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Abstract: Recently, the theory of semi-tensor product (STP) method of matrices has received much
attention from variety communities covering engineering, economics and industries, etc. This paper
describes a detailed survey on some recent applications of the STP method in finite systems. First,
some useful mathematical tools on the STP method are provided. Second, many recent developments
about robustness analysis on the given finite systems are delineated, such as robust stable analysis
of switched logical networks with time-delayed, robust set stabilization of Boolean control networks,
event-triggered controller design for robust set stabilization of logical networks, stability analysis in
distribution of probabilistic Boolean networks, and how to solve a disturbance decoupling problem by
event triggered control for logical control networks. Finally, several research problems in future works
are predicted.
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1. Introduction

Nowadays, Boolean networks and logical networks, which are two classical finite systems, have
been extensively investigated in both theory and applications. The concept of Boolean networks is
initiated by Kauffman [1] to model gene regulatory networks. Especially, Boolean network is one kind
of logical networks.

Recently, Cheng [2] proposed a new powerful mathematical tool, which is the STP method. From
then, many scholars have applied the STP method to model and analyze Boolean networks and log-
ical networks. After the algebraic expressions for Boolean networks and logical networks had been
established, Boolean networks and logical networks have been commonly used mathematica models
in a variety of communities. Some typical communities includes game theory, networked evolutionary
games [3, 4], cyber-physical system [5] and gene regulatory networks [6–8].
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What is noteworthy is that, many great results have been obtained after scholars applied the STP
method to solve all kinds of classical control problems, such as stable analysis, stabilization controller
design, optimize control, pinning control, etc. Readers can see more details in [2, 6–36].

Robustness is a system property. It describes the ability of a system to function correctly when
unforeseen events appears. Robustness analysis is also a hot research topic for scholars in the control
community. This paper focuses on the recent developments on the applications of the STP method in
robustness analysis for finite systems and aims to give a comprehensive survey on these results.

The content of this survey covers many recent developments about robustness analysis on finite
systems, such as robust stable analysis of switched logical networks with time delays, under impulsive
effects of a robust set stabilization of Boolean control networks, event-triggered control for robust set
stabilization of logical networks with control inputs, stability analysis in distribution of probabilistic
Boolean networks under function perturbation impact, and how to solve a disturbance decoupling
problem by event triggered control for of logical control networks. Furthermore, this survey forecasts
some research works in the future.

The rest of this manuscript is organized as follows. Section 2 contains some necessary preliminaries
on STP and game theory. Section 3.1 introduces the recent developments about robust stable analysis of
switched logical networks with time delays. Section 3.2 delineates the idea for under impulsive effects
robust set stabilization of Boolean control networks. Section 3.3 describes event-triggered control for
robust set stabilization of logical networks with control inputs. Section 3.4 gives stability analysis in
distribution of probabilistic Boolean networks under function perturbation impacts. Section 3.5 recalls
how to solve disturbance decoupling problems by event triggered control for logical control networks,
which is followed by a brief conclusion in Section 4.

Notations: Rm×n denotes the set of m×n real matrices. R+m×n denotes the set of m×n nonnegative real
matrices. ∆n :=

{
δi

n |i = 1, 2, · · · , n
}
, where δi

n is the i-th column of the identity matrix In. An n×t matrix
M is called a logical matrix, if M = [δi1

n δi2
n · · · δ

it
n], which is briefly denoted by M = δn[i1 i2 · · · it].

Define the set of n × t logical matrices as Ln×t. Coli(L) (Rowi(L)) is the i-th column (row) of matrix L.
For a set E, |E| denotes the number of elements in E. r = (r1, · · · , rk)T ∈ Rk is called a probabilistic
vector, if ri ≥ 0, i = 1, · · · , k, and

∑k
i=1 ri = 1. The set of k dimensional probabilistic vectors is denoted

by Υk. If M ∈ R+m×n and Col(M) ⊂ Υm, M is called a probabilistic matrix. The set of m×n probabilistic
matrices is denoted by Υm×n.

2. Materials and methods

In the beginning, we give the definition of the STP method.

Given two matrices A ∈ Rm×n and B ∈ Rp×t. The STP of them is defined as A⋉B = (A⊗ I α
n
)(B⊗ I α

p
),

where α is the least common multiple of n and p and ⊗ is the Kronecker product (M ∗ N, as M ∗ N =
[Col1(M) ⋉Col1(N) Col2(M) ⋉Col2(N) · · · Cols(M) ⋉Cols(N)] ∈ Rpq×s.).

Note that, if n = p holds, the STP method is considered as the ordinary matrix product. In the rest
of this paper, we simply call it “product” and omit the symbol “⋉” without confusion.

The theory of the STP method has many useful mathematic tools. We list four of them in the
following. They will be useful throughout this paper.
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Given X ∈ Rm, Y ∈ Rn, and define

Dp,q
f = δp[1 · · · 1︸︷︷︸

q

2 · · · 2︸︷︷︸
q

· · · p · · · p︸ ︷︷ ︸
q

],

and
Dp,q

r = δq[1 2 · · · q︸   ︷︷   ︸ 1 2 · · · q︸   ︷︷   ︸ · · · 1 2 · · · q︸   ︷︷   ︸︸                               ︷︷                               ︸
p

],

we have

• W[m,n]XY = YX holds,
• XA = (It ⊗ A)X holds,
• Dp,q

f XY = X holds,
• Dp,q

r XY = Y holds,

where W[m,n] denotes the swap matrix (especially W[n,n] := W[n]).
In additional, we have a method to express a pseudo-logical f (x1, x2, · · · , xn) is a mapping from ∆n

k
to R function into its algebraic form.

Lemma 2.1. [11] Let f : ∆n
k → R (or f : ∆n

k → ∆m) be a pseudo-logical function. Then there exists
a unique structual matrix M f , called the structural matrix of f , such that

f (x1, x2, · · · , xn) = M f ⋉
n
i=1 xi,

where xi ∈ ∆k, i = 1, 2, · · · , n, Col j(M f ) = f (δ j
kn), and j = 1, 2, · · · , kn.

3. Results

3.1. Robust stable analysis of switched logical networks with time-delayed

This section delineates robust analysis of switched logical networks with time delays (SDLNs) with
all unstable modes. In the beginning, we introduce the description of SDLNs. Then, some new results
about them are presented. Future works could generalize these results to switched logical networks
with time delays under state-dependent delay and state constraints.

3.1.1. Description of SDLNs

There is a classical SDLN with n state nodes, m disturbance inputs, and s subnetworks:
x1(t + 1) = gϱ(t)

1 (X(t − τ), · · · , X(t),Υ(t)),
...

xn(t + 1) = gϱ(t)
n (X(t − τ), · · · , X(t),Υ(t)),

(3.1)

where τ ∈ Z+ is the state time delay, the switching signal is denoted by ϱ : N → S := {1, 2, · · · , s},
X(t) := (x1(t), x2(t), · · · , xn(t)) is the states, Υ(t) := (γ1(t), γ2(t), · · · , γm(t)) ∈ Dm

k represents the distur-
bance input, and gi

j : Dn(τ+1)+m
k → Dk, i = 1, 2, · · · , s denote k-valued logical functions.
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Especially, the initial state trajectory Y0 := (X(−τ), X(−τ + 1), · · · , X(0)) ∈ Dn(τ+1)
k , a switching

sequence {ϱ(t) : t ∈ N} ⊆ S , the disturbance signal {Υ(t) : t ∈ N} ⊆ Dm
k are given.

With the STP method, one can obtain the algebraic express of the above systems. Let x(t) =
⋉n

j=1x j(t) ∈ ∆kn , γ(t) = ⋉m
j=1γ j(t) ∈ ∆km and y(t) = ⋉t

j=t−τx( j) ∈ ∆kn(τ+1) . SDLN (3.1) is converted into the
following equivalent algebraic expression:

x(t + 1) = Kϱ(t)γ(t)y(t), (3.2)

where Kϱ(t) ∈ Lkn×kn(τ+1)+m .
Then, we rewrite (3.2) as the following form:

y(t + 1) = K̂ϱ(t)γ(t)y(t),

where
K̂ϱ(t) = Dr[kn, kn](Ikn(τ+1) ⊗ Kϱ(t))W[km,kn(τ+1)](Ikm ⊗ Mr,kn(τ+1)) ∈ Lkn(τ+1)×kn(τ+1)+m .

System (3.1) is equivalent to the above system. Given an equilibrium point Xe = (xe
1, · · · , x

e
n) ∈ Dn

k ,
the vector form of Xe is xe = ⋉

n
j=1xe

j := δq
kn . Let

ye = (xe)τ+1 := δαkn(τ+1) .

Letting ϱ(t) = i ∼ δi
s and using logical variables as in the vector form, we rewrite (3.2) into the

following form:

x(t + 1) = Kγ(t)ϱ(t)y(t), (3.3)

where
K := [K1 K2 · · ·Ks]W[km,s] ∈ Lkn×skn(τ+1)+m ,

and Ki ∈ Lkn×kn(τ+1)+m , are obtained from (3.2), and i = 1, 2, · · · , s.
The two following assumptions are the fundamental bases in this subsection. Further, these two

assumptions always hold.

Assumption 1. Assume that:

1) all the modes of (3.1) are not robustly stable, i.e., all the modes of system (3.3) do not satisfy

Rowα(Qχ
i ) = kmχ1kn(τ+1);

2) the i∗-th mode of (3.3) satisfies ye = K̂i∗γye, ∀ γ ∈ ∆km .

Note that, it should be pointed out that the above assumptions are necessary for stability analysis.
Similarly, one rewrite (3.3) into the following form:

y(t + 1) = K̄γ(t)ϱ(t)y(t),

where
K̄ := Dr[kn, kn](Ikn(τ+1) ⊗ K)W[skm,kn(τ+1)](Iskm ⊗ Mr,kn(τ+1)) ∈ Lkn(τ+1)×skn(τ+1)+m .
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3.1.2. Robust stable analysis of SDLN

Via (3.4), we can analyze the robust stability for SDLN (3.1) with all unstable modes under by the
following controller:

ϱ(t) = f (X(t − τ), X(t − τ + 1), · · · , X(t)), (3.4)

where controller f : Dn(τ+1)
k → S is to be constructed.

Firstly, there is the definition of robustly stable for SDLN (3.1) in the following.

Definition 3.1. System (3.1) is said to be robustly stable at Xe, if, there exists a state feedback controller
(3.4) and χ ∈ Z+ such that X(t; Y0, ϱ,Υ) = Xe holds, ∀ initial trajectory Y0 ∈ D

n(τ+1)
k , disturbance input

sequence {Υ(t) : t ∈ N} ⊆ Dm
k , and integer t ≥ χ.

Similarly, we convert switching signal (3.4) into the following form:

ϱ(t) = Fy(t),

where F ∈ Ls×kn(τ+1) is state feedback gain.
Given µ ∈ Z+, there is the concept of µ-th step robustly stable for system (3.4).

Definition 3.2. Part with respect to ye, a set Dµ(ye) ⊆ ∆kn(τ+1) is the µ-th step robustly stable, if there
exists {ϱ(t) : t ∈ N} such that y(t; y(0), ϱ, γ) = ye holds, ∀ y(0) ∈ Dµ(ye), ∀ {γ(t) : t ∈ N} ⊆ ∆km , and ∀
integer t ≥ µ.

Definition 3.3. ([38]) Consider system (3.4). D ⊆ ∆kn(τ+1) , which is a nonempty set, is said to be one
step robustly reachable from y ∈ ∆kn(τ+1) , if there exist a switching signal ϱ ∈ ∆s and y j ∈ D, such that

y j = K̂δ j
kmϱy holds for any j = 1, 2, · · · , km, where K̂ is structural matrix for controller and defined

in [38].
In the following, there are five main results for robustly stability for SDLN (3.1) with all unstable

modes.
Under Assumption 1, we get that

1) With respect to ye, Dµ(ye) = {δ
ψ1

kn(τ+1) , · · · , δ
ψmµ

kn(τ+1)} is the µ-th step robustly stable part of system (3.4),
if and only if

mµ∏
i=1

max
(h0,··· ,hµ−1)∈S µ

{(Qhµ−1 · · ·Qh0)α,ψi} = kµmµm;

2) With respect to ye, Dµ(ye) = {δ
ψ1

kn(τ+1) , · · · , δ
ψmµ

kn(τ+1)} is the µ-th step robustly stable part of system (3.4),
if

mµ∏
i=1

(Qµ)α,ψi > 0;

3) System (3.4) is robustly stable at ye = δαkn(τ+1) under state feedback controller (3.4), if and only if
there exists a positive integer χ ≤ kn(τ+1) such that

Dχ(ye) = ∆kn(τ+1) . (3.5)

Furthermore, based on the above results, we have more general results in the following:
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1) System (3.1) is robustly stable at Xe under the state feedback controller (3.4), if and only if condition
(3.5) holds.

2) System (3.1) without disturbances is stable at Xe under the state feedback controller (3.4), if and
only if there exists an integer 1 ≤ χ ≤ kn(τ+1) such that

Dχ(ye) = ∆kn(τ+1) .

For the complete proofs for the aforementioned results in this subsection, readers can see more
details in [39].

3.2. Robust stable analysis of Boolean control networks under impulsive effects

This subsection introduces some recent works on, under impulsive effects, the robust set stabiliza-
tion problem of Boolean control networks (BCNs).

For the complete proofs for the results in this section, readers can see more details in [40].

3.2.1. Robust set stabilization of BCNs with impulsive effects

The classical definition for a Boolean control network under impulsive effects is
xi(t + 1) = f1i(X(t),U(t),Ξ(t)), i = 1, · · · , n, tk−1 ≤ t < tk − 1;
xi(tk) = f2i(X(tk − 1),Ξ(tk − 1)), i = 1, · · · , n, k ∈ Z;
y j(t) = h j(X(t)), j = 1, · · · , p,

(3.6)

where t0 = 0, {tk : k ∈ Z+} ⊆ Z+ satisfying 0 = t0 < t1 < t2 < · · · < tk < · · · is the
impulsive time sequence, X(t) = (x1(t), x2(t), · · · , xn(t)) ∈ Dn, U(t) = (u1(t), · · · , um(t)) ∈ Dm,
Ξ(t) = (ξ1(t), · · · , ξq(t)) ∈ Dq and Y(t) = (y1(t), · · · , yp(t)) ∈ Dp denote the state variables, the control
inputs, the disturbance inputs and the outputs of the system (3.6), respectively, and f1i : Dn+m+q → D,
f2i : Dn+q → D, i = 1, · · · , n and h j : Dn → D, j = 1, · · · , p are logical functions.

Now, there is the basic definition of robustly stabilizable to the set.

Definition 3.4. Consider a set A ⊆ Dn, which is not empty. To the set A, BCN (3.6) is robustly
stabilizable, if, one can find a suitable control sequence {U(t) : t ∈ N} and a integer τ > 0 such that

X(t; X(0),U,Ξ) ∈ A

holds for f orallt ≥ τ, ∀X(0) ∈ Dn, and ∀ disturbance {Ξ(t) : t ∈ N} ⊆ Dq.
Normally, the state feedback control for the above systems can be written as

u(t) = Gx(t),

where G ∈ L2m×2n is called the state feedback gain matrix.
The following definition is about robust L-invariant set.

Definition 3.5. Consider x(t + 1) = Lξ(t)x(t), where x(t) ∈ ∆2n , ξ(t) ∈ ∆2q , and L ∈ L2n×2n+q hold. Let
S ⊆ ∆2n be a nonempty set. S is a robust L-invariant set, if, Lξx ∈ S holds for ∀x ∈ S and ∀ξ ∈ ∆2q .

Then, we present two results. These two results reveal that how to design suitable control sequences
under difference situations.
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1) Consider a set A ⊆ ∆2n , which is not empty. We assume that A is both a robust L̄1 and a robust
L2-invariant set. For A, system (3.6) is said to be robustly stabilizable via controller u(t) = Gx(t), if
and only if, there exists a positive integer τ s.t.

Col(L̃τ) ⊆ A

holds, where L̃τ is defined as

L̃τ =
{

L̄1(I2q ⊗ L̃τ−1),when tk < τ < tk+1,

L2(I2q ⊗ L̃τ−1),when τ = tk+1.

2) Consider a set A ⊆ ∆2n , which is not empty. We assume that there exists a positive integer α ≤ 2m s.t.
A is a both robust Blkα(L̂1)-invariant set and L2-invariant set. For set A, (3.6) is said to be robustly
stabilizable under a free-form control sequence, if and only if, there exist two integers τ > 0 and
β > 0 such that

Col(Blkβ(L̂τ)) ⊆ A. (3.7)

Furthermore, if (3.7) holds, then the control sequence is constructed as

u(t) =
{

u∗(t), t ∈ ([0, τ − 1] ∩ N) \ Λ(t),
δα2m , t ∈ ([τ,+∞) ∩ N) \ Λ(t),

where u∗ is described by ⋉0
i=τ−1,i<Λ(τ)u

∗(i) = δβ2(τ−k+1)m , when tk−1 + 1 ≤ τ < tk;
⋉0

i=τ−2,i<Λ(τ)u
∗(i) = δβ2(τ−k)m , when τ = tk.

3.2.2. Robust partial stable analysis of BCNs

This subsection focus on robust partial stabilization problem of (3.6). Letting (x∗1, · · · , x
∗
r) ∈ Dr

with r ≤ n, one can obtain xr = ⋉r
i=1x∗i = δ

θ
2r .

The following is the definition of robustly partial stabilizable.

Definition 3.6. To xr, system (3.6) is robustly partial stabilizable, if, one can find a control sequence
{u(t) : t ∈ N} ⊆ Dm and an integer τ > such that

xi(t; x(0), u, ξ) = x∗i ,

holds for any integer t ≥ τ, ∀x(0) ∈ Dn, ∀{ξ(t) : t ∈ N} ⊆ Dq, and i = 1, · · · , r.
According to the above definition, we present a necessary assumption.
Letting

A = {δθ2r ⋉ δ
η
2n−r : η = 1, · · · , 2n−r},

we assume that A is a robust both L̄1-invariant and robust L2-invariant set. We would get some inter-
esting results.

Theorem 3.7. For the system (3.6), the following statements are equivalent:

1) To xr, (3.6) is robustly partial stabilizable under the state feedback controller u(t) = Gx(t);

2) To the set A, (3.6) is robustly stabilizable under the state feedback controller u(t) = Gx(t);

3) One can find an integer τ > 0 such that Col(L̃τ) ⊆ A holds.
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3.2.3. output tracking problems of BCNs under impulsive effects

This subsection investigates the output tracking problems of (3.6). Firstly, we give the basic defini-
tion of robust output tracking.

Definition 3.8. Given a reference trajectory Yr = (yr
1, · · · , y

r
p) ∈ Dp. The trajectory of (3.6) is said to

robustly track trajectory Yr, if, one can find a control sequence {U(t) : t ∈ N} ⊆ Dm and τ > 0 such
that

Y(t; X(0),U,Ξ) = Yr

holds for ∀X(0) ∈ Dn, ∀t ≥ τ, and ∀{Ξ(t) : t ∈ N} ⊆ Dq.
The corresponding result about robust output tracking is in the following.

Theorem 3.9. Assume that O(β) is a robust both L̄1-invariant and L2-invariant set. The output trajec-
tory of (3.6) robustly track yr = δ

β
2p under the controller u(t) = Gx(t), if and only if, one can find an

integer τ > 0 such that
Col(HL̃τ) = {δ

β
2p}.

3.3. Event-triggered control for logical control networks

This subsection addresses some new developments about the event-triggered control problem for
k-valued logical control networks (KVLCNs), and proposes an event-triggered control method.

The first part addresses some results about robust set stabilization of KVLCNs. The second part
introduces some recent works about event-triggered control of KVLCNs. For the complete proofs for
the results in this section, readers can see more details in [41].

3.3.1. Robust set stabilization of k-valued logical control networks

There is a classical definition about k-valued logical control networks. A k-valued logical control
network is described as follows:{

xi(t + 1) = fi(X(t),U(t),Ξ(t)), i = 1, · · · , n;
y j(t) = h j(X(t)), j = 1, · · · , p,

(3.8)

where X(t) = (x1(t), x2(t), · · · , xn(t)) ∈ Dn
k , U(t) = (u1(t), · · · , um(t)) ∈ Dm

k , Ξ(t) = (ξ1(t), · · · , ξq(t)) ∈
D

q
k and Y(t) = (y1(t), · · · , yp(t)) ∈ Dp

k are states, control inputs, disturbance inputs and outputs at time
t, respectively, and fi : Dn+m+q

k → Dk, i = 1, · · · , n and h j : Dn
k → Dk are logical functions. Given

X(0) ∈ Dn
k , a control {U(t) : t ∈ N} ⊆ Dm

k and a disturbance inputs {Ξ(t) : t ∈ N} ⊆ Dq
k , denote

the trajectory of system (3.8) by X(t; X(0),U,Ξ), j = 1, · · · , p, the numbers of nodes, control inputs,
outputs, and disturbances are n, m, p and q.

According to the above definition, we propose the definition of robust set stabilization for k-valued
logical control networks (3.8) in the following.

Definition 3.10. Define a set A ⊆ Dn
k , which is nonempty, and let X(0) ∈ Dn

k . To A, (3.8) is robustly
stabilizable, if one can find a control sequence {U(t) : t ∈ N} ⊆ Dm

k and an integer τ > 0 such that

X(t; X(0),U,Ξ) ∈ A

holds, for any t ≥ τ and any {Ξ(t) : t ∈ N} ⊆ Dq
k .
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Then, we rewrite k-valued logical control networks (3.8) into an algebraic form step by step.
Using the vector form of logical variables and setting x(t) = ⋉n

i=1xi(t) ∈ ∆kn , u(t) = ⋉m
i=1ui(t) ∈ ∆km ,

ξ(t) = ⋉q
i=1ξi(t) ∈ ∆kq and y(t) = ⋉p

i=1yi(t) ∈ ∆kp , by STP method, k-valued logical control networks
(3.8) can be rewritten into the following equivalent algebraic form:{

x(t + 1) = Lu(t)x(t)ξ(t),
y(t) = Hx(t),

(3.9)

where L ∈ Lkn×kn+m+q is the state transition matrix, and H ∈ Lkp×kn is the output matrix.
This subsection considers the following state feedback control:

ui(t) = ψi(t, X(t)), i = 1, · · · ,m, (3.10)

where ψi : N ×Dn
k → Dk are logical functions and i = 1, 2 · · · ,m.

For ∀ψi, we can construct a unique structural matrix Ψi(t, x(0)) ∈ Lk×kn such that ui(t) =
Ψi(t, x(0))x(t). By the Khatri-Rao product of matrices, we construct a time-variant structural matrix
Ψ(t, x(0)) ∈ Lkm×kn such that

u(t) = Ψ(t, x(0))x(t),

where Ψ(t, x(0)) = Ψ1(t, x(0)) ∗ · · · ∗ Ψm(t, x(0)) and i = 1, 2, · · · ,m.
A sufficient and necessary criterion for the problem of robust set stabilization for (3.8) under the

controller (3.10) is given in the following.

Theorem 3.11. Define a set A ⊆ Dn
k , which is nonempty, and let x(0) = δαkn and A ⊆ Υ1(A). k-valued

logical control networks (3.8) is said to be robustly stabilizable under the controller (3.10), if and only
if, one can find an integer T > 0 such that x(0) ∈ ΥT (A) holds.

3.3.2. Event-triggered control of k-valued logical control networks

We still consider system (3.9). Define a set A ⊆ Dn
k , which is nonempty, and let x(0) = δαkn be initial

state. For a given controller u(t) = Ψ(t, x(0))x(t), one has

x(t + 1) = Lu(t)x(t)ξ(t)
= ⋉0

i=t(LΨ(i, x(0))Mr,kn)x(0) ⋉t
j=0 ξ( j)

= Blkα
(
⋉0

i=t (LΨ(i, x(0))Mr,kn)
)
⋉t

j=0 ξ( j),

where t ∈ N, and Mr,kn = Diag{δ1
kn , · · · , δkn

kn} ∈ Lk2n×kn .
From the arbitrariness of ⋉t

j=0ξ( j), x(t + 1) forms a set

Ω(t + 1) = Col
(
Blkα
(
⋉0

i=t (LΨ(i, x(0))Mr,kn)
))
.

Then, we give the event-triggered condition as

dH(Ω(t + 1), A) > 0, (3.11)

where dH(Ω(t + 1), A) denotes the typical Hausdorff distance.
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For system (3.9), split L into km equal blocks as

L = [L1 L2 · · · Lkm],

where Li ∈ Lkn×kn+q , i = 1, 2, · · · , km. For any i ∈ {1, 2, · · · , km}, split Li into kn equal blocks as

Li = [Li,1 Li,2 · · · Li,kn],

where Li, j ∈ Lkn×kq , j = 1, 2, · · · , kn.
In the following, there exist a sufficient condition for the existence of event-triggered controller, and

an method to construct the corresponding controller.

Theorem 3.12. Define a set A ⊆ Dn
k , which is nonempty, and let x(0) = δαkn . k-valued logical control

networks (3.8) is said to be robustly stabilizable with the event-triggered condition (3.11), if A ⊆ Υ1(A)
and x(0) ∈ Υ1(A) hold.

3.4. Stability analysis in distribution of probabilistic Boolean networks under function perturbation
impact

This subsection introduces some results about robust analysis of probabilistic Boolean networks
(PBNs).

For the complete proofs for the results in this subsection, readers can see more details in [42].

3.4.1. The description of probabilistic Boolean networks

There is a classical definition for PBNs with n nodes:

X(t + 1) = f (X(t)), (3.12)

where X(t) = (x1(t), · · · , xn(t)) ∈ Dn is the state vector of PBN (3.12), and f : Dn → Dn is a logical
mapping which is chosen from the set { f1, f2, · · · , fr} with P{ f = fi} = pi,

∑r
i=1 pi = 1.

Using the vector form and setting x(t) = ⋉n
i=1xi(t) ∈ ∆2n , PBN (3.12) can be converted to the

following algebraic expression:
x(t + 1) = Lx(t),

where L ∈ L2n×2n is the structural matrix of f , which is chosen from the set {L1, · · · , Lr} with P{L =
Li} = pi, and Li = δ2n[αi,1 · · · αi,2n] ∈ L2n×2n is the structural matrix of fi.

There are two common definitions. Readers can see more details in [43].
We give the basic definitions of stability and set stability for (3.12) in the following.

Definition 3.13. PBN (3.12) is stable at xe = δ
θ
2n in distribution, if, limt→∞ P{x(t; x0) = xe} = 1 holds

for ∀x0 ∈ ∆2n .

Definition 3.14. PBN (3.12) is stable at a given nonempty setM ⊆ ∆2n in distribution, if limt→∞ P{x(t;
x0) ∈ M} = 1 holds for any x0 ∈ ∆2n .

To make this subsection more readable, we give an example to explain the difference between one-
bit function and multi-bit function perturbation.
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Table 1. Truth table of system (3.13).

x1 x2 f1 f2

1 1 0 1
1 0 1 1
0 1 0 0
0 0 0 0

Example 3.15. Consider the following BN:{
x1(t + 1) = f1(x1(t), x2(t)),
x2(t + 1) = f2(x1(t), x2(t)),

where f1 = x1 ∧ ¬x2 and f2 = x1. The truth table of system (3.13) is given in Table 1.
The algebraic equation of PBN (3.13) is x(t + 1) = Fx(t), in which F := δ4[3 1 4 4].
First, we define a one-bit perturbation, that is, f1(0, 1) is changed from 0 to 1. Then, F is flipped to

δ4[3 1 2 4], i.e., Col3(F) is flipped from δ4
4 to δ2

4.
Second, consider a multi-bit perturbation, e.g., f1(0, 1) and f2(0, 1) are changed from 0 to 1, sepa-

rately. Thus, F is flipped to δ4[3 1 1 4]. We can find that Col3(F) is flipped from δ4
4 to δ1

4. □
The objective of this section is to propose some criteria. These is very useful in guaranteing the

robustness of (3.12), i.e., PBN (3.12) can be still stable at xe orM after function perturbation.

3.4.2. Stability of probabilistic Boolean networks

We assume that PBN (3.12) is stable at xe = δ
θ
2n in distribution. There is a common assumption for

the following results in this subsection.

Assumption 2. For ∀i ∈ {1, · · · , r}, the B-th column of Li is perturbed with B , θ. We assume that
αi,B flipped to some γ ∈ {1, · · · , 2n}, where γ , αi,B.

According to Assumption 2, we construct a set

Ω = {x : x reach xe with positive probability,
meanwhile any path from x to xe must cover δB2n}.

Thus, one has the following result.

Theorem 3.16. Given PBN (3.12) is stable at xe. Under Assumption 2, PBN (3.12) is said to be stable
at xe after function perturbation, if and only if, δγ2n < Ω holds.

One can see from Theorem 3.16 that δγ2n < Ω is very important for the stability in distribution of
system (3.12). Then, by the transition probability matrix M, we construct

φ(B, γ, θ) =
2n∑

k=2

(Mk)θ,γ −
2n∑

k=2

k−1∑
s=1

(Mk−s)θ,B(Ms)B,γ.

We have the following result on the verification of δγ2n < Ω.

Theorem 3.17. δγ2n < Ω, if and only if
φ(B, γ, θ) > 0.
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3.4.3. Set stability of probabilistic Boolean networks

This subsection assumes that system (3.12) is stable at a given nonempty setM ∈ ∆2n . There is a
common used assumption in the following.

Assumption 3. For ∀i ∈ {1, · · · , r}, ColB(Li) doesn’t belong to the set I(M). We assume that αi,B

changes to some γ ∈ {1, · · · , 2n}, where γ , αi,B.
Define

φ(B, γ,M) =
∑

δθ2n∈I(M)

φ(B, γ, θ)

=
∑

δθ2n∈I(M)

[ 2n∑
k=2

(Mk)θ,γ −
2n∑

k=2

k−1∑
s=1

(Mk−s)θ,B(Ms)B,γ
]
.

One has:

Theorem 3.18. Consider PBN (3.12) is said to be stable at a given set M, which is nonempty, in
distribution. Under Assumption 3, PBN (3.12) is still said to be stable atM after function perturbation,
if and only if, φ(B, γ,M) > 0 holds.

3.5. Disturbance decoupling of logical networks via event-triggered control

This subsection introduces some recent development about event-triggered control for disturbance
decoupling problem of mix-valued logical networks (MVLCNs).

3.5.1. Description of MVLCNs

There is a classical definition of MVLCNs:
x1(t + 1) = f1(X(t),U(t),Ξ(t)),
...

xn(t + 1) = fn(X(t),U(t),Ξ(t));
y j(t) = g j(X(t)), j = 1, · · · , p,

(3.13)

where X(t) = (x1(t), · · · , xn(t)) with xi(t) ∈ Dki denotes states, U(t) = (u1(t), · · · , um(t)) with ui(t) ∈ Dli

denotes controls, Ξ(t) = (ξ1(t), · · · , ξr(t)) with ξi(t) ∈ Dvi denoting disturbance inputs, and y j(t) ∈ Dw j ,
denotes outputs, and j = 1, 2, · · · , p. Define k := k1 · · · kn, l := l1 · · · lm, v := v1 · · · vr and w := w1 · · ·wp.

Define an n-ary logical function h : Dk1×· · ·×Dkn → Dk0 . To convert h into an equivalent algebraic
form, we identify k−i

k−1 ∼ δ
i
k, i = 1, · · · , k. Then, we haveDk ∼ ∆k. δi

k is called the vector form of logical
value k−i

k−1 ∈ Dk.
Based on the vector form of logical values and defining x(t) = ⋉n

i=1xi(t), u(t) = ⋉m
i=1ui(t), ξ(t) =

⋉r
i=1ξi(t) and y(t) = ⋉p

j=1y j(t), one gets the following expression of (3.13):{
x(t + 1) = Lu(t)x(t)ξ(t),
y(t) = Gx(t),

(3.14)

where L ∈ Lk×(klv) and G ∈ Lw×k.
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In the next, use the method in [44] for coordinate transformation.
We assume that there is a logical coordinate transformation

{xi : i = 1, · · · , n} → {zi : i = 1, · · · , n}, zi ∈ Dkαi
, (3.15)

under which system (3.13) becomes
zi(t + 1) = f̂ 1

i (Z(t),U(t),Ξ(t)), i = 1, · · · , s,
zi(t + 1) = f̂ 2

i (Z(t),U(t),Ξ(t)), i = s + 1, · · · , n;
y j(t) = ĝ j(z1(t), · · · , zs(t)), j = 1, · · · , p,

(3.16)

where f̂ 1
i , f̂ 2

i , i = s + 1, s + 2, · · · , n, ĝ j, j = 1, · · · , p are logical functions, and i = 1, 2 · · · , s
Let z(t) = ⋉n

i=1zi(t). For any µ ∈ {1, · · · , n}, set zµ(t) = ⋉µi=1zi(t), kµ = ⋉µi=1kαi . For any µ ∈

{1, · · · , n − 1}, set z−µ(t) = ⋉n
i=µ+1zi(t), and k−µ = ⋉n

i=µ+1kαi . Next, set k−n = 1. Thus, we can find that
zn(t) = z(t) and kn = k. System (3.16) can be rewritten as in the following algebraic form:

zs(t + 1) = L̂su(t)z(t)ξ(t),
z−s(t + 1) = L̂−su(t)z(t)ξ(t);
y(t) = Ĝzs(t),

(3.17)

where L̂s ∈ Lks×(klv), L̂−s ∈ Lk−s×(klv) and Ĝ ∈ Lw×ks .
When s = n holds, MVLCN (3.17) is{

z(t) = L̂u(t)z(t)ξ(t);
y(t) = Ĝz(t),

in which L̂ ∈ Lk×(klv) and Ĝ ∈ Lw×k.
Consider MVLCN (3.16) with z(0) ∈ Dkα1

× · · · × Dkαn
, we can construct the following controller

with respect to z(0) as:
ui(t) = ki

t(z1(t), · · · , zn(t)), i = 1, · · · ,m. (3.18)

For ∀t ∈ N, under controller (3.18), one can find all possible invariant subspaces as Zσh(t) =

Fl{z1, · · · , zσh(t)} ⊇ Fl{z1, · · · , zs}, that is, system (3.16) becomes
zi(t + 1) = f̃ 1

i (z1(t), · · · , zσh(t)(t)), i = 1, · · · , σh(t),
zi(t + 1) = f̃ 2

i (z1(t), · · · , zn(t),Ξ(t)), i = σh(t) + 1, · · · , n;
y j(t) = g̃ j(z1(t), · · · , zs(t)), j = 1, · · · , p,

where h ∈ {1, · · · , λt}, λt ∈ {1, · · · , n − s}, and f̃ 1
i , i = 1, · · · , σh(t), f̃ 2

i , i = σh(t) + 1, · · · , n, g̃ j,
j = 1, 2, · · · , p are mix-valued logical functions. For ∀t ∈ N, denote

Γt = {σh(t) : h = 1, · · · , λt},

and set
σ(t) = max{σh(t) : h = 1, · · · , λt}.

It is obvious that σh(t) ∈ {s, · · · , σ(t − 1)} with σ(−1) := n.
In this subsection, we propose the following concept of disturbance decoupling of logical networks.

Definition 3.19. Given the transformation (3.15) be given. With respect to initial state z(0) ∈ ∆k, the
disturbance decoupling problem is solvable, if there exists a controller (3.18) corresponding to z(0)
such that Γt , ∅ holds, ∀t ∈ N. The disturbance decoupling problem is solvable, if, with respect to
∀z(0) ∈ ∆k, it is solvable.
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3.5.2. New method to construct the output-friendly subspace

We consider (3.14) and assume

G = δw[γ1 γ2 · · · γk].

Denote

η j =
∣∣∣∣{i : γi = j, 1 ≤ i ≤ k}

∣∣∣∣, j = 1, 2, · · · ,w,

where | · | is the number of sets. Then, we have the following definition. For details, please refer to [44].

Definition 3.20. Let H = (h1, · · · , hp) : Dk1 × · · · × Dkn → Dw1 × · · · × Dwp be a mix-valued
logical mapping. The variable xi is said to be redundant, if H(x1, · · · , xi−1, 0, xi+1, · · · , xn) =
H(x1, · · · , xi−1,

ζ

ki−1 , xi+1, · · · , xn) holds for any ζ = 1, · · · , ki − 1.
Then, we have

Theorem 3.21. Consider a logical mapping H = (h1, · · · , hp) : Dk1 × · · ·×Dkn → Dw1 × · · ·×Dwp . Let
MH ∈ Lw×k be the structural matrix of H, and let an integer s ≤ n be given. Split MH into k′ = k1 · · · ks

equal blocks as MH = [M1
H M2

H · · · Mk′
H ], where M1

H,M
2
H, · · · ,M

k′
H ∈ Lw× k

k′
. Then, (xs+1, · · · , xn) are

redundant variables if and only if rank(Mi
H) = 1 holds for any i = 1, · · · , k′.

After that, it is easy to obtain that

zs(t) = F[ks,k−s]T x(t) := T0x(t). (3.19)

4. Conclusions

This paper has described a comprehensive survey on some recent applications of the STP method on
the theory of finite systems. After we introduced some useful mathematical tools on the STP method,
some recent developments about robustness analysis on finite systems are delineated, such as robust
stable analysis of switched logical networks with time-delayed, under impulsive effects robust set
stabilization of Boolean control networks, event-triggered control for robust set stabilization of logical
networks with control inputs, stability analysis in distribution of probabilistic Boolean networks under
functional perturbation impact and how to solve disturbance decoupling problems by event triggered
control of logical control networks have been presented.

Furthermore, the STP method is a generalization of ordinal products of matrices. It is inevitable
to keep some shortcomings in ordinal product of matrices. One of them is that the dimensions of
the structural matrices increase too rapidly. Thus, it leads to the calculation complexity’s exponential
growth. There are only a few results [45, 46] about that. Our future plan is to solve it. In addition, we
can extend the existing results about logical control networks to the other systems. It also is a great
research area for scholars, and readers can see [47–51], such as finite-time stability and settling-time
estimation of nonlinear impulsive systems, nonlinear systems with delayed impulses and so on.
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