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Abstract: In this paper we consider a free boundary problem for a nonlocal time-periodic competition
model. One species is assumed to adopt nonlocal dispersal, and the other one adopts mixed dispersal,
which is a combination of both random dispersal and nonlocal dispersal. We first prove the global
well-posedness of solutions to the free boundary problem with more general growth functions, and then
discuss the spreading and vanishing phenomena. Moreover, under the weak competition condition, we
study the long-time behaviors of solutions for the spreading case.
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1. Introduction

In this paper, we study the following free boundary problem for a nonlocal time-periodic
competition model
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ou =diMi(u) +u(a(t) —u—c@y), t>0, si(t) < x < 5(0),
0v = o MyW) +v(b(t) —v—d(tu), t>0, s;(t) < x < 55(0),

u(t,x) =v(t,x) =0, t>0, x> s5(t) or x < 51(2),

, s2(1) 00
$5(0) = =pvalt, s20) + pu [0 [ 04(x = yyute, x)dydx

52(1)

+p2 [0 [ o = (s, dydx, 120, (1.1)
, s2()  s1(2)
si@0) = —uvit, i) = p1 L7307 [ T = yult, )dydx

1) J—co
P2 sfiff) MO Jo(x =yt dydx, 120,
M(O, x) = u()(X), V(O, x) = VO(X), |X| < A

52(0) = =51(0) = o,

where

s52(1)
Mi(u) = f Ji(x = Yyu(t, y)dy — u(t, x),
s1(1)

s52(1)
Mo(v) := T@iv +(1-1) (f Jo(x = y)v(t, y)dy — v(t, x)) .
s1(0)

We assume that a, b, ¢, d are T-periodic positive functions, and a,c € C([0,T]), b,d € C %([0, T
with 0 <y < 1. The kernel functions J; : R — R (i = 1, 2) satisfy that

J; is Lipschitz continuous, J;(x) = J;(—x) > 0, J;(0) > 0,

Ji(x)dx =1, supg J; < 0. )
R R
The initial functions uy, vy satisfy
ug € C'([—50, 501),  uo(xs0) =0, o >0 in (=50, so), (12)
vo € C2([—s0, SoD),  vo(£s0) =0, vy >0 in (=so, 50), .

where C'=([-so, 5o]) is defined as the Lipschitz continuous function space. sy, 4 and p; are positive
constants, p, 1s a nonnegative constant, p, > 0 when 7 < 1, and p = 0 when 7 = 1.

Ecologically, (1.1) describes the competing process of two invasion species, which are initially
released in the region [—sy, 5o] and then spread into a new environment with daily or seasonal changes
from two sides of [—sy, so]. # and v represent the population densities of two competing species, where
all individuals in the population u adopt nonlocal dispersal, while, in the population v, a fraction of
individuals adopt nonlocal dispersal and the remaining fraction assumes random dispersal. The latter
strategy is called mixed dispersal, which was first proposed by Kao et al. [1]. The positive constants
dy,d, are dispersal rates, and the constant 0 < 7 < 1 measures the fraction of individuals v adopting
random dispersal. a(?), b(t) represent the intrinsic growth rates of species, and c(#), d(¢) represent the
competition between species. [s;(¢), s2(¢)] is the habitat of species at time ¢ > 0, and its boundary fronts
s51(1), s5(t) are called free boundaries. We assume that the expanding speed of the habitat [s;(¢), s2(¢)]
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is proportional to the outward flux of species across the boundary, which give rise to the free boundary
conditions in (1.1).
Problem (1.1) is a variation of the two species competition model studied by Kao et al. [1]:

ou = d, (f]RN J(x = y)u(t,y)dy — u) + u(a(x) —u—v),
ov=d, [Tﬁiv +(1—-1) (fRN J(x —y)v(t,y)dy — v)] +v(b(x) —u—v).

They investigated how the mixed dispersal affects the invasion of a single species and how the mixed
dispersal strategies will evolve in a spatially periodic but temporally constant environment. A complete
classification of the global dynamics of competition mode with mixed dispersals was studied in [2].

If r = 0 and a,b,c,d are constants, (1.1) reduces to the nonlocal diffusion system with free
boundaries in [3]. The authors proved the global well-posedness of solutions, and obtained criteria for
spreading and vanishing. Moreover, for the weak competition case, they determined the long-time
asymptotic limit of solutions when spreading occurs. If 7 = 1 and a,b,c,d are constants, (1.1)
becomes a free boundary problem of the ecological model with nonlocal and local diffusions
considered in [4, 5]. They obtained the well-posedness of solutions and spreading-vanishing results.
Moreover, Cao et al. [6] considered a free boundary problem for a nonlocal dispersal competition
model in a homogeneous environment, where there is a native species distributed in the whole space
R. Some free boundary problems for epidemic models with nonlocal dispersals have also been
recently studied in [7, 8].

In the absence of the species v (i.e., v = 0), and under the condition that a(¢) is a constant, (1.1)
reduces to the following free boundary problem

ou=dM ) +ula—u), t>0, 51(t) <x< s,
u(t,x) =0, 120, x> () or x < 51(2),

52(1)

s5(1) = py fsm f;: Ji(x = y)u(t, x)dydx, t=>0,

, s2(6) s1(D)
s1(H) = —py Slit; _Olot Ji(x = y)u(t, x)dydx, t>0,

(1.3)

u(0, x) = up(x), [x| < so,

52(0) = =51(0) = o,

which has been studied in [9]. Problem (1.3) is a natural generalization of the random dispersal model
with free boundaries in [10], and similar results including the well-posedness of global solutions and
the spreading-vanishing results were established in [9], from which one can see that the nonlocal
dispersal brings some essential difficulties in analysis. The spreading speeds of free boundaries for
(1.3) were determined in [11] when spreading happens. After the completion of this paper, (1.3) with
the assumptions a(t, x) = a(t) + B(x) (a(t) is T-periodic) and supp J; C [—ry, rp] was studied in [12].
Based on the work of Du and Lin [10], random dispersal models with free boundary(ies) have
been well studied. The model in [10] has been extended to single species models in a heterogeneous
environment [13—17], or with advection [18, 19], time delay [20] and general nonlinear terms [21,22].
We also refer the readers to [23—-25] and the references therein. Moreover, two-species competition
problems with free boundary(ies) have been considered in a homogeneous environment [26-30] and
heterogeneous time-periodic environment [31,32]. Competition problems with free boundary(ies) and
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advection were studied in [33, 34]. Free boundary problems for predator-prey problems [35,36] and
epidemic models with random dispersal [37—40] have also been considered recently.

In this paper, we aim to investigate the well-posedness and dynamics of solutions to (1.1). We first
prove the global well-posedness of solutions to (1.1) with more general growth functions. To achieve
it, we shall establish the maximum principle for linear parabolic equations with mixed dispersal, and
prove that the nonlinear parabolic equations with mixed dispersal (see (2.5)) admit a unique positive
solution under the assumption that s}(7), s%(¢) and u(z, x) are merely continuous functions by using the
approximation method, which plays an important role in the application of the fixed point theorem
(see the proof of Lemma 2.5). Then we establish the dichotomy and criteria for spreading and
vanishing. To discuss the spreading and vanishing, we need to consider the existence and asymptotic
properties of principal eigenvalues for time-periodic parabolic-type eigenvalue problems with
random/mixed dispersal. Since the intrinsic growth rates do not contain the spatial variable, we can
transform the parabolic-type eigenvalue problems into elliptic-type eigenvalue problems. This
transformation is also used in a discussion on the asymptotic behavior of the solution (see the proof of
Theorem 4.4). Moreover, by the comparison principle established in Lemma 3.3, we discuss the
asymptotic stability and uniqueness of periodic solutions to the nonlocal and mixed dispersal
equations in R (Lemma 4.6), which are used to investigate the long-time behaviors of the solution for
the spreading case under the weak competition condition (Theorem 4.7).

The rest of this paper is organized as follows. In Section 2, we prove the global existence and
uniqueness of solutions to problem (1.1) with more general growth functions. The comparison
principle and discussions on eigenvalue problems are given in Section 3. In the last section, we
investigate the spreading and vanishing of species.

2. Well-posedness

In this section, we give the global well-posedness of solutions to (1.1) with more general growth
functions. More precisely, we assume that the nonlinearities satisfy the following assumptions:

(f1) fi(z, x,0,v), fo(t, x,u,0) = 0, fi(t,x,u,v) < Oforall (t,x) € R, xR, u > Kand v > 0, and
fo(t, x,u,v) <0forall (f,x) € R, XR, u > 0 and v > K with some constant K > 0;

(f2) For any given Ty, [, K, K, > 0, there exists a constant L = L(T\, [, K, K;) > 0 such that

. <
(., x, u, V)“c%qo,rop <L

for all (x,u,v) € [-,1] X [0, K;] X [0, K>];
(f3) For any given K, K, > 0, there exists a constant L* = L*(K;, K;) > 0 such that

|ﬁ(t’ X, U, V) - ﬁ(t,y7 u, V)l < L*|X _}7|

for all (¢, x,y,u,v) e Ry, x RXR X [0, K] X [0, K3];
(f4) fi(t, x,u,v) is locally Lipschitz in 4, v € R, uniformly for (¢, x) € R, XR, i.e., for any K;, K, > 0,
there exists a constant . = L(K;, K,) > 0 such that

|fit, x,u1,v1) = filt, X, u2,v2)| < L(luy = uz| + vy = v2))

for all (¢, x, u;, v;) € Ry x R x [0, K] X [0, K] (i = 1,2).
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Obviously, the growth functions in (1.1) satisfy the conditions (f1) — (f4). We consider the following
problem
Ou = diMi(w) + fit, x,u,v), >0, 51(r) < x < 52(0),
O = daMo(v) + fot, x,u,v), 1> 0, 51(f) < x < 55(0),
u(t,x) =v(t,x) =0, 120, x> s5(1) or x < 51(0),
/ s2(1) e
$5() = —pv(t, s2(0) + pr [ [0 T (x = yyu(t, dydxc
52(1) 00
o Lo Ja(x = (e, vdydx, 120, 2.1)
’ $2(1) rs1(0)
51(0) = —pv,(2, 51(0) — p1 fs;t)t _olot Ji(x = y)u(t, x)dydx
0 [ Jyx = it x)dydx, 120,
(0, x) = uop(x), v(0,x) = vo(x), |x| < 50,

52(0) = =51(0) = 50,

+p02

—P2

in which the assumptions on parameters and functions are the same as for (1.1).

Notations. Throughout the paper, we denote QST‘O’S2 ={(t, x) : t € (0,Ty], x € (51(2), $2(2))}, Q™ =
{(t,x) 1 1 € (0, +00), x € (51(1), ()}, Qo = {(1,x) : 1 € [0, +0), x € [51(0), 52(D)]}, Dr, = (0, To] X
(-1,1) and ar = + fOT a(t)dt. Under the transform x(z,z) = (”m_slU”;”“””“”, we always denote

f(t,2) = f(t, x(t,2)) = f(t, (52(’)_“(’))§+S2(’)+S1(’)). Cl’l‘(ﬁ;lo’sz) denotes the class of functions that are C' in
t and Lipschitz continuous in x.

Theorem 2.1. For any given (uy, vo) satisfying (1.2), (2.1) has a unique global solution (u,v; sy, ;) €
—51,52

CH=(Qy, ) x CHE2 Qi) X [CT3([0, Tol))* for any 0 < Ty < +00 and

O<u<K;, 0<v<Kk, v(,,x)GQsTlO,sz,

2.2)
0< _Vx(ta s2(t))a Vx(t’ §1 (t)) < K3’ 0<t < TO,

where

K = max{lluoll.~, K}, K> := max{|[voll.~, K},

i 4voll -1
o L+dr(1-71) C([-50,50])
K5 = 2K2max{,/ T 5

and L. = L(K,, K>) is the Lipschitz constant defined in (f4).

To prove Theorem 2.1, we first establish the maximum principle for linear parabolic equations with
mixed dispersal. For some s, and T, we define

S, =12 € C'([0, To)) : 52(0) = 50, 0 < 55(t) < R(D)},
SP = {s1 € CY([0, Tol) : =51 € S5, )
with

R(t) = /,lK3 + 2(SOP1K1 + s0p2K2 +ﬂK3)e(p1K1+p2Kz)t’
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Lemma 2.2. Assume that (s1,5,) € S\’ X S, If v e CH(Qp™") N C(ﬁ;‘o’sz) satisfies, for some
g € L¥(Q™),

0 2 doMo(v) + g(1, x)v, (1, x) € Q™

V(t, Sl(t))9 V(t, SZ(I)) > Oa re (Oa TO]a (23)

V(O, .X) > 07 X € [_SOa SO],

thenv > 0in 5;]0’”. If we further assume that v(0, x) # 0 in [—sg, S0, then v > 0 in Q;‘O’”.
Proof. (i) Let k > 0 be a large constant satisfying —k + g(¢,x) < 0 for all (¢,x) € QST'O’”. Then
9(t, x) := e Mv(z, x) satisfies

0,9 > o Mo(9) + [k — dr(1 — 7) + g(t, x)]9.

Next we prove that 9 > 0 in ﬁ;lo’sz.
Suppose that ¢, := inf, | 599 3, x) < 0. By the boundary conditions in (2.3), we know that

(t,x)eQTO
Dine = U(t*, x*) < O for some (¢*, x*) € Q;‘O"”. Since 9,9(t*, x*) < 0 and 8>9(¢*, x*) > 0, we have

$2(1%)

09", x") >d, T&iﬂ(f‘, XY+ (1 -1 fs ) LHr(x* — )i, y)dy
+[-k —dr(1 — 1) + g(t*, x)]I(t", x*)
> dytd2(1*, x°) + do(1 = D)t [ Jo(x* = y)dy
+—k —do(1 = 7) + (1", x") [ in
= dh?(t", x°) + [~k + g(t*, X)) P ns
which is a contradiction since [—k + g(t*, x*) |y > 0. Thus, ¥ > 0 in ﬁ;lo’sz, which implies that
v=0 inQ . (2.4)
(i) Now assume that v(0, x) # 0 in [—sp, so]. By (2.4) and the assumption J,(x) > 0, we have
0 > drtdv + [g(t, x) — do(1 — 7)]v.
Define the transform

X(t2) = (Sz(t)—sl(l))éﬂz(l)ﬂl(f)’ thatis, z(z,x) = %

Let ¥(t, z) = v(¢, x(¢,z)) and g(, z) = g(t, x(t, z)). Then, ¥(t, z) satisfies
8V > dyté(1)02V + {(1,2)0.7 + [8(t,2) — do(1 = TP, (1,2) € Dy,
v(t,x1) >0, te€(0,Ty],
9(0,z) =v(0,502) 20, ze[-1,1],

where

_ 4 _ s50+s1(0) | (s50-s510)z
.f(l‘) T (s2(D)-s1(0)?° {(l‘, 2) = s2(0)—s1(0) s2(0)-s1() -~

From the classical maximum principle, we know that # > 0 in Dr,. Thus, v > 0 in Q3. This
completes the proof.
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Next, we prove that nonlinear parabolic equations with mixed dispersal (see (2.5)) admit a unique
positive strong solution for any given continuous function u(f,x) and C'-functions
(s1(0), 52(1)) € Sf?TO X S;?TO. The proof is divided into two parts. First, in Lemma 2.3 we establish the
existence and uniqueness results on positive classical solutions by applying the upper-lower solutions
method, under the assumptions that « is Holder continuous and (s(¢), s,(¢)) € §;?To X §§?To with

Sy 1= {52 € CE([0, To)) ¢ 52(0) = 50, 0 < 55(1) < R(D)),

g?m = {51 € C"*1([0, To]) : — s €§;?To}'

Then, we obtain the existence result in Lemma 2.4 by the approximation method.

Lemma 2.3. If (s1,52) € Sy, X Sy, u € C¥/(Qy"), fi satisfies (f1)~(f4) and vy satisfies (1.2), then
for any Ty > 0, the problem

atv = dZMZ(V) + f2(ta X, U, V)9 (t9 X) € Q;‘lo’sz9

V(t, Sl(t)) = V(t, SZ(t)) = 0’ re (Oa TO]9 (25)

v(0,x) = vo(x), x € [=50, So]
has a unique solution v € C 1+%’ZH(QST‘O’SZ). Moreover, v satisfies

: 51,82
O<v<Kk, anTO ,

(2.6)
0 < —vu(t, $2(8), vilt, 1(8) < K3 fort € (0, To).

Proof. For the existence and uniqueness, we mainly adopt the classical upper-lower solutions method.
— . . . . Y~ ~51,52
Assume that v, y are respectively nonnegative upper and lower solutions of (2.5). Since u € C27(Qy )
—51,52

and v,v € C(ﬁ;‘o’sz), we know that 0 < u, v,y < M with some constant M > 0 for all (7, x) € Q. By
(f4), we have, for some constant k > d>(1 — 1),

|28, x,u,vi) = fo(t, X, u,vo)| < [k — do(1 = D][vi — v

for any (¢, x) € ﬁ;lo’sz and u,v;, v, € [0, M].
For any 9 € C(ﬁ?o’sz) satisfying J € [0, M], we define a mapping ® by v = P, where v €
C 1+Ty’lJfV(ﬁsTlo’sz) is the unique solution of

s2(1)

v — dzTajch +kv=dy(1-1) (fSI([) Jo(x — y)d(t, y)dy — "ﬂ) + fH(t x,u,P) + ki,  (t,x) € QSTIO,sz,
V(t, Sl(t))7 V(t, SZ(t)) = 09 re (Oa T0]9

v(0, x) = vo(x), x € [—s0, S0l
2.7

The existence and uniqueness of v € C HTY’“V(ESTIO’SZ) is guaranteed by the L? theory for linear
parabolic equations and the Sobolev embedding theorem. It is easy to check that ® is monotone in the

sense that if any 9,9, € C(ﬁ;lo’sz) satisfy 0 < ,9%, < M and ¢, > ¢y, then ®F, > OY.
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We then construct two sequences {v*} and {w"} by defining v\ = @p, v = Ov=D, b =
Oy, w" = dw" D n > 2, Thus,v < wl) < w@® <.oo < w® <™ <o <@ <y <5 We
conclude that the pointwise limits

W*(t, %), v*(t, x)) = (lim w™(z, x), lim v (z, x))
n—oo n—oo
exist at each point in Q7 and
Sw SV <P in Q.
- 0

Similar to the proof of Theorem 2.4.6 in [41], we can show that v*, w* are classical solutions of (2.5)
and satisfy v* = w*. Moreover, the solution in [v, V] is unique.

Clearly, v = 0 and ¥ = K, are lower and upper solutions of (2.5), respectively. Then there exists a
unique solution v between 0 and K,. Note that f, satisfies the assumption (f4). Lemma 2.2 implies that
v is the unique solution of (2.5).

Define

Q:={(t.x): 0<t<To, 52() - M < x < 5,(1)}
and construct an auxiliary function
W(t, x) = Ko [2M(s55(1) = x) = M2 (55(1) — %)*].

We will choose M such that ¢ > v holds over Q.
Direct calculations show that

O = 2K, Msy()(1 — M(s5(£) — %)) 2 0, — 0y = 2K, M?, fo(t, x,u,v) < Lv.

Then,

s52(1)

oW — daMo(Y) = 2dpTKOM? — dy(1 - DK, oo J2(x =¥y
> 2d, TK;M? — dy(1 — 1)K, > LK,
>Lv>0y—dM®>B) inQ,

it M*> > %. On the other hand,

Y(t, s2() = M™") = Ky > v(t, s2(0) = M), y(t, 52(1)) = 0 = v(1, 52(D)).

Choosing

i Hvoll ety s
o L+dy(1-71) CH([=sp.50])
M = max{,/ 2 e ,

we can prove that vo(x) < (0, x) for x € [so — M1, s¢]. By applying Lemma 2.2 to ¢ — v over Q, we
have v(t, x) < Y(t, x) for (t,x) € Q. Then v, (¢, s,(t)) > —2K,M. Moreover, since v(¢, s,(t)) = 0 and
v>0in QST‘O’”, we get v, (¢, s5(1)) < 0. The estimates for v,(, s;(¢)) can be obtained similarly.

Mathematical Biosciences and Engineering Volume 20, Issue 9, 16471-16505.
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Now, by the approximation method we get the unique strong solution of (2.5) provided that
s7(1), s5(t) and u are merely continuous functions, which plays an important role in the proof of
Lemma 2.5 later.

Lemma 2.4. If (s, 57) € S xSy, u € CQy ), f, satisfies (f1)~(f4) and vy satisfies (1.2), then

1,7y
(2.5) has a unique solution v € W(Q3*)n C%’HY(Q Y with any p > 3. Moreover, v satisfies (2.6).
14 To To

Proof. Step 1. (Uniqueness) Let
5(1,2) = v(t, X(1,2)),  folt, 2,18, 7) = folt, x(1, 2), u(t, x(2, 2)), v(t, X(2, 2))),

then the problem becomes

07 = dyT€(WO2T + L1, 907 + (1 = 1) (2522 [ L0580 — )i, )ds - 7)
+h(t.2.0.9),  (1.2) € D,

B(,£1)=0, te(0,Tol,

9(0,2) = vo(s0z), z€[-1,1].

(2.8)

51,82

Assume that v(t, x) € Wy2(Q}-)NC T17(Qy ), i = 1,2, are two solutions of (2.5), then 7i(t, z) =
vi(t, x(t,2)) € W;’Z(DTO) nC %’1”(5%) are two solutions of (2.8). Let w = ¥; — ¥,, then w satisfies the
following problem

O = dyté(D) + L(t, 0. + do(1 - 7) (S2<’>;1<'> [1 (20510 — )i, s)ds - w)
+fo(t, 2,01, V1) — fo(t, 2,01, 7), (t,2) € Dy,

Wt,+1)=0, te(0,Tl,

#0,2)=0, zel[-1,1].

(2.9)

Multiplying the first equation in (2.9) by Wy/o, Where x|o, 1s the characteristic function in [0, ]
with any 0 < ¢ < T, and then integrating over (0, Ty] x [—1, 1] gives

t
L[, z)‘odz = —dot [ [ &)@ dzdt + [ [ {(t, )0, wdzdr
wdo(1-7) [ [ (M L1 (20510 — )i, s)ds - w) Wdzdi
+ [ LAz, 5) = falt, 2, )Wz,

4drt
(52(To)—s51(To))*’

B[ ¢ wdvdzdt < & [ [ @9)Pdzdt + Cle) [} [ #Pdzdr.

By Young’s inequality with 0 < & <

By Holder inequality and the continuity of J,,

d(1-7 [ [ (—W;l(’) [ (250 ))iae, s)ds — i, z)) W(t, 2)dzdt
< (1= 0)C ([ Wt Dldz)dr = do(1 — 1) [} [ Wdzdr
<d(1-0Cy [ [ WPdzdr.
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By the Lipschitz continuity of f, with respect to ¥,

B Az %) — itz i, 5201 dzdt < L [} [ wdzdr.

Combining the above estimates, we have
[ 11 W(t,z)dz < C fot [ 11 Wwdzdt.

By Gronwall’s inequality, we know fol f_ 11 Ww2dzdt = 0, which implies that w = 0, a.e. in (0,7] X
[-1,1]. Since t € (0,7Ty] is arbitrary and W € C(BTO), we can obtain that w = 0 for all (z,z) in
[0, Ty] x [—1, 1], which implies the uniqueness of the solution.

Step 2. (Existence) For any (s1, 57) € ST?TO X S;?TO, we can find some sequences (sy,, $2,,) € gi?To X

§;?To such that s;, — s; and s,,, — s, in C!([0, T,]). Moreover, for every u(t,x) € C(ﬁ;lo’sz), we

can obtain i(t,z) = u(t, x(t,z)) € C (ETO) and find some sequence i, € C %’V(BTO) such that i1, — i1 in
—S1,n>52,n

h— . ~ 2 - .n(z)_ ,n(t) t
C(Dr,). Taking u,(t, x) = i,(t, %), we know u, € C27(Q;" ).

Consider the approximate problem

by = |0+ (1= 1) ([0 o= 9wt )y = )| + ot x ), (1,0) € O,

s1.2(0)

v(t, s1,(0) = v(t, 52,(1)) =0, 1€ (0,Tol, (2.10)

v(0,x) = vo(x), x € [=s0,S0]-
By Lemma 2.3, we know that (2.10) has a unique classical solution v, € C 1+%’ZW(QST'O‘"’”‘"), and
0<v, <K, in Q;‘O‘”"Yz‘”,
0 < =0, (t, 52,(1)), 0,V (t, 51,(1)) < K5 for t € (0, T].
Let ¥,,(t, z) = vu(t, x,(2, 2)) and

S, 2,0, §) = Sty X(1, 2), (2, X (8, 2)), Va2, %2, 2))

(SZ,n(t)_sl,n(t))z"'SZ,n(t)"'sl,n(t)
2

with x,(t,2) = , then ¥,(t, 7) € C'*32*7(Dy,) is the unique solution of

0V, = d2T§n(t)a§‘7n + gn(t’ Z)azvn

+d2(1 _ T) (321,,([);51,,,([) j;ll Jz(sz’"(t);sl’"(t) (Z _ S))\j'n(t, S)ds _ ‘7”)
+f(t, 2,01y, 9,),  (t,2) € Dr,, 2.11)
\7,1([, il) = O’ re (0’ TO]’

V,(0,2) = vo(s02), z€[-1,1],

and it satisfies
0<7,<K, inDy,

0<-——2—0.9,1),

SZ,n(t)_sl,n(t)

(2.12)
0.v,(t,—1) < K5 fort € (0, Ty].

-2
SZ,)l(t)_Sl,n(t)
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Let
8(1,2) 1= do(1 = ) (22052 [ (20500 2 )1, ) )+ fot 2 s ),

we have g € L*(Dy,). Applying the L? theory for linear parabolic equations to (2.11), we know that
the solution 7, satisfies ||‘~’"”W,§’2(DTO) < C, where C is independent of n. By the weak compactness of

the bounded set in W},’Z(DTO) and W;’I(DTO), and the compactly embedding theorem (W;’I(DTO) e
L?(Dy,)), there exists a subsequence, still denoted by {¥,}, such that ¥, — ¥ in W;’Z(DTO) N W;’I(DTO),
0.V, — 0,y in L’(Dy,) and ¥, — ¥ in L?(Dr,), which implies that ¥ € W,l,’z(DTO) N W},’l(DTo) is the
strong solution of (2.8). By the Sobolev embedding theorem, v € C %’1”(570).

Note that ¥, satisfies (2.12). From the fact d,v, — 9.9, ¥, — \7 in L?(Dr,) (then a.e. in Dr,) and
7 € C71"7(Dy,), we have that 0 < 7 < K in Dy, and 0 < ——2—3,9(1, 1), = 0:9(t, —1) < K;
for t € (0, Ty]. Thus, v(¢, x) = ¥(t, z(¢, x)) satisfies (2.6), which completes the proof.

In the following lemma, we prove the well-posedness for (2.1) with any fixed (s, $2) € Sf“ X S;"TO
by using the fixed point theorem. Denote
X = {ue CQp ) 1 0 < u < Ky, u(0, ) = up(x), ult, 51(1) = u(t, s,() = 0},
%2 ={veC@y ) 02y < Ky w(0, %) = vo(x), v(t, 51(1) = v(t, 52(0)) = 0},
X o= XITO X X%O.

Lemma 2.5. For any Ty > 0 and (s1, 5,) € Sf“ X S;"T , the problem

O = i M) + fit, x,u,v), (1, x) € Q2

0y = o My(V) + folt, x,u,v),  (1,x) € Q2

u(t, s1(t)) = u(t, s,(1)) =0, te[0,Tol, (2.13)
v(t, s1(1) = v(t, 52(1)) = 0, 1 €[0, 7],

u(0, x) = up(x),v(0, x) = vo(x), x €[50, S0l

. . 51,5 . .
has a unique solution (u,v) € XT‘O *, and it satisfies

0<M§K1,0<V§KZ l'l’leT]O’sz,

(2.14)
0 < =y (t, $2(2)), vi(t, 51(1)) < K5 in (0, Tp].

1+ —S1,5 .
Moreover, v € W;J(QST‘O’”) N CTY’”V(QT]0 2) with any p > 3.

Proof. For u* € XlT with 0 < T < Ty, from Lemma 2.4 we know that the initial-boundary value
problem (2.5) with (u, T)) replaced by (x*, T) admits a unique solution v € X:‘} For such v € XZT, we
consider

O = di M) + fi(t, x,u,v), (1, %) € Q2
M(t, Sl(t)) = M(t, SZ(t)) = 09 re [0’ TO]9

u(0, x) = up(x), x € [—so, Sol.
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By Lemma 2.3 in [9], it has a unique solution u € le. We define a mapping F7 : XIT - XIT by
Fru* = u. If F7u* = u*, then (u*, v) solves (2.13) with T, replaced by 7.

Next, we shall show that 7 has a fixed point in XIT for small 7. We assume that ui € XIT, u; = Fru:,
and v; is the unique solution of (2.5) with (u, T) replaced by (u;, T). Denote 6* = uy —us, 0 =u —up
and w = v; — v,. Note that w satisfies

ow = daMo(w) + ag(t, x)w + by(t, x)0*, (t,x) € st"sz,
w(t, s1(1) = w(t, (1)) =0, 1€[0,T],

W(O’ )C) = 0’ X € [—S(), SO],
where

1
ao(t, x) = [ ot x, 1}, vy + (v = v)7)d,
1
bo(t, x) = [ frult, x,14 + (] — u3)T, v2)dT.
Let 6*(t, z) = 6°(t, x(t, 2)), W(t, 2) = w(t, x(t, 2)), do(t, 27) = ao(t, x(t,2)) and by(t, z) = bo(t, x(1, 2)). It is
easy to see that w satisfies the following:
AW = dyté)OIW + {(t,2)0.W + [ao(t,2) — do(1 = T)IW
+dy(1 — 1) 20 [ 11 Jo (210 (2 — )i, s)ds + bo(t, )6,  (t,2) € Dy,
w(t,£1)=0, rel0,T],
w(0,2)=0, zel[-1,1].
Similar to the proof of Theorem 2.1 (Step 2) in [42], we can extend s,(¢), s(t), W(t,2), ao(t,z),
b()(t,Z) and é*(t,Z) by deﬁning SZ(t) = SZ(T)a sl(t) = SI(T)’ W(I,Z) = W(Ta Z)a Zl()(t,Z) = ZlO(Ta Z)a

bo(t,z) = bo(T, ) and §*(¢, 7) = 6*(T, 7) for t € [T, T;] with some T, < T,. Consider the above equation
on Dy,. By the L? theory for linear parabolic equations, we have

n®=-510) (1 2DO=-510 - _ Ny 7y
S [ B = st s, 10 n,)
sp(1)=s1(1)
- > (z+1)
< e, | foomio oy S22

1 ~ )%
< C(2T1)P(”W”C(5T1) + “0 ||C(5T1))

I#lhyy2p,,, < €

+ 16710 )
on) 16"l oy,

with some positive constant C = C(7T). By the Sobolev embedding theorem, the Holder semi-norm

~ ~ o, . _ 1
[W] o3 ®r) < C,”W”W},‘Z(Drl) for some positive constant C" = C’(T—l). Note that

Y Y
2 2

W(t, z)| = Ww(t,z) — w(0,z)| < [W] 12 < [w] T2, V(t,2) € Dj.

Y ., — Y . —
C27(Dy) CZ7(Dy)

It follows that

~ ~ b4 -
”W”C(ET) < [W]C%’V(BT)TZ - [W]C%”(En
~ 1 - =
S CC,T%(le)p(”W”C(ETI) + ”9 ||C(5T1))

~ 1 - =
= CC'T2QT) (W, + 10 llcw,)-

Y
2

_, ) 3
T2 < Clwllyrap, )T
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Choosing T small such that CC'T*(2T))» < 1, we have
HWHC(ET) < ”é*”C(Bf)'
Similar to the proof of Lemma 2.3 (Step 3) in [5], we deduce
—S1,5" l * —51,5"
”9”C(QTI 2) < 2”9 ”C(QT1 2y

for sufficiently small 7. By applying the contraction mapping theorem, we can show that 77 has a
unique fixed point u € X7..

Following the arguments in the proof of Lemma 2.3 (Step 5) in [5], we can prove that the unique
solution (u,v) of (2.13) can be extended to QST‘O’SZ and (u,v) € XST‘O’”. The estimates of
v.(2, 52(2)), v,(2, 51(¢)) and the regularity of v have been established in Lemma 2.4.

Proof of Theorem 2.1. By Lemma 2.5, for any 7y > 0 and (s1, s5) € Sf?TO X S;?TO, we can find a unique

(u,v) € X;’O’” that solves (2.13), and (2.14) holds. For 0 < ¢ < T, define the mapping

G(s1,52) = (51, 52)

§ $2(1) 400

5(1) =s0— fot vi(T, 52(T))dT + py fot fséﬂ fs :(T) Ji(x — y)u(t, x)dydxdt
52(T) o0

§ 52(7) s1(7)

5100 ==-so—p fy vilmsi@)dr—pi f; [ [0

$2(T)  s1(7)
P2 fot [ 07 Ja(x = y(z, x)dydaxdr.

1(1) J-oo0

J1(x = y)u(r, x)dydxdt

To prove this theorem, we need to prove that if 7 is sufficiently small, then G maps a closed subset

X7, of ST?TO X S;?TO into itself and is a contraction mapping. The proof can be completed by using similar

arguments as that of Theorem 2.1 in [3,5]. Here we omit the details.

3. Comparison principle and some eigenvalue problems

In this section, we first give two comparison principles, and then investigate the existence and
asymptotic properties of principal eigenvalues for some eigenvalue problems.

3.1. The comparison principle
In this subsection, we discuss the comparison principle for (1.1).

—51,52

Lemma 3.1. Suppose that Ty € (0,00), 51,5 € C'([0,Tol), & € C@Qy; "), ¥ € CHAQ™) n €@, ™),
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and (i, v; 51, 5) satisfies the following:

0,1 > d ( 20 1 (x — yyact, y)dy — a) +aa(t) - @ - c(7),  (1,x) € QP

51(0)
072 da 105+ (1= D)7 o= 90,y = 5| 45000 = T - i), () € Q5

,, o 5(1) (oo _
55(t) = —uv,(t, 5(1)) + py filzt)t f;(t) Ji(x = y)u(t, x)dydx
5y(1) oo _

+p2 51(0) jA;z(l‘) JZ(x - )’)V(l’ x)dyd'x’ 0 <t S TO’ (3‘1)
_, o 50 (510 _
5,0 < —pvi(t, 510) = pr [ L1 0= yac, dydx

—p2 5 [ e = 9P, x)dydx, 0 <1< T,
ﬁ(oa -x) 2 MO(X), ‘_}(0’ x) 2 V()(X), |X| < S0,

52(0) > 59, 51(0) < —s0.

Moreover, u(t, 51(1)), u(t, 5,(t)) = 0 and (¢, 5,(¢)) = ¥(t, 5,(t)) = 0 for 0 < t < Ty. Then, the solution
(u,v; 81, 52) of (1.1) satisfies

s1(2) = 51(8), 52(1) < 52(2) in (0, T, B
u(t, x) < u(t, x), v(t,x) <v(t,x) for(t,x)€ QSTIOM-

Remark 3.2. We should mention that the condition ¥(¢, §,(¢)) = ¥(¢, 5,(f)) = 0 is necessary in the proof.
If 7 = 0, as considered in [3], then the expressions of s5(7), s1(¢) in (1.1) and §5(2), §/(?) in (3.1) do not
include the terms —uv, (¢, s2(¢)), —uv.(t, s1(¢)) and —uv,(t, 5,(t)), —uv,(t, 51(¢)), respectively. In such a
case, the conditions V(¢, 5;(¢)) = (¢, 5,(¢)) = 0 can be weakened into v(z, 5,(¢)), ¥(t, 5,(¢)) > 0.

In what follows, we establish a comparison principle for the following nonlocal evolution equation

(3.2)

u, = di[ o, Ji(x = Yu(t,y)dy = ul + u(a(®) —u), (1,x) eRXQ,
u,x) =u(T,x), xc¢€ ﬁ,

where Q is a bounded, connected open interval in R. Define the function spaces Yq, Y, Y
Yo ={® € CYOR X Q) : Ot + T, x) = (¢, x) for any (,x) € R x Q,
Y5 = {CDEYQ : chOinRxﬁ},
Y = {@eYQ . ® >OinRx§},

where C'(R x Q) denotes the class of functions that are C! in ¢ and continuous in x. We call a
T -periodic function i € Y* an upper solution of (3.2) when i € Y satisfies

i, 2 dy[ [, Ji(x = y)ia(t, y)dy — ] + ii(a(r) — i)

for r € R and x € Q. The lower solution can be defined by reversing the inequality.

Lemma 3.3. Letu € Y, and it € Y " be a lower and an upper solution to (3.2), respectively. Then,
u<iinRxQ.
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Proof. The proof follows some ideas of Section 6.3 in [43], where the nonlocal stationary problem was
considered. Define

a =infla >0: au ZginRxﬁ}.
We shall prove " < 1. If it does not hold, then

(i) = di[ o, J1(x = y)a'ut, y)dy - &"@l] - @ ia() - @ @)

3.3)
> o*i(a(t) — i) — &*u(a(t) — o) = o*(a* — Dt > 0.

Since [0, T'] X Qis compact, we know that a* is attainable, i.e., there exists (¢, xo) € [0, T] X Q such
that a*u(ty, xo) = u(to, xo).
() If (tg, x0) € (0,T) X Q_,then o™it — u)(ty, x9) = 0, since (¢, xp) is a minimum point of @it — u.
(i) If (ty, xo) € {0, T} X Q, by the T-periodicity and C'-smoothness of i, u in t, we can also deduce
d,(a" i — w)(to, xo) = 0.
Thus, the following holds
(@ w),(to, %0) — di [ [, J1(x0 = y)a*it(to, y)dy — a1, Xo)] — e*ii(1o, Xo)(alto) — @1, Xo))
= u,(t0, %0) — dy [ [, J1(x0 = y)a"ii(to, y)dy — u(to, x0)] — u(to, Xo)(alto) — u(to, Xo))
< dy [, Ji(xo = y)lulto, y) = @it y)ldy < 0,

which contradicts (3.3). Therefore, o* < 1, which implies that u < & in [0, 7] X Q.

3.2. Some eigenvalue problems

In this subsection, we mainly study the properties of principal eigenvalues for some eigenvalue
problems. We always assume €2 to be a bounded, connected open set in R and define its length by |€].
For (¢, x) € R x Q, we define

~(La + )[$1(t,x) = ¢, — di[ [, ] (x = )$(t, y)dy - ¢] - a ()¢, (3.4)

where @ € CT(R) :={a € CR) : a(t+T) = a(t) > 0,Yr € R}.
Let

A(=(Lg + @)) = inf {m s e o(—(Lg + a))},

where 0 (—(Lq+@)) is the spectrum of —(Lg +«@). By Theorem A(1) in [44], we know that A;(—(Lq+a))
is the principal eigenvalue of —(Lg + a), which means that there exists an eigenfunction ¢ € Y *
satisfying

—(La + @)[¢] = Li(=(La + @))¢.
Lemma 3.4. (see Theorem B in [44]) Let q(t, x; qo) be a solution of

q = diL [, Ji(x = Y)q(t, )dy — g1 + qa(®) = q), 1>0,x€Q,
Q(O’ x) = C[O(x)’ X € ﬁ’
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where J, satisfies (K), @ € Ct(R), go € C (ﬁ) is non-negative and q, % 0.
@) If 11(=(Lq + @)) < 0, then

g = dil [, Ji(x = Y)q(t, y)dy — q] + gla(t) = q), 1€R,x€Q (3.5)
has a unique solution g € Y. Moreover,
Aim {lg(t, -1 q0) = 4(2, Jllc) = 0-
(@) If 11(=(La + @)) > 0O, then (3.5) admits no solution in Y, \ {0} and
t1—1>£20 “q(t’ g MO)”C(ﬁ) =0.

Remark 3.5. For the case 4;(—(Lg + @)) = 0, it has been shown in [44] that (3.5) admits no solution in
Y, \ {0}, but the global dynamical behavior was not provided. Since a(?) is independent of the spatial
variable in this paper, we can also get ||g(, -; go)l| c@ 0. More details can be seen in the proof of
Theorem 4.4.

In what follows, we present some further properties of A;.

Lemma 3.6. Let J; satisfies (K) and a € C7(R). Then
(i) 1(=(Lq + @)) is continuous, strictly decreasing in |Q)|;
(i) limyoy o0 41 (~(Loy + @) = —a, where ar = & [ a()d;
(#ii) limg0 41 (—(Lo + @) = d) — 7.

Proof. Let¢ € Y[" be an eigenfunction of —(Lq+a) associated with the principal eigenvalue A;(—(Lo+
«)). We define

w(t’ x) = e jg(a/(s)—(lr)ds¢(t, X).

Obviously, y € Y.
Multiplying the equation —(Lq +@)[¢] = A, (—(La + @) by the function ¢ > e~ b@©-a1ds \we have

— + di[ o Ji(x = Y, y)dy = gl + arg + A(—(La + ) = 0.
Integrating both sides over [0, T'] with respect to ¢, and taking W(x) = % fOT W(t, x)dt, we obtain
di[ [, J1(x = Y@y - ¥] + ar¥ + 4 (—(La + ))¥ = 0.
Denote by A;(—(Lq + a7)) the principal eigenvalue of
—(Lo + ap)[P](x) = —d, [fg Jix=y)¥Yy)dy —Y¥]-ar¥ =AY inQ, (3.6)
then we have
A(=(La + @) = 1,(=(La + ar)). (3.7

According to Proposition 3.4 in [9], we can prove that 4,(—(Lq + «@)) satisfies the properties (i)—

(iii).
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Now, we consider another periodic-parabolic eigenvalue problem

~(La + @)@l(t, 1) = ¢, = daltgs + (1 = D), Lox = V(e »)dy = 9)] = )y
=Ad¢ in[0,T]xQ,

o, x) =0 on[0,T] X 0Q,

©(0,x) = (T, x) in Q.

(3.8)

As showed in Section II.14 of [45], based on the Krein-Rutman theorem, we can prove that (3.8)
admits a principal eigenvalue A;(—(Lq + @)) with the principal eigenfunction .

For later applications, we give the following lemma.

Lemma 3.7. Let J, satisfies (K) and @ € Cr(R). Then
(i) A1(=(Lg + @)) is a strictly decreasing continuous function in |Q|. Moreover, limyg—0 A (—(Lg +
@)) = 400 and limg_, 4« A(=(Lg + @) = —ay. Then, A;(—(Lg + @)) = 0 has a unique root |Q| = s*;
(i) if 1(=(Lg + @)) < 0, then the problem

1 — dal[Tpre + (1 = T)(J, Ja(x = )p(t, )y = ©)] = @l(a(t) — @) in (0, +00) X Q,
=0 on(0,+00) X dQ
admits a unique T-periodic positive solution ¢*, and ¢* is globally asymptotically stable.

Proof. (i) Let ¢ be an eigenfunction of (3.8) associated with the principal eigenvalue A;(—(Lg + a@)).
Define

W(t, x) = e~ h@O-a sy vy (r x) e R x Q.

Similar to (3.6), A;(—(Lq + @)) is the principal eigenvalue of

(3.9)

~(La + ap)¥1(t, x) = ~do[ ¥y, + (1 = D[ Jo(x = PG)dy = )] —ar'¥ = ¥ in €,
Y(x) =0 onoQ

with an eigenfunction ¥(x) = % fOT Y(t, x)dt. Denote by 1(=(Lqg + ar)) the principal eigenvalue of
(3.9), then we have

A(=La + @) = Li(=(La + ar)). (3.10)

The continuity of A;(—(Lq + a7)) with respect to |Q| can be obtained by using a simple re-scaling
argument for the spatial variable x. Note that A(=(Lg + @7)) can be expressed in a variational
formulation:

~ . dot [, VA dx—dr(1-7) [}, [, J2(e=y) PGP (x)dydx
L(=(La + ar)) = inf.yepy) o) — T V2 Codx +[do(l — 1) — ar].
Q

By the zero extension of the principal eigenfunction, we can get the monotonicity of A;(Lqo + a7)
from the variational formulation of the principal eigenvalue.
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Now we prove the asymptotic limits of 4, (—(Lg + @)). We may assume that Q = (0, ). Since

L L £ L 2 2y £
o Jo J2(x = PO ¥)dydx < [) [ Ta(x = )T D dydx < [P (x)dx,

we have
. . ot [} W2(x)dx
A (=(Lo.o + ar) 2 infoapeyio0.0) ~veon T
By the fact that
: W ¥2dxe
lnfOsetyeHg((o,f)) —f:[ Vods 4B
we know
lim[_)() /11(—(.5(075) + CYT)) = +00 (31 1)
and
liminf, e A1(—(Lop + ar)) = —ar. (3.12)

On the other hand, by (K), for any fixed 0 < £ < 1, we have
[ hdx>1-e

with some L = L(g) > 0. For any large £ > 3L, we choose the test function ¢.(x) defined as follows

™ 1=

, x€[0,¢],

[S—

, Xx€lgt—¢g],
= x€e[l-¢g/].

‘,08()6) =

o~

|

Itis easy to check that ¢, € H)((0, 0)) satisfies [ ¢2(x)dx = € — fe and [ (3.¢,)2(x)dx = 2. Thus,

A (=(Loyg + ar))
bt [ @upe>@Wdx—do(1-1) [ [ Io0=3)ps()s()dydx
Ji ¢2(x)dx

< + [dr(1 = 7) — ar]

20T _ay(1—1) [T [0 Da(v-y)dydx

< 2l L +[do(1 - 7) - oy
20T _ay(1-1) [0 (1 m@dédx

< Lot b LBOEL 4 14,1 1) - )
2T (1—1)(=2L-28)(1-¢)

<= p + [dr(1 = 1) — ar]

- —-dr(1-1)1 -8)+[dr(1 —=7) —ar] as{ — +oo.
Since ¢ is arbitrary, it follows that
limsup,_,,., 4i(=(Losp + ar)) < —ar,
which together with (3.12) imply that
limgo 0 21 (—(Liog) + ar)) = —ar. (3.13)

From (3.10), (3.11) and (3.13), we know that /l](—(Z(()’[) + a@)) = 0 has a unique root.
(if) By using similar arguments as in the proofs of Lemma 3.3 in [16] and Theorem 28.1 in [45], we
can prove the result.
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4. Spreading and vanishing for (1.1)

We mainly investigate the spreading-vanishing dichotomy and criteria for spreading and vanishing
in this section. In view of (2.2), we see that the free boundaries s,(7), —s;(¢) are strictly increasing
functions of . Thus, s3 = lim,,, $2(f) and s1 e = lim,, o 51(7) are well-defined. Clearly,
82,005 — 81,00 < +00.

Similar to the proof of Proposition 3.1 in [35], we can prove the following result.

Lemma 4.1. Let d,u,s0 € R,, C € Rand @ € (0,1). Assume that ¢5 € C*([—so, So]) satisfies
o(£80) = 0 and ¢y > 0 in (=so, 50), (81, 52,¢) € [CT1([0, +00), R,)]? X CHI2(QS*2 R,) satisfies
—00 < limy 100 §1(1) < limy, 400 $2(2) < 400, 1My, 400 87(2) = limy_, 400 85(1) = 0 and |l@llcr(5,00.500) < K
(Yt > 1) with some constant K > 0. If (¢, s1, 5;) satisfies the following:

@ —dp, = Co, t>0, 51(t) < x < 855(0),

=0, t>0, x=s5()orx=s1),

$1(0) < —ppy(t, 51(0), $5(8) = —pp(t, 52(1)), >0,

—51(0) = 52(0) = 50,

©(0, x) = @o(x), —s0 < x < 50,

then lim;_, ;. maXg, (n<x<sy(f) gO(l, x)=0

Next, we give an estimate for v. The proof is a simple modification of that for Lemma 3.2 in [4], so
we omit it here.

Lemma 4.2. If 55 — Sj.00 < +09, then

Mty ) < € (4.1)

for some C > 0, and hence

VG s1 DMz g )+ 1eCs 20D

Lemma 4.3. If 55 — §1,00 < +00, then lim,_, o, §1(1) = lim,_, ;0 55(2) =

4.2)

CZ(R)

Proof. Obviously, —c0 < §1 o < 8§30 < +00. From (2.2), we know that s’l (1) and s5(1) defined in (1.1)
are bounded. Let

s2(1)

01(0) = vilt, 20, @a(0) = [77 [ I (x = Yuct, x)dydx,

s2(1)

o3(t) = [0 [0 a(x = y)vt, x)dydx,

By (4.2), we get that | (¢) — ¢ (ty)| < Cylt — loI% for any ¢, o > 0. We may assume ¢ > ty. For ¢,, we
have s,(¢) > s,(f) and s1(¥) < 51(%y). Then,

s2(1) s2(10)
o) = @at)) = [0 [0 i = e, vdydx = [0 [0 01 (x = udty, X)dydx
s2(t0) s1(fo)
= Lty o 71 = ). 2) = wtao, ))dydx + [0 [0 0= yucr, x)dydx

s52(0) s2(t0)  s2(2)

o oo e = e, odydx = [T [ 50— yulto, x)dydx

< N0l oo g2y = 10)(52(H0) = 51(20)) + |lutl| oo 5212, (51(20) — 51(1))
20l o2, (52(0) = 52(00)

< Cy(t = 1),
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where ||0,u|| L@ is obtained by the first equation in (1.1) and the bound of u. Thus,

la(2) — @a(to)| < Calt = 1o).

For ¢;, it follows from (4.1) that |v(¢, x) — v(ty, x)| < C|t — tOIHTy for any x € [s1(%y), s2(f)]. Similar to
2, we have

l3(2) — @3(to)| < Cslt = 1.

Therefore, 55(t) = —up; + p12 + P23 is uniformly continuous in [0, +00). From lim,_, . 55(7) =
52,00 < +00, we know lim,_, ., 55(¢) = 0. Similarly, we can get lim,_, ., 57(t) = 0.

Theorem 4.4. If 57 — 1.0 < +00, then the solution of (1.1) satisfies
e, Nleds @sans VE Nleds @sen = 0 ast — +oo.
Proof. Since J, > 0 and v > 0, from the second equation in (1.1), we deduce
o,y — dzréﬁv >Cvy
for some constant C > 0. According to Lemma 4.1, we have
v, leqs mson — 0 ast — +oo.
We first show
A (=(Lsy o 000) T @) 20, (4.3)

where —(L, ., s,..) + @) is defined in (3.4).

For convenient, we define sf‘; = e E &, sli’io ‘= S| + € for any € > 0. Assume that (4.3) does
not hold, there exists £; > 0 such that /11(—(L(s1+’i0 s+ a(t) — c(v)e)) < 0 for all € € (0, ;). For such
g > 0, there exists 7, > 0 such that, for ¢t > T,

$2(1) > 535, s1(0) < 875, IV lesoson < &

Then, u satisfies the following:

u; > d fvg"" Ji(x = ut, y)dy — dyu + u(a(t) —u —c(te), 1>Te, x €515, 55]

WTe, %) = u(Tey ), x €[5, 5551,

Since /11(—(L(Sl+io 5ot a(t) — c(t)e)) < 0, by Lemma 3.4(i) we know that the solution ¢.(t, x) of
problem

g =d | : Ji(x = nq(t, y)dy = dvg + q(a(t) — g — c(De), 1> T, x €575, 5,5,

4(Te,x) = u(Te, %), x € [57%,55°]
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converges to §.(t, x) uniformly in [s;rfm, 8500l when t — +oo, and g.(¢, x) € Y. is the unique periodic
solution of

52,00
q: =d, f Ji(x = y)q(t,y)dy — d\q + g(a(t) — g — c(t)e), t€R, x € [s7%,,55]

s}";
By Lemma 3.3 in [9], we get

+&

u>gq, in(T,, +oo) X [s75,55]

Hence, there exist two constants 7. > T, and C > 0 such that
1 .
u(t, x) > qu(t, x)2C>0, Vit>T,, xel[si, 5]
From the assumption (K) (the Lipschitz continuity of J; and J;(0) > 0), we deduce that there

exist constants € € (0, @) and 9 > 0 such that J;(x —y) > no if |x — y| < €. It follows that, for
0 < & < min{g;, $}and 7 > T.,

U]

So0 s;i 1 537 s;i
2 p1 fz f 7705%(1, x)dydx > p; f% f noCdydx
SZ,DO §2,00 S2,m 82,00

€ €
= ,01(5 - S)EUOC-

s2(1) +00 s;‘; +00
s5(t) 2 py f f Ji(x = y)u(t, x)dydx > p; f f Ji(x = y)u(t, x)dydx
51 52(1) 7%, 2,00

It follows that s, o, = +00, which is a contradiction. Then, (4.3) is proved.
Now we prove that the solution U of

Ui=di [ Ji(x = U@y = diU + Ula(t) = U), 1> 0,x € [$1.00, 2],
U(0, x) = up(x), x € [0, o],
U(0,x) =0, x € [$1,00, S2.00] \ [—50, 0]

satisfies lim,, ;o U(#, x) = 0 uniformly for x € [} c, $2.0]. Since (4.3) holds, we divide the discussion
into two cases:

(i) for the case A;(—(Ly, ..s,..) + @) > 0, the result can be directly deduced from Lemma 3.4(ii).

(ii) for the case A;(—(L, . s,.) + @) = 0, we define

U(t,x)=e hla@-aridog; (t, x).
Then, U satisfies

U, =d, fsfz’m Ji(x = )6, y)dy = dy U + Ular — b1y 1 50, x € [51 0, 52,0,
U(O’ -x) = MO(X), X € [_SO’ SO]’

U(0,x) =0, x € [51.005 $2.00] \ [=50, 50
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For any # > 0, we can write t = mT + 75 with 0 < 79 < T, and then

ehla®=ariao _ [ la@)-arlds _ [ la®)-arlde

which together with the continuity of a(f) imply that M; < ehla®-arldo M, for some positive
constants M; and M,. By Lemma 3.3 in [9], we know U, x) < U(t, x), where U(t, x) is the unique
solution of

U, =d fsfz’w Ji(x —y)U(t,y)dy —-d\U+ U(ar - Mlﬁ), t>0,x € [S1,005 52,00,
0(09 X) = MQ(X), X € [_SO9 S()],
U(0,x) =0, x € [51.00, 2.00] \ [=50» S0].
Recall that from (3.7) we get Ai(—(L, w500y + ar)) = (L5, o500 + @) = 0. By Proposition
3.5 in [9] (see also [43,46]), we know that lim,_,, U(t, x) = 0 uniformly for x € [$] 0, $2.0]- Thus,
U(t, x) converges to 0 uniformly in [$) e, S2.0] as ¢ — +oo, which implies that lim,,,., U(t,x) =

't ~
limy_, 10 eb@@-a149 7 (¢ ) = O uniformly for x € [51.00» $2.00]-
On the other hand, it is easy to know that

Us = di [ J,(e = y)UGty)dy = dyU + Ula() ~ U, (1.3) € QU
U, si1(0) 20, U, 52(1) 20, >0,

U0, x) = up(x), x € [—s0, So].

By Lemma 2.2 in [9], we know that u < U in Q.. . Thus, imy_, e (. Mlcds @rsen = O-
By Theorem 4.4, we have the spreading-vanishing dichotomy.

Corollary 4.5. Let (u,v; s1, s3) be the solution of (1.1). Then, the following alternative holds: either
(1) spreading: 1im,_, o (52(t) — 51(¢)) = +00, or (ii) vanishing: (51.co» S2.00) := 1My 100(51(2), 52(2)) is a
bounded set and

lim max u(t,x)= lim max v(t,x)=0.
t—+o00 51(1)<x<s7(1) t—=+00 51(1)<x<s52(1)

If we further assume the weak competition condition

min a(t) > max c(¢) - max b(¢r), minb(¢) > maxd(t) - max a(?), 4.4
min (@) max (?) nax (?) min ® max (?) nax 0] 4.4)

then we can establish the asymptotic estimates of the solution when spreading occurs. To achieve it,
we first give a lemma concerning the asymptotic stability of time-periodic solutions for the equations
with nonlocal/mixed dispersal in R.

Lemma 4.6. Assume thatd >0,0<60 <1, a € Cr(R) and J satisfies (K).
(i) The T-periodic problem

{ 0 =d|[062q + (1 = 0) ([, J(x = nq(t.y)dy - q)| + alat) —q), t€[0,T], xeR, ws)

q(0,x) =¢q(T,x), x€eR
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has a unique positive solution, which satisfies

q =q(a(t)—q), q0)=q(T).

(if) For any bounded, uniformly continuous initial value gy with inf g g9 > 0, the unique solution
q(t, x; 90) of

diq = d|00%q+ (1= 0) ([, J(x - y)q(t.y)dy - q)| + q(a(t) = q), >0, x€R,
(4.6)
9(0,x) = go(x), xeR
satisfies lim,_,. [19(t, -3 g0) — ¢"(OllL~®) = 0, where g*(t) is the positive solution of (4.5).
Proof. (i) We first consider the case 6 = 0.
Step 1. we give a lower bound estimate of any bounded positive solutions of (4.5)y—.
Consider the stationary problem
¢ .
—d ( £ 7= vy - q) = g(mineor o) — q), —£<x<¢. 4.7)

From Proposition 3.6 in [9], (4.7) has a unique positive bounded solution g‘(x) for sufficiently large
¢, and ¢'(x) — minpoy a(t) in C([-L,L]) for any L > 0 as { — +oco. For any positive solution
§(t, x) of (4.5)9—9, by Lemma 3.3, we have that § > ¢ on [0, T] x [-£, £]. Letting £ — +oo, we get
g > mino.ry a(t) > 0.

Step 2. we briefly show that (4.5)4-¢ has a minimal positive solution.

Consider the problem

(4.8)

0iq = d(f_i» J(x = y)q(t, y)dy — q) +qla)—¢q), 0<t<T, —l<x<{,
q(0,x) = q(T,x), —-t<x<t.

For sufficiently large ¢, by Lemma 3.4(i), (4.8) admits a unique positive solution g{. By Lemma 3.3,
we can show that ¢’ is increasing in £ and ¢/ < § in [0, T] X [—¢, £] for any positive solution §(¢, x) of
(4.5)4—0 and any ¢ > 0. Thus, the limit function ¢, = lim,_, ., ¢’ is exactly a minimal positive solution
of (4.5)¢—o.

Step 3. we prove the uniqueness by using a technique introduced by Marcus and Véron [47].

Arguing indirectly, we assume that (4.5),-o has a positive bounded solution g such that § # g.. Then
there exists a constant k > 1 such that g, < § < kg, in [0, T] X R. By the strong maximum principle
(see Definition 1.4 and Theorem F in [44]), we have g, < §. Define g = g, — (2k)"'(g — ¢.). By direct
calculations, we get

k+1 2k 1

*>_2—*’ _+ g = e
@=49="59 19" 1971

4.9)

By the convexity of f(x) = x* in x, we have ¢? < 52-4* + 754> Then

0, =d([, J(x-ygt.ydy - g) + g - §)
2 d (f_[f J(x = y)q(t, y)dy - é) +qa() -3, 0<t<T, xe[-(1]
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and g(0,x) = g(T,x) for x € [-£,£]. By Lemma 3.3, we have that g < g in [0, T] x [-¢£,{]. Since
g¢ — q.in C([0,T] x [-L, L]) for any L > 0 as £ — +oo, it follows that g, < g in [0, T] X R, which
contradicts (4.9). Thus, the positive solution of (4.5)y—¢ is unique.

In proving the uniqueness of the positive solution to (4.5)g,17, we need to replace the auxiliary
problems (4.7) and (4.8) with

{ —d [eaiq +(1-0) ( [ 76 = y)gdy - q)] = g(mineor o) — q), —£<x <4,
g(+0) =0
and
0.g = d[60%q + (1 - 0)( [, J(x = a(t.dy - g
+q(a(t)—q), 0<t<T, —{<x<{,
g6, +0=0, 0<t<T,
q0,x) =q(T,x), —-€<x<{,

respectively, which have null Dirichlet boundary conditions. The proof is similar to that of the case
6 = 0. Here we omit the details.

(if) For the case 6 = 0, the proof can be seen in that of Theorem 2.3(3) in [48]. The case 0 < 6§ < 1
can be proved similarly by using Lemma 2.3 in [49] (the comparison principle). Here we omit the
details.

Theorem 4.7. If (4.4) holds and 53 . — 1.0 = +00, then
q.(t) < liminf,_. u(t + nT, x) < limsup,_, u(t + nT, x) < q*(1),
p«(t) < liminf, . v(t + nT, x) < limsup,_,, v(t + nT, x) < p*(?)
uniformly in [0, T X [, €] for any € > 0, where q*(t), p*(t), p.(t) and q.(t) are positive solutions of
Y=g @n-q) g0 =qT),
L= p(b) - p),  p'(0) = p (D),
@ = p(b(t) - p. — dOG D). p.(0) = pu(T)

and

Y = g.(a(0) - q. — cOP’®),  q.(0) = qu(T),

respectively.

Proof. In Theorem 3.2 of [32], similar results have been obtained for the random dispersal case. Since
the nonlocal dispersal is considered here, we give the details.

Step 1. For any ¢ > 0, limsup,_, ., u(t + nT, x) < ¢*(¢) and lim sup,_, , v(t + nT, x) < p*(¢) uniformly
in [0, T] X [-¢,£].

Let g(z, x) be the positive solution of

{ 0,q =d; (fR Ji(x = y)q(t,y)dy — q) +qa(t)—q), t>0, xeR,
90, x) = [luollr>(-s,500 >0, x€R.
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By Lemma 4.6(ii), we know that lim,_,., g(t + nT,x) — ¢*(¢) uniformly for (z,x) € [0,T] x [-¢, {].
Moreover, since g satisfies

52(1) 51,8
0ig > di ([ 11 = V(. dy - g) + gla®) - ), () € QU

by Lemma 2.2 in [9] we have that u < g in Q. Thus, limsup,_,., u(t + nT, x) < ¢*(¢) uniformly in
[0,T] x [-¢,].

Similarly, by applying Lemma 4.6(i7) and Lemma 2.2, we can prove the result for v.

Step 2. For any given £ > 0, liminf, ., v(# + nT, x) > p.(¢) uniformly in [0, T] X [-¢, {].

By the assumption (4.4) and the fact that g < max 7 a(t), we know that there exists &y > 0 such
that

b.(t) :=b(t) —d(t)(qg"(t) + &) > r[(r)uTrJl b(t) — r[l&z%)]i d(e) - (r[%%)]c alt) +&) >0

for any 0 < € < g;. For such a fixed &, from Lemma 3.7(i) we can deduce that there exists L, > ¢ such
that A;(—(L_sy + b,)) < O for all > L,. Since sy — S1.00 = +00 and limsup, . u(t + nT, x) < g*(f)
locally uniformly in [0, 7] X R, for any € € (0, &9) and [ > L, there exists m € N such that

s1(0) < =1, s2(t) > I, u(t,x) <qg"(t)+e, Vt>mT, |x| <L

Let p} be the unique positive solution of

1
0p = |c3p+ (1 =) ([} J2tr = vpe.vyay - p)|
+p(b(t) = p),  t>mT, |x| <1,
pt,£) =0, 1>mT,
p(mT,x) = p(mT,x), |x| <L
By the comparison principle derived from Lemma 2.2, v(¢, x) > pj(t,x) for t > mT and x € [-1,1].

Since ﬂl(—(Z(_l,Z) + b)) < 0, by Lemma 3.7(ii), we deduce that lim,_,, pi(¢ + nT,x) = Pj(,x) in
C"2([0, T] x [~1,1]), where Pi(t, x) is the positive solution of

0P = dy |[702P + (1 - 7) ( [ o = PG, )y - p)]
YP(b()-P), O0<t<T, |a<l,

P(t,£) =0, 0<t<T,

P(0,x) = P(T,x), |xl<L

Since Py is increasing with respect to /, we know that

lim P{ = P° in C"*([0,T] x [-¢, £]),

[—+00

where P? is the positive solution of

P = do [t32P + (1 =) ([, Jax = WP(t, )y - P)]
+P(b.(t)— P), te€]0,T], xeR,
PO, x)=P(T,x), xeR.
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By Lemma 4.6(i), P° satisfies

a;l—f = P(b.(t) = P), P(0)=P(T).

Thus, lim, . v(t + nT, x) > P?(t, x) uniformly for (¢, x) € [0,T] X [-¢, £]. Letting € — 0, we can
deduce the result.

Step 3. For any given ¢ > 0, liminf, ., u(t + nT, x) > g.(¢) uniformly in [0, T'] X [-¢, {].

By the assumption (4.4) and the fact that p* < maxor; b(¢), we know that there exists & > 0 such
that

ag(t) = a(t) —c()(p*(t) + &) > I[BHTI]I a(t) — 1’[1(},271}]( c(t) - (1[1(‘)1,2})]; b(tH)+e)>0

for any 0 < & < g;. For such a fixed ¢, from Lemma 3.6 we can deduce that there exists /[, > ¢ such
that A,(=(L + a.)) < O forall [ > [.. Since sy — §1.00 = +00 and limsup,_, v(t + nT,x) < p*(t)
locally uniformly in [0, T'] X R, for any € € (0, &;) and [ > [, there exists m; € N such that

s1() < =1, s,() > 1L, vit,x) < p"(t)+e&, Nt>=mT, —1<x<L.
Let g7 be the positive solution of
!
0,q = d, (f_l Ji(x = y)q(t,y)dy — q) +qa(t)—q), t>mT, —l<x<lI,
qm T, x) = u(mT,x), —-l<x<I
Since Ay (—(L;p+a,)) < 0, by Lemma 3.4, we know that lim,,_,., ¢?(r+nT, x) = Q%(z, x) in C'°([0, T'] x
[-1,1]), where Q7(z, x) is the positive solution of
1
0,0 = di ([} 1i(x = )0U )y - Q) + Q@) = 0, 0<r<T, ~I<x<l,
000,x)=Q(T,x), -l<x<l
By Lemma 3.3, Q7(z, x) is increasing in /. Thus,

lim Qf = Q° in C"([0,T] x [-¢£,(]),

[—+00
where Q*(t, x) is the positive solution of
9.0 = di (f, /i(x =00t y)dy - Q) + Qax() = Q), 1€[0,T], xR,
00,x) = Q(T,x), xeR.
By Lemma 4.6(i), Q¢ satisfies

d
d_? = 0@a:( - 0Q), 00) = Q).

Thus, lim,, ., u(t + nT, x) > Q°(¢, x) uniformly for (¢, x) € [0,T] x [-¢, £]. Letting £ — 0, we can
get the result.
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In what follows, we will provide some sufficient conditions for spreading and vanishing.
Theorem 4.8. If 550 — S0 < +00, then $) — S100 < 8%, Where |Q| = s is the unique root of

A(=(La + b)) = 0 with —(Lg + b) defined as in (3.8).

Proof. Assume that the conclusion is not true, there exist 0 < € < 1 and 7 > 1 such that

S;; - ST‘; = 8§20 = Slc0 — 2 > S},
S](T()) < sl 00? S2(T0) > s;io’
O0<u<e in[Ty,+00) X [Sl 00’ sz,io]’

where |Q = s}, is the unique root of Ai(=(Lg + b(t) — d(t)e)) = 0. Then, v satisfies the following:

vz da vt (=D [ Do = e vy - )
+v(b(t) — d(t)e — v), t>70, X€ (s1 - szij),

v(t, 575, vt 535 > 0, 1 > T,

v(T,x) >0, xe (s1 - szfm).

Let p be the positive solution of
P =dy|Tp + (1 —7) ( f " La(x = y)p(t, y)dy — P)]
+p(b(1) — d(n)e - P), 1> To, x € (875, 855,)

p(t,575) = pt, 535,) =0, 1 > 7,
p((]-()’ )—v({i-(),X) XE(SIOO’SZOO)

By Lemma 2.2, we have
p<v in[7y,+0) X [s1 200 57 00 ]-

Since sg’f}o - s;“; = §2.00 = S1.00—2& > 5., We have ’ll(_(i‘(ﬁi, 555 +b(t)—d(t)e)) < 0, and then Lemma
3.7(ii) implies that p(t + nT,x) — P(t,x) as n — oo uniformly in the compact subset of (sff)o, sgfx,),
where P(t, x) is the positive solution of

P, =d [TP” (-1 ( [ o= y)P( )y - P)]
+P(b(t) —d(t)e—-P), te][0,T], xe (s1 20 52005

P(t,s7%)) = P(t, s200)— , t€][0,T],

P(0, x) =P(T,x), xe(s{? S0 52, )

Therefore, liminf,_,., v(t + nT, x) > lim,_,., p(t + nT, x) = P(t,x) > 0 for all x € (s1 20 53 c).
Recall that, in Theorem 4.4, we have proved that s, . — §1. < 400 implies

Jim {luz, e o.soon = Hm Ve Hllegsoson =0,
which is a contradiction. This completes the proof.
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Corollary 4.9. If 5o > %s*, then spreading occurs, that is, $yco — Sj.c0 = +0.

If ar > d;, then Lemma 3.6 implies that 4;(—(Lq + a)) < 0 for all ¢ :=|Q| > 0. Thus, the vanishing
can not happen by the proof of Theorem 4.4, which means that s, ., — 51 0 = +0c0 always holds.

Theorem 4.10. If ar > d,, then spreading always happens.

On the other hand, if a; < d;, then Lemma 3.6 implies that A;(—(Lg + a@)) > 0 for 0 < |Q] <« 1,
and A;(—(Lg + a)) < 0 for || > 1. Since 4,(—(Lq + a)) is strictly decreasing in [€)|, there exists some
" > 0 such that A(—(Lq + a)) = 0 for |Q| = ¢*, 41(—(Lg + a)) > O for |Q| < £* and 4;(—(Lg +a)) <0
for |QQ| > £*. From the proof of (4.3), we know that if 53 — 51,00 < +00 then s;.. — 51,00 < £*. Therefore,
if 59 > '% then we have 5, o — 5100 = +00.

Theorem 4.11. Assume that ar < d; and sy < %min{f*, s*}. Then there exists My > 0 such that
§2.00 = S1.00 < +00 When p + p; + pa < M,,.

Proof. Since A1(—=(Ls, s, +a)) > 0, we can choose sy < 5y < % such that A := A;(=(L3,5,) + a)) > 0.
Let ¢ be the eigenfunction associated with A, and assume that ¢ satisfies [|¢l|z=0,71x[-5.5) = 1. that is,
— (Licsps + a) o] = 0.

Define w(t, x) = Ke‘%tgo(t, x) for some K > 0, then w satisfies

w; — d; f_?o Ji(x = y)w(t,y)dy + diw — a(t)w
= Ke# (g —dy [ 1i(x = y)p(t, y)dy + dig - a(t)p — 4¢)
= %/lKe‘%go >0
in (0, +00) X [—35p, §o]. Choose K > 0 large such that w(0, x) = K¢(0, x) > up(x) in [-5y, §p]. Assume
that i is the solution of
B =dy [ Ji(x = )i, y)dy — diit + a(t), 1> 0,x € [~5, 5o,
(0, x) = up(x), x| < s0,

u0,x) =0, s <]|x| < 3.
Applying Lemma 3.3 in [9], we have
Usw= Ke_%go < Ke?

in (0, +00) X [—35o, Sol.
On the other hand, since sy < %, we have /11(—(i<—s0,s0)+b)) > (. Then, there exists 0 < gy < 1 such
that for any 0 < & < &, the following eigenvalue problem has a postive principle eigenvalue A, > 0:

@ = |t + (1= 1)((1 + &) [, Ja(x — y)p(t.y)dy — ¢)| = b(D)g = A

in [0, T'] X (=50, So0),
o(t,£59) =0 in[0,T],
©(0,x) = (T, x) in [—sg, So].
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Let &(t, x) be the normalized eigenfunction associated with Ay. Since @.(t, so) < 0, (¢, —s0) > 0 in
[0, T], we have

x@,(t, x) < a@(t,x), V(t,x)€[0,T]X[-so,S0]

with some constant a > 0.
For any (, x) € [0, +00) X [—s(?), s(¢)], we define

s(t) = so5(t), () =1+26—-06e"7", V(t,x)=ke 7' P(&(1), n(t, x))
with
() = [§ =5d6, n(t.x) = Lx= =5,

where k > 0,0 >0and 0 < 6 < %(;—‘; — 1) are positive constants to be determined later. Then, v(z, x)
satisfies

51, %) = dalT0 + (1= D[ Talx = y)7(e, Y)dy = T8, X)) = (8, x)(b(e) = 7(2, 1))

= ke™"!| = @&, m) — SEny(E,m) + da(1 - D(EE [7) Doy - n)cp(f 7)dij
—s(t) [ Ia(s(On = SONPE, i) + da(1 = T)(1 = 2)B(E, 1)
H(Zb(E) = BENFE. ) + F=Li@E ) + ke (€. m)|
> ke |( = o — o+ dy(1 = D)1 = 2) + 2= + (Z5b(E) - b())@(E. )
+dy(1 - (5 [* 1 - D& it — 50 [ (s - sOn@E D) |

Define
G(t,&,m) = 55 [ (1= D@E i = ¢0) [ Jo(stn = sONSE, .

Obviously, G(t, &, 1) is a T-periodic function of £. Similar to the proof of Theorem 3.3 in [50], we can
show that

— Ja(s(On — c(On)|dif

G@é&m = 5 [0 b= ndii—s@) [
—0(6% + 35 + 3).

Let
m= f minge[o,T] minne[—so,so] f:o Jo(n — @&, pdij > 0.

By (K), there exists 6* € (0, 1) such that for any 0 < § < 67,

oo [* — Is(on - soidi < 2.

It follows that for any 0 < ¢ < min{¢*, %},

G(t’ g’ 77) 2 Oa V(t, ga 77) € [O, +OO) X [O’ T] X [_SO’ SO]-
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By the fact that ¢(f) — 1 as 6 — 0, we can choose 0 < 0,6 < 1 such that, for (¢, x) € [0, +o0) X
(=s(1), s(1)),

(1, %) = ol TV + (1= 1)) o = y)(2, y)dy = 52, 0)] = 50, X)(b(1) = 71, X))

> ke " (=0 = oo + 2 A1 + (5b(€) - b(1)) §(E, )
> 0.

Moreover, we choose k large enough such that
v(0, x) = ktp(O ) > vo(x), VYxe€[—50,580]
Since s(t) < so(1 + 20) < §p, we know that

u, >d f Ji(x =yu(t,y)dy — dyi + u(a(t) —u), t>0,x € (=s(t),s(2)).

s()

Note that

—V.(t, s(1)) = —@e_(r“n(f(f) 50) < 15 7I@ller o.11x 150,501
L0 [ hax = )it x)dydsx < 2ks0(1 +28)e ",

(1) _ _A
fs(tt) fs(t) Ji(x — y)u(t, x)dydx < 2K so(1 + 20)e 7.

Since 0 < 0 < 1, we may further assume that o < % Suppose that

3060'

O<p+pr+p <
with
A = max {518l o.r1xi-so.s01» 2kS0(1 + 28), 2K so(1 +26)}

we have

§'(1) = sp00e™ " = A(u+ py + pr)e !
ﬁ:ue_o—q|¢|IC1([O,T]><[—S(),S0]) + 2kso(1 + 20)p2e77" + 2K sp(1 + 20)p1e™"

\%

\%

e @l o7 1x 150,50 + 2kS0(1 + 28)p2e™7" + 2K so(1 + 28)pie”%

s(2) o —
it s +p1 [ [ Ti(x = y)itt, x)dydx

s(1) :
P f s(tt) fs(t) Jo(x = y)v(t, x)dydx.

\%

Similarly, we can prove

50 < —puvi(t—s0) = py [0 [ 1 = yyice, xdydx

f S;(tt)) :,( : Jo(x — y)v(t, x)dydx.
Applying Lemma 3.1, we get that s,(¢) < s(¢) and s,(f) > —s(¢), which implies §; — 51,00 < 28y <
+00.
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To establish the criteria for spreading and vanishing, we give an abstract lemma which can be proved
by similar arguments as the proof of Lemma 3.2 in [51]. Here we omit the details of the proof.

Lemma 4.12. Assume that (K) holds and C € R,. For any K,ry € R, with K > ry, and any g, €
C%([~ry, o)) satisfying qo(xry) = 0 and qo > 0 in (—ro, o), there exist u° > 0 and pg > 0 such that if
either p > (1° or p, > pY holds, and (q; @, B) satisfies

a(

g, (1) = qt,50) = 0, 120,
B > —uq (. 0) +pr [ [ Ia(x = y)q(t, dydx, 120,
(1) < ~pgut, ) = pa i) [7) Fa(x =)t dydx, 120,
9(0,%) = go(), 1 <o,

BO) = ~a(0) = ry,

then we have lim,_,,, a(t) < =K and lim,_,,, B(¢) > K.

00> o |03q + (1 =) [5) Fatr = yae.dy = q)| - . 10, ) <x <O,

(4.10)

Theorem 4.13. Let |Q| = ¢* and |Q| = s* be the unique roots of 1;(—(La+a)) = 0 and A, (—(La+b)) = 0,
respectively.
(i) For d, < ar, the spreading always happens.
(ii) For dy > ar,

(ii.1) if so > % min{{*, s*}, then the spreading happens;

(ii.2) if so < %min{f*, s*}, then there exist M* > M, > 0 such that the vanishing happens when
U+ p1 + p2 < M, and the spreading happens when u + py + p> > M*.

Proof. From Theorem 4.10, we can get (i/). Now we consider the case d; > ar.
(ii.1) For the case s, > 1¢*, we have 5200 = 8100 > 280 2 €*, and then A (—(L, .5, + @) < O.
However, from (4.3) we deduce A;(—(L,..5,.) + @)) = 0 for the vanishing case. Thus, spreading

happens. If sy > %s*, then Corollary 4.9 implies that the spreading always occurs.
(ii.2) From (2.2), we have

, s2(1) oo
{ $5(0) > =it 520) + 2 [ [ e =y, Dy

S0 < —pvlty s10) = pa [0 [ Da(x = (e, x)dydx

1(1) J=oo

and

, so(f) oo
{ 50 > py [T [ 10— yyu(t, x)dydx,

510 < =pu [y [ D1 = yue, dyd. i
Since u, v are positive and bounded, we have
v(b(t) —v —d(tu) > —Cv
and
u(a(t) —u—c(yw) > -Cu 4.12)

Mathematical Biosciences and Engineering Volume 20, Issue 9, 16471-16505.



16502

with some constant C > 0. Thus, (v; sy, 57) satisfies (4.10). For any given constant K > %min{f*, s*,
by Lemma 4.12 there exist 1%, p) > 0 such that

$2.00 = St = 2K (4.13)

forany u > u° or p, > pg. Moreover, since (u; s, 5,) satisfies (4.11) and (4.12), from Lemma 4.2 in [4]
we can deduce that there exists p9 such that (4.13) still holds for any p; > p9.

Taking M° = ° + p + p9, by (ii.1) we know that 55, — 51,0 = +00 for u + p; + p» > M°. Note that
in Theorem 4.11 we have that s, o, — 51,0 < +00 for u+ p; + p, < My. Applying the continuity method,
we can get the desired results.
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