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Abstract: In this paper, we explored a modified Leslie-Gower predator-prey model incorporating
a fear effect and multiple delays. We analyzed the existence and local stability of each potential
equilibrium. Furthermore, we investigated the presence of periodic solutions via Hopf bifurcation
bifurcated from the positive equilibrium with respect to both delays. By utilizing the normal form
theory and the center manifold theorem, we investigated the direction and stability of these periodic
solutions. Our theoretical findings were validated through numerical simulations, which demonstrated
that the fear delay could trigger a stability shift at the positive equilibrium. Additionally, we observed
that an increase in fear intensity or the presence of substitute prey reinforces the stability of the
positive equilibrium.
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1. Introduction

Predation is a fundamental interaction between two species, wherein one species benefits by
acquiring resources at the expense of the other. Over the years, numerous mathematical models have
been developed, drawing from various biological contexts, to examine the dynamics of predator-prey
interactions [1-3]. Investigating the dynamical behavior of these models enhances our comprehension
of the regulatory mechanisms underlying predation, thereby enabling more precise predictions of
predator and prey population dynamics.

In general, the dynamic behavior of predator-prey models can be influenced by various factors,
including the functional response function, birth rate function, mortality function, and others [4, 5].
Recent studies have highlighted that certain prey species may exhibit fearful behavior in response to
predators, resulting in decreased birth rates and reduced outdoor foraging frequency [6-8].
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Zanette et al. [9] observed a forty percent reduction in the reproduction rate of song sparrows due to
fear induced by predators. Similarly, Elliott et al. [10] demonstrated that the presence of mantis odor
in the environment increased the likelihood of a group of drosophilas going extinct sevenfold.
Furthermore, some scholars have shown that predator-induced fear can lead to a decrease in prey
populations, with this effect often surpassing that of direct predation [6,11-13]. Taking this fear effect
into consideration, Wang et al. [14] introduced a fear factor function ﬁ into their model. Their
results suggest that high levels of fear (or strong anti-predator behavioral responses) can stabilize the
system by preventing the presence of periodic solutions. They also demonstrated that low levels of
fear effects may lead to a limit cycle through Hopf bifurcation. Subsequently, the fear factor function
has been widely incorporated into other predator-prey models [15, 16]. However, Wang and Zou
considered only the disadvantages of prey’s anti-predation responses, overlooking the potential
benefits. In reality, prey’s anti-predation responses obviously decrease the likelihood of being
captured by predators, as reflected in the model from [17].

Leslie and Gower introduced the classic Leslie-Gower model in [18], where they assumed that the
carrying capacity of the predator is directly proportional to the number of its preferred prey. This
classical model sets an upper limit on the relative growth rate of predators, which holds more
biological significance. Consequently, numerous researchers have conducted extensive studies based
on this model, leading to several important theoretical findings [19-21]. While this assumption holds
true under certain conditions, the predation dynamics depicted are not universally applicable.
Predators often need to diversify their prey sources when their preferred prey is scarce [22, 23].
Mathematically, this situation is typically represented by augmenting the denominator of the
Leslie-Gower term with a constant a, indicating the predator’s reliance on alternative prey in the
absence of its favored prey. We introduce the fear effect of prey on predators into a modified
Leslie-Gower predator-prey model, resulting in the following two-dimensional model:

& m) o1 mx@)y@)

TR dix(1) = drx™(1) 1 +ck1+gx(t)’ (1.1)
Q =sy()|1 - Lt) |
dr Yy nx(t)+al’

In model (1.1), x and y represent the densities of prey and predator species, respectively.
Parameters r and s are the intrinsic growth rates of prey and predators, while d; denotes the natural
(density-independent) death rate, and d, represents the density-dependent death rate due to
intraspecific competition. The prey’s fear-induced anti-predation response is characterized by m,
where parameter k denotes the perceived level of fear-based response by the prey [14]. Conversely,
the prey’s active anti-predation response, aimed at reducing the chances of being captured, is
described by ﬁc, where c is the extent of predation reduction relative to the response level k [17].
Additionally, m denotes the capture rate, and ¢ represents the handling time for each prey captured.
The term an is referred to as the Leslie-Gower term, while nx)ﬁ represents a modified version of the
growth law of the predator population in the Leslie-Gower model. Here, nx + a denotes the carrying
capacity of predators, where n measures the quality of prey as food for the predator, and a represents
the availability of alternative food sources for the predator. Compared to the classical Leslie-Gower
model, the modified Leslie-Gower model holds greater practical significance.

Furthermore, to enhance the realism of the model, constructing time-delayed differential equation

models is a well-established technique used to describe delayed activity at specific stages. The
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inclusion of time delays often alters the dynamic behaviour of the models. In recent years, an
increasing body of literature has incorporated relevant delays into predator-prey models and
interacting population models, such as those involving incubation, gestation, maturation, and
digestive biological processes [24-27]. Typically, researchers introduce discrete time delays into
existing ordinary differential equation models to construct corresponding delayed models and explore
their dynamics [28-30]. The introduction of time delays may destabilise the stability of the positive
equilibrium and induce periodic oscillations. These oscillations, induced by delay, can be periodic,
quasi-periodic, or even chaotic, representing a characteristic feature of time-delayed predator-prey
models. Research on predator-prey models with time delays has mostly focused on the instability
induced by time delays, the derivation of thresholds, and the stability of oscillatory solutions. In
reality, after perceiving certain cues, prey require time to assess the risk. Hence, fear of predation risk
does not respond immediately to changes in prey populations but involves a certain time lag.
Consequently, we introduce a delay 7, termed the fear response delay [31,32]. On the other hand,
there is a time lag between predators consuming their prey and reproducing offspring. Therefore, it is
reasonable to introduce a delay o, known as the gestation delay, into model (1.1). This delay
represents the time lag between consuming prey and reproducing offspring. It is assumed that the rate
of change of predator species is determined by the number of prey and predators existing at time
(t — 0), and that the delay o is only considered in the numerical response [32-34]. Considering these
two time delays, we obtain the following model:

d t bx(t)y(t
& L() — dy x(t) — drx*(1) — M’
dt 1+ky(t—1) 1+ gx(?) 12
dy ol Yt - o) (1.2
— =39 -,
dr Y nx(t—o)+a

where b = =, 7 represents the fear response delay, while o is the time delay caused by the predator’s

gestation. All of the parameters are positive. Our aim of this study is to analyze the impact of the two
time delays on the dynamic behavior of the model. Moreover, model (1.2) satisfies the non-negative
conditions x(6) = ¢1(0) > 0,y(6) = ¢,(0) > 0,0 € [—u,0],u = max{r, o}, $;(0) € C([—u,0] — R,),
i=1,2.

The remainder of this paper is structured as follows. In the following section, we first verify the
positivity and boundedness of the solutions to model (1.2). In Section 3, we investigate the existence
of Hopf bifurcation at the positive equilibrium, which is caused by the two time delays, as well as
the local stability of every possible equilibrium. In Section 4, we calculate the normal form to derive
the properties of Hopf bifurcation. Numerical simulations are performed to substantiate our analytical
results in Section 5. A summary as well as an outlook for future research of the work are given
in conclusion.

2. Preliminaries

The positivity and boundedness of the model solutions are prerequisites for the study. Positivity
signifies species survival and boundedness is considered to be a result of limited resources.

Lemma 2.1. The solution (x(t),y(t)) of model (1.2) with initial conditions (x(0),y(0)) € R? is
always positive.
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Proof. Model (1.2) can be rewritten as

dx r by
—=|l——-d —dyx— dr.
x (1 + ky(t — 1) Lo e 1+qx)

Integrating the above differential equation in the interval [0, ], for x(0) > 0, we have
x(1) = x(0)eh( e b )i

Then x(t) is positive for all # and x(0) > 0. Same process as above, we get

Q :s(l — —y(t—O') )dt,
y nx(t—o)+a

Y1) =y(0)eh (=),

Similarly, y(¢) is positive for all # and y(0) > 0.
Therefore, this lemma is provided a thorough proof.

Lemma 2.2. Given any non-negative initial value, the solution of model (1.2) is bounded. Moreover,
the set Q = {(x(1),y(t)) € R2 |0 < x(©) < K, 0 < y(t) < L} is a positive invariant, where K = d—
L =mK + a)e*™.

Proof. From the first equation of model (1.2), we get

dx
T < x(r — drx).

Hence, we further have .
lim sup x(¢) < T K.

t—+00 2

From the second equation of model (1.2) we obtain

%<sy(t)t>0'

which implies that
y(t—o)=yt)e, t>o.

Furthermore, for any € > 1, there exists a positive T such that x(#) < €K for ¢t > T,. Thus, for
t > T, + o, one can obtain that
dy(®) ) e
nll- nl,
i sy( )( ¥( ))

nekK +a

which means lim sup y(¢) < L., where L, = (enK + a)e*”. This lemma is supported by letting e — 1.

t—+00

3. Stability analysis and Hopf bifurcation

In this section, we will analyze the existence and local stability of each possible equilibrium of
model (1.2), and discuss the existence of the Hopf bifurcation induced by the delays 7 and o.
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3.1. Existence of equilibria

Obviously, model (1.2) always has the trivial equilibrium E, = (0,0) and the predator-only
equilibrium E; = (0, a), and if r > d;, the model also has a prey-only equilibrium E, = (’;j] , 0). Any
positive equilibrium E* = (x*, y*), if exists, must satisfy

—di —dyx - - —0,1-—— =0,

1 +ky +gx = nx+a
from which we know that y* = nx*+a and x* is a positive root of the following cubic algebraic equation:

FxX):=a X +b' X +c'x+d, (3.1)

=3a*x* + 2b* x + ¢,

dx
where a* = dykng > 0,b* = ad,kq + bkn® + d kng + drkn + drg > 0, c* = 2abkn + ad kq + ad>k + d kn +
bn+d,qg—qgr+d,,d = a*bk +adk +ab+d, —r.

Obviously, if F(0) = d* < 0, Eq (3.1) has one unique positive root, and therefore model (1.2) has
one unique positive equilibrium. Denote

A" =b"=3d’c", B =b'¢" - 9a"d", C* = ¢ - 3b"d", A= B —4A"C".

If F(0) = d* > 0, according to Shengjin formula, regarding the quantity and presence of positive
equilibrium, we can arrive to the following conclusions:
(i) Ifc* <0,

a) There exist two positive equilibria when A < 0 (see Figure 1(a));
b) There exists a double positive equilibrium when A = 0 (see Figure 1(b));

¢) There exists no positive equilibrium when A > 0 (see Figure 1(c)).

(ii) If ¢* > 0, there exists no positive equilibrium (see Figure 1(d)).

F(z)4 F(z)

AV

/Il 0 \wf/z3 T /331 0f zo=u3 T

(=)
8

/2 0 T 7 w2\7

(©) @
Figure 1. The root of F(x) = 0. (a) two different positive roots x, and x3; (b) a positive root;
(c) and (d) no positive root.
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3.2. Stability and Hopf bifurcation

Theorem 3.1. When they exist, the equilibria E, = (0,0) and E, = (r;j‘,O) of model (1.2) are
always unstable.

Proof. The characteristic equations of model (1.2) at E and E; are
A=r+d)A-s5)=0,

and
A+r—-d)A1—15)=0,

respectively. It is clear that both of them have a positive root 4 = s, indicating that E, and E, are
always unstable.

Remark 1. Theorem 3.1 demonstrates that the boundary equilibria E, = (0,0) and E, = (’:lj‘ ,0) are
always unstable, independent of the two time delays.

Theorem 3.2. When r < (ka + 1)(ab + dy) and 0 < o < 0, the predator-only equilibrium E, = (0, a)
of model (1.2) is locally asymptotically stable; Otherwise it is unstable.

Proof. The characteristic equation of model (1.2) at E is

r
1- i+ ab) (A + 5e7) = 0. 32
( Ty ab) (4 se ) (3.2)
Obviously, A; = == — d; — ab is one root of Eq (3.2) and other characteristic roots satisfy
A+ se7 = 0. (3.3)
If o = 0, then the root of (3.3) is 1, = —s < 0. When o > 0, assuming iwy (wy > 0) is a root of

Eq (3.3), and plugging it into the equation, we obtain
scos(wpo) =0 and ssin(wyo) = wy.

Further calculations yield wy = s and

S+2jm
o= . ,j=0,1,2,---. (3.4)

Moreover, we can easily verify the transversality condition:

da\™’ 1
9%( ) | =—>0.
A=iwg

2
do wj

Therefore, E| is locally asymptotically stable if r < (ka + 1)(ab + d;) and 0 < o < 0, and unstable
if r > (ka + 1)(ab + d;) or o > 0. Thus this theorem is proved.

Remark 2. Theorem 3.2 indicates that the predator gestation delay o affects the stability of equilibrium
E,. That is to say, when r < (ka + 1)(ab + d,), the prey will eventually die out, and the predator can
rely on additional prey to maintain its growth provided o < o7.
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Next, we discuss the local stability of the positive equilibrium. We make the following assumption:
(H1) (i)d" <0or(ii)) c* <0and A < 0.

Based on the analysis in Subsection 3.1, we know that model (1.2) has at least one positive
equilibrium E£* = (x*,y") if (H1) holds. By Linearizing the model at £*, we can obtain that:

det(Al, — My — Mie™" — Mye ™) = 0, (3.5)

where I, is a two-dimensional unit matrix and

_ 111 112 _ 0 nmio _ 0 0
MO_(O lzz)’Ml_(O 0)’M2_(m21 mzz)’

where . , )
r : V' qx’y" gx'y" ;
Iy = —d, — 2dpx" - + = —dx,
"l T gt g+ 12 (L4ge)? C
-bx* v —rkx*
I, = sy = s(1 - =0,mp=——,
12 gx*+1 2 = nx* + a) 12 (ky* + 1)?
sny*? —sy*
nmy = ————5 =8n,My = = -
(nx* + a)? nx*+a
Therefore, the characteristic equation at E* is
A+ pid+ po+ (A + np)e™ + goe ™ = 0, (3.6)

where pi = —li1 — b, po = liiln, n1 = —mp, ng = liimyy — liamay, go = —miamy;.
To analyze the separate and combined effects of two time delays on the stability of the positive
equilibrium E*, we discuss them in the following five subsections.

321. t=0,0=0

In this assumption, Eq (3.6) reduces to
A+ (pr+n)A+ny+qo=0. (3.7)

Therefore, if
(HZ) p1+n > O,I’lo +qo > 0
holds, all the roots of Eq (3.7) have negative real parts. Thus, we have the following conclusion.

Theorem 3.3. In the absence of time delays, if both (H1) and (H2) hold, then the positive equilibrium
E* is locally asymptotically stable.

In the following, to explore the effect of time delays on the stability of the positive equilibrium, we
always assume that the positive equilibrium is present and locally stable in the absence of delays, i.e.,
both (H1) and (H2) are satisfied.
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322. 1>0,0=0

In this subsection, we ignore the gestation delay of the predator (o- = 0) and only consider the effect
of the fear delay (7 > 0) on the stability of £*. The corresponding characteristic Eq (3.6) becomes

A+ (pr+n)A+ny+qgoe ™ =0. (3.8)

Applying A = iw (w > 0) into Eq (3.8) and dividing the imaginary and real components:

2 _ =
{ w” —ny=qo COS(QT), (3.9)
(p1 + n)w = qo sin(w7),
which leads to
Vi + ((p1 + n])2 —2ny)v + né — q% =0, (3.10)

where v = w?. Notice that nj — ¢ has the same sign as ny — gy since ng + g > 0. Next, we discuss the
distribution of the roots of the Eq (3.10) in three situations.
(I) If condition

(H3) no > qo, (p1 + n1)* > Z(no — 15 - qé)

holds, then Eq (3.10) has no positive root, implying Eq (3.8) has no pure virtual root. Consequently, the
positive equilibrium E* is locally asymptotically stable for any 7 > 0 under conditions (H2) and (H3).
(IT) If condition

(H4) no > qo, (p1 + n)* < 2(”0 - \/”(2) - C]é)

holds, then Eq (3.10) has two different positive roots

+ J —((p1 +m)? = 2n0) % \/(Pl +n)* = dno(pr +m)? + 4qg
w1 = ‘
2

Accordingly, the critical values of delay 7 are

j* 1 wliz -ny 2jm
T, = —arccos + +,1:0,1,2,---.
w1~ q0 w1~
Since w| > wy, then T(1j+1)+ - T{+ = f)—’I < % = T(le)_ - T{_, for j=0,1,2,--- [35]. From Eq (3.8),
1 1
we obtain
da _1_ 21+ p1 +m T
dr] =A%+ (pr+n)l+ny) A
_ 2_ 2
SR(d_,l) 1| _ 2w1+2+(p1 +np)? = 2ng _ \/((Pl +n1)2—2n0)2—4(n0—q0) -0
dr ) l=ior (py + 1wt + (01** = np)? (p1 +m)*w;? + (w? = ny)? ’
(d/l)_l - 20+ (pr+m)P—2n \/((Pl +m)? = 2n9)* = 4(ng — q o
dr) =i (p+m)Pw;? + (w172 = n)? (p1 + n)?w;” + (w2 — ng)? '
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Now, we establish the stability switch due to delay as follows:

If 79" < 7;* < 707, All the roots of Eq (3.8) have negative real parts when 0 < 7 < 7%, and there is
a pair of pure imaginary roots at T = 70*. As 7 increases and approaches 7)", the above pure imaginary
roots cross the imaginary axis and are accompanied by positive real parts so that E* becomes unstable.
Similarly, when 7 > 7*, there exist two pairs of eigenvalues with positive real parts and E* is unstable.
Since there is only one pair of eigenvalues crossing the imaginary axis at each 7 = T{+ or 7 = T{_, and
two consecutive T{_ are not possible, instability always exists when 7 > 79*.

IfO <t <79 <7l* <7l- <o <o < "D < 777 < ... for some positive integer 7. Then
when 7 € (0, T(1)+) U (T(l)_, T}*) U---U (T(I"_l)_,r’l”), all the roots of Eq (3.8) have negative real parts;
when 7 € (Z9*, ) U, 7l U U EDT TVD7) Eq (3.8) has at least a pair of conjugate complex

roots with positive real parts. Once the delay satisfy 7]* < 7'(1'”1)+

E” becomes unstable for all 7 > 7|" [35-37].
(IID) If condition

(HS) ny < qo

< 77, similar to the analysis above,

holds, then Eq (3.10) has a unique positive root

. J =((p1 +m)* = 2no) + \/(Pl +n)* = dng(pr +m)? + 4q;
wi = ’
2

further calculations we have

. w? —n 2im
Tf = arccos —- 0 J+ ,j=0,1,2,
1 q0 1
Let 719 = min T(lo), then
dAa _1_ 21+ py + my T
dr) A2+ (pr+n)Al+ny) A

and

(d/l)_l ' 2wf2 +(p1 +n1)?* = 2n \/((p1 +m)? = 2n9)? — 4(n — q;) 0
o - = > 0.
dr A=iw?

(i + n)2wt? + (w*? - no)? (p1 + 2wt + (W = ng)?
The following theorem can be derived from the analysis above.

Theorem 3.4. Assume that (HI1) and (H2) hold. Then for o = 0 we have

(D) If (H3) holds, E* is always locally asymptotically stable for any T > 0.

(1) If (H4) holds, for t% < 71* < 7, E* is locally asymptotically stable for 0 < v < 79" and

unstable for T > 1%, model (1.2) undergoes a Hopf bifurcation at E* when T = t9*. For 0 <
e <t << < < T(]"+1)+ < 7\" <.+, E" is locally asymptotically stable for
T € (0, T(1)+) U (T?‘,T%*) U---u (T(I"_l)_,T’er) and unstable for T € (T(l)+,T(1)_) U (T%*,T}‘) U---u

(T(l"_l)fr, T(l"_l)_) U (7]", +00). In addition, model (1.2) undergoes a Hopf bifurcation at E* when

+
T=1].
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(IY) If (H5) holds, E* is locally asymptotically stable for 0 < v < 119 and unstable for T > 1.
Moreover, model (1.2) undergoes a Hopf bifurcation at E* when

T=T= Earceos—. (3.11)

323. t=0,0>0

In this subsection, we only consider the effect of the gestation delay of the predator o on the stability
of E*, characteristic Eq (3.6) becomes

A+ pid+mA+ny+qoe ™ =0. (3.12)
We substitute A = iw into (3.12) and then obtain
(iw)? + prwi + (mwi + ny + go)e ™ = 0.
Separating the real and imaginary parts leads to
{ —w? + (ny + qo) cos(wo) + nyw sin(wo) = 0,
p1w + njw cos(wo) — (ng + qo) sin(wo) = 0.
Squaring and adding both above equations lead to
wt + (p% - rﬁ)w2 — (no + qo)* = 0.
Making w? = v, the above equation can be re-written by
V2 4 (pt = ni)v = (o + qo)* = 0. (3.13)
Obviously, (ny + go)> > 0 when (H2) holds. Therefore (3.13) has a unique positive root

* J—@?%Q+J@%%W+%%+%Y

w,; =
! 2
By calculation, we obtain

. 1 ng+qgo—n w2 2ir
aij):—*arccos( 0 qu 1P1) *12+L*,j=0,1,2,---.
w, (nO + (]0) + (l’ll(,()l) W,

Define the first critical value as 0-jp = min 0'5’ ), Moreover, we can count

di (m A% + (ng + qo) e
do QA+ p)) + (n —ndo — (ng + go)o)e o

Then

do) ~ A(m A + ny + qo) - A2 + p1d) N

based on the fact e = — (M) Thus

ni /l+n0+q0

(d/l)_1 n A+p) o

> 0. 3.14)

dO- 2, %2 2, %2

(dﬂ)_l' 20— (mi-ph \/(p? —1})” + 4(no + qo)’
=iwp piwi” + (no + qo)? njwi” + (n + qo)?

We arrived at the following conclusions according to the aforementioned analysis.
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Theorem 3.5. Assume that (H1) and (H2) hold. Then for v = 0, E* is locally asymptotically stable

for 0 < o < o9 and is unstable for o > o y. Moreover, the model undergoes a Hopf bifurcation at E*
when o = 019, where

O = L arccos (o + o - nlpl)w’{z.

w] (no + qo)* + (mw;)?

Remark 3. Theorem 3.5 shows that when the gestation delay o crosses a threshold value, the

stability of the positive equilibrium of model (1.2) changes, accompanied by the occurrence of a

Hopf bifurcation.

(3.15)

324. o0>0,7€ (0,119

This subsection explores the impact of delay o on the stability of equilibrium E*, fixing 7 in the
interval (0, 719). The corresponding characteristic equation at E* is

A+ pid+ (A + ng)e™ + goe ™ = 0. (3.16)
Let A = iw (w > 0) be a root of (3.16), then we have
—iwo +

(iw)* + prwi + (mwi + ny)e goe T =, (3.17)

which yields

{ cos(wo)(ny + qo cos(wt)) + sin(wo)(njw — qo sin(wt)) = w?, (3.18)

sin(wo)(ng + go cos(wt)) — cos(wo)(njw — go sin(wT)) = pw.

After squaring both sides of (3.18) and adding them together, we have
H(w) = w*+(p7 —n))w* —nd — (g5 cos(wT) +2n9q0) cos(wt) — (g5 sin(wt) —2n,gow) sin(wt) = 0. (3.19)

Obviously, there are H(0) = —(ng + go)> < 0 and H(+00) = +oco. Eq (3.19) is a transcendental
equation, and the prediction of the roots is a difficult task. Now, it is considered that the equation has

at least a finite number of positive roots w,;, wy, - - - , wy. After a complex calculation process, we get
g 1 ArCCOs w3 (Mo + qo COS(WxuT)) — Prwg(mwy = go sin(wxy ™)) 2jn
T wy (no + go cos(wxT))? + (MW — qo Sin(wxcT))? W’

fork=1,2,3,4,7=0,1,2,---, and +wy is a pair of pure imaginary roots of (3.16).
Next we aim to verify the transversality condition. By plugging A(0) = a(o) + iw(o) into (3.16)
and separating the real and imaginary part, we get

—a(t+0)

{ @ — W + pra + e ((ma + ny) cos(wo) + nyw sin(wo)) + goe cos(w(t +0)) =0, (3.20)

20w + prw + e~ (nw cos(wo) — (na + ny) sin(wo)) — goe™ ™ sin(w(t + o)) = 0.

Let 0y = mink:1,2,3,4{(7(2(;{)},w20 = a)g,)(). Further, we differentiate (3.16) with respect to o and

substitute o = o, then
A(d(%/l))' +B(d(3/l))‘ _c
o=07)0 T=0720

do do
(3.21)
_B(@) +A(M) _D.
dO’ o=070 dO' o=070
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where

A =(=020(n1w0 — go Sin(w07)) + qoT sin(wz07)) sin(w20020)
+ ((n1 = qoT cos(wx0T) = 20(19 + go COS(W20T))) COS(W200720) + i,
B =(—qoT sin(wy0T) + 020(1n1w20 — qo SiN(w20T))) COS(W200720)
(=020(no + go cO8(w207)) + (n1 — GoT cOS(W20T))) SIN(W200720) — 2W20,
C = — wyo SIn(w200720) (110 + go COS(W20T)) + w2 COS(W20020) (N1 W20 — Go SIN(W20T)),

D = — ws Sin(w20020) (M1 w20 — go SIN(w20T)) — Wap COS(wW200720) (Mg + go COS(W0T)).

For Eq (3.21), we have

(d(‘R/l))' _AC-BD

do A+ B
If AC — BD # 0, then the transversal condition is satisfied.
Therefore, we have the following conclusion.

Theorem 3.6. Suppose that the conditions in Theorem 3.3 hold. For a given T € (0,7y9), E* is locally
asymptotically stable when 0 < o < 09 and unstable when o > 0. Moreover, model (1.2) undergoes
a Hopf bifurcation at E* when o = 0, where

wW3o(1o + qo cos(W20T)) — prwa(niwag — go sin(wxoT))
09 = — arccos

3.22
w20 (1o + qo cos(w207))? + (1w — qo Sin(waT))? (322)

Remark 4. Theorem 3.6 shows that by fixing the fear response delay to a stable interval and taking the
predator’s gestation delay as a bifurcation parameter, it is discovered that the stability of the positive
equilibrium is altered by the time delay o at the critical value. The above conclusion implies that both
time delays affect the kinetic properties of the population.

325 7>0,0€ (0,09

This situation is similar to o > 0,7 € (0, 719), and we can easily get the following results using the
same method as in the last subsection.

Theorem 3.7. Suppose that the conditions in Theorem 3.3 hold. For a given o € (0, 0), E* is locally
asymptotically stable when 0 < T < Ty and unstable when T > T5y. Moreover, model (1.2) undergoes
a Hopf bifurcation at E* when T = 15, where

2 T
1 w},” — no + p1ws, sin(w;,0°)
Tp) = —— arccos .

wzo q0

(3.23)

The proof of Theorem 3.6 is comparable to this one. Here, we leave it out.
4. Direction of the Hopf bifurcation

In previous section, we proved that the model (1.2) generates a Hopf bifurcation at E* when
o = 0,7 € [0,719). Here, we apply the normal form theorem and the center manifold theorem by
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Hassard et al. [38] to discuss the direction of Hopf bifurcation and the stability of the
periodic solutions.

We need to only calculate the coefficients u,, 8, and T,. Since the derivation is standard and lengthy,
we place them in the Appendix. Consequently, the coefficients g;; can be solved, and we can obtain
the values:

c1(0) = (811820—2| gu > - [ goo +gﬂ,
2W200720 3 2
_ R{a0)
= TR )y 4.1)

B2 =2R{c1(0)},
T = _B{e1(0)} + o 3{ A (020)}
? w200 720 ’

which decides the properties of Hopf bifurcations at the critical value o = 0.

Theorem 4.1. For model (1.2), the Hopf bifurcation is supercritical (resp., subcritical) if u, > 0
(resp., u < 0). The bifurcating periodic solutions are stable (resp., unstable) if B, < O (resp., 5, > 0).
The period increases (resp., decreases) if T, > 0 (resp., T, < 0).

5. Numerical simulations

In this section, we conduct numerical simulations to demonstrate the theoretical findings presented
in the preceding sections. Initially, we simulate the impact of time delays on the stability of E* in
model (1.2) under various scenarios. Additionally, we supplement our analysis by simulating the
effects of fear intensity and the presence of additional prey on E*.

5.1. The effect of two time delays on Hopf bifurcation

We fix the other parameters as follows:
r=18,k=3,d, =0.01,d, =0.02,b=0.3,4=0.8,5s =0.38,n =0.5,a = 0.1. (5.1)

x(t)
¥ |

55|

5t

45

4 1 351

biomass
y(t)

35

3

25

2

15 L L L L L L L L L . L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000 3 3.5 4 4.5 5 55 6

t x(t)

(@ (b)
Figure 2. Equilibrium E* is locally asymptotically stable when 7 = o = 0. (a) Time series
diagrams of prey and predator. (b) Phase portrait of model (1.2).
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Then — —d; — ab = 1.344615385 > 0, and model (1.2) has three unstable boundary equilibria
Ey =(0,0),E; =(0,0.1) and E, = (89.5,0) by Theorems 3.1 and 3.2. Moreover, conditions (H1) and
(H2) hold, model (1.2) exists a unique positive equilibrium E* = (4.0856,2.1428), which is locally
asymptotically stable for 7 = o = 0 (see Figure 2).

Under the parameter setting in (5.1), ng - q% = —0.004025 < 0, so condition (HS) holds. In the
case of o = 0, we can calculate the critical value 719 = 6.823 from (3.11); the corresponding
bifurcation diagram is drawn in Figure 3(a). From Figure 4, we can observe that E* is locally
asymptotically stable for T < 7y (see Figure 4(a)); when the fear response delay 7 crosses the critical
value 79, E* loses original stability and a stable periodic solution develops (see Figure 4(b)). When
7 = 0, the critical value of Hopf bifurcation of gestation delay o is 019 = 1.9715 from (3.15), the
corresponding bifurcation diagram is drawn in Figure 3(b). From Figure 5, we can observe E* is
locally asymptotically stable for oo < o7 (see Figure 5(a)) and becomes unstable when o > o (see
Figure 5(b)), accompanied by a stable periodic solution. For the stability switching phenomenon
presented by Theorem 3.4, due to the different parameter values taken, we stay in the following
subsection to give the simulation results.

20+
151

10

4r
51
3t

2 L L L L L L L L ! L L L L L
6.5 6.6 6.7 6.8 6.9 7 7.1 7.2 7.3 7.4 75 1.9695 1.97 1.9705 1.971 1.9715 1.972
T o

(@) (b)
Figure 3. (a) Bifurcation diagram of prey with respect to 7. (b) Bifurcation diagram of prey
with respect to o

L

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
t t

, |

L L L L L hl L L L L L
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
t t

@ (b)
Figure 4. Time series diagrams of prey and predator with o = 0. (a) 7 = 6.6 < 7;¢ = 6.823,
(b) 7 =17.0 > 719 = 6.823.
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L L L L L L L L L L L L L L L L f f
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 100 200 300 400 500 600 700 800 900 1000
t t

2

L L L L L L L L L 0 L L L L L L 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 100 200 300 400 500 600 700 800 900 1000
t 7

(@) (b)
Figure 5. Time series diagrams of prey and predator with 7 = 0. (a) o
o = 19715, (b) o0 =2.0 > 019 = 1.9715.

1.95 <

Now, we simulate the cases in which both time delays exist. Taking 7 = 2.82 € [0,1y9), by
Eq (3.22), we easily get the Hopf bifurcation point o9 = 1.615, and the time series diagrams of the
two species can be seen in Figure 6. We can find from the figures that £ is locally asymptotically
stable for oo < 0y and unstable for oo > 0. Moreover, the biomass of both species showed periodic
fluctuations over time. Further, using the algorithms in Section 4, we obtain
c1(0) = -0.0086 — 0.0323i, B, = -0.0172 < 0, y, = 0.1660 > 0, T, = 0.0569 > 0. Fixing
o = 1.246 € (0,0), we can obtain the Hopf bifurcation point 759 = 4.291 from (3.23). The time
series diagrams of the two species can be seen in Figure 7. We can find from the figures that the
equilibrium E* is locally asymptotically stable for 7 < 7,9 and unstable for T > 7;9. Similarly, further
we calculate ¢;(0) = —0.0134 — 0.01144, B, = —0.0268 <0, u, = 1.5812 >0, T, = 0.1514 > 0.

0 1000 2000 3000 4000 5000 6000 7000 8000 0 500 1000 1500 2000 2500 3000
t t

2 L L L L L L L L L L i
0 1000 2000 3000 4000 5000 6000 7000 8000 0 500 1000 1500 2000 2500 3000

t t

() (b)
Figure 6. Time series diagrams of prey and predator with 7 = 2.82 € (0, 7y¢). (a) o = 1.60 <
020, (b) o=1.63> 0.
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t x10* t
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(a) (b)
Figure 7. Time series diagrams of prey and predator with o0 = 1.246 € (0,09). (a) T =
4.27 < 7205 (b) 7=4.30> T20.

5.2. Stability switch of E* induced by fear response delay T

In this subsection, regardless of the gestation delay o = 0, we specifically simulate the stability
switching phenomenon induced by fear response delay 7 at equilibrium E*. For this purpose, we take
the parameters: r = 1.8,k = 2,d, = 0.01,d, =0.01,b =09, =0.2,5s =0.3,n =0.8,a = 0.1.

In this case, all the conditions (H1), (H2), and (H4) hold, and then equilibrium E* = (0.961,0.851)
is locally asymptotically stable for 7 = 0. The corresponding critical values can be calculated
as follows:

" ~ 22151, 1) ~ 13.7647,
71t % 16.1500, 7,7 ~ 45.1164,
77 % 30.0849.

The bifurcation diagrams of model (1.2) with respect to 7 are shown in Figure 8. We can observe
that equilibrium E* is locally asymptotically stable for 7 € (0, T(1)+) U (T?‘,T}*) and unstable for
7 € (9", 797) U (1;*, +0), and model (1.2) undergoes a Hopf bifurcation at E* when 7 = Tl'i. The
corresponding time series diagrams of two species can be found in Figure 9, which confirms the
occurrence of the stability switch phenomenon as delay 7 increases.

60

9
sl
50
7k
40 61
= 57
30 =
4k
20 3k
2L
10
e
0 0

0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
T T

(@ (b)
Figure 8. Bifurcation diagrams for prey (a) and predator (b) with respect to 7. Where
r=18,k=2,d,=0.01,d, =0.01,b=0.9,¢g=0.2,5s=03,n=0.8,a =0.1.
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Figure 9. Time series diagrams of prey and predator. (a) 7 = 2.1, (b) 7 = 2.3, (c) 7 = 14, (d)
T=16.3.

5.3. The effect of fear intensity k and alternative prey a

The simulations in the previous subsections show that the change of fear response delay 7 and
gestation delay o have a a tremendous effect on the stability of E*, and the equilibrium presents a
stability switching phenomenon in special cases. In this subsection, we demonstrate the effect of fear
intensity and alternative prey on model (1.2) using numerical methods.

First, we simulate the effect of fear intensity k on the critical values 7y and 0. Taking r = 1.8,
dy =001,d, =0.02,6b =03,9g =038, s =038, n=0.5,a = 0.1, we draw the relationship diagram
of 719 and 07 and fear intensity k in Figure 10. We can observe that both the critical values depend on
fear intensity k. Further observation reveals that both critical values increase when the fear intensity
k is larger. Biologically, the increased fear effect makes it more difficult for predators to hunt their
primary prey, allowing the two species to co-exist in a new state of affairs. Periodic oscillations of
the two species are more difficult to occur. That is, the fear intensity strengthens the stability of the
positive equilibrium between the two species.
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Figure 10. The diagrams of fear intensity k against the critical value 7y( (a) and oo (b).

Moreover, we will explore the effect of fear intensity on population density. The relationship
between the fear intensity k£ and the biomass of the two populations is shown in Figure 11. It can be
seen that the fear intensity k reduces the biomass of both species overall. The reason for this is that as
fear intensity increases, scared prey may adopt more anti-predator behaviors, which will reduce prey
reproduction rates, and thus prey densities will subsequently decrease. Therefore, as the biomass of
prey decreases, so does the biomass of predators that feed on them.

biomass

o kB N W A O O N © ©

L L L L L ! ! n !
0 10 20 30 40 50 60 70 80 90 100
k

Figure 11. The effect of fear intensity k on the positive equilibrium E*.

Next, we simulate the effect of alternative prey a on the critical values 7,y and o-jo. The parameters
are taken as r = 1.8,k = 3,d; = 0.01,d, = 0.02,b = 0.3, = 0.8, s = 0.38,n = 0.5. As seen in
Figure 12, both time delay thresholds increased with the increase of alternative food a. This suggests
that the alternative food strengthens the stability of the positive equilibrium between the two species.
We also notice that the biomass of both populations decreases as alternative food a increases (see
Figure 13). This is because of the rapid increase in predators that results from the rise in alternative
food. The major prey x is reduced by substantial predation. Therefore, the carrying capacity nx + a of
predators is reduced. Predators y decreases due to the lack of a suitable environment for survival.
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Figure 12. The diagrams of alternative food a against the critical value 7y, (a) and oo (b).
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Figure 13. The effect of alternative food a of predator on the positive equilibrium E™.

6. Conclusions

We have introduced and examined a modified Leslie-Gower predator-prey model incorporating a
fear effect. The model accounts for the fear response delay of prey to predators and the gestation
delay of predators. We have analyzed the positivity and boundedness of the model solutions, which
are essential prerequisites for ensuring the biological relevance of the model. Subsequently, we
conducted a local stability analysis for each feasible equilibrium and discussed the Hopf bifurcations
induced by the dual delays near the positive equilibrium. Our findings reveal that the trivial
equilibrium E;, = (0,0) and the prey-only equilibrium E, = (’;fl ,0) (if r > d,) are consistently
unstable, indicating the persistence of prey populations for any positive initial values. However, the
stability of the predator-only equilibrium E; = (0,a) is influenced by the gestation delay o
of predators.

For the concurrent presence of two time delays, we examined their impact on the stability of
equilibrium E* in four distinct scenarios. When the model incorporates only one time delay, we
identified the critical value (719 or o) of the delay that destabilizes equilibrium E*. In cases where
both time delays occur, with one time delay fixed (o € (0,079) or T € (0, 719)), and the other allowed
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to vary, we also determined the critical value (7,9 or 075) of the delay that destabilises equilibrium E*.
Upon crossing certain critical values, E* loses its stability, and a set of periodic solutions emerges
from E*. This underscores the significant impact of the two delays on the dynamics of model (1.2).
We observed that 759 < 719 and 059 < 07jp under the same other conditions, suggesting that the
combined effects of the two time delays are more likely to destabilize equilibrium E* than a single
delay (see Figures 6 and 7). Consequently, both delays exert a considerable influence on the dynamics
of model (1.2). Utilising the normal form theory and centre manifold theorem, we further computed
the values of S, o, and T,. Our results indicate that the Hopf bifurcation is supercritical, and the
resulting periodic solutions are stable, with their period increasing. Towards the end of the article, we
also examined the effects of fear intensity k and the availability of alternative food a for predators on
the biomass and stabilisation intervals of both populations. We found that both k and a enhance
equilibrium stability while reducing the biomass of both species. Therefore, to maintain ecological
balance within populations, effective measures can be taken by humans to control prey abundance,
adjust fear levels, and manipulate the gestation period of the fear response time delay, thereby
ensuring the sustained coexistence of both species within the ecosystem.

In biological terms, these findings suggest that relatively short time delays lead to stable levels in
both predator and prey populations. However, as the time delays increase, species abundance
fluctuates cyclically, indicating that predators and prey coexist in a cyclically oscillating manner. This
study enhances our understanding of predation dynamics in nature and facilitates the investigation of
population growth, with potential applications in areas such as biodiversity conservation and
economic management.

While we focused on the effect of time delays on the dynamics of model (1.2), it is worth considering
whether spatial movement influences system dynamics. From a modeling perspective, incorporating
more parameters of practical significance could yield more insightful results. On the analytical front,
exploring additional dynamical properties, such as consistent boundedness, persistent behaviour, and
other types of bifurcation, could provide further insights. Moving forward, we aim to refine this model
and investigate its dynamical properties to obtain more robust theoretical results.
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Appendix

Al. Computation of the coefficients ,, 5>, and T,

Throughout this section, we compute the coefficients u,,8,, and T, to determine the properties of

Hopf bifurcation.

Letu, = x—x",u; = y—y*, and o = 05 + u, then model (1.2) can be reduced to the following

functional differential equation in C = C ([—1, 0], RZ):

=L, )+ Fu,u), (A1)

where u(t) = (u (1), u2(t))" € R>,and L, : C - R*,F : CXR — R*.
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L,(¢) = (020 + 1) (Mo¢(0) + M ¢ (_0;20) + M2¢(—1)),
and
F(u,¢) = (020 + ) (fl»fZ)T )
where
P(0) = ($1(0), $:(0))" € C,
N TR (0 my; (0 0
Mo = (0 lzz)’Ml B (0 0 )’Mz B (m21 mzz)’
i =i B30) + b1 (0)p2(0) + sby (0)a(———) + agh(———)
020 020
+ us(0) + 161 (0°$(0) + 71 (0 (———) + ugd(———) + -+ ,
020 020
£ =v102(0)¢1(—1) + v22(0)pa(—1) + V37 (—1) + vagi (= 1)pa(—1)
+ v52(0)7 (1) + v6p2(0)p1 (= Dpa(=1) + V17 (=1) + vsi (= Dpp(=1) + -+ -,
and
B _d2q3x*3 + 3drq* X + 3drgx* — bgy* + d, _ b _ rk
e (qx + 1) T T T Tl
R R
YTl T T D T T T o T T D
sy _ s _ sny*? sy
"= (nx* + cz)z’v2 T T ra T (nx* + cz)3’v4 ©(nx* + a)?’
_ snzy* B sn B sn3y*2 _ snzy*
5= (nx* + a)®’ Yo = (nx* + a)*’ V1= (nx* + a)*’ 8= (nx* + a)®

Hence, by Riesz representation theorem, there exists a 2 X 2 matrix function (6, u) of bounded
variation when 6 € [-1, 0], which implies

0
Lo = [ dne.wo. forg < C (A2)

As a matter of fact, we can choose

10, 1) = (020 + ) (Moa(e) +M,S (9 + 0_i) + Mys(6+ 1 )) .
20

For ¢ € C ([—1, 0],R2), we can define

. dﬁgﬁ’)’ -1<60<0, LR.0) {0, -1<6<0,
= 0 and R, (¢) = )
fl dﬂ(e,ﬂ)¢(9), 0= 0, f(/"l’ ¢), 6=0.
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Then system (A1) can be taken the form u, = A(w)u, + R(w)u,, where u, = u(t + 6),60 € [-1,0].

For v € C ([—1,0], (R2)*), where (Rz)* is the 2-dimensional space of row vectors, the adjoint
operator A* of A(0) is further defined as

_ dy(s)
ds ’

0
f dn’ (¢, 0y (1), s=0.
-1

s €(0,1],
ATY(s) =

For ¢ € C ([—1, 0], Rz) andy € C ([—1, 0], (RZ)*), we define the bilinear form

0 o
(W(s), p(6)) = P(0)¢(0) — f . OlZl(é — 0)dn(0)¢({)d¢, (A3)
where 1(0) = n(6,0),A = A(0) and A* are adjoint operators.

In accordance with the previous section, we observe that +iw,o0 are eigenvalues of A(0). Hence,
they are the eigenvalues of A*. Suppose that g(@) = (1,6)Te“» > i the eigenvector of A(0)
corresponding to iw,n05 and g*(s) = D(1,5*) 7> is the eigenvector of A* corresponding to
—iwy9070. Then A(0)q(0) = iw,0020q(6). It follows from the definition of A(0) and n(8, u) that

[ —iw lir + myyei@nT 0
0_20( 11 20 12 12 )q(O) _ (0)

M€ 070 Iy + mppe™ 07X — iy
Thus, we can easily get

iwyy — 111
6 —

112 + mlze“""ZOT

and ¢(0) = (1,6)".

Similarly, let A*(O)q*T(s) = —iw0204(s), we have

- iy + iwyg My € 20720 77 (0) = 0
20 l]z + mlze""w 122 + mzze’“’zo"zo + ia)20 0}

Then we can easily obtain 6* = % and ¢*(0) = D(1,0"). In order to assure {g*(s),g(0)) =1,
we need to determine the value of D. From (A3), we have

0

0
(@ (),q0) = D(1,6")(1,6)" - f DG ( - 0)dn(0)q()dL

-1 J¢=0

0 Y
:D(“ég*‘f f (1’5*)e"""2°”'2°“‘9)dn<9)<1,5)Tefw20”°“d4)
-1 J=0

0
D(1+55*— f (1,5*)Heia’zo"ZOHdn(H)(l,(S)T)
-1

=D (1 + 55* + Tmlzée_iwon + 0'20€_iw20020 (leg* + m2255*)) .
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_ — . , - - -1
This implies that D = (1 + 65" + Tmi6e " + 0y0e 7 (my 5 + ms5°))” . Then we can

obtain that D = (1 +00* + Tmlzgeiwon + O-zoeiwzoo'zo (le(S* + mzz(_%*))_l .

Next, we use the same notation as Hassard et al. [38] and the methods in [39—41] to describe the
center manifold Cy at u = 0. Let u, be the solution of (A1) when u = 0.

Define z(¢) = (¢*, u,;) and W(t, 6) = u,(6) — 2 Re{z(¢)q(6)} on the center manifold Cy. We have

2 =2
W(1,6) = W(z(1),(t), 6) = Wzo(g)% + Wi1(0)2Z + Woz(e)% -

where z and Z are the local coordinates for center manifold Cj in the directions of ¢* and g*. Noting
that W is real. Thus when u = 0, we have z(¢) =< ¢*, it, >= iw200202(t) + §*(0)F(z,7), where F(z,7) =
F (0, u,). That is z(¢) = iwy00202(t) + g(2, 7), where

2 52 Z2 z

_ . _ Z _
8(z,2) = q(0)fo(z,2) = 807 + 81z + 805 + 81— + e (A4)

Notice that u, (u1,(6), uy,(6)) = W(t, 6) + zq(0) + zq(6), then
e Dynos 1 Dz \3
u(0) = 2+ 2+ WO + W02 + Wi (0% + o(1z.2)F).
2 =2
us/(0) = 62 + 5% + WO + W)z + W (0)F +0 (1. 2.

2 =2
T . _ 1 T Z 1 T _ 1 T Z 13
uy, (——) = 77107 4 Ze!N0T 4 Wéo) (——) T+ W§1) (—O_—ZO)ZZ + W(()z) (—0_—20) 7+ 0(|(Z, 2)| ),

(N 020
2 =2
T » - . ) T \2 2 T\ - 2 T \Z =
Uy, (——) = 0ze "7 4 07" + Wéo) (——) 5t Wfl) (——) 2+ W(()z) (——) 5 *o (I(z, z)|3) ,
020 020 020 020

2 =2
—i = w200 z = < =
u(—1) = ze 9090 4 700920 4 Wé(l))(—l)a + Wﬁ)(—l)zz + Wé?(—l)z + O(I(z, Z)I3),
2 =2
—iw)00" = w0 < _ Z _
U (—1) = Sze 00 4 §7ei N0 4 Wg(?(—l)3 + W (=1)zz + Wé?(—l)a + 0(|(z, z)|3).

Thus, from the definition of F(u, u,), we have
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820 :20-20D(1/l1 + Oy + €N Yy + e HONTE2 Yy, 4 eTIONTD Gy,
+ e TONTNE2 ey, 4 eTAONTN Gy L e‘zjw2°‘72°6(5_*v4),
g1 =020D(2u; + 2RO + (€75 + €7 )z + 210/ uy
+ (e7NTIEE + €765y + (IO (€T + €Ty, + 287wy + (56" + 65%)vs),
g0 :ZO'ZOD(ul + OUy + €90 5uy + NS Uy + UNTNEGHY| 4 VNI G2 Fry, 4 @HWNTN Gy 4 e2i“'2002°5(5_*V4),

g1 =00 D( (4WP(0) + 2Wi(0)) s + (W5 (0) + 2W(T(0) + 5Wyy (0) + 26W()(0)) 2

(25W(1)(0)e_""20T + SWD e 7 + oW ( i) w2 (—i)) s
020

+ (25W§f; ( : ) it 4 45 ( i) e—fW) g + 6uis + (25 + 46)ug + (4J6] + 26222 )y
020 020
+ 6010 e + (205 W1 (=1) + 58 Wog(=1) + 28" WD ()7 + & Wi (0)e 7 ) v,
+(26°6W P (=1) + 5EWig (=1) + 25°6 W7 (0)e 7 + GF5Wg (0)e™7™) v,
+ (26°Wig (=17 + 45 Wi} (= 1)e™ 7)) vy

+ (8 WS (=)0 1+ 25 WP (= 1)e ™7 + 268° Wi} (= 1)e™7 + 55° Wiy (—1)e™» ™) v,
+ (255 e —2iwy0020 + 455*) Vs + (25*|5|2 + 25*|5|2 —2iw0020 + 25*52) Ve + 6(5* thoo-zov
+ (25— de W0 4 A55*e _""2""20) v8)
(AS5)
However
Wzo(g) — 1820 q(O)eiwonzoe + lgiq(())e—iwzomo@ + EleZiwzotfon. (A6)
wW200720 3wa00720
Similarly, we have
Win(6) = g0yt 4 EU_gg)eionrat 4 E,, (A7)
wW200720 wW200720

where E; = (EEI), Efz)) € R*(i = 1,2) is a constant vector. We now need to seek appropriate E; and E,.
It follows from the definition of A that for 8 = 0,

0 0
f dn(0)W(0) = 2iwy0020W2(0) — Hy(0) and f dn(@W.(0) = —H1,(0),

1 1

where 1(6) = n(0, 6). Then, we have

Ha(0) = —g20q(0) — 8023(0) + 202 (P1, P,)" and H;;(0) = —g11q(0) — 11G(0) + 2029 (01, Q)" ,
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where . _
Py = uy + Oy + €90 Suy + e 20072y,
P, = e—iwzoa'zo(svl + e—iwzovzoo‘ZVZ + e—Ql'wzoO'zov3 + e—2iw200'205v4,
| - »
0 = u; + R®)u, + 5(e“W(s + 7078 s + |01 ua,
1 w0020 § {w200720 1 2 ,—iw20020 {w200720
O, = E(e o+e o)y + E(lél (e +e Nvs + v3 + R(O)vy.
Noticing that

0

0
(ia)zoa'zol - f €iw200209d7](9)) q(()) = 0, and (—i(x)zoO’zoI - f

1 -1

e"""”‘m@dn(e)) 3(0) = 0.

By further calculation, we have (2ia)200'201 - f_ol eZi“’ZO"zogdn(H)) E, = 20 (P, Py)" , which leads to

2iwyy = 1 —l15 — mype 20T E =2 P,
—97, . _9; 1 — .
—my e 200 Djayy — lyy — mipe”H N7 P,

Similarly, we can get ( f_ 0] dn(@)) E> =200 (0;1, 05)" . That is

=ln —lha- m12) (Q1)
E,=2 .
(_m21 ~ly —my) 0}
Thus we can determine Wy(6) and W;(0) from (A6) and (A7). Furthermore, g;; in (AS) can
be computed.
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