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Abstract: Autophagy and apoptosis are crucial cellular mechanisms. The cytoprotective function of
autophagy is mediated by the negative regulation of apoptosis, which in turn inhibits autophagy.
Although research into the molecular connection between autophagy and apoptosis is booming, the
intricate regulatory mechanisms of this process are still not completely understood. Therefore, the
objective of this study was to develop a minimal model to explore the transition from autophagy to
apoptosis. This biological system was analyzed by comprehensively integrating both the deterministic
and the stochastic dynamics of the cells. The system exhibited bistability, and the statistical properties
of cells undergoing autophagy and apoptosis were analyzed at two different stress levels with varying
noise strengths. Moreover, we investigated how noise affected the double negative feedback loops
between autophagy and apoptosis and further triggered transitions at two different stress levels and
initial conditions. Finally, the effect of noise on transition was comprehensively studied under
continuous stress variations and the two different initial conditions, showing that stronger noise results
in more randomness during the switching process. Our work may provide novel insights for further
experiments and modeling.
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1. Introduction

Autophagy i1s an evolutionarily conserved cellular degradation mechanism that maintains
intracellular homeostasis [1,2]. Unnecessary or dysfunctional cellular organelles and proteins are
sequestered in vesicles and delivered to the lysosome for digestion and recycling [3,4]. Under tolerable
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stress conditions, such as nutrient starvation or growth factor withdrawal, autophagy functions in a
“self-eating” role to protect cells; by contrast, severe or sustained stress stimulates a “self-killing”
process known as apoptosis, a genetically programmed form of cell death that eliminates cells during
embryonic development and immune system maturation [5,6]. Apoptotic cell death is governed by two
basic rules: 1) weak stress signals cannot trigger the apoptosis response; and 2) cells undergo death
once apoptosis has been initiated. Thus, there is a distinct borderline between two well-separated cell
states, survival and death, i.e., the state of on autophagy and off apoptosis and that of off autophagy
and on apoptosis [7-9].

The crosstalk between autophagy and apoptosis is highly complex, especially on a molecular
level [10—12]. Accumulating evidence indicates that these two processes are not independent of each
other but influence each other through common pathways [10,13,14]. Typically, there are three groups
of regulators of the network, i.e., autophagy inducers, apoptosis inducers and crosstalk elements. The
autophagy inducers, such as Beclinl (the mammalian homolog of yeast Atg6) [15] and AMBRA1 [16],
promote cell survival [17], while the crucial inducer of apoptosis is Caspases, typically involving the
activation of a family of cysteine proteases [18,19]. It has been shown that Bcl2 [20,21], p53 [22],
mTOR [23], Calpain [24] and Ca?" [25] act as crosstalk elements and are involved in regulating both
autophagy and apoptosis pathways.

The complex biological process based on both experimental and theoretical considerations has
been studied by several mathematical models [6,26-28]. For example, in our previous work, we found
that binding of B-cell lymphoma-2 (Bcl2) family proteins to AMBRA1 in endoplasmic reticulum and
mitochondria regulated the switch from autophagy to apoptosis under the two different types
of stress [28]. The mathematical model proposed by Kapuy et al. [6] contained three parts with
crosstalk elements, with autophagy and apoptosis inducers involved in feedback loops. The modeling
studies have considered molecular interaction pathways and included a detailed analysis of specific
biological processes of the crosstalk between autophagy and apoptosis.

The above models have integrated the whole complex system rather than focusing on the crucial
double negative feedback loops between autophagy and apoptosis. Herein, we strive to minimize the
model and highlight the double negative feedback loops under stress. Numerous studies [6,27-29]
have shown that stress stimuli trigger the parallel induction of Beclinl-induced autophagy and
Caspases-dependent apoptosis; therefore, the element of crosstalk between Bcl2 and pro-apoptotic
protein Bax is not considered here. Besides, the process by which the inactive form of Beclinl
promotes the activation of Caspases can be neglected when the mutual inhibition between the active
form of Beclinl and Caspases is considered [30]. Therefore, we propose a minimal model, i.e., stress
stimulates both Beclinl-dependent autophagy and Caspases-mediated apoptosis, and we verified that
the minimal model reproduces the results of the original model [6].

The network consisting of the double negative feedback loops between autophagy and apoptosis
can be solved mathematically to find deterministic steady-state solutions. The deterministic
simulations can be used to find the bistable switch from autophagy to apoptosis. In addition, it is well
known that noise commonly exists in biological systems owing to internal and external environmental
fluctuations [31-33]. It is important to include noise to obtain realistic results with stochastic
simulations [34,35]. Deterministic simulations are commonly used to study the dynamical behaviors
of individual cells, whereas stochastic simulations are generally well-suited to studies of the population
behavior of cells [29]. Therefore, in this work, we study the dynamical transition from autophagy to
apoptosis under stimulation of stress by means of both deterministic and stochastic simulations.
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We exhibit the biostability of the system under two different levels of stress and analyze the
statistical properties of cells that undergo autophagy and apoptosis under two different initial
conditions with varying noise strengths. Moreover, under two different levels of stress and different
initial conditions, we investigate how noise affects the double negative feedback loops between
autophagy and apoptosis. Finally, the effect of noise on the transition is comprehensively explored by
means of bifurcation and statistical analysis under continuous changes in stress and the two different
initial conditions. For different stresses and initial conditions, we find that stronger noise induces more
randomness in the switching process. These results enhance our understanding of the interaction
mechanism between autophagy and apoptosis and provide new insights for further dynamical modeling.

2. Materials and methods

The minimal mathematical model (Figure 1) shows the key structures of stress-induced Beclin1-
dependent autophagy and Caspases-mediated apoptosis. The existing antagonistic relationships
between Beclinl and Caspases form the double negative feedback loops. Based on the biochemical
interactions, we describe the dynamics of the crosstalk between Beclinl ([B]) and Caspases ([C]) under
stress (S) using ordinary differential equations (1) and (2), which are solved via Runge-Kutta [36]
methods for very high precision.

M _ (k1+k25)(Bt—B) _ (k3+k4_C)B
dt =~ (Jbe+Bt-B) (Jbe+B)

(1

d[C] _ (ks+ke'S)(Ct=C) _ (ky+kgB)-C
dt ~ (Jep+Ct-0) (Jep+C)

2

The first term in Eq (1) corresponds to the basal and stress-dependent activation of Beclinl, and
the second term corresponds to its basal and Caspases-dependent deactivation. Equation (2) represents
the dynamics of Caspases and has two terms: basal and stress-dependent activation, and basal and
Beclinl-dependent inactivation. The terms &;(t) and &,(t) areadded to Egs (1) and (2), respectively,
to represent Gaussian white noise with zero mean and an auto-correlation function, where <
E1(t)E1(s) >=2D16(t — 5), < &(t)E,(s) >=2D,6(t — s). Here, we consider the identical noise
strengths D; = D, = D. All parameters used in the model and their descriptions are displayed in Table 1.

S

Stress
—___

A 4 A 4

Beclin1 Caspases

Figure 1. Schematic representation of a minimal network of stress-induced autophagy
and apoptosis, where promotion and inhibition are denoted by solid lines with
arrowheads and blocked-end lines, respectively.
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The model was used in numerical simulations to explore the qualitative dynamic behaviors of the
system. All the bifurcation diagrams were analyzed with XPPAUT software [36], and the simulations
were performed using Matcont software [37].

Table 1. Parameters and descriptions.

Parameter Significance Value Unit
S Stress level 1 -
kq Basal activation rate constant of Beclinl 2 h~1
ko Stress-dependent activation rate constant of Beclinl 0.1 h~1
ks Basal inactivation rate constant of Beclinl 0.01 h~1
ky Caspases-dependent inactivation rate constant of Beclinl 4 h~1
ks Basal activation rate constant of Caspases 0.31 h™1
ke Stress-dependent activation rate constant of Caspases 0.1 h~1
k- Basal inactivation constant of Caspases 0.1 h~1
kg Beclinl-dependent inactivation rate constant of Caspases 0.37 h™1
Jbe Michaelis constant of Beclinl 0.7 uM
Jep Michaelis constant of Caspases 0.01 uM
Bt Total level of Beclinl 1 uM
Ct Total level of Caspases 1 uM
3. Results

3.1. Deterministic and stochastic properties under two different levels of stress

Stress as a switch triggers Beclinl-dependent autophagy and Caspases-mediated apoptosis in the
molecular network. In this section, we explore the dynamic behaviors of interactions between cell
survival and death under small and large stress conditions, respectively.

3.1.1. Stability analysis of the system

The time series of [B] and [C] initiated at values in [0, 1] under small (S = 1) and large
sustained (S = 2) stresses in the deterministic system are displayed in Figure 2A1,B1, respectively.
Here, we employ the same initial ranges [0, 1] of [B] and [C] to confirm their final opposite steady
state concentrations. Under S = 1, [B] ([C]) reaches a low (high) level at large initial values but a
high (low) level at small initial values. Under S = 2, [B] decreases to a low level after transient
activation, whereas [C] increases to a high level after transient inactivation. Indeed, two stable steady
state levels exists under the small stress S = 1 but only one under the large stress S = 2.

Two nullclines of [B] and [C] were computed by setting d[B]/dt =0 and d[C]/dt =0 in
the phase planes (Figure 2A2,B2). The two nullclines under small stress S = 1 intersected at one
unstable state (gray) and two stable states (dark), as shown in Figure 2A2. In addition, the vector field
(indicated by small arrows) for S = 1 indicated that the trajectory moved from the unstable state,
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probably to either of the two stable states. These bistable results under S = 1 demonstrate that the
system eventually stays at either of the two stable states, i.e., at a high level of [B] or of [C], such
that autophagy and apoptosis cannot coexist in a cell.

The two nullclines under the large, sustained stress S = 2 intersected at only one stable state
(dark) for the low [B] level buthigh [C] level (Figure 2B2). All small arrows in the vector field were
directed to the stable point. The monostable steady state for the high [C] level under this stress implies
that large and intolerable stress turns off autophagy and ultimately leads to apoptosis.
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Figure 2. Temporal dynamics and two nullclines with vector fields for Beclinl ([B]) and
Caspases ([C]) under two different levels of stress, S =1 (A) and S =2 (B). Gray
arrows denote the vector field, and the stable and unstable steady states are indicated by
black and gray solid circles, respectively.

3.1.2. Statistical properties of cells with respect to autophagy and apoptosis in the presence of noise
Noise resulting from both internal stochastic behaviors and external environmental perturbations
is ubiquitous in biological systems and has been extensively studied from both theoretical and

experimental perspectives [31,32,34]. As the behavior of a single cell may not be representative, we
considered population behaviors of cells in making decisions between autophagy and apoptosis.
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Figure 3. Distributions of cells undergoing autophagy and apoptosis with noise under
different levels of stress, S =1 (A) and S = 2 (B). Histograms of different values of
noise intensity D for each bar were calculated at ¢t = 30 h, and the boxplots were
calculated using the histograms from the three data sets.
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As shown in Figure 3, we investigated statistical characteristics of cells with respect to autophagy
and apoptosis using Eqs (1) and (2) with the noise term (&;, i = 1, 2). We performed 1000 runs as one
dataset, represented in the histograms, to describe the population behavior of 1000 cells with respect to
autophagy (green) or apoptosis (blue), with the noise intensity D ranging from 0.001 to 0.05. Then, we
calculated the average of three datasets for all values of D and displayed the results in boxplots,
including an upper edge, upper quartile, median, lower quartile, and lower edge.

Here, we aimed at bistability when S = 1 (Figure 3A) and monostability when S = 2 (Figure 3B),
by setting two different initial conditions: low [B] but high [C] (first row in Figure 3A,B); and high [B]
but low [C] (second row in Figure 3A,B).

Under stress S = 1 (Figure 3A), the number of apoptotic cells (blue) was much larger than the
number of autophagy cells (green) after initiation with low [B] but high [C], whereas the reverse was
observed after initiation with high [B] but low [C]. As D increased, the number of apoptotic cells
decreased under low [B] but high [C] initial conditions, whereas it increased under high [B] but
low [C] conditions. It was worth noting that the initial concentrations with the low [B] but high [C]
do not always arrive at the same final steady-state concentrations under disturbance of the noise term.
Most of the 1000 cells in a population tend to apoptosis while a few cells affected by noise arrive at
their final steady-state with the high [B] but low [C] for autophagy, as seen in Figure 3A1,BI.

Under S = 2 (Figure 3B), the number of apoptotic cells (blue) was always much larger than the
number of autophagic cells (green), for both low [B] but high [C] and high [B] butlow [C] initial
conditions. As D increased, the number of apoptotic cells decreased for both sets of initial conditions.

The lengths of the boxes in the boxplots, representing the dispersion of the datasets, suggest that
the distribution of cells at smaller S was more concentrated. This demonstrates that smaller stress leads
to less fluctuation in the biosystem compared to a larger stress.

Bistability under the small stress and monostability under large stress in (Subsection 3.1.1) were
responsible for the population behaviors of the autophagy and apoptotic cells for the two different sets
of initial conditions [B] and [C]; these were different under the small stress but identical under large
stress. Moreover, an increase in noise intensity disturbed the population behaviors, potentially also
affecting the choice between cell survival and death.

3.2. Stochastic switch between autophagy and apoptosis modulated by parameters k, and kg

Mutual inhibition between Beclinl-induced autophagy and Caspases-dependent apoptosis
determines decision between life and death [6]. Thereby, we further altered the values of two key
parameters, k, (Caspases-dependent inactivation rate constant of Beclinl) and kg (Beclinl-
dependent inactivation rate constant of Caspases), to investigate the stochastic switch between
autophagy and apoptosis under the two different stresses S = 1 and 2.

The bistable behavior under small stress S = 1 was located at the basal value of k, = 4. We
further constructed bifurcation diagrams of the steady state levels of [B] and [C] as a function of k,
as shown in Figure 4A,B, respectively. The bistability of the low and high stable steady states (solid
lines) separated by the unstable steady states (dashed lines) still covered a relatively large range of k,
between the two fold points F; and F;.

We focused on the switch from autophagy to apoptosis by calculating the ratio of the number of
apoptotic cells to all 1000 cells, F;, for the parameter k, at D=0.001 (orange), 0.005 (gray), and 0.01
(purple) (Figure 5). Here, we still considered the two different initial conditions of low [B] but high
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[C] (Figure 5A) and high [B] but low [C] (Figure 5B). Under the initial condition of low [B] but
high [C] (Figure 5A), the F, curves were more affected by the noise intensity D at smaller values of
k,. As k, grew large, the F, curves were robust to D. Therefore, the fold point F, from
monostability to bistability, as shown in Figure 4A, affected the sensitivity to noise of the switch from
autophagy to apoptosis; in particular, at k, = 2.2, near the critical point of the switch from autophagy
to apoptosis, the F; values for D = 0.001, 0.005, and 0.1 were 3, 10 and 25%, respectively (Figure 5A).
Under the initial condition of high [B] but low [C] (Figure 5B), D had a greater influence on F; at
moderate values of k,. For example, at k, = 10, the values of F; were 0, 1 and 33% as D increased
from 0.001 to 0.005 and then to 0.1, respectively.
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Figure 4. Bifurcation diagrams for Beclinl (A) and Caspases (B) under S =1 for the
parameter k,. The stable and unstable steady states are represented by solid and black
dotted lines, respectively, and F; and F, are the fold bifurcation points. The gray dotted
lines represent the fixed value of k, = 4 in Table 1. The gray dotted lines represents the
fixed value of k,.
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Figure 5. Stochastic behaviors of the cell population under S =1 regulated by the
parameter k, under conditions of low Beclinl but high Caspases (A) and high Caspases
but low Beclinl (B). F; is the ratio of transiting cells to all cells and as a function of k,
for different values of D.
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The bistability under large stress S =2 was also located at the basal value of k,= 4.
Furthermore, we plotted bifurcation diagrams of the steady state levels of [B] and [C] as a function
of k, for S =2 (Figure 6A,B, respectively). Unexpectedly, bistability appeared within a small range
of k, between the two fold points F; and F;.
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Figure 6. Bifurcation diagrams for Beclinl (A) and Caspases (B) under S = 2 for the
parameter k,. The stable and unstable steady states are represented by solid and black
dotted lines, respectively, and F; and F, are the fold bifurcation points. The gray dotted
lines represent the fixed value of k, = 4 in Table 1.
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Figure 7. Stochastic behaviors of the cell population under S = 2 regulated by the
parameter k, under conditions of low Beclinl but high Caspases (A) and high Caspases
but low Beclinl (B). F; is the ratio of transiting cells to all cells and as a function of k,
for different values of D.

Under the condition of low [B] buthigh [C] (Figure 7A), the F; curves were more affected by
D in the bistable range of k,. We picked a key point for the switch at k, = 1.1 to achieve changes in
F; from 100 to 81% and then to 80%, with D increasing from 0.001 to 0.005 and then to 0.01. Under
the condition of high [B] but low [C] (Figure 7B), the F; curves showed more fluctuation with
changes in D in the bistable range of k,. For example, at k, = 2, as D increased from 0.001 to 0.005
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to 0.1, the F; values were 0, 29 and 35%, respectively.

The situation was quite different under the regulation of kg. Under small stress S =1, the
bistable behavior was calculated at the basal value of kg = 0.37. The bifurcation diagrams of the
steady state levels of [B] and [C] as a function of kg are plotted in Figure 8 A,B, respectively. The
bistability of the low and high stable steady states (solid lines) separated by the unstable steady states
(dashed lines) covered a small range of kg between the two fold points F; and F,.

Under the condition of low [B] but high [C], the F; curves were more affected by the noise
intensity D in the bistable range of kg (Figure 9A1). The key point for the switch to happen was kg = 0.8;
as D changed from 0.001 to 0.005 and 0.1, the F, values were 92, 53 and 49%, respectively. Under
the condition of high [B] but low [C] (Figure 9B1), the F, curves were affected more by D in the
bistable range of kg. For example, at kg = 0.3, F; took values of 0, 3, and 30% as D increased
from 0.001 to 0.005 and then to 0.1, respectively.

In addition, under large stress S = 2, monostability was observed at the basal value of kg = 0.37.
However, as shown in the bifurcation diagrams of the steady state levels of [B] and [C] as a function
of kg (Figure 10A,B, respectively), bistability also emerged within a small range of kg between the
two fold points F; and F,.

Under the condition of low [B] but high [C], the F; curves were affected more by D in the bistable
range of kg (Figure 11A). At the key point for the switch, kg = 1.1, F; changed from 98 to 54% and
then to 46% with D values of 0.001, 0.005, and 0.01, respectively. Under the condition of high [B]
but low [C], the F; curves showed more fluctuation with changes in D in the bistable range of kg
(Figure 11B1). For example, at kg = 0.45, the F; values were 0, 28 and 35%, as D increased
from 0.001 to 0.005 and then to 0.1, respectively.
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Figure 8. Bifurcation diagrams for Beclinl (A) and Caspases (B) under S = 1 for the
parameter kg. The stable and unstable steady states are represented by solid and black
dotted lines, respectively, and F; and F, are the fold bifurcation points. The gray dotted
lines represent the fixed value of kg = 0.37 in Table 1.

Under the condition of low [B] but high [C], the F; curves were affected more by D in the
bistable range of kg (Figure 11A). At the key point for the switch, kg = 1.1, F; changed from 98 to 54%
and then to 46% with D values of 0.001, 0.005, and 0.01, respectively. Under the condition of high
[B] butlow [C], the F; curves showed more fluctuation with changes in D in the bistable range of
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kg (Figure 11B1). For example, at kg = 0.45, the F, values were 0, 28 and 35%, as D increased

from 0.001 to 0.005 and then to 0.1, respectively.

Taken together, these findings indicate that for both small and large stresses, the regulation of k,
or kg guarantees bistability, with threshold values for the switch from autophagy to apoptosis.
Moreover, the two parameters k, (Caspases-dependent inactivation rate constant of Beclinl) and kg
(Beclinl-dependent inactivation rate constant of Caspases) had opposite regulatory effects on the
transition from autophagy to apoptosis.
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Figure 9. Stochastic behaviors of the cell population under S =1 regulated by the
parameter kg under conditions of low Beclinl but high Caspases (A) and high Caspases
but low Beclinl (B). F; is the ratio of transiting cells to all cells and as a function of kg
for different values of D.
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Figure 10. Bifurcation diagrams of Beclinl (A) and Caspases (B) under S = 2 for the
parameter kg. The stable and unstable steady states are represented by solid and black dotted
lines, respectively, and F; and F, are the fold bifurcation points. The gray dotted lines
represent the fixed value of kg = 0.37 in Table 1.
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Figure 11. Stochastic behaviors of the cell population under S = 2 regulated by the
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Figure 12. Bifurcation diagrams for Beclinl (A) and Caspases (B), respectively. The stable
and unstable steady states are represented by solid and black dotted lines, respectively, and
F; and F, are the fold bifurcation points.

3.3. Deterministic and stochastic properties with varying stress

In the above section, we discussed the effects of two discrete and different stresses on the switch

from autophagy to apoptosis with varying levels of noise. Here, we explore the transition under
continuous stress from both deterministic and stochastic perspectives.

3.3.1.

Response of the bistable switches to noise stimuli

It has been shown that both [B] and [C] reach their bistable steady states under small stress
S =1 (Figure 2). Here, we further explore the dynamic properties of [B] and [C] as a function of
S through bifurcation analysis. In Figure 12, the low and high stable steady states (solid lines) are
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separated by unstable steady states (dashed lines) located between the two-fold points F; and F, on
“Z”-shaped and “S”-shaped bifurcation curves of [B] and [C], respectively. The results reproduce
the dynamic transitions observed in [6]. From a biological perspective, it is important to consider the
division of the positive half axis of (S,[B])- and (S, [C])-planes. The irreversible bistable switch
results from the fold point F, located in the negative half of the stress axis. Therefore, the low (or
high) stable state fails to transit to the high (or low) stable state as S decreases. Biologically, when S
reaches a threshold value, Beclinl is deactivated (or Caspases are activated), so the cells cannot survive
but will undergo apoptosis.

Under the condition of low [B] buthigh [C] (Figure 13Al),the F; curve reaches nearly 100%
with variations in S for D fixed at 0.001, 0.005, or 0.1. The three scatter plots in Figure 13A2 show
increasing D (from top to bottom) at S = 1.7, and the green and blue dots represent autophagic and
apoptotic cells, respectively. Almost all cells remained at the stage of apoptosis; however, larger values
of D resulted in more cells undergoing autophagy and a more discrete distribution of cells. Under the
condition of high [B] but low [C] (Figure 13B1), the F; curves were affected more by D in the
bistable range of S. For example, at S = 1.7, F; took values of 6, 46 and 57% as D increased
from 0.001 to 0.005 and then to 0.1, respectively. The three scatter plots with increasing D (from top to
bottom) at S = 1.7 in Figure 13B2 show much more autophagy than apoptosis. As D increases, more
and more cells transition from autophagy to apoptosis, and the distribution of cells becomes more
discrete. These results imply that for a given level of stress, the initial concentrations of Beclinl and
Caspases largely determine whether cells stay in autophagy or apoptosis. Increasing D decreases the
robustness of the system.

3.3.2.  Noise-induced switch from autophagy to apoptosis

In this section, we conduct deterministic and stochastic analyses to explore how both S and
k; (i = 4,8) affect the transition from autophagy to apoptosis and further influence the fate of cells.
Deterministic codimension-1 and -2 bifurcation diagrams are shown in Figure 14. In the codimension-1
bifurcation diagrams, we adjusted the parameters k, and kg, respectively, to observe how the
bifurcation curves of [B] and [C] would change with respectto S.

The values of the parameter k, decreased from 4 to 2, and then to 0.2 (Figure 14A1,A2), causing
the bifurcation curves of [B] and [C] to shift from left to right. Simultaneously, the fold bifurcation
point F, moved to the right into the positive part of the stress axis, leading to a bistable switch from
irreversible to reversible. When k, = 0.2, the bifurcation curves of [B] and [C] exhibited
monostable states for high and low concentrations, respectively. When the values of the parameter kg
decreased from 0.37 to 0.17 (Figure 14B1,B2), the bifurcation curves of [B] and [C] showed the
same trend as that observed for k,. However, the result for kg = 0.57 was contrary to that for k, = 0.2,
as the bifurcation curves showed monostable states for low [B] and high [C], respectively.

More globally, the codimension-2 bifurcation analyses in the (S,k4)- and (S,kg)-planes are given
in Figure 14C1,C2, respectively. The fold bifurcation curves f; and f, originated from the cusp
point, which divides the (S, k,)- or (S,kg)-plane into two monostable regions and a bistable region
based on the number of stable steady states. In addition, we added three dashed lines in Figure 14C1,C2,
respectively, to indicate three different values of k, and kg in the codimension-1 bifurcation
diagrams (Figure 14A1,A2,B1,B2). The codimension-2 bifurcation diagrams displayed more globally
the regions of the monostable and bistable steady states.
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In the bistable regions, where stochastic switching behavior driven by noise may occur, we
computed the F; functions of the stress S and parameter k;(i = 4,8) as independent inputs
(Figure 15A,B, respectively). Here, we still focused on the different noise strengths D = 0.001, 0.005,
and 0.01 under the two different initial conditions of low [B] but high [C] (Figure 15A1-A3,B1-B3)
and high [B] but low [C] (Figure 15A4-A6,B4-B6).

F; varied from 0 to 100% and is shown with different intensities to reflect the percentage of
apoptotic cells. In the planes of (S, k;) (i = 4, 8), there was a clear dividing line between high (yellow)
and low (blue) F;, consistent with the bistable nature of the bifurcation dynamics. For both k, and
kg, the yellow area of F; was much larger under the condition of low [B] but high [C] than that of
high [B] butlow [C]. Increasing the noise strength D led to more randomness of sharp changes from
small to large F;. The bistable thresholds of continuous change for switching from autophagy to
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apoptosis under the influence of noise are precisely presented. The noise strength largely enhanced the

stochasticity and uncertainty of these transitions.
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Figure 15. The percentages of apoptotic cells calculated by F; for stress S and feedback
strengths k, (A) and kg (B)at t = 30 h, where D = 0.001, 0.005, and 0.01 (from
left to right).
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Figure 15. The percentages of apoptotic cells calculated by F; for stress S and feedback
strengths k, (A) and kg (B) at t = 30 h, where D = 0.001, 0.005, and 0.01 (from
left to right).

4. Discussion and conclusions

With the development of molecular biology, the focus of research has gradually shifted from the
cellular level to the microscopic exploration of individual proteins [10,26]. We propose a minimal
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model by simplifying a mathematical model of stress-directed crosstalk between autophagy and
apoptosis consisting of numerous regulatory components and inducers from previous studies [6]. The
minimal model contains only two main protein types, Beclinl and Caspases, to induce autophagy and
apoptosis, respectively, under the stimulation of stress. In this study, the dynamical behavior of
autophagy and apoptosis is well investigated through bifurcation and stochastic analysis.

For the deterministic model, the dynamic behaviors of Beclinl and Caspases were analyzed under
two different levels of stress (Figure 2). At low stress levels, the system exhibited bistability for either
autophagy or apoptosis, whereas at high stress levels it was monostable for apoptosis only. As different
stress levels led to different stability properties, we used a deterministic model with added noise to
identify the statistical characteristics of autophagy and apoptosis in cells (Figure 3). When the system
perturbed by noise had two different initial conditions, the distribution of cells was more concentrated
at low stress than at high stress. This indicates that the system is more robust at low stress than at
high stress.

Moreover, considering the antagonistic relationships between Beclinl and Caspases, the double
negative feedback loops between autophagy and apoptosis affected by noise under two different levels
of stress and initial conditions were studied (Figures 4—11). The results showed that k, (the Caspases-
dependent inactivation rate constant of Beclinl) and kg (the Beclinl-dependent inactivation rate
constant of Caspases) had contrary regulatory effects on the switch from autophagy to apoptosis in
deciding cellular life and death with different levels of stress. Both of the two parameters ensured the
bistable threshold values of the system (Figures 4, 6, 8 and 10). The bistable range of k, under small
stress was much larger than under large stress, so the cell itself under the low stress with strong
inhibition of Caspases preferred to maintain autophagy. However, the opposite results for kg made
the cell with strong inhibition of Beclinl more prone to apoptosis. Stochastic simulations showed that
under the two different initial conditions, the noise strength D caused more fluctuation in the bistable
range for both k, and kg; the larger the value of D, the stronger the disturbance to the F; (the ratio
of the number of apoptotic cells to all 1000 cells) curves (Figures 5, 7, 9 and 11).

Finally, in light of the above considerations, we comprehensively investigated the noise-induced
transition from autophagy to apoptosis under continuously varying stress (Figures 12—15). The
deterministic bifurcation curves of [B] and [C] indicated that autophagy is initially activated as
stress increases, followed by the activation of apoptosis (Figure 12). In the stochastic simulation, the
different initial conditions largely determined whether cells stayed in autophagy or apoptosis at a given
stress level (Figure 13). Moreover, the robustness of the system decreased as D increased. Owing to
significant changes in the codimension-1 bifurcation curves of [B] and [C] with varying k; (i = 4,8)
in the planes of (S, [B]) (or (S, [C])), the codimension-2 bifurcations were plotted to illustrate the
overall bistable and monostable distributions (Figure 14). The bistable regions, in which stochastic
switching was driven by noise, showed that noise strength enhanced the stochasticity of the transition
from autophagy to apoptosis (Figure 15).

Autophagy and apoptosis are complex and sophisticated processes in cellular systems. The double
negative feedback loops between them largely determines the mechanism of first autophagy and then
apoptosis. However, it is difficult and important to guarantee the order of the mechanism under noise.
Therefore, we added the Gaussian white noise into the system and the mathematical model obtained
several advantages. First, sequence and completeness of autophagy and apoptosis with noise addition
were achieved in our model, and the underlying mechanisms were analyzed in detail. Second, the
double negative feedback loops in the system exhibited bistability extremely important in cell signaling.
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Furthermore, noise perturbations on the double negative feedback loops were useful to analyze the
fundamental switching transition from autophagy to apoptosis. Third, in the presence of noise
perturbations, the system was more in accordance with the real case and served as a guidance for
future studies.

It should be noted that although our model was analyzed with noise, which was at a holistic level,
rather than a more detailed aspect of the feedback loops with noise added. In other words, the precise
addition of noise terms to stress or the critical parameters of k; and kg in the double negative
feedback loops remains a difficult problem. In addition, it is crucial to consider the addition of noise
more reasonably, science the huge number of regulatory components and the complexity of the
feedback loops may work together to affect the transition from autophagy to apoptosis. Though the
implementation of these results mainly relies on bifurcation analysis and numerical simulations, how
to overcome these problems will be a future topic.

The most important difference between our model and other published models [6,26—28] is that
we did not consider complex models with more interaction feedback loops. Instead, we aimed to
simplify the complex model to gain an essential understanding of the switch from autophagy to
apoptosis. The deterministic and stochastic approaches were used to analyze the transition process.
The former showed that the bistable phenomenon of the system is the core dynamic behavior of the
transition from autophagy to apoptosis. The latter described the stochastic fluctuations induced by
noise that trigger the switch and affect the dynamical behavior of the cell population. These findings
may shed light on fundamental understanding of the dynamics of the system. Bistable switching is
extremely important in cellular signaling, and noise intensity increases the randomness of the switch.
Cell population behavior gives a good description of the dynamical properties of the system.

In conclusion, a minimal model of the crosstalk between autophagy and apoptosis has been
developed and analyzed in the present study. The mathematical modeling approach used in this study
may be beneficial for gaining a system-level understanding of this complex and important mechanism.
Our work may provide meaningful insights for future dynamics modeling of autophagy and apoptosis.
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