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Abstract: Cancer is the result of continuous accumulation of gene mutations in normal cells. The 
number of mutations is different in different types of cancer and even in different patients with the 
same type of cancer. Therefore, studying all possible numbers of gene mutations in malignant cells is 
of great value for the understanding of tumorigenesis and the treatment of cancer. To this end, we 
applied a stochastic mathematical model considering the clonal expansion of any premalignant cells 
with different mutations to analyze the number of gene mutations in colorectal cancer. The age-specific 
colorectal cancer incidence rates from the Surveillance, Epidemiology and End Results (SEER) 
registry in the United States and the Life Span Study (LSS) in Nagasaki and Hiroshima, Japan are 
chosen to test the reasonableness of the model. Our fitting results indicate that the transformation from 
normal cells to malignant cells may undergo two to five driver mutations for colorectal cancer patients 
without radiation-exposed environment, two to four driver mutations for colorectal cancer patients 
with low level radiation-exposure, and two to three driver mutations for colorectal cancer patients with 
high level radiation-exposure. Furthermore, the net growth rate of the mutated cells with radiation-
exposure was is higher than that of the mutated cells without radiation-exposure for the models with 
two to five driver mutations. These results suggest that radiation environment may affect the clonal 
expansion of cells and significantly affect the development of tumors. 
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1. Introduction  

Colorectal cancer is one of the common malignant tumors that seriously endangers human health. 
Statistical data showed that colorectal cancer is the second largest cancer in the world and the second 
death rate in developed countries [1,2]. In recent years, the incidence rate of colorectal cancer has 
gradually increased in young and adult groups, which is closely related to the changes in people’s 
lifestyles [3–5]. However, age-specific incidence rate of colorectal cancer showed a significant 
decrease in the age group above 85 years [6]. In addition, Jones et al. found that it took more than ten 
years for benign tumors to develop into advanced cancer in the colorectal and two years to obtain 
the metastatic ability [7]. However, most cancer patients are already in the advanced stage at the 
time of diagnosis. Therefore, the earlier the disease is found, the higher survival rate patients with 
colorectal cancer have [8]. Studying the mechanism of gene mutation is vital for the early diagnosis 
in the development of cancer. 

Cancer is essentially a gene-related disease, but a single gene mutation cannot cause tumor [9]. 
Researches suggested that there is a large number of gene mutations in the process of 
tumorigeneses [9–11]. Among them, however, only a small fraction of mutations are driver mutations 
that cause the selective growth advantage to cells, leading to the development of tumors [9–12]. 
Therefore, many mathematical models considering gene mutation were developed to analyze the risk 
of cancer. The earliest cancer model could be traced back to the work of Armitage and Doll [13]. They 
proposed the multistage cancer model and fitted the age-specific mortality data of colorectal cancer, 
gastric cancer and other cancers by using their established model. Later, there was evidence to show that 
the clonal expansion of cells played an important role in the development of cancer. For this reason, 
researchers developed the models with clonal expansion of mutant cells, which could better explain the 
risk of colorectal cancer than the model without clonal expansion of cells [14–17]. In addition, Lang et 
al. studied the cancer model based on two branching processes and obtained the growth and metastasis 
rate of adenoma by fitting the data of colorectal cancer incidence rate and adenoma size [18]. However, 
these studies did not consider the specific gene information. To address this issue, Paterson et al. 
proposed a five-step branching process model, including suppressor genes APC, TP53 and oncogene 
KRAS, to explore the detailed sequence of these gene mutations in the colorectal cancer [19,20]. 
Nevertheless, only 15% colorectal cancer patients have mutations in suppressor genes APC, TP53 and 
oncogene KRAS [21,22]. Thus, their result was not applicable to all colorectal cancer patients.  

In our work, we develop an any-step branching process model with clonal expansion to study the 
number of driver gene mutations in colorectal cancer instead of using a branching process model with 
fixed step, which allows us to study the influence of tumor heterogeneity. The model with any step 
involving clonal expansion of cells matches the age-specific colorectal cancer incidence rate from the 
Surveillance, Epidemiology and End Results registry (SEER) in the United States data and the Life 
Span Study (LSS) in Nagasaki and Hiroshima, Japan with different dose level exposure, which obtains 
all possible numbers of driver gene mutations that can be used to explain the progression of colorectal 
cancer. Moreover, we analyze the estimated parameters of the model to verify the reasonableness of 
the fitting results. Our study results can be used to identify the influence of radiation exposure dose on 
the risk of colorectal cancer.  
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2. Materials and methods 

2.1. The data 

The SEER and LSS databases are two main data sources for studying cancer, which can be 
obtained from https://seer.cancer.gov/ and https://www.rerf.or.jp/en/, respectively. Here, we choose 
colorectal cancer incidence rate data from the SEER registry during the years 1973–2013 and from the 
LSS dataset during the years 1958 to 1998, respectively. For the LSS dataset, we divide into two 
categories with colon dose level. The data with less than 0.1 Gy is considered as low dose level 
exposure, and other data is considered as high dose level exposure [23]. This data is classified by 
the 5-year age groups (namely, age 0–4, 5–9, …, 75–80). In particular, we find that the incidence rate 
of colorectal cancer is almost zero before the age of 25 years in the LSS data. For the LSS data, we 
fit the data from 25–80 years of age. In our analyses, the numbers of patients over 80 years of age 
are ignored since they decline rapidly. In addition, we assume that the latent period of colorectal 
cancer is 5 years, which means that the tumor will be detected clinically after 5 years when a persistent 
malignant tumor cell appears. Table 1 gives the cases and total population in each age group from the 
SEER and the LSS with low (<0.1 Gy) and high dose (≥0.1 Gy) exposure data.  

Table 1. Age-specific colorectal cancer incidence data from the SEER registry during 
1973–2013 and the LSS dataset during 1958–1998. 

 SEER LSS 

Age Cases Person years
<0.1 Gy ≥0.1 Gy 

Cases Person years Cases Person years

0–4 3 72,394,578 0 0 0 0 

5–9 3 72,210,122 0 0 0 0 

10–14 55 74,259,274 0 4012 0 792

15–19 188 75,390,703 0 32,374 0 6952

20–24 589 76,696,109 0 51,398 0 10,865

25–29 1376 79,981,477 1 73,971 2 15,072

30–34 2893 79,416,642 3 100,004 1 20,405

35–39 5396 74,888,049 11 117,356 1 24,149

40–44 10,084 70,349,908 14 134,452 4 27,601

45–49 17,957 64,617,689 28 153,632 9 31,443

50–54 31,526 58,921,791 76 173,091 29 35,664

55–59 42,381 51,312,063 130 171,197 39 35,682

60–64 54,754 43,156,922 195 163,996 41 34,579

65–69 67,393 35,513,414 243 148,859 65 31,941

70–74 74,473 28,508,602 219 118,754 59 25,794

75–79 74,301 22,311,393 193 88,718 51 19,102

2.2. Mathematical model 

It is very valuable to explore all possible numbers of driver genes in the colorectal cancer for the 



1189 

Mathematical Biosciences and Engineering  Volume 21, Issue 1, 1186–1202. 

diagnose and therapy of a tumor. Here, we describe the any-step branching process model with clonal 
expansion of cells, which assumes that normal cells undergo several rate-limiting events before 

developing into malignant cells. Let N   denote normal cells, iP  mutated cells with i  mutation(s) 

where 1,2, , 1i k  , and kP  malignant cells. The normal cells ( N ) and mutated cells ( iP) undergo 

mutations at rates N  and i , respectively. Furthermore, the mutated cells ( iP) undergo growth and 

death (or differentiation) at rates ia   and ib  , respectively, then the model with multiple branching 

processes is described as follows,  

1

N

N P


; 

             1

i

i iP P


, 1,2, , 1i k  ; 
ia

i i iP P P  ; 
ib

iP . 

In our model, we assume that the number of normal cells is constant and the probability of tumor 
is one once one malignant cell appears.  

We consider the process from normal cells to a malignant cell and let ( )N t  , ( )iP t  

 1,2, , 1i k   and  kP t  represent the number of normal cells, mutant cells with i mutation(s) 

and malignant tumor cells at time t , respectively. The following probability generating functions are 
defined for t  .  

1 2

1 2

0 1 2 1 1 2 2 1 1
, , ,

1 2 1 1 2

t { ( ) , ( ) , , ( ) , ( )

| ( ) 0, ( ) 0, , ( ) 0, ( ) 0} ,

k

k

k k k k k
m m m

mm m
k k k

p p p prob P t m P t m P t m P t m

P P P P p p p

 



           

       




 

 
    (2.1) 

1

1

i 1 1 1 1 1
, , ,

1 1 1

t { ( ) , ( ) , , ( ) , ( )

| ( ) 1, ( ) 0, , ( ) 0, ( ) 0} ,

i i k

i i k

i i k i i i i k k k k
m m m

m m m
i i k k i i k

p p p prob P t m P t m P t m P t m

P P P P p p p





    

  

           

       




 

 
    (2.2) 

where    0 1,1 1;0, 1 1, ,1;0, 1it t    ， . 

Using the probability generating Eqs (2.1) and (2.2), we can derive the probability of tumor as 

   01 1, 1,0;0,P t t   , and the expected number of mutated cells with i mutations is given by 
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By the Kolmogorov forward equation, Equation (2.1) can be used to derive the following 
equation [24],  
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Taking the derivative of Eq (2.3) with respect to ip  and letting  1 2, , , kp p p  1,1, ,1  , we 
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have that 

 

1

1
1 1

1

[ ( )]
[ ( )]

[ ( )]
[ ( )] [ ( )] 2 1

i

N

i
i i i

dE P t
E P t N

dt
dE P t

E P t E P t i k
dt  

  

     


 

 
.   (2.4) 

Additionally, by the Kolmogorov backward equation, Equations (2.1) and (2.2) can be used to 
derive the following Equations [25,26], 
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and for 1i k  , 
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We take the derivative of Eqs (2.5)–(2.7) with respect to time t , 
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with the following boundary value condition 
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where prime ‘′’ represents the derivation with respect to time t . 
In order to convert the boundary value condition to the initial value condition [27], we let 

s t   , then 0( , ) (1,1, 1,0; , )A s t t   , 0( , ) (11 10; , )B s t t ,, ,,  , ( , ) (1, ,1,0; , )i iC s t t   , 

( , ) (1, ,1,0; , )i iD s t t   , 1 1i k    . Equations (2.5)–(2.9) can then be transformed into the 

following equations,  
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with the initial value condition 
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By the definitions of probability generating function (2.1), the probability and the risk function 

of malignant tumor cells appearing at time t  are ( ) 1 ( , )P t A t t   and ( , )
( )

( , )

B t t
h t

A t t
  , respectively.  

2.3. Parameter estimation 

Given a set of observed cases t{ }O  , and the corresponding person-years{ }tn  , we assume that 

colorectal cancer cases follow Poisson distribution, ( )t tnh t  , where ( )h t   is the incidence of 

colorectal cancer at time t , which depends on the parameter set ( , , , )N i i iN a b   . Assuming that 

the observations of cases are independent, the likelihood function for observed cases set { }tO  can be 

written as follows, 
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( )
!

t tO
t

t
t

e
L

O

δδ

   ，                        (2.12) 

then the negative log likelihood function yields  

  ( ) ( ln ln( !))t t t t
t

NLL O Oδ δ      .                (2.13) 

The optimal values of model parameters are estimated by minimizing ( )NLL  . We choose the 

optimization routine fminsearch in MATLAB to determine the optimal values of model parameters by 
minimizing ( )NLL  . AIC is used to measure the goodness of fit of the model, 2AIC Deviance n  , 

where n  denotes the number of model parameters.  

In simulations, the mutation rates of cells are limited to less than 0.01 and the net growth rates of 
cells are set between the range of 0 to 0.5 [17,28]. The reason for this is that the premalignant tumor 

cells do not have the ability to multiply indefinitely and the probability of one gene mutation is 1itμ  . 

In addition, we find that the total number of cells will be extremely large, which is impossible for 
premalignant cells. It is shown that the number of cells in the tissue will exceed 910  (the minimum 
clinically detectable value) at more than 20 years if the net multiplication rate is one per year, which 
is clearly unrealistic in biology [29], and the number of premalignant cells is quite small in the order 
of 310  in an adenoma of linear size 1 cm [30,31]. Furthermore, the net proliferation rate of cells with 
i  mutations should not be greater than that of cells with 1i   mutations due to driver mutation 

conferring the selective growth advantage to cells; that is, 1 1i i i ia b a b    . Thus, we limit all net 

multiplication rates of premalignant to be less than 0.5. 

3. Results 

Tumor heterogeneity is an issue that cannot be ignored [32]. Therefore, the model with fixed stage 
is unsuitable for explaining the development of tumors. Here, we consider the model with any stage to 
explore the number of driver mutations in colorectal cancer. The incidence rate data of colorectal 
cancer at age-specific from SEER and LSS databases involving radiation exposure levels are used as 
the test system, and the models with different numbers of driver mutation are used to match this data. 
We give all fitting results of the model with any mutation number from two to eight, and other models 
with more than eight mutations do not have better fitting than those with less than eight mutations, 
which is in line with the viewpoint of reference [33]. The fitting results are displayed in Figures 1–3, 
which includes the relative error between real data and simulated data. The relative error is defined by 

| data-simulated data|
relative er

real 

real 
ror

data
  . Combining the fitting results of the model and the 

corresponding errors between real data and simulated data, we find that the models with three to four 
driver mutations can better fit the SEER data than other models, especially for young patients. In 
addition, the model with two mutations is not appropriate for fitting the SEER data at ages of less than 
ten years by Figure 1(b). Table 2 gives the deviance and AIC of the fittings, which suggests that the 
model with three driver mutations is the optimal model to explain the colorectal cancer of SEER data, 
and two driver mutations is the best for explaining the development of colorectal cancer of LSS data 
for both low and high dose levels.   
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Figure 1. The fittings of the models with different numbers of mutations to age-specific 
colorectal cancer incidence rate from the SEER registry during 1973–2013 and the 
corresponding relative error between real data and simulated data. 

Figure 2. The fittings of the models with different numbers of mutations to age-specific 
colorectal cancer incidence data from the LSS with low-radiation exposure (colon dose

0.1  Gy) during 1958–1998 and the corresponding relative error between real data and 
simulated data. 

Table 2. The deviance and AIC of the models with the number of mutations from two to 
eight for SEER data and LSS data with low radiation exposure and high radiation exposure. 

k-stage   2 3  4 5  6  7  8  

SEER  Deviance 1094.8 225.7  249.9  770.5  12,426 14,627 51,375

 AIC 1100.8 235.7  263.9  788.5  12,448 14,653 51,405

LSS Low dose Deviance 4.9  5.3  16.1 7.7  27.5 75.8  52.0

AIC 10.9 15.3 30.1 25.7 49.5 101.8 82.0
High-dose Deviance 11.1 9.9  10.8 11.7  19.6 47.4 25.5  

AIC 17.1 19.9 24.8 29.7 41.6 73.4 55.5
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Figure 3. The fittings of the models with different numbers of mutations to age-specific 
colorectal cancer incidence data from the LSS with high-radiation exposure (colon dose

0.1  Gy) during 1958–1998 and the corresponding relative error between real data and 
simulated data. 

Table 3. The net growth rates and mutation rates in the models with two to eight mutations 

for the SEER data without radiation exposure ( i i ia b  ). 

 2 3 4 5 6 7 8 

1  0.129  0.030  0.017  0.032  0.119  0.052  0.033 

2   0.137  0.134  0.101 0.482  0.128 0.236  

3    0.134  0.102  0.495 0.300  0.255 

4     0.104  0.496  0.300  0.255 

5      0.499  0.461 0.387  

6       0.481 0.496  

7        0.500  

NN  0.39  4.43 13.8 2.54  0.29  2.14  2.04  

1  74.19 10  31.55 10  46.47 10 34.74 10 33.91 10 31.52 10  31.46 10

2   
61.97 10  56.76 10 31.53 10 49.37 10 35.81 10  39.99 10

3    
21.00 10 39.62 10 21.00 10 21.00 10  39.99 10

4     
33.24 10 36.91 10 21.00 10  39.97 10

5      
21.00 10 39.99 10  21.00 10

6       
39.16 10  39.99 10

7        
21.00 10
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Table 4. The net growth rates and mutation rates in the models with two to eight mutations 

for the LSS data with a low-radiation exposure level ( i i ia b  ). 

 2 3 4 5 6 7 8 

1  0.142  0.049  0.019  0.121 0.115 0.048 0.025 

2   0.163 0.187  0.121 0.446  0.118 0.218 

3    0.188 0.347  0.495 0.300  0.255 

4     0.347  0.496  0.300  0.255 

5      0.500  0.335 0.387  

6       0.481 0.460  

7        0.500  

NN  0.21  0.42  14.87  0.20  0.29  2.14  2.04  

1  75.55 10  39.99 10  42.38 10 33.96 10 33.91 10 31.52 10  31.46 10

2   
61.47 10  53.57 10 31.27 10 49.37 10 35.82 10  39.99 10

3    
21.00 10 39.99 10 21.00 10 21.00 10  21.00 10

4     
39.98 10 36.91 10 21.00 10  39.99 10

5      
21.00 10 21.00 10  21.00 10

6       
39.16 10  39.99 10

7        
21.00 10

To measure our fitting results, we do the Mann-Whitney test for all fittings of the models with 
two to eight driver mutations, which shows that all p-values are greater than 0.1. This implies that the 
models with two to eight driver mutations may be used to analyze the incidence rate of colorectal 
cancer from SEER and LSS data. To further verify the rationality of fitting results, we discuss the 
optimal estimated values of parameters for the models with two to eight driver mutations. Tables 3–5 
display the simulated optimal values of model parameters. We analyze the number of premalignant 
cells with different driver mutations at different times by using parameter values in Tables 3–5. The 
number calculation of premalignant cells can be obtained from Eq (2.4) in the mathematical model. 
The results are displayed in Figure 4, which shows that the number of premalignant cells in the model 
with more than five mutations will exceed 910  for the SEER data. For LSS data with a low dose 
level, the premalignant cells of the models with more than four driver mutations will exceed 910 , 
and those of the models with more than three driver mutations will exceed 910  for the patients with 
a high dose. However, the environmental maximum capacity of the number of cells in the tissue is 
usually assumed approximately 910  [29]. In addition, it is unlikely for the number of malignant cells 
to outnumber 910  before they spread to other tissues [30,31]. Therefore, the number of premalignant 
cells should be set to less than 910 , then, two to five driver mutations are more reasonable to explain 
the primary colorectal cancer in the SEER data without radiation effect. For LSS data, two to four 
mutations and two to three mutations are more suitable to analyze the primary colorectal cancer 
patients with a low dose radiation level and high dose radiation level, respectively. That is, it involves 
fewer mutations to become malignant cells for the colorectal cancer patients with the dose radiation 
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effect. These imply that radiation exposure can significantly affect the development of colorectal 
cancer and induce mutation in some key genes that leads to the progress of tumors in colorectal tissue. 

Table 5. The net growth rates and mutation rates in the models with two to eight mutations 

for the LSS data with a high-radiation exposure level ( i i ia b  ). 

 2 3 4 5 6 7 8 

1  0.130  0.040  0.028 0.118 0.119  0.048 0.025 

2   0.169  0.190  0.118 0.482  0.118 0.218 

3    0.457  0.493 0.495 0.300  0.255 

4     0.493 0.496  0.300  0.255 

5      0.500  0.335 0.387  

6       0.481 0.460  

7        0.500  

NN  0.27  0.57  13.66  0.23  0.29  2.22  2.14  

1  79.68 10  21.00 10  42.63 10 33.89 10 34.11 10 31.54 10  31.48 10

2   
61.60 10  53.77 10 31.21 10 49.37 10 35.82 10  39.99 10

3    
21.00 10 21.00 10 21.00 10 21.00 10  21.00 10

4     
39.99 10 36.91 10 21.00 10  39.99 10

5      
21.00 10 21.00 10  21.00 10

6       
39.16 10  39.99 10

7        
21.00 10

From Tables 3–5, the first mutation rate is extremally small (belongs to the range of 6 810 10  ) 
if the number of normal cells, N , equals 710  [34,35]. That is, the first event is most likely point 
mutation [20,21]. The mutation rate of cells with more than three mutations is very high, which may 
be caused by genetic instability [36–38]. By above analyses, the models with two and three driver 
mutations are suitable for both the SEER data and the LSS data with different radiation dose levels. 
Taking the models with two and three mutations as an example, we then analyze the influence of 
disturbing parameter on the risk of colorectal cancer, which is shown in Figures 5 and 6. The result 

shows that the parameter 2  has a more significant impact in the three-mutation model for SEER data, 

whereas 1  is more sensitive in the two-mutation model for SEER data. In addition, the change of the 

first proliferation rate, 1 , has the greatest influence on the risk of colorectal cancer for LSS data 

with low and high dose levels. By comparing the net growth of mutated cells in Tables 3–5, the net 
growth rates of cells in patients from LSS data with the radiation exposure effect is higher than those 
in patents from the SEER data for the models with two to five mutations, which may be caused by 
radiation dose [39–41]. However, all net growth rates and mutation rates of cells do not always 
increase with the dose level. In addition, our analysis indicates that the net growth rate of premalignant 
cells is relatively moderate for the model explaining the colorectal cancer with biological credibility, 
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which is in line with the viewpoint of reference [17]. 

 

Figure 4. The logarithm of all expected numbers of premalignant cells at different times 
in the model with different mutation numbers. (a) SEER data. (b) LSS data with low-
radiation exposure. (c) LSS data with high-radiation exposure. 

 

Figure 5. The changes of risk in obtaining colorectal cancer by disturbing parameters of 
the two-mutation model, and the corresponding parameter value is reduced by a factor 
of 0.1. (a) SEER data, (b) LSS data with low-radiation exposure, (c) LSS data with high-
radiation exposure. 
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Figure 6. The changes of risk in obtaining colorectal cancer by disturbing parameters of 
the three-mutation model, and the corresponding parameter value is reduced by a factor 
of 0.1. (a) SEER data, (b) LSS data with low-radiation exposure, (c) LSS data with high-
radiation exposure. 

4. Discussion 

Stochastic multistage mathematical model has been widely used to study the mechanisms of 
cancer development. However, most of the existing studies consider the model with a fixed number of 
gene mutations. It is unreasonable to use one single mathematical model to explain all cancer patients 
because of the heterogeneity of tumors. Therefore, in our work, the model with any number of gene 
mutations was allowed to analyze the risk of colorectal cancer. We fit the age-specific incidence rate 
of colorectal cancer from SEER data and from LSS data with low and high doses levels by using the 
model with any number of gene mutations. In addition, the fitted optimal parameters analyzed to 
explain the risk of tumors and the rationality of the fitting results. It is suggested that it requires two to 
five driver mutations for the colorectal cancer patients without the effect of radiation. However, 
patients who are exposed to low dose levels of exposure require two to four driver mutations to develop 
the colorectal cancer, and two to three driver mutations are needed to development a malignant tumor 
for patients who are exposed to high dose levels of exposure. Furthermore, the proliferation in the last 
type premalignant cells is more sensitive than that in other premalignant cells for the colorectal cancer 
patients without radiation effect, and the proliferation rate in mutated cells with one mutation is the 
most sensitive parameter in the model for the colorectal cancer patients with the radiation effect. The 
data from LSS involves significant ionizing radiation information. Thus, our result can reflect the effect 
of radiation exposure on the risk of tumors.   

A better understanding of the tumorigenic process will help us to improve our ability to prevent 
and treat cancer. Our study gave all possible numbers of gene mutations in the development of 
colorectal cancer for SEER and LSS data involving radiation doses level. This can used to explain the 
heterogeneity of tumors. It is well known that the activation of oncogene needs one hit and the function 
loss of the tumor suppressor gene requires two hits [9]. The patients who are not exposed to radiation 
may undergo 2 to 5 driver mutations. It involves the alternations of two oncogenes or one tumor 
suppressor gene for two driver mutations, three oncogenes or one tumor suppressor gene and one 
oncogene for three driver mutations, four oncogenes or one tumor suppressor gene and two oncogenes 
or two tumor suppressor genes for four driver mutations as well as five oncogenes or one tumor 
suppressor gene and three oncogenes or two tumor suppressor genes and one oncogene for five driver 
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mutations. These inferences can provide some guidance for the usage of drugs to develop tumor 
therapy schemes. 

Our study only displays all possible numbers of driver mutations for colorectal cancer in the 
environment without radiation exposure and with low or high doses of radiation exposure. However, 
it does not consider the other mechanisms through which the radiation effect on the risk of colorectal 
cancer may occur. Furthermore, the specific oncogene or tumor suppressor gene is still unclear for 
different numbers of driver mutations in the development of colorectal cancer. These issues will be 
very valuable for the study of cancer, which will be the direction we need to investigate in the future. 
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