretations, examples, and numerical simulations of
theoretical methods and results.

Keywords: Markov process; diffusion; population growth; semigroup of operators; long-time
behavior

1. Introduction

Natural processes are subject to various random perturbations, so we often use stochastic methods
to build their models. In this article we restrict ourselves to single population growth models. We
show how a stochastic perturbation is introduced into a deterministic model. We start with the classic
situation when we add a diffusion-type noise to a population growth equation. Such models are already
quite well studied [1-5], but for the sake of completeness we present their important properties in a
concise way.

The next class of models is obtained by replacing one or more parameters in deterministic models
with stochastic processes [6—10]. This case is a bit more difficult, because we generally get degenerate
diffusion processes. The last class of models considered here are models with disasters [11-14]. The
growth of population is described by a deterministic flow with random jumps.

Our aim is to present some mathematical tools and methods for investigating the models under
consideration, especially long-time behavior of sample paths and distributions of considered stochastic
processes. We study when the distribution of the population size stabilizes or when the population dies
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out (the trajectories converge to zero or the distributions of the process converge weakly to Dirac’s
delta at zero) or has unlimited growth.

The considered processes generate semigroups of operators on L' space, describing the evolution
of the densities of their distributions. We are particularly interested in the existence of invariant
(stationary) densities and their asymptotic stability. The ergodicity of processes follows from this
property, and thus, using the Monte Carlo method, we can easily determine invariant densities using
computer simulations.

The organization of the paper is as follows. Section 2 is devoted to population growth models
described by one-dimensional stochastic equations of the It type. We consider models with
environmental and demographic noise. We recall the properties of such models, in particular the
long-time behavior of the sample paths and distributions of processes. In this section, we also
introduce the concept of partially integral stochastic semigroups and present theorems on their
long-time behavior. In particular, we show when the asymptotic stability follows from the existence
of an invariant density (Theorem 4) and give conditions under which Foguel’s alternative holds
(Theorem 3), i.e., the semigroup is either asymptotically stable or is “sweeping” from compact sets.
We also use these theorems in later sections of the paper.

In Section 3 we study a model obtained from an ordinary differential equation by replacing the per
capita birth rate by a stationary diffusion process. We obtain a degenerate diffusion process (X;, ¥;)
but, using Hormander’s condition, we show that the transition probability function has a density p
and, using a method based on support theorems, we prove positivity of p on a sufficiently large set.
Then we give conditions when the densities of the process (X;, Y;) converge to a stationary density.
Such a property is usually proved by checking the tightness of the distributions of the considered
process and showing that the stationary measures on the boundary of the domain are repulsive [15-
17]. These conditions can be proved using an appropriately chosen Lyapunov function (Khasminskii
function) [18]. In our case, the construction of the Lyapunov function is quite difficult, so we use
a different technique. First we show that the stochastic semigroup generated by the process (X;, Y;)
satisfies the Foguel alternative. Then, using an ergodic theorem, we prove the existence of a compact
set C satisfying the condition P((X}, Y;) € C) > ¢ > 0, which guarantees asymptotic stability. We also
present numerical simulations of the theoretical results.

In Section 4 we consider a model of population growth with random disasters. This model is
obtained by adding sudden decreases in its size at random times to a differential equation describing
the growth of the population. The population size distribution satisfies a partial differential equation
with a non-local operator describing the jump process. This equation generates a stochastic semigroup,
which we investigate using the Foguel alternative. We analyze the long-time behavior of the semigroup
in the case where the sudden decrease in population size is proportional to the population size.

2. Models described by the It6 stochastic differential equations
In this section we recall properties of models given by the It6 stochastic differential equations. Such

models are obtained from deterministic models by adding a stochastic perturbation. A deterministic
model of a single population is of the form:

X(1) = b(x(1))x(1) = [(x(0))x(2), 2.1)
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where x(7) is the size of the population at time ¢, and b(x) and I(x) are the per capita birth and death
rates, respectively. We assume that b and [ are C' nonnegative functions and b — [ is a bounded above
function. The function g(x) = (b(x) — l(x))x is called the growth rate. Thus we can write Eq (2.1)
in the form x(#) = g(x(#)). By adding noise to the last equation we obtain the following Itd stochastic
equation:

dX; = g(X,) dt + o(X,) dW,. (2.2)

Here and throughout the paper, W, denotes the standard Wiener process and o (x) is the diffusion
coeflicient. We usually consider two forms of the function o(x). If we consider environmental noise,
then o(x) = ox. In the case of demographic noise we assume that o(x) = o V/x.

In order to study properties of sample paths of the process (X;) we need the following result being a
consequence of the Feynman—Kac formula.

Theorem 1. We assume that g and o are C'-functions in the interval [, B] and o(x) > 0 for x € [a, B].
Let Xy = xo € (a,B) and T be the first exit time from the interval [a, B]. Then P(t < 00) = 1 and

@ x )
P(X, = B) = q)(();)))’ D(x) = f exp(— f ;;g ; dr)ds, (2.3)
@ y

where vy is any point from the interval [, ).

Since the properties of the solutions of Eq (2.2) differ significantly depending on the choice of the
function o~ we consider the both cases separately.

2.1. Environmental noise

Now assume that o(x) = ox, o > 0. The long-time behavior of sample paths of the process (X;)
depends on whether the following expressions:

' 0 > * 29(1)
Jl(x):ﬁexp(—flmdr)ds, Jz(x):l exp(—ﬁmdr)ds

are finite. It is worth noting that the expression J;(x) can be infinite in the case when the function under
the integral sign is unbounded at zero (see Example 2). The following results can be obtained from
Theorem 1 by the limit passages with @ — 0 and 8 — oo. Let X = x, x € (0, ). Then

a) if J;(x) = +o0 and J,(x) = +oo, then

P(lim sup X; = +00) = P(liminf X, = 0) = 1, 2.4)
[—o0

[—0o0
b) if J;(x) < +o0 and J,(x) < +oo, then
J2(x)

P(}i_}rg X, =+400)=1- P(}i_}ng, =0) = 700+ h0’ (2.5)

¢) if J1(x) < +o0 and J5(x) = +oo, then
P(tli)rg X, =0)=1, (2.6)

d) if J;(x) = +o0 and J>(x) < +00, then
P(tli_)lr?o X, =o00)=1. 2.7
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Example 2. If g(x) = gx, then

J1(x) = f S s D) = f 28
0 X

Consequently, J;(x) < oo if and only if 2g < 0 and J,(x) < oo if and only if 2g > 2. Thus, if 2g = o2,
then a) holds; if 2g < o2, then ¢) holds; and if 2g > o2, then d) holds. These properties also follow
from the formula

X, = Xpe& o 2o Wi, (2.8)

Moreover, from (2.8) it follows that lim,_,., P(X, < M) = 1 if 2g < 0?; lim; P(X, > M) = 1 if
2g > 02; im0 P(X; < M) = 1/2 and lim,_,., P(X, > M) = 1/2 if 2g = o* for each M > 0.

Theorem 3. We assume additionally that g is a C*-function and g(x)/x < o*/2 for sufficiently large x.
Letg = g'(0) — 0%/2.

(i) If g <O, thenlim,_. X, =0 a.e.

(i) If g > 0, then liminf,_,., X; = 0 and limsup,_, X, = oo a.e.

The abbreviation a.e. stands for “almost everywhere”.

Proof. From the inequality g(x)/x < 0?/2 it follows that J>(x) = +oco. We check when J;(x) is finite.
Since g(0) = 0, from Taylor’s formula it follows that for each r > 0 there is 6, € (0,r) such that
2g(r) = 2¢'(0)r + g”(8,)r*. Thus

[ 2s02ar= [ g + ¢ @nar= 2¢O ms + - vgc
1 1
where z; has values in the interval (0, max(1, x)). Since

Ji(x) = ) exp| — $280) dr|ds = ' 5728 O 198" @I g
p 2,2
0 1 0T 0

J1(x) is finite if and only if g < 0. Thus if g < 0, then the case c) holds, and if g > 0, then the case a)
holds. =

We now examine the problem of the asymptotic behavior of the distribution of the process (X;). The
variables X, have densities u(t, x) for ¢ > 0, which satisfy the Fokker-Planck equation:

o? &
2 0x2
If X, has the density uy and u(t, x) is the solution of Eq (2.9), then the formula P(¢)uy = u(t, x) defines
a stochastic semigroup on the space L!'[0, c0).

We recall that if (X, X, m) is a o-finite measure space, then a family {P(¢)},»o of linear operators
on L' = LY(X,X,m) is called a stochastic semigroup if each operator P(f) is positive (if f > 0 then
P(t)f > 0) and preserves the integral ( fx P f(x)m(dx) = fx f(x)m(dx) for f € L"), and the function
t — P(t)f is continuous for each f € L.

The semigroup {P(?)},»¢ is called asymptotically stable if there exists a density f. such that

‘Z—”(t, x) = —ﬁ(g(x)u(t, x)) + (xX*u(t, x)). (2.9)
t ox

im [IP@O)f - fll =0 (2.10)
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for each density f. Here || - || is the norm in L', i.e., || f]| = fx | f(x)| m(dx). We recall that a measurable
function f: X — Ris adensity if f > 0 and ||f|| = 1. From (2.10) it follows immediately that f. is an
invariant density, i.e., P(t)f, = f. foreach t > 0.

In order to formulate a theorem on asymptotic stability of stochastic semigroups we need to
introduce an auxiliary notion.

A stochastic semigroup {P(#)};»o 1s called partially integral if there exists a measurable function
k: (0,00) X X X X — [0, 0], called a kernel, such that

POF() = f K(t, x, %) f(x) m(d)
X

for every density f and

f f k(t, x,y) m(dy) m(dx) > 0
x Jx

for some ¢ > 0.

Theorem 4 ( [19]). Let {P(t)}»0 be a partially integral stochastic semigroup. Assume that the
semigroup {P(t)};>0 has a unique invariant density f.. If f. > 0 a.e., then the semigroup {P(t)};»¢ is
asymptotically stable.

The second important notion which describes the long-time behavior of stochastic semigroups is
sweeping. A stochastic semigroup {P(¢)}»o 1s called sweeping with respect to a set A € X if for every
f € L' we have

limfP(t)f(x) m(dx) = 0. (2.11)
1= J4

Further we assume that (X, p) is a separable metric space and X = 8B(X) is the o-algebra of Borel subsets
of X. We consider a partially integral semigroup {P(#)};>o which satisfies the following condition:
(K) For every xy € X there exists an € > 0, a ¢t > 0, and a measurable function 7 > 0 such that
[ n(x) m(dx) > 0 and
k(t, x,3) 2 110) Ly (x)  fory € X, (2.12)
where B(xg,e) = {x € X : p(x,x9) < €} and 1, denotes the indicator function of the set A, i.e.,
ILu(x)=1lifxe Aand 14(x) = 0if x ¢ A.

Theorem 5 ( [20]). If a stochastic semigroup {P(t)};so satisfies (K) and fooo P@)f(x)dt > 0 a.e. for
every density f, then the Foguel alternative holds, i.e., this semigroup is asymptotically stable or
sweeping from compact sets.

The semigroup {P(?)},»o generated by Eq (2.9) is integral and has a positive kernel, which implies
that it has at most one invariant density. If an invariant density f, exists then it satisfies the equation

1
—(8)f(0) + E(szzf*(X))" = 0. (2.13)

Hence, we easily determine the invariant density:

fi(x) = %exp(fx 28(s) ds) (2.14)
1

ols?
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as long as C can be chosen such that f; is a density, which reduces to proving the integrability of f. for
C > 0. The integrability of the function f. depends only on its behavior near O and +oo. The study of
this integrability can be carried out similarly to the study of the sample paths properties. According to
Theorem 4, we have the following result.

Theorem 6. Let g be a C*>-function, limsup,_, g(x)/x < 0?/2, and § > 0. Then the semigroup
{P(t)}0 is asymptotically stable.

Example 7 (Logistic model). Now we consider a stochastic version of the logistic model. Let g(x) =
rx(K — x), r > 0, and K > 0. Then limsup,_, g(x)/x = —co and g = rK — 0%/2. Thus, if 2rK > o,
then the semigroup {P(?)},>o is asymptotically stable. Using the formula (2.14) we obtain that f, is the

gamma density
1

I'(1)o4
where A = i—f—l,and@z ‘;—j HereEX:/IG:K—‘;—j.

x/l— 1 e—x/()

fo(x) =

Example 8 (Gompertz model). In the study of cell populations (e.g., tumours), we often use the
Gompertz model to describe population growth. In such a model, the size of the population satisfies
the equation X = g(x), in which g(x) = rxIn(K/x), r, K > 0. Thus a stochastic version of the Gompertz
model is the following:

dX; = rX,In(K/X;) dt + o X, dW,. (2.15)

Note that the function g is not differentiable at x = 0, so we cannot apply the theory presented earlier.
After substituting Z; = In X; and using the Itd6 formula we obtain

dz, = a(Z)dt + o dW,,

where

a(y) = g(e)e™ — %0‘2 =re'In(Ke)e™ — %0’2 =rinK—-ry— %o’z.
Then
dz, = (rink - rZ - %0‘2) dt + o dW,. (2.16)
If V, =Z, —cand ¢ = InK — 0®/(2r), then V, satisfies the Langevin equation
dV, = —rV,dt + o dW,. (2.17)

One of the solutions of Eq (2.17) is the stationary Ornstein—Uhlenbeck process which has the invariant
density v,(x) = +/r/mo?exp(-rx*/o?). Since X, = exp(V, + ¢), the process (X,) has the log-normal
invariant density

f.(x) = \r/ro2x " exp(—r(In x — ¢)? /o).
Thus, the semigroup {P(#)};»o is asymptotically stable.

Since for any initial distribution of X, and any ¢ > 0 the random variables X, have densities u(t, -),
we finally obtain

lim Jlu(z, ) = £]| = 0
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for any distribution of X,. Thus we can use the ergodic theorem, which states that if ¢: [0,0) — R is
a measurable function and ¢f. is an integrable function, then

1im% f e(Xs(w))ds = f i @(x) fu(x) dx (2.18)
it 0 0

for an a.e. sample path. In particular, for any measurable set A C [0, o) the mean sojourn time of

almost all trajectories in the set A is fA f(x)dx.
From Theorem 3 (i) it follows that if g < 0 and g(x)/x < o2/2 for sufficiently large x, then

lim,_,., X; = 0 a.e., which means that the population dies out. Also from Theorem 3 (i) we obtain

IimP(X;, <6)=1 forallo > 0. (2.19)

[—00

One can check that if @ = 0 and g(x)/x < 0?/2 — & for some & > 0 and sufficiently large x, then the
condition (2.19) also holds, i.e., the population dies out in the sense of distribution.

Another more realistic definition of extinction can be considered by assuming that a population goes
extinct if the number of individuals falls below a certain critical level x.; > 0 and then extinction will
occur over a finite period of time. In all cases considered so far, this condition is fulfilled. It follows
from the fact that if g(x)/x < 02/2 for sufficiently large x, then almost all sample paths of the process
(X;) visit any neighborhood of zero with a probability of one.

For a population to survive with a positive probability, we need to assume that the function g is
growing at a greater rate than o%x/2.

Example 9. Consider the model with g(x) = gx and o(x) = ox. We assume that X, = x¢ > X and
g=g-0?/2>0. Then

it\28/02
P(X, > xo fors>0)=1- (x““) s
X0

This result follows from Theorem 1. We omit the detailed proof.

2.2. Demographic noise

In the models we have considered so far, the functions g and o~ were sufficiently smooth and satisfied
the condition g(0) = 0(0) = 0. As a result, the diffusion process never hits the point 0. In such a case,
we say that the point 0 belongs to the unattainable boundary for the diffusion process (if the process
hits the boundary with positive probability, then this boundary is called attainable). We check that if
the noise is demographic, i.e., o(x) = o Vx, then 0 is an attainable point.

We start with a particular model:

dX, = gX,dt + o X, dW,, Xy =x,> 0. (2.20)
If g = 0, then the process (X;) is called the Feller diffusion.
We show that the process (X;) satisfying (2.20) hits O with positive probability. In order to do it

consider Eq (2.20) in the interval [a, ] with 0 < @ < xy < 8 < oo. According to formula (2.3), the
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probability that the process (X;) exits through the right end of the interval [, 8] is ®(x()/D(B), where
2 * 52
d)(x):f ( f (g;(r) )a’s:f exp(—f %dr)a’s
y 0(r) o y O°r
8
= f (—2 - s)) ds
o? 2g 2
= 5—|exp —2(7— @) | — exp —‘i(v - X)
2¢g o o

for g # 0, and ®(x) = x — a for g = 0. Hence

D(xp) e~280/0% _ o=28%0/0” Oxo)  xo—a

On passing to the limit 8 — +oco we get the following:

P(X,>a: fort>0)=

1— eZga/(Tz—ngo/(Tz, if g >0,
) if g <O0.

On passing this time to the limit @ — 0" we obtain

1 — e 2%/ if g >0,
P(X,>0: fort>0)= ]
0, ifg <0,

so the probability that the process (X;) hits zero equals e~25%/ o’ when g > 0, while it is 1 when g < 0.

Remark 10. Eq (2.20) has the following interesting property. If (X!) and (X?) are independent
processes defined by this equation satisfying the initial conditions Xé = x;, 1 = 1,2, then the process
(X;) satisfying this equation with initial condition X, = x; + x, has the same distribution as the process
(X! + X?). This fact is related to the demographic noise property that the stochastic disturbance of the
entire population is the sum of the independent disturbances of the subpopulations.

We now consider the general model:
dX, = g(X,)dt + o X, dW,,  Xp = x0 > 0, 2.21)

where g is a C!'-function in the interval [0, co). It is easy to check that if lim SUp,_,. 8(x) < 0?/2, then
®(00) = oo, which implies that the process (X;) hits zero with a probability of one. If liminf,_,, g(x) >
02/2 and g’(0) > 0, then ®(c0) < oo and the process (X,) hits zero with a probability less than one.
Precisely, sample paths with positive probability hit zero and with positive probability converge to +oo.
Comparing the properties of models with environmental noise and demographic noise we deduce
that for small populations the demographic noise is more dangerous than the environmental noise. The
opposite is true for large populations, i.e., the demographic noise has less impact on the population.

Mathematical Biosciences and Engineering Volume 22, Issue 1, 1-22.



3. A model with a stochastic parameter

A new class of stochastic models can be obtained if we replace a parameter in a deterministic model
by a stochastic process. We begin with a simple deterministic model with a constant per capita birth
rate b:

x(t) = bx(t) — I(x())x(t), x(0) = xo > 0. (3.1)

We assume that the external noise changes the birth rate b, and so we replace b by a stationary
Markov process (Y;) which satisfies the Itd equation

dY, = a(Y)Y,dt + oY, dW,. (3.2)

Since the death rate is a positive number, we assume that the sample paths of this process are positive
functions. In order to keep positive values of sample paths, we assume that a is a C'-function defined
on the interval [0, o). According to Theorem 6, so that there is a stationary process (Y;) satisfying Eq
(3.2), it is sufficient to assume that a is a C*>-function, a(0) > ¢%/2, and limsup,_,_, a(x) < /2.

We replace b in Eq (3.1) by the process (Y;). Then the solution x(#) of this equation is also a
stochastic process, denoted by (X;), and the growth of the population is described now by the following
equation:

dX./dt =Y. X, - (X)X, Xo=x0>0. (3.3)

We also assume that the process (Y;) has a finite mean value EY. It is easy to check that if
limsup, . a(x) < 0, then EY < co. We denote by (Q2, F,P) the probability space on which the
process (X;, Y;) is defined.

Remark 11. One can consider also models with values of sample paths of (¥;) in some interval (o, S),
but then we need to consider Eq (3.2) with drift and diffusion coefficients having zeroes at @ and g, and
fulfilling an appropriate condition guaranteeing the existence of a stationary process.

We precede our study of the long-time behavior of the solutions of Eq (3.1) with a remark on
“medium-time behavior”. Let a function x: [0, 7] — (0, o) be a sample path of the process (X;),
i.e., x(t) = X,(w) for some w € Q. Since the sample paths of the processes (X;) and (Y;) are positive
functions, according to Eq (3.3), the function x(¢) satisfies the following condition:

x(@) + I(x()x(r) >0,  x(0) = xo. (3.4)

Of course not all functions satisfying (3.4) are sample paths of (X;), but we have the following property.
For each £ > 0, T > 0, and x satisfying (3.4) we have

P(X, — x(#)| < € fort € [0,T]) > 0. (3.5)

This property follows immediately from the fact that if y: [0, T] — (0, o) is any continuous function
and 6 > 0, then
P(lY, —y(@®)| <6 forte[0,T]) > 0.

Thus, we see that any function satisfying condition (3.4) approximately realizes one of the possible
population growth scenarios.

Mathematical Biosciences and Engineering Volume 22, Issue 1, 1-22.
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The solution of problem (3.3) depends on the process (Y;), but can only be expressed by explicit
formulae in a few cases. The simplest case is when [/ is a constant, say /(x) = p. Then

!
X, = Xp exp (f Y,ds —pt). 3.6)
0

According to the ergodic theorem lim,_,, % fot Y,ds = EY a.e. Thus, the a.e. sample path of the process

(X;) approaches exponentially +co when EY > p, and O when EY < p. In this model the long-time

behavior is practically the same as in the deterministic model with the per capita growth rate EY — p.
Now we consider a logistic model with I(x) = p + yx. Then

exp (fol Yids - pt)

X, = .
t xy! +fotyexp(fos Y,dr—ps) ds

(3.7

Unfortunately, the application of the ergodic theorem to the process () is not sufficient to examine
the properties of the sample paths of the process (X;). Further investigation requires the use of methods
related to degenerate diffusion. The following theorem allows us to study the properties of distributions
and sample paths of processes (X, ¥;) for a rather broad class of models including the logistic one. We
use the notation R2 = [0, c0)? and R3° = (0, c0)?.

Theorem 12. Let a and | be C*-functions such that

a(0) > 0%/2, limsupa(x) <0, EY >1[(0), liminfl(x)>EY.

X—00

Then for each t > 0 the distribution of (X;, Y;) has a density f; and there exists a density f. such that
limyseo Lfi = fill = 0 in L'(RY?).

We explain the assumptions of Theorem 12. Inequalities a(0) > ¢2/2 and limsup, , a(x) < 0
imply that the process (Y;) is stationary and has a finite mean value. Inequalities containing E Y imply
that there exists a compact subset C of Ri’o such that P((X;, Y,) € C) > £ > 0.

The plan of the proof is the following. First, we prove that the transition probability function
P(t, (x0,0), A) of the process (X;, ¥;) has a continuous density p(t, (xo, yo), (x,y)) for each ¢ > 0. Next
we check that for arbitrary positive numbers xo,yo,X;,y; there exists 77 > 0 such that
p(T, (x0,¥0), (x1,y1)) > 0. Then the stochastic semigroup {P(#)};>o on the space Ll(Ri"’) generated by
the process (X, ¥;) satisfies the assumptions of Theorem 5. Thus the Foguel alternative holds. Since
we find a compact set which does not satisfy sweeping condition (2.11), the semigroup {P(?)},>0 is
asymptotically stable.

Lemma 13. The transition probability function P(t, (xo, o), A) has a density p(t,(xo, o), (x,y)) and
p € C((0, 00) X R*® x R*).

Proof. First we convert the Itd system (3.2)—(3.3) into the Stratonovitch one [21,22]:

dX, = (Y, - (X)X, dt,

L o (3.8)
dy, = (a(Y,) — 50°)Y,dt + oY, 0 dW.,.

Mathematical Biosciences and Engineering Volume 22, Issue 1, 1-22.
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We prove the lemma by checking Hormander’s condition (cf. [23]). Let o(x,y) = ((y — I(x))x, (a(y) —
%O'Z)y) and o(x,y) = (0,0y). It is enough to check that the vector o;(x,y) and the Lie bracket
[0, o711(x, y) span the space R? for each (x, y) € R>°. We recall that

aO'U 60'0]' 80'1]' 8O-Oj
[0, 1] (X, y) = 0o ox — 011 9 + 002 P — 012 By
We have 3 3
lox
[070, 111 (%, Y) = =1 = —oy—(yx = [(X)x) = —0oxy,
dy dy
do o ,
[070, T112(x, ) = Tor—s = T3 = —0d (Y)Y,
dy dy
and hence [0, 0 ](x,y) = —o(xy, a’(y)y?). Itis clear that vectors o (x, y) and [0, o1 |(x, y) are linearly
independent for each (x,y) € R>°. O

There is one important difference between a non-degenerate diffusion and a degenerate diffusion
which satisfies Hormander’s condition, namely, the kernel p is strictly positive if diffusion is non-
degenerate, but in the degenerate case the kernel p can vanish on some subsets. We check where the
kernel p is positive using a method based on support theorems ( [24-26]):

Theorem 14. Fix a point (xo,yo) € R_Z;O and assume that we can find a function ¢ € L*([0, T];R) such
that there exists a solution of the system

Xp(1) = Xo + f 001(Xs(5), y(5)) ds,
0 (3.9)

Y(t) = yo + f (002(x4(5), y4(5)) + T12(x4(5), yo(5))P(5)) dss.
0
If (x,y) = (x4(T), y4(T')) and the Frechét derivative of the function ¥ (h) = (xg:4(T), yg+n(T)) in hyg = 0
has the rank 2, then p(T, (xo, yo), (x,y)) > O.

It is worth noting that this is a strong version of the support theorem for a degenerate diffusion.
The topological support of the measure P(T, (xo, yo), ) coincides with the closure of the set of all
points (x,y) which can be connected to (x¢,yp) at time 7" by means of solving system (3.9) with an
appropriately chosen function ¢.

Lemma 15. For any quadruple (xo,yo, x1,y1) of positive numbers there exists T > 0 such that
p(T, (x0,y0), (x1,y1)) > 0.

Proof. Fix positive numbers xy, X1, Yo, y;. We show that there exist 7 > 0 and a continuous function
¢: [0, T] — R such that the system

(1) = () — Lx()x(), (3.10)
(1) = (a(y(1)) — 1)) + oy()p(1) (3.11)

has a solution satisfying the following boundary conditions:
x(0) = x0, ¥(O0)=yo, x(T)=x1, WT)=y. (3.12)
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Observe that it is sufficient to find 7 > 0, a positive function x € C'[0, T satisfying the inequality
x(1) + [(x(0)x(r) >0 forte[0,T], (3.13)

the boundary conditions x(0) = xo, x(T) = x; and the consistency conditions x(0) = (yo — I(xo))xo,
x(T) = (y1 —I(x1))x;. Given a function y, we find the function ¢ by solving Eq (3.11). Let F': (0, 00) —

R be a function given by
F) f * dr
X) = —.
x TIr)

Let z(r) = F(x(¢)). We can write inequality (3.13) as z(¢) > —1 for ¢t € [0,7T]. We have x(0) = xy &
2(0) =0, x(T) = x; & z(T) = F(x;) and the consistency conditions can be written as

. Yo . b))
2(0) i) I, zT) s 1.
Since z(0) > —1 and z(T) > —1, it is not difficult to find 7 > 0 and a C'-function z: [0,7] — R
which fulfils all the required conditions. Since F' is a smooth strictly increasing function we can define
x:[0,T] = Ras x(t) = F'(z(t)) fort € [0, T].
The Frechét derivative of the function ¥ can be found by means of the perturbation method for
ordinary differential equations. Let X = (x,y), Xy = (X4, Yy),

d d
A() = %mo» + %(xab(r))qs(t), (3.14)
and let Q(t,1y), for T > t > t, > 0, be a matrix function such that Q(ty, %) = I and (9Q((9tt, ) _
A()O(t, ty). Then .
Y (h) :f o(T, s)0'1(x¢(s))h(s) ds. (3.15)
0

Lete € (0,T)and h, = 1;7_. 7). Since Q(T, s) = I + A(T)(T — s) + o(T — s), from (3.15) we obtain
¥ (hy) = g0 (x4(T)) + 267 AT 1 (X4(T)) + 0(7). (3.16)

We have x4(T') = x. Let vi = 01(X4(T)) and v, = A(T)o(X4(T)). Then

0 X
V) = [O'y]’ \Z} :O-X[(a(y)y—O'Zy/2)’+0'¢(T) .

Since the vectors v, and v, are linearly independent, the vectors ¥’ (h,) and ¥’ (h,.) are also linearly
independent. Thus the derivative ¥’ has rank 2 and finally p(T, (xo, yo), (x,y)) > O. O

LetY,=Y,—EYand Z = InX,. Then
dZ[/dt = Y[ - C(Z[), (3.17)

where c¢(z) = l(¢°) — EY. From our assumptions it follows that there exist 6 > 0 and Z > 0 such that
c(z) > 6 forz >z and c(z) < -6 for z < —Z.
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Lemma 16. Assume that the random variable Zy has values in the interval [—Z,Z]. Then there exist
To >0, and M > 7 such that P(w € Q: |Z(w)| £ M) > 1/2 fort > T,

Proof. The process (Y_,) is also stationary and EY = 0. From the ergodic theorem applying to the
process (Y_y), s > 0, it follows that

10
lim Tf Y (w)ds =0 P-a.e.

T—o0 T

Since a.e. convergence implies convergence in probability, there exists Ty > 0 such that

1 (.
PweQ: ‘?f Y (w)ds| <6 forT >T,) > 3/4.

a

Now let t > T,. Then from the last formula it follows that

1 (7 -
P(w € Q: ‘—f Yo(w)ds
T Jir

<o forT €[Ty,t]) > 3/4. (3.18)

Since the process (Y,) is stationary and its sample paths are continuous functions, there exists a constant
K > ¢ independent of ¢ such that

P(w € Q: max | Y (w)| < K) > 3/4. (3.19)

s€[t-Ty,

Let Q, be a subset of Q containing all elementary events w satisfying both conditions (3.18) and (3.19).
Then P(€g) > 1/2. Define M = 7 + (K — 6)Ty. We check that |Z,(w)| < M for w € Q. Let w € Qg and
T(w) < t be such that Z;,) € [-Z,Z] and Z; ¢ [-Z,Z] for s € (1(w), t]. Without loss of generality we can
assume that 7(w) < t. If Z;(,,) = Z, then

t

Z(w) =Z+ (Yo(w) = c(Z(w))) ds.
T(w)
LetI; = f:(w) Y (w)ds. Then from (3.18) and (3.19) we obtain

I < Kit-1(w)) ift(w)e(t—Tyt],
"6 - tw)  if T(w) € [0, 1 = To).

Since ¢(Zy(w)) > 6 for s € [T(w), t], we have f:(w) c(Z(w))ds > 6(t—1(w)). Thus Z,(w) < 7+(K-6)T, =
M for w € Q. If Z;(,,, = —Z, then we analogously obtain that Z;(w) > —M for w € €. O

Proof of Theorem 12. First we check that the stochastic semigroup {P()}so on the space L'(R>")
generated by the process (X;, Y;) satisfies the assumptions of Theorem 5. The semigroup {P()}5o 1s
given by the formula

P f(x,y) = fo fo p(t, (x0,¥0), (x, ) f (X0, yo) dxo dyy. (3.20)
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According to Lemma 15 for any quadruple (xo, yo, x, y) of positive numbers there exists ¢ > 0 such that
p(t, (x0,Y0), (x,y)) > 0. This and the continuity of p imply condition (K). Also Lemma 15 and formula
(3.20) imply that fooo P(1)f(x,y)dt > 0 for every density f and for all (x,y) € R*°. Thus the Foguel
alternative holds.

Let fi(x) be a density supported on the interval [e7%,ef]. If f; is the density of the distribution
of Xy, then according to Lemma 16 we have P(X, € [e™™,eM]) > 1/2 fort > T,. Let f.(y) be the
invariant density for the process (Y;). Then there exist positive numbers y; and y, > y; such that
P(y; <Y, <y,) >3/4foreacht > 0. Let f(x,y) = fi(x)f.(y) and C = [e™™, eM] x [y1,y>]. Then

f f P(0)f(x,y)dxdy > 1/4 fort>T,.
C

Thus the semigroup {P(t)};so is not sweeping from C and, consequently, the semigroup {P(?)},o is
asymptotically stable. m|

We now present the density plots of the joint stationary density of the process (X;,Y;) and the
marginal densities of the distributions of the processes (X;) and (¥;) when I(x) = ¢ + x, a(y) = 5 -y,
and o = 1. Since the process (Y;) is a stationary solution of the logistic model with g(y) = y(5 — y) it
has the invariant density f(y) = %yge‘zy and EY = 4.5 (see Figure 1).

0 5 10 15
y

Figure 1. The plot of the invariant density of (¥;).

The plots of the joint stationary distribution of the process (X;, ¥;) and the marginal density of (X;)
are given in Figure 2 for ¢ = 1 and in Figure 3 for ¢ = 4. Observe that since In X, —In X, = Y, — (¢ + X))
we have EY = ¢ + E X and consequently EX = 3.5 in the case of ¢ = 1 and EX; = 0.5 in the case of
c=4.

The graphs in Figures 2 and 3 were prepared using MATLAB. Each plot was obtained from 1000
simulations of sample paths up to time 7 = 100 with the time step size At = 0.001.

4. Population growth with random disasters

We now assume that a population grows according to the equation
X(1) = g(x(1)), 4.1

but from time to time, the population encounters a catastrophe that causes its size to drop from x to y,
where y is distributed according to a transition probability function P(x, A) (see Figure 4). We assume
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Figure 2. The plots of the joint stationary density of the process (X;, Y;) and the marginal
density of (X;) for ¢ = 1.

03 0.8

0.6

0.15 04

0.2

0 .
0 0 1 2 3 4 5 6 7

y x x

Figure 3. The plots of the joint stationary density of the process (X;, Y;) and the marginal
density of (X;) for ¢ = 4.

that the measure P(x, -) has a density p(x,y), i.e., p > 0, fox p(x,y)dy = 1, and P(x,A) = fA p(x,y)dy.
It is also assumed that the moments of disasters are distributed according to a Poisson process (V)0
with rate A > 0.

A
Xy

gt —

tq ta t3 t
Figure 4. An example of a sample path of the process (X;).

We assume that g is a C'-function, g(0) = 0, and g(x) > 0 for x € (0, @), where @ € (0,0]. If
a < oo, then we assume that g(a) = 0. We also assume that : % = oo for € > 0, which guarantees
the existence of the solutions of Eq (4.1) for all # > 0. We assume that p(x, y) is a continuous function
forO<y<x<a.

The growth of the population is described by a piecewise deterministic Markov process (X;), t > 0,

with random jumps at the moments of disasters. Assume that the distribution of random variable X

Mathematical Biosciences and Engineering Volume 22, Issue 1, 1-22.
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has a density f. Then for all # > 0 the distribution of X; has also a density u(z, -) and u satisfies the
following equation:

%(r, X) + ai(g(x)u(t, x)) = AQu(t, -)(x) — Au(t, x), 4.2)
X

where Q is a stochastic operator on the space L' := L'(0, @) given by Qf(y) = foa p(x,y)f(x)dx.
Equation (4.2) can be written as an evolution equation #(f) = Au(?) in the space L', where A =
Ay + AQ — Al, the operator Ay is given by

d
Aof(x) = ——~(8(0)f(x)),

and the domain of both operators A and Ay is the set {f € L': Ayf € L'}. We denote by m,x,
the solution x(7) of Eq (4.1) with the initial condition x(0) = xy > 0. The operator A, generates a
stochastic semigroup {Py(#)};> on the space L' given by the formula

0 _t —! —t
Potf () = () (gxx) _ [z ;zi” xX)

From the Dyson—Phillips expansion the operator A also generates a stochastic semigroup {P(¢)},>o on
the space L' given by the formula

P(f =™ )" N"P,(0)f, (4.3)
n=0
where )
Poi(Df = f Pt = DQPy(D)fdr, n>0. (4.4)
0

It is easy to check that P(7) is an integral stochastic operator with a continuous kernel for t > 0,
which implies that the semigroup {P(?)},»o satisfies condition (K). Moreover, the semigroup {P(#)},0
satisfies condition fooo P(t)f(x)dt > 0 for all x € (0, @) and each density f. The proof of this result is a
little bit technical and we omit it here, but it is a consequence of the fact that the process (X;) joins an
arbitrary two points from the interval (0, @). According to Theorem 5 we have:

Corollary 17. The semigroup {P(t)},»0 is asymptotically stable or sweeping from compact subsets of
the interval (0, @).

Under the assumptions made so far, the following cases are possible:

(a) the semigroup is asymptotically stable,

(b) the semigroup is sweeping to zero, i.e., the distributions of the process (X;) are weakly converging
to 9y (population extinction),

(c) the semigroup is sweeping to a, i.e., the distributions of the process (X;) are weakly convergent
to 6, when a < oo or lim,_,., P(X; > M) = 1 for all M > 0 when a = oo,

(d) the distribution of the process (X;) is in part swept to zero and in part swept to a.

One method of investigating which of these cases occurs is to examine the stationary solutions of
Eq (4.2). Observe that a stationary solution f satisfies the equation

Aof + AOf — Af = 0.
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This equation can be written in the form

AT =AY Of = f.
Then A(AI — Ay)~! is also a stochastic operator given by the formula
A (7 ' d
AAL = A f(x) = — f £(s)exp (A f —r) ds.
8(x) Jo « 8()

Thus f is a solution of the following integral equation:

Jx) = f: K(y, x)f(y) dy, (4.5)

where

K(y,x) = Afvxp(y,s)exp(l\fwﬁ) ds.
g(x) Jo « 8(r)

If a density f. is a solution of Eq (4.5), then the semigroup {P(?)},»( is asymptotically stable. If Eq (4.5)

has a positive but not integrable solution f., then one can prove that if f is integrable in a neighborhood

of zero, then condition (c¢) holds, and if f is integrable in a neighborhood of @, then condition (b) holds.

Another method of checking which condition holds is to use the Khasminskii function (also known

as the Lyapunov function) (see e.g., [28, page 128] for a general result). The process (X;) has the
infinitesimal generator

LV(x) =gx)V'(x) + AQ"V(x) — AV(x), (4.6)

where 0"V (x) = fox p(x,y)V(y)dy. Assume that there exist a C'-function V: [0, @) — [0, o), constants
g, M > 0, and a compact set C C (0, @) such that

LVix) <M forxe(0,0) and LV(x)<-g forx¢C. 4.7)

Then the semigroup {P(?)},»o is not sweeping from the set C and, consequently, this semigroup is
asymptotically stable. Using this criterion, we prove the following theorem.

Theorem 18. Assume that a = oo and that if x is the size of the population before the disaster, then the
population size after the disaster is xn, where the random variable n has values in the interval [0, 1]
and has a density q: [0, 1] — [0, 00). Assume that the limit g’'(c0) = lim,_,., g(x)/x exists. If

1 1
g'(0) + Af gr)Inrdr>0 and g'(c0)+ Af q(r)Inrdr <0, (4.8)
0 0

then the semigroup {P(t)},»o is asymptotically stable.

Proof. We have p(x,y) = iq (}Xc) for 0 <y < x and p(x,y) = 0 otherwise. Let V: (0, 00) — (0, o) be a
C'-function such that V(x) = x for x sufficiently close to zero, and V(x) = x” for sufficiently large x,
where § and 7y are positive numbers. Then

LV(x) = —Bg(x)x P + Af lq (X)y_ﬁ dy — Ax?
o X X

1
— B (_ﬁg’(()) + Af P - )g(r)dr + 0(1))
0
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for x sufficiently close to zero and
. t1ovy
LV(x)=ygx)x’ + A -q (—)y7 dy — Ax?
o X X
1
=x’ (yg'(oo) + Af (" = Dg(r)dr + 0(1))
0

for sufficiently large x. Since

lim(r*-1)/8=-Inr and lim(* - 1)/y =Inr,
B—0 y—0

we find B and vy sufficiently close to zero and &£ > 0 such that LV(x) < —& outside some compact set
C c (0, c0). This implies that the semigroup {P(t)},»o is asymptotically stable. O

Example 19. Assume that g(x) = (@ + 1)x*1j1;(x) and @ > 0. Then fol gr)Inrdr = —(1+a)~". From
(4.8) it follows that if

(1+a)g' () <A < (1+a)g'(0),
then the semigroup {P(t)}o is asymptotically stable, which means that the distribution of the
population size tends toward an invariant distribution.

Remark 20. One can check that if

1 1
g0+ Af gir)lnrdr<0 and g'(c0)+ Af q(r)Inrdr <0
0 0

the population goes extinct and if

1

1
g'0)+ Af gr)inrdr>0 and g'(c0)+ Af q(r)Inrdr >0
0 0

the size of the population grows to co.

In the next theorem, we examine more closely the long-time behavior of the population size
distribution when g(x) = cx and one of the conditions in Remark 20 is satisfied.
Theorem 21. Let g(x) = cx, ¢ > 0, and p(x,y) = iq(i—c) 1,0.q(y) for a density g: [0,1] — [0, c0).

Assume thatm = fol g(x)Inxdx < coand o = fol q(x) In® xdx < co. If F, is the cumulative distribution
function (CDF) of X,, then

lim F, (exp (o VALx + (c + Am)t)) = O(x), (4.9)

f—00

where © is the CDF of the standard normal distribution N (0, 1) and the convergence in (4.9) is uniform
in Xx.

Proof. First observe that the operator Q and the semigroup {Py(?)};>o commute, i.e., QPy(t) = Py(1)Q
for all t > 0. Indeed, since Py(t)f(x) = e “ f(e™“'x) and Qf(x) = fx * ylq(x/y)f(y) dy, we have

PoDQF(x) = e f(e'x) = e f Vgle /) fO) dy

e Clx
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:e%if 7 g(x/D f(e™ "D dz = QPo(1) ().

We check by induction that the operators P,(f) and Q also commute and that

mm:%mma

forall n > 0 and ¢ > 0. From (4.3) we obtain

A n
%Q" f. (4.10)

_ —At
HW—%m;e -

Let &,1m1,7m2,... be a sequence of independent random variables such that & has the density f and
each random variable 7; has the density g. Then the random variable &, = &yn; - - - 17, has the density
Q" f. Let (N;)»0 be the Poisson process independent from random variables &y, 71,12, . . . and with rate
A. Then the random variable X, = e“¢y, has the density P(¢)f. Let Y, = Inn, forn > 1 and Z, = In X,.
Then

Ny
Z =ct+Iné+ Y,
i=1

and (Z, — ct);s0 is a compound Poisson process. We have m = EY,, and o> = VarY, + m?. Then from
the central limit theorem for the compound Poisson process

Z;, —ct — At
1iml>(u < x) — d(x) @.11)
=00 o VAt
uniformly in x. Since Z; = In X;, from (4.11) we obtain (4.9). O

Thus the long-time behavior of fox P(1)f(y) dy is the same as the CDF of the log-normal distribution
LN((c + Am)t, 0> At). From (4.9) it follows that for each M > 0 we have lim,_,., P(X, > M) = 1 when

¢+ Am > 0, and lim,_,, P(X; < M) = 1 when ¢ + Am < 0, i.e., the population dies out in the sense of
distribution.

Example 22. If g(x) = (@ + 1)x*1jo;j(x), @ > 0, then m = —(1 + a)~!. Consequently, if A > ¢(1 + @),
then the population dies out in the sense of distribution and if A < ¢(1+«) the population has unlimited
growth.

5. Discussion and conclusions

In the present paper we have investigated three types of stochastic models of a single population
growth. Models with diffusion-type environmental and demographic noise are studied in Section 2. We
study long-time behavior of sample paths and densities of distribution and give conditions under which
the population will survive and when it will become extinct. Comparing the properties of models with
environmental noise and demographic noise we deduce that for small populations the demographic
noise is more dangerous than the environmental noise. The opposite is true for large populations,
i.e., the demographic noise has less impact on the population. In the case of demographic noise, the
population dies out with positive probability for each growth function.
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We also investigate when the process describing population size has an asymptotically stable
invariant density using simple and convenient tools related to partially integral semigroups of
stochastic operators (see Theorems 4 and 5). These methods can also be applied to more advanced
models, for example those considered in Sections 3 and 4.

In Section 3 we studied the model obtained from the deterministic one by replacing the birth rate
with a mean-reverting stochastic process [6]. We gave sufficient conditions for the existence and
asymptotic stability of invariant density. The proof of the main result of Theorem 12 is quite advanced
and required the development of new tools that differ from the usual methods for proving asymptotic
stability based on the construction of Lyapunov functions. We also ran computer simulations that
show how the density of the process changes depending on the value of the death rate at zero.

A model of population growth with random disasters was considered in Section 4. The results
obtained make it possible to decide when the population size stabilizes, dies out, or has unlimited
growth. It should be noted that we can consider more general models of population growth with
random disasters. For example Eq (4.1) can be replaced by a stochastic equation (2.2) and the
transition probability function $(x, A) can be arbitrary. Then (X)) is still a Markov process and it can
be studied by means of the methods already presented [27,28]. More advanced models are those in
which the moments of disasters are not distributed according to a Poisson process. For example we
can consider a model in which the time between successive disasters is an arbitrary random variable
whose distribution depends on the size of the population after the previous disaster. Since (X;) is now
no longer a Markov process, the study of its asymptotic properties requires the use of slightly different
methods [29].
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