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Politécnico Nacional, Ciudad de México 11340, Mexico
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Abstract: Mosquito-borne infectious diseases represent a significant public health issue. Age has
been identified as a key risk factor for these diseases, and another phenomenon reported is relapse,
which involves the reappearance of symptoms after a symptom-free period. Recent research indicates
that susceptibility to and relapse of mosquito-borne diseases are frequently age-dependent. This paper
proposes a new model to better capture the dynamics of mosquito-borne diseases by integrating two
age-dependent factors: chronological age and asymptomatic-infection age. Chronological age refers
to the time elapsed from the date of birth of the host to the present time. On the other hand, asymp-
tomatic infection age denotes the time elapsed since the host became asymptomatic after the primary
infection. The system of integro-differential equations uses flexible, unspecified functions to represent
these dependencies, assuming they are integrable. We analyzed the global stability of both the disease-
free and endemic equilibrium states using the direct Lyapunov method with Volterra-type Lyapunov
functionals. Additionally, the paper explores several special cases involving well-known host-vector
models.
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1. Introduction

Mosquito-borne infectious diseases are of global importance. In the last two decades, vector-borne
diseases have emerged at a growing rate, and several vector-borne pathogens have colonized new re-
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gions [1]. More than 400,000 people die each year from malaria, while dengue, yellow fever, chikun-
gunya, and Zika have caused serious disease outbreaks in many urban areas [2].

Age has been identified as a risk factor for mosquito-borne diseases. In the study by Hasyim et
al. [3], age was identified as a risk factor for malaria, with participants older than 35 years being
7.98 times more likely to contract the disease compared to those younger than 35. In a case-control
study [4], older patients were found to have a lower risk of contracting dengue compared to younger
adults aged 16 to 30 years. In a review [5], they affirmed that the vast majority of dengue cases affect
children under 15 years of age. A study from coastal Ecuador [6] reported that dengue seroprevalence
was strongly age-dependent, increasing rapidly with age and reaching 97% by age 60. In contrast,
chikungunya infection peaked in childhood, with a maximum prevalence of 42% around age 9.

Another phenomenon that has been documented in mosquito-borne diseases is the relapse phe-
nomenon, understood as the reappearance of symptoms after a symptom-free period. In malaria infec-
tion, some types of the parasite (such as Plasmodium vivax and Plasmodium ovale) can cause relapses
because they form hypnozoites in the liver that can reactivate and trigger a new phase of the disease [7].
In chikungunya infection, a study of 509 people in France found that 72% of patients experienced re-
lapses, averaging four episodes, and the mean delay between two relapses was 8 weeks [9]. Another
study conducted in 2015 on 5870 inhabitants of Acapulco, México, showed that 31% of infected indi-
viduals had at least one relapse after being symptom-free for a month [10].

Systems of ordinary differential equations are commonly used to model the propagation of
mosquito-borne infectious diseases. We identified some mosquito-borne disease models that consider
children and adults as different subpopulations. In dengue and malaria, two age classes have been
considered [8, 11–13]. Chamnan et al. [14] developed a three-age-class model for dengue, dividing
the population into under 10, 10–44, and over 44 years old. We identified a few mosquito-borne dis-
ease models that consider relapses. Huo and Qiu [15] and Ghosh et al. [16] developed malaria models
with relapses. More recently, Vázquez-Peña et al. developed a model for chikungunya dynamics with
relapse [17].

In mosquito-borne diseases, variability exists in the susceptibility and relapse periods for each in-
fection. Although mathematical models for these diseases address these issues, they often focus on
specific scenarios, either using models with two or three age classes [8, 11–14] or assuming constant
relapse rates [15–17]. It is well established that compartments without age structure imply that the
time distribution of transitions from one stage to another is assumed to be exponential when utilized.
For many analyses, this serves as an adequate approximation; however, in other cases, particularly in
relapse scenarios, a more specific timing is necessary to model complex behaviors. Recent empirical
research indicates that susceptibility and relapse rates are frequently age-dependent. Vargas-De-León
et al. [18] introduced and analyzed a host-vector model where the host population is structured by
chronological age, with host susceptibility assumed to be age-dependent. Additionally, Vargas-De-
León [19] developed a model for non-vector-borne diseases that accounts for variability in relapse
periods by incorporating the concept of asymptomatic-infection age. Recent evidence in the literature
shows the need for more comprehensive models that integrate both susceptibility and variability in
relapse rates to better reflect the complex dynamics of these diseases.

In this paper, we present a model to describe the spread of mosquito-borne diseases, incorporating
two different age dependencies: chronological age and asymptomatic-infection age. Chronological age
refers to the time elapsed from the date of birth of the host to the present time. Asymptomatic infection
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age denotes the time elapsed since the host became asymptomatic after the primary infection. From
a biological perspective, the introduction of age dependency implies the possibility of analyzing more
complex relationships between the probability of infection and age. For example, age dependence on
risk could manifest as a smooth gradient or even a bimodal effect for more susceptible children and
older adults. From a biological standpoint, it is crucial to model the effect of a well-defined distribution
period during which relapse can occur, rather than relying solely on an information-poor distribution
where only the mean is considered, as implied in compartmental models without age structure. Further-
more, the age dependencies in the epidemiological model directly relate to the physiological evolution
of the disease within the body, allowing the microscopic and individual-scale dynamics of the disease
to be associated with the epidemiological-scale description of a disease.

We use unspecified functions for both dependencies, provided they are integrable. We will analyze
the global stability of both the disease-free and endemic equilibrium states using the direct Lyapunov
method with the following Volterra-type functional:

f (x) = x − 1 − ln x. (1.1)

This analysis enables the characterization of a family of vector-borne disease models as epidemio-
logically significant, either with or without age structure. The introduction of unspecified functions for
the time dependencies of chronological age and symptomatic-infection age facilitates the analysis and
identification of emergent and non-trivial complex dynamical behavior of the diseases due to those age
structure dependencies. A particularly salient aspect of the model is that it establishes the foundation
for analyzing periodic or time-distributed control strategies.

2. The model with continuous-time age structure

We assume that both host and mosquito populations are stratified by their epidemiological stages.
The total host population, denoted by Nh, is divided into four classes: susceptible S h(t), infected Ih(t),
asymptomatic Ah(t), and recovered Rh(t). The total mosquito population, denoted by Nm, is divided
into two classes: susceptible S m(t) and infected Im(t).

The chronological age is denoted by the variable τ. Thus, sh(t, τ) represents the number of suscep-
tible hosts aged τ at time t. Therefore,

∫ τ2
τ1

sh(t, τ)dτ gives the number of susceptible hosts whose
ages fall between τ1 and τ2 at time t. The total number of susceptible individuals is given by
S h(t) =

∫ ∞
0

sh(t, τ)dτ. The chronological age of the infected hosts was not explicitly described be-
cause, in contrast to age-dependent susceptibility, age-dependent transmissibility is not readily observ-
able through medical records. This complication makes including this dependence less beneficial, as
there is limited data to infer this relationship. Conversely, the importance of explicitly describing age-
dependent susceptibility lies in its potential to analyze age-dependent risk and focus control strategies
based on age. In contrast, infected individuals are presumed to be readily identifiable, and measures
can be implemented irrespective of age.

Similarly, we consider the age of asymptomatic infection, denoted by ω. Here, ah(t, ω) denotes
the number of individuals in the asymptomatic hosts aged ω at time t. The expression

∫ ω2

ω1
ah(t, ω)dω

represents the number of hosts in the asymptomatic state for a duration between ω1 and ω2. Ah(t) =∫ ∞
0

ah(t, ω)dω represents the total number of asymptomatic individuals.
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We assume that all hosts are born susceptible at a constant rate Λ, which leads to the boundary
condition sh(t, 0) = Λ. When a host is bitten by an infected mosquito, there is a probability of con-
tracting the pathogen that depends on the age of the host, denoted by βh(τ). Therefore, the number
of infections is proportional to this parameter and the number of bites. If b is the average number of
bites per mosquito per unit time, each individual receives b/Nh bites, resulting in a transmission rate of
βh(τ)b/Nh. Thus, the term bβh(τ)sh(t, τ)Im(t)/Nh stands for the rate of infections of susceptible hosts of
age τ by the infected mosquitoes Im. Because there is no distinction between infected individuals due
to their age, the infections should be integrated over all ages in the corresponding equation, resulting
in the term b

Nh

∫ ∞
0

bβh(τ)sh(t, τ)Im(t)dτ.
We also assume that the host population decreases due to natural mortality at a constant rate µh.

Additionally, we introduce the parameter ρ(τ) to represent an infection prevention strategy, such as
vaccination, that is applied only to specific age groups. Consequently, the rate of removing individuals
from the susceptible class is given by εh(τ) = µh + ρ(τ). Thus, the term ε(τ)sh(t, τ) stands for the total
rate of removal from the group of the susceptible hosts aged τ.

The parameter γ denotes the rate at which symptomatology disappears from infected hosts, leading
to the term (µh + γ)Ih(t) that represents the removal rate from the infected compartment due to natural
per-capita mortality µh plus symptom disappearance. The parameter p represents the fraction of in-
fected individuals leaving the infected class γIh, who do not fully recover but instead enter an asymp-
tomatic phase for a period of time ω. Thus, this leads to the boundary condition ah(t, 0) = pγIh(t).
When symptoms reappear, they return to the infected stage according to a relapse rate dependent on
the asymptomatic infection age, δh(ω). The integral in the infected class equation

∫ ∞
0
δh(ω)ah(t, ω)dω

stands for the rate of transition of all asymptomatic hosts. A fraction (1 − p) of infected hosts is as-
sumed to undergo full recovery with permanent immunity, and (1 − p)γ represents the recovery rate of
the infected hosts.

On the other hand, mosquitoes are assumed to be born and die at a constant rate µm, as is commonly
proposed to describe a stationary population. The constant vector population assumption implies that
the vectors are continuously reproducing, and the system has reached a state where the population
death rate equates to its population birth rate.

A susceptible mosquito becomes infected only if it bites an infected host and the bite effectively
transmits the pathogen. Similar to host transmission, the probability that a mosquito will contract the
pathogen after biting an infected host is denoted by βm, and the transmission rate in mosquitoes depends
on the bite rate b. We introduce the parameter θ to account for any potential differences in transmis-
sion probability between infected and asymptomatic hosts, leading to the term θ βmb

Nh
S m(t)

∫ ∞
0

ah(t, ω)dω
representing the mosquito infections due to asymptomatic hosts.

The dynamics described above translate into the following system of integro–differential equations:

∂sh(t, τ)
∂t

+
∂sh(t, τ)
∂τ

= −
b

Nh
βh(τ)sh(t, τ)Im(t) − εh(τ)sh(t, τ),

sh(t, 0) = Λ,
dIh(t)

dt
=

b
Nh

∫ ∞

0
βh(τ)sh(t, τ)Im(t)dτ − (µh + γ)Ih(t) +

∫ ∞

0
δh(ω)ah(t, ω)dω,

∂ah(t, ω)
∂t

+
∂ah(t, ω)
∂ω

= −(µh + δh(ω))ah(t, ω), (2.1)
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ah(t, 0) = pγIh(t),
dRh(t)

dt
= (1 − p)γIh(t) +

∫ ∞

0
ρ(τ)sh(t, τ)dτ − µhRh(t),

dS m(t)
dt

= µmNm −
βmb
Nh

S m(t)Ih(t) − θ
βmb
Nh

S m(t)
∫ ∞

0
ah(t, ω)dω − µmS m(t),

dIm(t)
dt
=
βmb
Nh

S m(t)Ih(t) + θ
βmb
Nh

S m(t)
∫ ∞

0
ah(t, ω)dω − µmIm(t).

Considering that the mosquito population is Nm = S m(t) + Im(t), and the equation corresponding to the
recovery class is decoupled from the rest of the equations of the system, it could be reduce to:

∂sh(t, τ)
∂t

+
∂sh(t, τ)
∂τ

= −
b

Nh
βh(τ)sh(t, τ)Im(t) − εh(τ)sh(t, τ),

sh(t, 0) = Λ,
dIh(t)

dt
=

b
Nh

∫ ∞

0
βh(τ)sh(t, τ)Im(t)dτ − (µh + γ)Ih(t) +

∫ ∞

0
δh(ω)ah(t, ω)dω, (2.2)

∂ah(t, ω)
∂t

+
∂ah(t, ω)
∂ω

= −α(ω)ah(t, ω), with α(ω) = µh + δh(ω),

ah(t, 0) = pγIh(t),
dIm(t)

dt
=
βmb
Nh

(Nm − Im(t))
(
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

)
− µmIm(t),

with the initial conditions given by

sh(0, τ) = sh0(τ), Ih(0) = Ih0, ah(0, ω) = ah0(ω), Iv(0) = Iv0.

sh0(τ) and ah0(ω) are the initial distribution of the susceptible host and asymptomatic host with chrono-
logical age and asymptomatic-infection age, respectively. Ih0 and Iv0 are the initial infected hosts and
infected mosquitoes, respectively. In what follows, we also have assumed that the initial conditions are
in the invariant subspace where Nh = Λ/µ is constant. By adding the host equations, it can be verified
that dNh

dt = Λ − µNh and thus Nh = Λ/µ is also a stable subspace.

3. Existence of equilibrium states and their global stability

The basic reproductive number of the system (2.2) is given by:

R0 =
ηpγNh + DβmbNm

Nh(µh + γ)
,

where D and η are defined by

D =
b
µmNh

∫ ∞

0
s0

h(τ)βh(τ)dτ, (3.1)

η =

∫ ∞

0
[δh(v) + k] exp

(
−

∫ v

0
α(ϕ)dϕ

)
dv, (3.2)
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with

k =
βmb2Nmθ

N2
hµm

∫ ∞

0
s0

h(τ)βh(τ)dτ. (3.3)

The parameter R0 has significant epidemiological meaning; it represents the average number of
secondary cases generated by a primary case introduced into a fully susceptible host population. This
includes disease transmission from asymptomatic and infected hosts to susceptible mosquitoes, as well
as from infected mosquitoes to susceptible hosts.

We define a positive auxiliary function [18, 19],

g(ω) =
∫ ∞

ω

[δh(v) + c] exp
(
−

∫ v

ω

α(ϕ)dϕ
)

dv, c > 0, (3.4)

that we will use for the construction of Lyapunov functionals in the proof of global stability of the
equilibrium state for the system (2.2) by the direct Lyapunov method. Observe that g(ω) > 0 for any
w ≥ 0 and it verifies g(0) = η when we consider c = k, where k is given in (3.3).

3.1. Disease-free equilibrium state

Through direct calculations, the disease-free equilibrium state E0 is obtained taking Ih(t) = 0,
ah(t, ω) = 0, and Im(t) = 0, and then dsh(τ)

dτ = −εh(τ)sh(τ). Solving this differential equation, we have
that the disease-free equilibrium state is E0 = (s0

h(τ), 0, 0, 0) where

s0
h(τ) = Λ exp

(
−

∫ τ

0
εh(ϕ)dϕ

)
. (3.5)

To prove its global stability, we consider a Lyapunov functional, which is the linear combination of
Volterra-type and linear functions:

W(t) =
∫ ∞

0
s0

h(τ) f
(

sh(t, τ)
s0

h(τ)

)
dτ + Ih(t) +

∫ ∞

0
g(ω)a(t, ω)dω +

b
µmNh

Im(t)
∫ ∞

0
s0

h(τ)βh(τ)dτ,

where f (x) is given by (1.1) and g(ω) by (3.4) with the constant c equal to k defined in (3.3). W(t)
satisfies

dW
dt
=

∫ ∞

0

(
1 −

s0
h(τ)

sh(t, τ)

)
∂sh(t, τ)
∂t

dτ +
dIh(t)

dt
+

∫ ∞

0
g(ω)
∂a(t, ω)
∂t

dω +
b
µmNh

(∫ ∞

0
s0

h(τ)βh(τ)dτ
)

dIm(t)
dt
.
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Using the equations of the system (2.2),

dW
dt
= −

∫ ∞

0

(
1 −

s0
h(τ)

sh(t, τ)

) (
∂sh(t, τ)
∂τ

+
b

Nh
βh(τ)sh(t, τ)Im(t) + εh(τ)sh(t, τ)

)
dτ

+
b

Nh

∫ ∞

0
βh(τ)sh(t, τ)Im(t)dτ − (µh + γ)Ih(t) +

∫ ∞

0
δh(ω)ah(t, ω)dω

−

∫ ∞

0
g(ω)

[
∂ah(t, ω)
∂ω

+ α(ω)ah(t, ω)
]

dω + D
βmb
Nh

(Nm − Im(t))
(
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

)
− DµmIm(t).

= −

∫ ∞

0
s0

h(τ)
(

sh(t, τ)
s0

h(τ)
− 1

)  ∂sh(t,τ)
∂τ

sh(t, τ)
+ εh(τ)

 dτ +
b

Nh

∫ ∞

0
s0

h(τ)βh(τ)Im(t)dτ − (µh + γ)Ih(t)

−

∫ ∞

0

[
g(ω)α(ω) − δh(ω) −

βmb
Nh

DNmθ

]
ah(t, ω)dω −

∫ ∞

0
g(ω)
∂ah(t, ω)
∂ω

dω − DµmIm(t)

+
βmbNm

Nh
DIh(t) −

βmb
Nh

DIm(t)Ih(t) −
θβmb
Nh

DIm(t)
∫ ∞

0
ah(t, ω)dω,

with D given by (3.1).
By direct calculations can be shown as

∂

∂τ
f
(

sh(t, τ)
s0

h(τ)

)
=

(
sh(t, τ)
s0

h(τ)
− 1

)  ∂sh(t,τ)
∂τ

sh(t, τ)
+ εh(τ)

 ,
which makes it possible to simplify the first term of dW/dt integrating by parts:∫ ∞

0
s0

h(τ)
∂

∂τ
f
(

sh(t, τ)
s0

h(τ)

)
dτ =

[
s0

h(τ) f
(

sh(t, τ)
s0

h(τ)

)]
∞

+

∫ ∞

0
εh(τ)s0

h(τ) f
(

sh(t, τ)
s0

h(τ)

)
dτ. (3.6)

Applying integration by parts over another term of dW/dt with the boundary condition ah(t, 0) =
pγIh(t) results in

∫ ∞

0
g(ω)
∂ah(t, ω)
∂ω

dω = [g(ω)ah(t, ω)]∞ − ηpγIh(t) −
∫ ∞

0

[
g(ω)α(ω) − δh(ω) − k

]
ah(t, ω)dω. (3.7)

Using Eqs (3.6) and (3.7) results in:

dW
dt
= −

[
s0

h(τ) f
(

sh(t, τ)
s0

h(τ)

)
+ g(ω)ah(t, ω)

]
∞

−

∫ ∞

0
εh(τ)s0

h(τ) f
(

sh(t, τ)
s0

h(τ)

)
dτ

− D
βmb
Nh

Im(t)Ih(t) − D
θβmb
Nh

Im(t)
∫ ∞

0
ah(t, ω)dω − Ih(t)(µh + γ) [1 − R0] .

Therefore, W(t) is a positive definite function whose derivative dW/dt is negative provided that
R0 < 1. Moreover, the only positively invariant set where dW/dt = 0 is {E0}. By Theorem 2.53
of Smith and Thieme [20], the disease-free equilibrium state is globally asymptotically stable when
R0 ≤ 1. We arrived at the following results:

Theorem 3.1. The disease-free equilibrium state E0 of the system (2.2) is globally asymptotically
stable if R0 ≤ 1.
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3.2. Endemic equilibrium state

The equilibrium state E∗ = (s∗h(τ), I∗h, a
∗
h(ω), I∗m) must satisfy the system of equations:

ds∗h(τ)
dτ

= −
b

Nh
βh(τ)s∗h(τ)I∗m − εh(τ)s∗h(τ), (3.8)

s∗h(0) = Λ, (3.9)

0 =
b

Nh

∫ ∞

0
βh(τ)s∗h(τ)I∗mdτ − (µh + γ)I∗h +

∫ ∞

0
δh(ω)a∗h(ω)dω, (3.10)

da∗h(ω)
dω

= −α(ω)a∗h(ω), (3.11)

a∗h(0) = pγI∗h, (3.12)

0 =
βmb
Nh

(Nm − I∗m)
(
I∗h + θ

∫ ∞

0
a∗h(ω)dω

)
− µmI∗m. (3.13)

Although the system of Eqs (3.8)–(3.13) will not be solved explicitly, but we can prove the existence
of the endemic equilibrium state.

Solving the differential equation (3.11) with initial condition (3.12), we have that:

a∗h(ω) = pγI∗h exp
(
−

∫ ω

0
α(ϕ)dϕ

)
, (3.14)

and replacing it in Eq (3.13), we obtain the following expression:

I∗h =
µmNhI∗m

βmb(Nm − I∗m)
[
1 + θpγ

∫ ∞
0

exp
(
−

∫ ω
0
α(ϕ)dϕ

)
dω

] . (3.15)

In addition,

s∗h(τ) = s0
h(τ) exp

(
−

b
Nh

I∗m

∫ τ

0
β(ϕ)dϕ

)
(3.16)

is the particular solution of (3.8) under the initial condition (3.9) and s0
h(τ) has been defined in (3.5).

Replacing the Eqs (3.15), (3.14), and (3.16) in (3.10) we get:

0 = I∗m

 (µh + γ)µmNh − pγµmNh
∫ ∞

0 δh(ω) exp
(
−

∫ ω
0 α(ϕ)dϕ

)
dω

βmb(Nm − I∗m)
[
1 + θpγ

∫ ∞
0 exp

(
−

∫ ω
0 α(ϕ)dϕ

)
dω

]  · βmb2(Nm − I∗m)
[
1 + θpγ

∫ ∞
0 exp

(
−

∫ ω
0 α(ϕ)dϕ

)
dω

]
Nh

[
(µh + γ)µmNh − pγµmNh

∫ ∞
0 δh(ω) exp

(
−

∫ ω
0 α(ϕ)dϕ

)
dω

] ∫ ∞
0 βh(τ)s0

h(τ) exp
(
− b

Nh
I∗m

∫ τ
0 β(ϕ)dϕ

)
dτ
− 1

 .
(3.17)

The case I∗m = 0 reduces to the disease-free equilibrium state. The second term in (3.17) is always
positive because∫ ∞

0
δh(ω) exp

(
−

∫ ω

0
α(ϕ)dϕ

)
dω ≤

∫ ∞

0
δh(ω) exp

(
−

∫ ω

0
δh(ϕ)dϕ

)
dω = 1 − exp

(
−

∫ ∞

0
δh(ϕ)dϕ

)
,

(3.18)
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so the equality in (3.17) only can be satisfied when the last term in the product of the right member of
(3.17) is equal to 0. To prove that, we define the function h(I∗m) given by:

h(I∗m) =
βmb2

[
1 + θpγ

∫ ∞
0 exp

(
−

∫ ω
0 α(ϕ)dϕ

)
dω

]
(Nm − I∗m)

Nh

[
(µh + γ)µmNh − pγµmNh

∫ ∞
0 δh(ω) exp

(
−

∫ ω
0 α(ϕ)dϕ

)
dω

] ∫ ∞

0
βh(τ)s0

h(τ) exp
(
−

b
Nh

I∗m

∫ τ

0
β(ϕ)dϕ

)
dτ,

which satisfies that h(Nm) = 0 and h(0) =
R0N2

hµm(µh + γ) − pγ
∫ ∞

0
N2

hµmδh(v) exp
(
−

∫ v

0
α(ϕ)dϕ

)
N2

hµm(µh + γ) − pγ
∫ ∞

0
N2

hµmδh(v) exp
(
−

∫ v

0
α(ϕ)dϕ

) .

It is clear that h(0) > 1 when R0 > 1.
In order to analyse the behavior of the function h(I∗m) in the interval (0,Nm), the first derivative test

is applied. By simple calculations, we obtain

h′(I∗m) =
−βmb2

[
1 + θpγ

∫ ∞
0

exp
(
−

∫ ω
0
α(ϕ)dϕ

)
dω

]
∆

N2
hµm

[
µh + γ

(
1 − p

∫ ∞
0
δh(ω) exp

(
−

∫ ω
0
α(ϕ)dϕ

)
dω

)] , (3.19)

with

∆ =

∫ ∞

0
βh(τ)s0

h(τ)
(
1 +

b
Nh

(Nm − I∗m)
∫ τ

0
β(ϕ)dϕ

)
exp

(
−

b
Nh

I∗m

∫ τ

0
β(ϕ)dϕ

)
dτ.

Using (3.18), we can note that the denominator of (3.19) is positive, so that h′(I∗m) < 0. Hence, h(I∗m)
is a decreasing monotonic function that satisfies h(Nm) = 0 and h(0) > 1 when R0 > 1, so there exists
one and only I∗m ∈ (0,Nm) such that h(I∗m) = 1, being only determined by sh(τ), I∗h and a∗h(ω) in Eqs
(3.16), (3.15), and (3.14), respectively. We arrived at the following results:

Theorem 3.2. The system (2.2) exhibits an endemic equilibrium state when R0 > 1.

Now, we proove the global stability of the endemic equilibrium state using the direct Lyapunov
method. We consider the Volterra-type Lyapunov functional:

L(t) =
µmNh

I∗mb

∫ ∞

0
s∗h(τ) f

(
sh(t, τ)
s∗h(τ)

)
dτ +

I∗hµmNh

I∗mb
f
(

Ih(t)
I∗h

)
+
µmNh

I∗mb

∫ ∞

0
a∗h(ω)g(ω) f

(
ah(t, ω)
a∗h(ω)

)
dω + f

(
Im(t)
I∗m

) ∫ ∞

0
βh(τ)s∗h(τ)dτ,

where g(ω) is defined in (3.4) with the constant c =
(

b
Nh

)2 βm
µm

(Nm − I∗m)θ
∫ ∞

0
βh(τ)s∗h(τ)dτ.

After calculating the derivative with respect to time and using the equations of the model (2.2), it
results in:

dL
dt
= −
µmNh

I∗mb

∫ ∞

0

(
1 −

s∗h(τ)
sh(t, τ)

) (
∂sh(t, τ)
∂τ

+
b

Nh
βh(τ)sh(t, τ)Im(t) + εh(τ)sh(t, τ)

)
dτ

+
µmNh

I∗mb

(
1 −

I∗h
Ih(t)

) (
Im(t)

b
Nh

∫ ∞

0
βh(τ)sh(t, τ)dτ − (µh + γ)Ih(t) +

∫ ∞

0
δh(ω)ah(t, ω)dω

)
−
µmNh

I∗mb

∫ ∞

0
g(ω)

(
1 −

a∗h(ω)
ah(t, ω)

) (
∂ah(t, ω)
∂ω

+ α(ω)ah(t, ω)
)

dω

+
1
I∗m

∫ ∞

0
βh(τ)s∗h(τ)dτ

(
1 −

I∗m
Im(t)

) (
βmb
Nh

(Nm − Im(t))
(
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

)
− µmIm(t)

)
.

(3.20)
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Using Eq (3.11), it can be directly shown that

∂

∂ω
f
(
ah(t, ω)
a∗h(ω)

)
=

1
a∗h(ω)

(
1 −

a∗h(ω)
ah(t, ω)

) (
∂ah(t, ω)
∂ω

+ α(ω)ah(t, ω)
)
.

After integrating by parts with the boundary condition ah(t, 0) = pγIh(t) and Eq (3.12), we have∫ ∞

0
g(ω)a∗h(ω)

∂

∂ω
f
(
ah(t, ω)
a∗h(ω)

)
dω =

[
g(ω)a∗h(ω) f

(
ah(t, ω)
a∗h(ω)

)]
ω=∞

− ηpγI∗h f
(

Ih(t)
I∗h

)
+

∫ ∞

0
(δh(ω) + k)a∗h(ω) f

(
ah(t, ω)
a∗h(ω)

)
dω.

(3.21)

Similarly, by Eq (3.8), it is proved that

∂

∂τ
f
(

sh(t, τ)
s∗h(τ)

)
=

(
sh(t, τ)
s∗h(τ)

− 1
)  ∂sh(t,τ)

∂τ

sh(t, τ)
+

b
Nh

I∗mβh(τ) + εh(τ)

 ,
and integrating by parts again, we have∫ ∞

0
s∗h(τ)

∂

∂τ
f
(

sh(t, τ)
s∗h(τ)

)
dτ =

[
s∗h(τ) f

(
sh(t, τ)
s∗h(τ)

)]
τ=∞

−

∫ ∞

0

∂s∗h(τ)
∂τ

f
(

sh(t, τ)
s∗h(τ)

)
dτ. (3.22)

After several calculations making use of (3.8) and the result in (3.22) to simplify the first term of
(3.20), rewriting the identity (3.10) as µh + γ =

(
NhI∗h

)−1
bI∗v

∫ ∞
0
βh(τ)s∗h(τ)dτ+

(
I∗h
)−1 ∫ ∞

0
δh(ω)a∗h(ω)dω

for the second term, using the result of the integral (3.21) for the third term, and rephrasing Eq (3.13)
as µmI∗v = βmbN−1

h (Nv − I∗v )
(
I∗h + θ

∫ ∞
0

a∗h(ω)dω
)

for the fourth term of the derivative of L, this reduces
to

dL
dt
= −
µmNh

I∗mb

∫ ∞

0
s∗h(τ)

(
S h(t, τ)

s∗h(τ)
− 1

)  ∂S h(t,τ)
∂τ

S h(t, τ)
+

b
Nh

I∗mβh(τ) + κh(τ)

 dτ

+ µm

∫ ∞

0
s∗h(τ)βh(τ)

(
S h(t, τ)

s∗h(τ)
−

S h(t, τ)Im(t)
s∗h(τ)I∗m

+
Im(t)
I∗m
− 1

)
dτ

+ µm

∫ ∞

0
βh(τ)s∗h(τ)

(
S h(t, τ)Im(t)

s∗h(τ)I∗m
−

Ih(t)
I∗h
−

S h(t, τ)I∗h Im(t)
s∗h(τ)Ih(t)I∗m

+ 1
)

dτ

+
µmNh

I∗mb

∫ ∞

0
δh(ω)a∗h(ω)

(
ah(t, ω)
a∗h(ω)

−
Ih(t)
I∗h
−

I∗hah(t, ω)
Ih(t)a∗h(ω)

+ 1
)

dω −
µmNh

I∗mb

[
g(ω)a∗h(ω) f

(
ah(t, ω)
a∗h(ω)

)]
ω=∞

+
µmNh

I∗mb

∫ ∞

0
δh(ω)a∗h(ω)

(
f
(

Ih(t)
I∗h

)
− f

(
ah(t, ω)
a∗h(ω)

))
dω

+
βmbNmθ

I∗mNh

∫ ∞

0
s∗h(τ)βh(τ)dτ

∫ ∞

0
a∗h(ω)

(
f
(

Ih(t)
I∗h

)
− f

(
ah(t, ω)
a∗h(ω)

))
dω

+
βmb2(Nm − I∗m)θ

I∗mN2
hµm

∫ ∞

0
s∗h(τ)βh(τ)dτ

∫ ∞

0
a∗h(ω)

(
ah(t, ω)
a∗h(ω)

−
Im(t)
I∗m
−

ah(t, ω)I∗m
a∗h(ω)Im(t)

+ 1
)

dω

+
βmb2(Nm − I∗m)I∗h

I∗mN2
hµm

∫ ∞

0
s∗h(τ)βh(τ)dτ

 Ih(t)
I∗h
−

Im(t)
I∗m
−

Ih(t)I∗m
I∗h I(

mt)
+ 1


+
βmb2

N2
hµm

∫ ∞

0
s∗h(τ)βh(τ)dτ

(
2 −

I∗m
Im(t)

−
Im(t)
I∗m

) (
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

)
.
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As a result of various calculations, we have

dL
dt
= −
µmNh

I∗mb

[
s∗h(τ) f

(
sh(t, τ)
s∗h(τ)

)]
τ=∞

−
µmNh

I∗mb

∫ ∞

0
εh(τ)s∗h(τ) f

(
sh(t, τ)
s∗h(τ)

)
dτ

+
βmb
Nh

∫ ∞

0
βh(τ)s∗h(τ)dτ

(
2 −

I∗m
Im(t)

−
Im(t)
I∗m

) (
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

)
−

[
µmNh

I∗mb
g(ω)a∗h(ω) f

(
ah(t, ω)
a∗h(ω)

)]
ω=∞

+
βmbI∗h
NhI∗m

(Nm − I∗m)
∫ ∞

0
βh(τ)s∗h(τ)

(
ln

(
sh(t, τ)I∗h Im(t)
s∗h(τ)Ih(t)I∗m

)
+ 1 −

sh(t, τ)I∗h Im(t)
s∗h(τ)Ih(t)I∗m

+ ln
(

Ih(t)I∗m
I∗h Im(t)

)
+ 1 −

Ih(t)I∗m
I∗h Im(t)

)
dτ

+
βmbθ
NhI∗m

(Nm − I∗m)
∫ ∞

0

∫ ∞

0
a∗h(ω)βh(τ)s∗h(τ)

(
ln

(
sh(t, τ)
s∗h(τ)

)
−

sh(t, τ)I∗h Im(t)
s∗h(τ)Ih(t)I∗m

−
ah(t, ω)I∗m
a∗h(ω)Im(t)

)
dτdω

+
βmbθ
NhI∗m

(Nm − I∗m)
∫ ∞

0

∫ ∞

0
a∗h(ω)βh(τ)s∗h(τ)

(
2 − ln

(
Ih(t)
I∗h

)
+ ln

(
ah(t, ω)
a∗h(ω)

))
dτdω

+
µmNh

I∗mb

∫ ∞

0
δh(ω)a∗h(ω)

(
−

I∗hah(t, ω)
Ih(t)a∗h(ω)

+ 1 − ln
(

Ih(t)
I∗h

)
+ ln

(
ah(t, ω)
a∗h(ω)

))
dω

= −
µmNh

I∗mb

[
s∗h(τ) f

(
sh(t, τ)
s∗h(τ)

)]
τ=∞

−
µmNh

I∗mb

∫ ∞

0
εh(τ)s∗h(τ) f

(
sh(t, τ)
s∗h(τ)

)
dτ −

[
µmNh

I∗mb
g(ω)a∗h(ω) f

(
ah(t, ω)
a∗h(ω)

)]
ω=∞

−
βmb
Nh

∫ ∞

o
βh(τ)s∗h(τ)dτ

(
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

) (
f
(

I∗m
Im(t)

)
+ f

(
Im(t)
I∗m

))
−
βmb
Nh

(Nm − I∗m)
I∗h
I∗m

∫ ∞

0
βh(τ)s∗h(τ)

(
f
(

sh(t, τ)I∗h Im(t)
s∗h(τ)Ih(t)I∗m

)
+ f

(
Ih(t)I∗m
I∗h Im(t)

))
dτ

−
βmb
NhI∗m

(Nm − I∗m)θ
∫ ∞

0

∫ ∞

0
a∗h(ω)βh(τ)s∗h(τ)

(
f
(

sh(t, τ)I∗h Im(t)
s∗h(τ)Ih(t)I∗m

)
+ f

(
ah(t, ω)I∗m
a∗h(ω)Im(t)

))
dτdω

−
µmNh

I∗mb

∫ ∞

0
δh(ω)a∗h(ω)

(
f
(

I∗hah(t, ω)
Ih(t)a∗h(ω)

))
dω.

Hence, R0 > 1 guarantees that the endemic equilibrium state exists and L(t) is a positive definite
functional such that dL/dt ≥ 0 and {E∗} is the maximum invariant set where dL/dt = 0. If R0 > 1, by
Theorem 2.53 of Smith and Thieme [20], the endemic equilibrium E∗ is globally asymptotically stable.
We arrived at the following results:

Theorem 3.3. The endemic equilibrium state E∗ of the system (2.2) is globally asymptotically stable if
R0 > 1.

4. Particular cases of the model

4.1. Host-vector model with asymptomatic-infection age for the relapse rate

We consider the change of variable S h(t) =
∫ ∞

0
sh(t, τ)dτ, which represents the total number of

susceptible hosts. By defining the functions βh(τ) = βh and εh(τ) = εh, we integrate the first equation
of the system (2.2) using the boundary condition given in the second expression. This yields:

dS h

dt
= Λ − βh

b
Nh

S h(t)Im(t) − ρhS h(t),

dIh(t)
dt
= βh

b
Nh

S h(t)Im(t)dτ − (µh + γ)Ih(t) +
∫ ∞

0
δh(ω)ah(t, ω)dω,

∂ah(t, ω)
∂t

+
∂ah(t, ω)
∂ω

= −(µh + δh(ω))ah(t, ω),
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ah(t, 0) = pγIh(t),
dIm(t)

dt
=
βmb
Nh

(Nm − Im(t))
(
Ih(t) + θ

∫ ∞

0
ah(t, ω)dω

)
− µmIm(t).

The model is now independent of the age of susceptible hosts and depends only on the asymptomatic-
infection age.

4.2. Host-vector model with chronological age of susceptible hosts

To reduce the original model (2.2) to one that depends only on the age of susceptible hosts, we

define A(t) =
∫ ∞

0
a(t, ω)dω as the total number of asymptomatic hosts and consider the function to be

a constant δh(ω) = δh. By integrating the fourth equation of (2.2) with the boundary condition given in
the fifth expression, we obtain:

∂sh(t, τ)
∂t

+
∂sh(t, τ)
∂τ

= −βh(τ)
b

Nh
sh(t, τ)Im(t) − ρh(τ)sh(t, τ), (4.1)

sh(t, 0) = Λ, (4.2)
dIh(t)

dt
=

∫ ∞

0
βh(τ)

b
Nh

sh(t, τ)Im(t)dτ − (µh + γ)Ih(t) + δhAh(t), (4.3)

dAh(t)
dt

= pγIh(t) − (µh + δh)Ah(t), (4.4)

dIm(t)
dt
=
βmb
Nh

(Nm − Im(t)) (Ih(t) + θAh(t)) − µmIm(t). (4.5)

We have an age-independent model of relapse that depends only on the chronological age. In the special
case where δh = θ = p = 0, the model reduces to an SIR-SI host-vector model with chronological age
of susceptible hosts [18].

4.3. Age-independent model

Now, applying both transformations S h(t) =
∫ ∞

0
sh(t, τ)dτ and A(t) =

∫ ∞

0
a(t, ω)dω simultane-

ously, and defining the constant functions βh(τ) = βh, ρh(τ) = µh, δh(ω) = δh, and Λ = µhNh, we
integrate the first equation in (2.2) with respect to τ and the fourth equation with respect to ω, applying
their respective boundary conditions. This reduction yields:

dS h

dt
= µhNh −

βhb
Nh

S h(t)Im(t) − µhS h(t),

dIh

dt
=
βhb
Nh

S h(t)Im(t) − (µh + γ)Ih(t) + δhAh(t),

dAh

dt
= pγIh(t) − (µh + δh)Ah(t),

dIm

dt
=
βmb
Nh

(Nm − Im(t))(Ih(t) + θAh(t)) − µmIm(t).

This model is independent of both the age of susceptible hosts and the relapse age. It is isomorphic
to the malaria model without temporary immunity [15] and the same for the chikungunya model [17].
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In the special case where δh = θ = p = 0, the age-independent model reduces to a classical dengue
model [21]. In [17], this model was fitted to a chikungunya outbreak in Mexico. It was shown that
relapse has important effects on the dynamics of the disease; however, the age-dependent model can
describe a more detailed and complex dynamic as the reduced model, as we will see in the next section
of numerical simulations.

5. Numerical simulations

Numerical simulations were performed to test the effect of chronological age and asymptomatic-
infection age. We used the method of lines with a first-order upwind scheme for derivatives concerning
the chronological age τ and the age of asymptomatic infection ω [22]. For integration in time t, the
odeint Python function that employs the lsoda algorithm was used. We used the following function:
βh(τ)

βh(τ) =


β1, if 0 < τ ≤ τβmin
β2, if τβmin < τ ≤ τ

β
med

β3, if τβmed < τ,

where τβmin, τβmed, and τβmax are chronological ages, and β1, β2, and β3 , are positive constants. This
function represents three age groups: young people, adults, and older adults, where the probability of
contracting the pathogen of an infected mosquito in young people is greater than in adults (β1 > β2),
and the probability of contagion in adults is greater than in older adults (β2 > β3). First we made
a simulation of the model without asymptomatic age-dependence relapse. Then we compared with
the case of age of asymptomatic infection dependence. We employed the following relapse rate δ(ω)
reported in [19]:

δ(ω) =


δ1, if 0 < ω ≤ ωδmin
δ2, if ωδmin < ω ≤ ω

δ
med

δ3, if ωδmed < ω,

where ωδmin, ωδmed, and ωδmax are asymptomatic-infection ages, and δ1, δ2, and δ3 , are positive constants.

Figure 1. Effect of age dependence on relapse in infected and asymptomatic hosts.
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We observe that asymptomatic age dependence leads to a prolonged period of infection following
the primary outbreak and is caused by the relapse. Consequently, the duration of the infection is
extended, and the asymptomatic cases are amplified. The unconventional behavior observed in Figure
1 (right) can only be achieved by considering the relapse rate dependence on the asymptomatic age,
in contrast to the common behavior shown by traditional compartmental models, as shown in Figure 1
(left).

We also compare a simulation of an age-independent vaccination strategy with a more realistic
age-dependence vaccination strategy. We used a specific form of the age-dependent vaccination rate
ρ(τ):

ρ(τ) =


0, if 0 < τ ≤ τρmin
ρ0, if τρmin < τ ≤ τ

ρ
med

0, if τρmed < τ,

where ρ0 is a positive constant. The age group of those under τρmin and over τmed represents those
children and older adults for whom the vaccine is not approved. The vaccination is applied for the age
group τρmin < τ ≤ τ

ρ
med with the highest risk of mosquito-borne infection.

Figure 2. Effect of age-dependent vaccination strategies on infected and asymptomatic hosts.

Figure 2 shows the importance of considering age dependence in control strategies. If not, the
effectiveness of a strategy can be overestimated, as shown in Figure 2 (left). This overestimation also
occurs in the effect of the control in asymptomatic cases. In realistic scenarios, vaccination is focused
on an age group, as shown in Figure 2 (right) (vaccination between 12 and 22 years), because of vaccine
specifications or economic constraints. The values for the simulations were taken from [17], and are
shown in Tables 1 and 2.
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Table 1. Parameter values used for the simulations.

Parameter Value
βh 0.7379
βv 0.7570
b 3.2158
µv 3.3510
γ 4.5821
p 0.6536
δh 0.7506
σ 0.2558
Nv 19,440.1813

Table 2. Parameter values used for the age-dependent rates.

parameter β1 β2 β3 τ
β
min τ

β
med

value 1.5β2 0.7379 0.5β2 12 years 60 years
parameter δ1 δ2 δ3 ωδmin ωδmed
value 0 0.7506 0.5δ2 1 week 2 months
parameter ρ0 τ

ρ
min τ

ρ
med

values 100/(τρmed − τ
ρ
min) 12 years 22 years

6. Concluding remarks

In this study, we have developed a mathematical model to describe the dynamics of mosquito-borne
diseases by incorporating both chronological age and asymptomatic-infection age. Chronological age
accounts for the time since birth, affecting susceptibility and exposure, while asymptomatic-infection
age reflects the duration of the asymptomatic phase before relapse. By allowing both dependencies to
be functions of ages τ and ω, our model provides a more complete view of mosquito-borne disease
dynamics, addressing variability in susceptibility and relapse rates, which have been ignored in other
models.

We have analytically demonstrated the global stability of the system using the direct Lyapunov
method with a Volterra-type functional. Our results confirm that the system (2.2) behaves as follows:
If R0 ≤ 1, the disease-free equilibrium state E0 is globally asymptotically stable. Conversely, if R0 > 1,
the endemic equilibrium state E∗ exists and is also globally asymptotically stable.

It is noteworthy that we only impose integrability conditions on the age-specific probability of
becoming an infected host through mosquito bites βh(ω), age-dependent vaccination rate ρ(τ), and
age-dependent relapse rate δh(ω) in the model, and hence, the global stability results derived are robust
and do not depend on specific forms of this function.

Some forms of the functions ρ(τ), βh(τ), and δ(ω) have been proposed in [19, 23]. The mosquito-
host transmission function βh(τ) = β0τ exp

[
−β1τ

]
is reported in [23], with β0 > 0, β1 > 0, and τ > 0 as
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the chronological age. We proposed the following function βh(τ):

βh(τ) =


β1, if 0 < τ ≤ τβmin
β2, if τβmin < τ ≤ τ

β
med

β3, if τβmed < τ < τ
β
max,

where τβmin, τβmed, and τβmax are chronological ages, and β1, β2, and β3 , are positive constants. This
function represents three age groups: young people, adults, and older adults, where the probability of
contracting the pathogen of an infected mosquito in young people is greater than in adults (β1 > β2),
and the probability of contagion in adults is greater than in older adults (β2 > β3).

We proposed a specific form of the age-dependent vaccination rate ρ(τ):

ρ(τ) =


0, if 0 < τ ≤ τρmin

ρ0τ exp
[
−ρ1τ

]
, if τρmin < τ ≤ τ

ρ
med

0, if τρmed < τ < τ
ρ
max,

where ρ0 and ρ1 are positive constants. The age group of those under τρmin and over τmed represents
those children and older adults for whom the vaccine is not approved. ρ0τ exp

[
−ρ1τ

]
is the vaccination

strategy for the age group τρmin < τ ≤ τ
ρ
med with the highest risk of mosquito-borne infection.

The following relapse rate δ(ω) is reported in [19]:

δ(ω) =


δ1, if 0 < ω ≤ ωδmin
δ2, if ωδmin < ω ≤ ω

δ
med

δ3, if ωδmed < ω < ω
δ
max,

where ωδmin, ωδmed, and ωδmax are asymptomatic-infection ages, and δ1, δ2, and δ3 are positive constants.
The relapse rate and the duration of an asymptomatic infection are monitored in this function using
the variable asymptomatic-infection age. Considering the fact that relapses decrease in frequency over
time, 1/δ2 < 1/δ3.

We further explored specific cases of the model to understand the impact of different assumptions
on its dynamics. By focusing on asymptomatic-infection age and simplifying the model to be indepen-
dent of the chronological age of susceptible hosts, we derived a model that emphasizes the influence
of the variability of relapse periods. Additionally, by concentrating on chronological age and simpli-
fying the model to be independent of the asymptomatic-infection age, the model reduces to the SIR-SI
model with the chronological age of susceptible hosts [18]. By applying transformations to elimi-
nate dependencies on both the chronological age of susceptible hosts and the asymptomatic-infection
age, we obtained a model that simplifies to forms isomorphic to existing malaria, chikungunya, and
dengue models [15, 17, 21]. These examples demonstrate the versatility of the model and its appli-
cability to a range of mosquito-borne diseases. In [17], a simplified version of the model presented
in this manuscript without age-dependent factors is fitted to an actual chikungunya outbreak in Aca-
pulco, Mexico. The model gave a good general description of the outbreak, although the outbreak data
showed a fat tail in the infected class. On the other hand, the numerical simulations in this manuscript
showed that the age-dependent factors in the proposed model led to a fat tail epidemic curve, mak-
ing this model a plausible explanation of this observed phenomenon. Models with age structure have
significant potential to describe complex dynamics resulting from non-trivial relationships between
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age-related transitions between compartments. For instance, it has been observed that Zika exhibits
vertical transmission in addition to the presence of asymptomatic Zika [24, 25]. The effect of these
phenomena should be analyzed using an age-structured model in future research.

Finally, we suggest that the age-dependent functions ρ(τ), βh(τ), and δ(ω) for the basic reproductive
number can offer useful guidance for control and prevention strategies. These models with continuous-
time age structure can be applied to the dynamics of mosquito-borne diseases.
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