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Abstract: Introduction: Visual perception of moving objects is integral to our day-to-day life, 
integrating visual spatial and temporal perception. Most research studies have focused on finding the 
brain regions activated during motion perception. However, an empirically validated general 
mathematical model is required to understand the modulation of the motion perception. Here, we 
develop a mathematical formulation of the modulation of the perception of a moving object due to a 
change in speed, under the formulation of the invariance of causality. Methods: We formulated the 
perception of a moving object as the coordinate transformation from a retinotopic space onto 
perceptual space and derived a quantitative relationship between spatiotemporal coordinates. To 
validate our model, we undertook the analysis of two experiments: (i) the perceived length of the 
moving arc, and (ii) the perceived time while observing moving stimuli. We performed a magnetic 
resonance imaging (MRI) tractography investigation of subjects to demarcate the anatomical 
correlation of the modulation of the perception of moving objects. Results: Our theoretical model 
shows that the interaction between visual-spatial and temporal perception, during the perception of 
moving object is described by coupled linear equations; and experimental observations validate our 
model. We observed that cerebral area V5 may be an anatomical correlate for this interaction. The 
physiological basis of interaction is shown by a Lotka-Volterra system delineating interplay between 
acetylcholine and dopamine neurotransmitters, whose concentrations vary periodically with the 
orthogonal phase shift between them, occurring at the axodendritic synapse of complex cells at area 
V5. Conclusion: Under the invariance of causality in the representation of events in retinotopic space 
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and perceptual space, the speed modulates the perception of a moving object. This modulation may be 
due to variations of the tuning properties of complex cells at area V5 due to the dynamic interaction 
between acetylcholine and dopamine. Our analysis is the first significant study, to our knowledge, that 
establishes a mathematical linkage between motion perception and causality invariance. 

Keywords: space perception; time perception; visual psychophysics; retinotopic map; area MT/V5; 
acetylcholine; dopamine; MRI tractography; dendritic synapse; Lotka-Volterra equation 
 

1. Introduction 

The visual system enables humans to see and observe the events happening in the environment 
by converting the electromagnetic waves (belonging to a specific frequency range, also known as the 
visible spectrum) into electrochemical signals (neuronal activation) and processing them to extract 
useful information. The process of extracting and organizing information about the surroundings 
through the visual system is known as visual perception. Visual perception profoundly affects the 
interaction between a person and their surroundings. From driving a car on a busy highway to playing 
sports, the visual perception of a moving object is crucial for survival in the natural environment. 
Modulating the perception of moving stimuli could have appreciable consequences and can affect the 
quality of life. Therefore, it is vital to understand the underlying neuronal dynamics and anatomical 
correlates, along with the quantifiable model of perception of the moving object.  

In the case of a moving object, the position of the object changes with time. Therefore, the visual 
perception of a moving object involves visual- spatial perception, as well as time perception. The 
process of perceiving a moving object starts with light from the visual field (surroundings) entering 
the eye and projecting onto the retina. The photosensitive cells of the retina convert the light into neural 
signals, which transmit through the optic nerve to the brain regions. These neuronal signals are 
projected into the neuropil forming the retinotopic map, where the relationship between the adjacent 
location in the visual field is maintained in terms of the nearby neuronal activation [1]. Retinotopic 
maps are isomorphic representations of the outside world based on information sensed by the retinal 
system, where the spatiotemporal neuronal activation represents the spatiotemporal movement of the 
object in the physical space (visual field) [2]. Retinal images are represented nonlinearly on the 
retinotopic map have been analyzed by Schwartz [3]. The retinotopic maps exist in several brain 
regions, e.g., the primary visual cortex (V1) [4], lateral occipital cortex [5] and cerebellum [6]. High-
resolution functional magnetic resonance imaging (fMRI)  imaging enables experimental observation 
of human retinotopic maps [7,8]. Retinotopic mapping of the visual field is the initial stage of the 
processing of visual perception functions such as motion [9], object recognition [10] and color [11]. 
The retinotopic map belongs to a broad category of the topographic map, which is a fundamental 
neuroanatomical feature in the cerebral cortex of humans and other primates [12,13]. We will refer to 
‘retinotopic map’ as ‘retinotopic space’ for linguistic convenience.  

Visual motion perception has been studied to discover underlying mechanisms over the 
years [14–16]. Various experiments have been carried out to find the anatomical and physiological 
basis of the perception of moving objects using techniques such as fMRI and transcranial magnetic 
stimulation [17–20]. In addition, theoretical models addressing the different aspects of motion 
perception are available, namely, the Reichardt detector for motion detection [21] and the 
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spatiotemporal energy model [22]. However, much work has been done to explore the dominant brain 
regions active while perceiving a moving object, and providing theoretical models. Nevertheless, very 
few studies have addressed the modulation of the perception of the moving object, but they mainly 
focused on the perceived speed of the moving object. For example, Mashour found that the perceived 
speed and actual speed are related to each other by the power law [23]. Algom and Cohen-Raz also 
reported similar results in another study [24]. Therefore, as far as we know, an integrative global 
mathematical and theoretical framework for the modulation of the perception of a moving object is yet 
to be readily formalized, especially from a causality perspective. 

In this paper, we quantify and provide a mathematical model to describe how the speed of a 
moving object modulates visual-spatial perception and time perception when perceiving a moving 
object. The changes in the position of the object occur in the temporal order and indicate a temporal 
causality relationship between the position of the object. We will take the constancy of temporal 
causality in the retinotopic space and perceptual space and then find the relationship between the 
spatiotemporal coordinates of the moving object represented in the retinotopic space and perceptual 
space. Here, perceptual space is the subjective experience of the physical space, and it represents the 
geometry of the perception. Thereafter, we will apply our mathematical model to different 
experimental settings to predict the results and compare them with actually observed results to validate 
the outcomes of our investigation. After validation, we will demarcate the anatomical regions where 
this perceptual transformation occurs, and experimental corroboration will be done by performing 
diffusion MRI-based tractography studies. Furthermore, we will form a mathematical framework to 
model the neuronal-level biochemical mechanism responsible for the modulation of visual-spatial 
perception and time perception, based on neurotransmitter interaction and dynamics.  

We have organized our paper as follows: 
(i) In Section 2, we have formulated the perception of a moving object as the mapping from 

retinotopic space to perceptual space. Then, we will derive the mathematical model of the modulation 
of perception of a moving object.  

(ii) In Section 3, we have described the methodology used for experimental investigations. 
(iii) Section 4 is divided into four subsections: 
 Section 4.1: We applied our mathematical model to two experiments for empirical validation. 
 Section 4.2: The anatomical correlates of the modulation of perception of a moving object 

are provided and verified by the MRI tractography investigations. 
 Section 4.3: The neurotransmitter dynamics-based neuronal-level mechanism is delineated, 

along with a mathematical model.  
 Section 4.4: Formal analysis of the perception of a moving object is undertaken. 
(iv) We conclude the paper by discussing the key results, implications and general significance in 

Section 5. 

2. Theoretical analysis and mathematical modeling 

In this section, we will formulate the geometrical representation of the moving object in the 
retinotopic space and its projection onto perceptual space, presuming invariance of the temporal 
causality. We will derive a transformation matrix (Z) that consolidates the coordinate transformation 
from the retinotopic space to the perceptual space when the object changes its position with time. Then, 



9104 

Mathematical Biosciences and Engineering  Volume 20, Issue 5, 9101-9134. 

we will show the translation of the transformation equations to the neural systems and demarcate their 
utilization in the practical scenario. 

2.1. Geometrical representation of moving object  

Suppose that the position of an object in the visual field varies with time such that the change of 
position with time (speed) is constant. Curve AB in Figure 1 represents the spatiotemporal activation 
of the neural tissue in the retinotopic map due to the changes in the position of the moving object with 
time (T). Curve AB is a straight line because of the constant speed of the moving object. Every point 
on the curve AB belongs to the instantaneous neural activation in the retinotopic space corresponding 
to the instantaneous position of the moving object. We assume that the position varies along a single 
spatial dimension for mathematical convenience. Points A and B in Figure 1 denote the start and end 
of the projection of a moving object on the human observer’s retinotopic space.  

 

Figure 1. Changes in spatial position of the moving object with time in the retinotopic map. 

 

Figure 2. Transformation of the representation of the moving object from retinotopic space 
to perceptual space. 

Let us take a random point R between points A and B in retinotopic space (Figure 2(a)). Every 
point on curve AB appearing before point R in temporal order has a temporal causal connection with 
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point R. Points A and R in the retinotopic space shown in Figure 2(a) are projected in perceptual space 
as points Ap and Rp (Figure 2(b)), respectively, under the assumption of invariance of the temporal 
causality. Therefore, points Ap and Rp in perceptual space also have a causal relationship. In Figure 2(b), 
T* and X* represent the time and position of the object in the perceptual space, respectively. 

2.2. Mapping coordinate transformations between retinotopic space and perceptual space 

Suppose that, in Figure 2(a), the coordinates of points R and A are (t,x) and (0,0), respectively. 
As points A and B mark the start and end of the movement of the object in the retinotopic space, the 
transformation of points A and B in perceptual space should have the same coordinates. An example 
can explain this: if somebody is watching a ball being thrown in the air, the ball’s starting and ending 
position in the retinotopic and perceptual space will be the same. However, anything in between may 
be modified. Hence, the coordinates of point Ap in the perceptual space can be taken to be the same as 
A, i.e., (0,0), and we can assume the coordinates of point Rp in the perceptual space to be (t*,x*). 
(However, under ideal conditions, we expect the coordinates of points Rp and R to be the same so that 
the observer perceives the moving object without any modifications.) For generalization, we can 
presume that the difference in the coordinates of points Ap and Rp in the perceptual space is a function 
of the difference in the coordinates of points A and R in the retinotopic space (Eq (1a),(1c)). 

𝑥∗ െ 0 ൌ 𝑔ሺ𝑡 െ 0, 𝑥 െ 0ሻ (1a)

                                     i.e.,                        𝑥∗ ൌ 𝑔ሺ𝑡, 𝑥ሻ (1b)

𝑡∗ െ 0 ൌ 𝑓ሺ𝑡 െ 0, 𝑥 െ 0ሻ (1c)

                                     i.e.,                      𝑡∗ ൌ 𝑓ሺ𝑡, 𝑥ሻ (1d)

In Eq (1b),(1d), the terms f and g are two functions whose formulations we will pursue later. 
Likewise, the coordinates of A and R can be mathematically calculated from the coordinates of Ap and 
Rp under the premise of symmetry between the retinotopic and perceptual spaces. 
Therefore, 

𝑥 ൌ 𝑔ሺ𝑡∗, 𝑥∗ሻ (2a)

𝑡 ൌ 𝑓ሺ𝑡∗, 𝑥∗ሻ (2b)

Even if point A does not lie at the origin, Eqs (1a,1b) and (2a,2b) must hold. If the coordinates of point 
A are (x0, t0), then we can respectively rewrite Eqs (1a), (1c), (2a), (2b) as: 

𝑥∗ െ 𝑥଴ ൌ 𝑔ሺ𝑡 െ 𝑡଴, 𝑥 െ 𝑥଴ሻ (3a)

𝑡∗ െ 𝑡଴ ൌ 𝑓ሺ𝑡 െ 𝑡଴, 𝑥 െ 𝑥଴ሻ (3b)

𝑥 െ 𝑥଴ ൌ 𝑔ሺ𝑡∗ െ 𝑡଴, 𝑥∗ െ 𝑥଴ሻ (4a)

𝑡 െ 𝑡଴ ൌ 𝑓ሺ𝑡∗ െ 𝑡଴, 𝑥∗ െ 𝑥଴ሻ (4b)

Partial differentiation of Eq (1b) with respect to x yields 

𝛿𝑥∗

𝛿𝑥
ൌ

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑥
 (5)
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Partial differentiation of Eq (3a) with respect to x yields 

𝛿𝑥∗

𝛿𝑥
ൌ

𝛿𝑔ሺ𝑡 െ 𝑡଴, 𝑥 െ 𝑥଴ሻ

𝛿𝑥
 (6)

From Eqs (5) and (6), we obtain 

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑥
|ሼ௧బ,௫బሽ ൌ

𝛿𝑔ሺ𝑡 െ 𝑡଴, 𝑥 െ 𝑥଴ሻ

𝛿𝑥
|ሼ௧బ,௫బሽ 

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑥
|ሼ௧బ,௫బሽ ൌ

𝛿𝑔ሺ𝑡 െ 𝑡଴, 𝑥 െ 𝑥଴ሻ

𝛿ሺ𝑥 െ 𝑥଴ሻ
|ሼ௧బ,௫బሽ 

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑥
|ሼ௧బ,௫బሽ ൌ

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑥
|ሼ଴,଴ሽ (7)

Using Eqs (1b) and (3a), we derived the Eq (7). Likewise, we can derive, from Eqs (1d), (2a), (2b), 
(3b), (4a) and (4b), the following Eqs (8)–(10). 

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑡
|ሼ௧బ,௫బሽ ൌ

𝛿𝑔ሺ𝑡, 𝑥ሻ

𝛿𝑡
|ሼ଴,଴ሽ (8)

𝛿𝑓ሺ𝑡, 𝑥ሻ

𝛿𝑥
|ሼ௧బ,௫బሽ ൌ

𝛿𝑓ሺ𝑡, 𝑥ሻ

𝛿𝑥
|ሼ଴,଴ሽ (9)

𝛿𝑓ሺ𝑡, 𝑥ሻ

𝛿𝑡
|ሼ௧బ,௫బሽ ൌ

𝛿𝑓ሺ𝑡, 𝑥ሻ

𝛿𝑡
|ሼ଴,଴ሽ 

(10)

2.3. Coordinate transformation matrix 

It is evident from Eqs (7)–(10) that functions g and f are linear functions of x and t because the 
differentiation of functions g and f is the same at the origin or any arbitrary point (t0, x0), which is 
possible only for a straight line; thus, Eqs (1d), (1d), (2a) and (2b) become 

𝑥∗ ൌ 𝐴. 𝑥 ൅ 𝐵. 𝑡 (11a)

(11b)𝑡∗ ൌ 𝐶. 𝑥 ൅ 𝐷. 𝑡

𝑥 ൌ 𝐴. 𝑥∗ ൅ 𝐵. 𝑡∗ (12a)

𝑡 ൌ 𝐶. 𝑥∗ ൅ 𝐷. 𝑡∗ (12b)

where A, B, C and D are unknown coefficients in Eqs (11) and (12). In the subsequent mathematical 
analysis, we will derive mathematical expressions for A, B, C and D.  

Let us represent Eqs (11) and (12) in matrix form which become Eqs (13) and (14), respectively, 
below: 

From Eqs (11a) and (11b):                  ቂ𝑥∗

𝑡∗ ቃ ൌ ቂ𝐴 𝐵
𝐶 𝐷

ቃ ቂ
𝑥
𝑡ቃ 
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                     i.e.,                                       𝑋∗ ൌ 𝑍𝑋 (13)

From Eqs (12a) and (12b):                       ቂ
𝑥
𝑡ቃ ൌ ቂ𝐴 𝐵

𝐶 𝐷
ቃ ቂ𝑥∗

𝑡∗ ቃ 

                    i.e.,                                             𝑋 ൌ 𝑍𝑋∗ (14)

where 𝑋 ൌ ቂ
𝑥
𝑡ቃ , 𝑋∗ ൌ ቂ𝑥∗

𝑡∗ ቃ and 𝑍 ൌ ቂ𝐴 𝐵
𝐶 𝐷

ቃ. 

In Eqs (13) and (14), Z is a transformation matrix that denotes the coordinates transformation 
from the retinotopic to the perceptual space. From Eqs (13) and (14), 𝑍 ൌ 𝑍ିଵ: 

𝑍 ൌ ቂ𝐴 𝐵
𝐶 𝐷

ቃ (15)

Thus,                                                             𝑍ିଵ ൌ
ଵ

஻஼ି஺஽
ቂെ𝐷 𝐵

𝐶 െ𝐴
ቃ 

For the simplest case, 𝐵𝐶 െ 𝐴𝐷 ൌ 1: 

i.e.,                                                             𝑍ିଵ ൌ ቂെ𝐷 𝐵
𝐶 െ𝐴

ቃ (16)

By comparison of Eqs (15) and (16), 𝐷 ൌ െ𝐴.  

Since 𝐵𝐶 െ 𝐴𝐷 ൌ 1, by putting 𝐷 ൌ െ𝐴, we get 𝐵𝐶 ൅ 𝐴ଶ ൌ 1 ⇒  𝐴 ൌ   ିା√1 െ 𝐵𝐶 

Therefore, 

𝑍 ൌ ൥
 െ൅ඥ1 െ 𝐵𝐶 𝐵

𝐶 ൅
െඥ1 െ 𝐵𝐶

൩ (17)

2.4. Generalization of coordinate transformation matrix 

In the retinotopic space, the position of the object changes with time, as the rate of change with 
time can be obtained by putting 𝑥∗ ൌ 0 in Eq (11a), under the assumption that the rate of change of 
position with time is constant. Thus: 

0 ൌ 𝐴. 𝑥 ൅ 𝐵. 𝑡  

i.e.,                                                              ௫
௧

ൌ
ି஻

஺
  

Let P is the rate of change of position of the moving object in the retinotopic space (i.e., speed): 
Then, 

𝑃 ൌ
𝑥
𝑡

ൌ െ
𝐵
𝐴

 

i.e.,                                                     𝑃 ൌ െ ஻

ష
శ√ଵି஻஼
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                      or                               ିା√1 െ 𝐵𝐶 ൌ െ ஻

௉
 (18)

                    thereby                                    𝐶 ൌ
ଵ

஻
െ

஻

௉మ (19)

Putting values from Eqs (18) and (19) into Eq (17) yields 

𝑍 ൌ ൦

െ𝐵
𝑃

𝐵

1
𝐵

െ
𝐵
𝑃ଶ

𝐵
𝑃

൪ (20)

Retinotopic maps exist in multiple brain regions. For example, it is present in the primary visual 
cortex (V1), the cerebellum and the lateral occipital cortex [5,6,25]. Let us take two retinotopic maps 
(t1 and t2) such that the relationship between the coordinates of the retinotopic map (t1), another 
retinotopic map (t2) and the perceptual space (m), as per our preceding formulation (Eqs (1)–(20)), is 
as follows (i.e., Eqs (21)–(23)), where Xt1, Xt2, and Xm are the column matrices whose components are 
the spatiotemporal coordinates of the moving object in the t1 retinotopic map, t2 retinotopic map and 
perceptual space (m), respectively; and, Z1, Z2 and Z3 are transformation matrices representing the 
coordinate transformation. Thus we can come to the following relations. 

Relationship between retinotopic maps t1 and t2:   

𝑋௧ଶ ൌ 𝑍ଵ𝑋௧ଵ (21)

Relationship between retinotopic map t2 and perceptual space (m): 

𝑋௠ ൌ 𝑍ଶ𝑋௧ଶ (22)

Relationship between retinotopic map t1 and perceptual space (m): 

𝑋௠ ൌ 𝑍ଷ𝑋௧ଵ (23)

2.5. Relationship between spatial coordinates in perceptual space and retinotopic space 

By comparing the previous three equations (Eqs (21)–(23)), we obtained the following: 

𝑍ଷ ൌ 𝑍ଶ𝑍ଵ 

Applying the transformation matrix Z given in Eq (20) gives 

⎣
⎢
⎢
⎢
⎡

െ𝐵ଷ

𝑃ଷ
𝐵ଷ

1
𝐵ଷ

െ
𝐵ଷ

𝑃ଷ
ଶ

𝐵ଷ

𝑃ଷ ⎦
⎥
⎥
⎥
⎤

ൌ

⎣
⎢
⎢
⎢
⎡

െ𝐵ଶ

𝑃ଶ
𝐵ଶ

1
𝐵ଶ

െ
𝐵ଶ

𝑃ଶ
ଶ

𝐵ଶ

𝑃ଶ ⎦
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡

െ𝐵ଵ

𝑃ଵ
𝐵ଵ

1
𝐵ଵ

െ
𝐵ଵ

𝑃ଵ
ଶ

𝐵ଵ

𝑃ଵ⎦
⎥
⎥
⎥
⎤
 

After matrix multiplication and comparison of the matrix components, we obtained four equations. 
After solving those equations, we obtained the following (please see Supplementary material section 
S1 for the analytical solution): 
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ቆ
1

𝐵ଵ
ଶ െ

1
𝑃ଵ

ଶቇ
ଶ

ൌ ቆ
1

𝐵ଶ
ଶ െ

1
𝑃ଶ

ଶቇ
ଶ

ൌ ቆ
1

𝐵ଷ
ଶ െ

1
𝑃ଷ

ଶቇ
ଶ

 (24)

In Eq (24), the squared term (with the same mathematical arrangement and equivalent variables) is 
equal in different cases, showing that this particular term is invariant in different situations. Therefore, 
let us donate Eq (24) for the general situation of any space (such as perceptual space, cerebral 
retinotopic space or cerebellar retinotopic space) in Eq (25) below: 

൬
1

𝐵ଶ െ
1

𝑃ଶ൰ ൌ
െ1
𝑘ଶ  (25)

In Eq (25), k can be considered as a fidelity parameter denoting the invariance across different 
representational spaces (such as perceptual space, cerebral retinotopic space or cerebellar 
retinotopic space).  

By putting the value of B from Eq (25) into Eq (20), we get 

𝑍 ൌ

⎣
⎢
⎢
⎢
⎡

ିଵ

ටଵିቀ
ು
ೖ

ቁ
మ

௉

ටଵିቀ
ು
ೖ

ቁ
మ

షು
ೖమ

ටଵିቀ
ು
ೖ

ቁ
మ

ଵ

ටଵିቀ
ು
ೖ

ቁ
మ

⎦
⎥
⎥
⎥
⎤

 
(26)

Now, putting the value of the transformation matrix Z from Eq (26) into Eq (13) gives 

ቂ𝑥∗

𝑡∗ ቃ ൌ

⎣
⎢
⎢
⎢
⎡

ିଵ

ටଵିቀ
ು
ೖ

ቁ
మ

௉

ටଵିቀ
ು
ೖ

ቁ
మ

షು
ೖమ

ටଵିቀ
ು
ೖ

ቁ
మ

ଵ

ටଵିቀ
ು
ೖ

ቁ
మ

⎦
⎥
⎥
⎥
⎤

ቂ
𝑥
𝑡ቃ 

(27)

Now, in Eqs (11) and (12), the transformation of the coordinates from retinotopic to perceptual 
space or vice versa is the same and occurs when the spatial dimensions 𝑥 and 𝑥∗ point toward opposite 
directions. To make them unidirectional, we put 𝑥∗ ൌ െ𝑥∗ in Eq (27). We get the following: 

ቂ𝑥∗

𝑡∗ ቃ ൌ

⎣
⎢
⎢
⎢
⎡

ିଵ

ටଵିቀ
ು
ೖ

ቁ
మ

௉

ටଵିቀ
ು
ೖ

ቁ
మ

షು
ೖమ

ටଵିቀ
ು
ೖ

ቁ
మ

ଵ

ටଵିቀ
ು
ೖ

ቁ
మ

⎦
⎥
⎥
⎥
⎤

ቂ
𝑥
𝑡ቃ 

Hence, the relationship between the coordinates of retinotopic and perceptual space is 
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(28)
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2.6. Translation to the neural system 

The moving object in the visual field (physical space) is projected onto the retina, and then the 
position of the moving object is mapped from the retinal surface in the retinotopic space. In the 
transformation equation, Eq (27), 𝑥 and 𝑡 are physical coordinates in the retinotopic space. However, 
the physical size of the visual field (where the object is moving in external space) differs from the 
physical size of the cortical tissues (where the retinotopic space is situated). Figure 3 illustrates the 
cortical magnification factor (CMF) [26], which defines the cortical tissue allotted (in mm) for one 
degree of the visual angle subtended at the eye. The CMF gives the ratio of the size of the neuronal 
tissue (z) activated due to the movement of an object in the visual field, subtending a particular visual 
angle (θ) [27]. The visual field projected around the fovea obtains more neural tissue than the peripheral 
regions, as shown by decreasing values of the CMF in the peripheral region of the retina [28].  

 

Figure 3. Cortical magnification factor denotes the cortical tissue involved in the retinotopic 

representation of the given size of the visual field. The cortical magnification factor is the ratio of 

the size of the cortical tissue (z) to the visual angle subtended on the eye (θ). 

On the contrary, 𝑥∗ represents the perceived extent of the position of the external event in the 
perceptual space. To make 𝑥∗ compatible with the physical size of the moving object, it is necessary 
to remap 𝑥∗ to enable comparison of the 𝑥∗ value with the physical value of the position of the moving 
object. Therefore, applying the CMF in a reverse way will modify the 𝑥∗ to become compatible with 
the physical scale of the visual field. Suppose that 𝛾 represents the CMF function (which quantitatively 
shows the mapping of the position of the moving object from the visual field to the retinotopic map) 
and w is the physical position of the moving object. Then, the relationship between 𝜃, 𝑥, 𝑥∗ and ɳ is 
given by Eq (29), where ɳ represents the perception of the position of the moving object. The inverse 
function 𝛾ିଵ represents the mechanism by which the brain makes neural activation compatible with 
the physical extent of external events.  

𝑥 ൌ 𝛾ሺ𝑤ሻ and ɳ ൌ 𝛾ିଵሺ𝑥∗ሻ (29)
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In Eq (29), 𝛾 and 𝛾ିଵ are mathematical functions, and the term inside the parenthesis or round 
brackets is input to the function, while 𝛾ିଵ is the inverse function of the mathematical function 𝛾. Our 
formulation of the perception of a moving object is shown in Figure 4, where the transformation 
equations of Eq (28) were derived in the previous section.  

Apart from this, in the transformation equations of Eq (28), 𝑃 is the rate of change of the position 
of the moving object in the retinotopic space (i.e., speed). At the same time, 𝑘 (fidelity parameter) 
transpires to be a constant. As highlighted by Eqs (24) and (25), the fidelity parameter is constant, 
irrespective of the frames of reference. Because neural signals are responsible for transferring 
information between the retinotopic space and perceptual space, the fidelity parameter might be related 
to the neuronal signals. 

 

Figure 4. Our formulation of the perception of a moving object: The moving object is projected onto 

the retinotopic map through the retinal surface, and follows the cortical magnification factor in terms 

of mapping from the visual field to the retinotopic map. Then, the transformation equations relate the 

spatiotemporal coordinates of the moving object in the retinotopic and perceptual spaces. After that, 

applying the inverse cortical magnification factor provides the coordinates of the perceived moving 

object at the scale of physical space.  

3. Methods 

3.1. Moving arc experiment 

A luminous arc was formed on a wheel having a diameter of 61 cm. The length of the arc and 
radial distance of the arc from the center was 13 cm and 20.7 cm, respectively. A flat black box with 
a horizontal line facing the subject was situated ahead of the center of the wheel. The length of this 
horizontal line could vary through the rolling shutter as desired by the subject. The presence of the 
black box did not affect the visibility of the path of the rotating arc. Distance between the subject and 
the rotating wheel varied between 2 to 4 feet. Different speeds of 0, 0.5, 0.7, 1 and 1.3 revolutions per 
second were used to rotate the wheel. Speed could not be increased beyond 1.3 revolutions per second, 
as the subjects could not follow the arc and saw a complete circle. A total of 12 subjects participated 
in the experiment. Two groups were formed from the subjects; for one group, the speed varied from 
lowest to highest, and for the other one, it was vice versa. Subjects varied the length of the stationery 
line to match it with the length of the moving arc [29]. Figure 5 illustrates the experimental setup. 
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Figure 5. Experimental setup for measuring the perceived length of a moving arc at different speeds. 

During the experiment, subjects needed to fixate on the middle of the horizontal line, which 
coincides with the center of the circle traced by the moving arc, as well as to judge the length of the 
moving arc at the different rotational speeds of the wheel. Subjects varied the length of the stationary 
line to make it subjectively equal to the length of the moving arc.  

3.2. Time perception experiment 

Matching and reproduction methods were used to measure the perceived time period for eight 
subjects. Participants fixated at 6.6° above the Gabor patch while a chin rest restrained any head 
movement. Vertical Gabor patches with a 6° radius displayed on the cathode-ray tube (CRT) monitor 
acted as stimuli and were placed at 57 cm from the participants. Sinusoidal luminance modulation 
drifting left or right of the stationary Gaussian contrast envelope in the vertical Gabor patch was used 
as moving stimuli. In contrast, a vertical Gabor patch without any luminance modulation was used as 
stationary stimuli. 

Two methods were used to measure the perceived time while perceiving moving stimuli [30]: 
(i) In the matching method, the moving stimulus was displayed for a fixed time duration, followed 

by a stationary stimulus whose duration was varied so that the subjects assessed it to be 
subjectively equal to the moving stimulus’ duration.  

(ii) In the reproduction method, the moving stimulus was displayed on the screen for some period; 
after which time, the subjects reproduced the perceived duration by pressing a switch. 

3.3. MRI tractography experiment 

3.3.1 Subject-1 

Diffusion-weighted images were acquired on a 3T Philips Achieva scanner at the National Brain 
Research Centre, Manesar, India, by using the HARDI schema (128 direction, b-value: 2000 s/mm2). 
The human MRI scanning procedure was approved by the Institutional Human Ethics Committee of 
the National Brain Research Centre, and informed consent was taken. The in-plane resolution and slice 
thickness were 2 mm. FSL eddy was used to correct for eddy current distortion through the use of the 
integrated interface in DSI Studio (“Chen” release). The diffusion MRI data were rotated to align with 
the AC-PC line. After motion correction, deterministic fiber tracking was performed by using DSI 
Studio with the following tracking parameters: fractional anisotropic threshold: 0.04162, angular 



9113 

Mathematical Biosciences and Engineering  Volume 20, Issue 5, 9101-9134. 

threshold: 75 degrees, step size: 0.1 mm and total seeds: 1,000,000. We performed this analysis 
pipeline for one normal subject (gender: male, age: 24 years).  

3.3.2 Subject-2 

Scans were acquired on a 7T Siemens MAGNETOM machine at Maastricht University, 
Netherlands. Approval was given by the Ethics Committee of the Faculty for Psychology and 
Neuroscience at Maastricht University, and informed consent was obtained. Diffusion-weighted MRI 
images were scanned by using multi-band diffusion-weighted spin-echo EPI protocol with the 
following parameters: b-values = 1000, 2000 and 3000 s/mm2, field of view (FOV) = 200 × 200 mm 
with partial Fourier 6/8, 132 slices, 1.05 mm isotropic voxel size, repetition time (TR) = 7080 ms, echo 
time (TE) = 75.6 ms, 66 directions and 11 additional b = 0 volumes for every b-value [31]. The 
susceptibility artifact was estimated by using reversed phase-encoding b0 by TOPUP from the Tiny 
FSL package (http://github.com/frankyeh/TinyFSL), a re-compiled version of FSL TOPUP (FMRIB, 
Oxford) with multi-thread support. FSL eddy was used to correct for eddy current distortion. After 
preprocessing the MRI image, we used DSI Studio software (http://dsi-studio.labsolver.org) to enable 
deterministic tractography using the diffusion tensor imaging technique [32]. We used Brainnetome 
Atlas to locate the region of interest [33]. The tracking parameters were as follows: fractional 
anisotropy threshold of 0.06, angular threshold of 65 degrees, step size of 0.1 mm and 500,000 seeds. 
We performed this analysis pipeline for one normal subject (gender: female, age: 27 years).  

4. Results 

4.1.  Experimental validation 

The transformation equations of Eq (28) show that the spatiotemporal coordinates of the moving 
object in the perceptual space can be different from the spatiotemporal coordinates in the retinotopic 
space, which thus indicates that the perception of a moving object may deviate from the physical reality. 
Now, we will analyze two experiments by using our formulation of the perception of the moving 
stimulus (Figure 4). Then, we will theoretically predict the experimental outcomes and compare 
them with the actual results to validate our theoretical formulation. We will now investigate two 
such experiments. 

4.1.1. Perception of moving arc 

In this experiment, the perceived length of the moving arc was measured by Ansbacher, using the 
experimental setup explained in Section 3.1 [29]. Figure 6 shows the experimental measurement of the 
variation in the perceived length as the rotational speed of the moving arc was varied from 0 to 1.3 
revolutions per second. Reduction in the perceived length indicates the modulation of visual perception 
due to a change in the speed of the arc.  
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Figure 6. Alteration in the perceived length of the moving arc at different rotational speeds 
of the arc. 

Next, we obtained the relationship between the length of the moving arc in the retinotopic space 
and perceptual space. The length of the moving arc in the retinotopic space (L) can be described in 
terms of x1 and x2 which are, respectively, the spatial coordinates of the start and end points of the 
moving arc in the retinotopic space at a particular moment (t = T0)). Thus: 

𝐿 ൌ 𝑥ଶ െ 𝑥ଵ (30a)

Then, applying the transformation equations of Eq (28), the length of the moving arc in the 
perceptual space (L*) becomes 
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In Eq (30b), P is the speed of the moving arc in the retinotopic space. We can find the length of 
the moving arc in the retinotopic space (L, using the physical length of the arc) and the length of the 
moving arc in the perceptual space (L*, using the experimental observation shown in Figure 6), as well 
as the speed (P), by applying the CMF. However, the CMF is not a constant and it decreases for the 
peripheral visual field. Therefore, we calculated the CMF for the moving arc (physical length: 0.13 m) 
based on experimental observations from different studies [5,34–38]. Because the CMF varies as the 
angular distance from the fixation point increases, we can find the average value of the tissue allocated 
per degree of the visual field used by the observer to make a judgment. 

In this experiment, the circular path followed by the moving arc subtends an angle of 23.4° on the 
retina. Therefore, the angular distance from the fovea is 11.7°. The calculated CMF (γ) is 9.55 mm of 
neural tissue per degree of the visual field, represented as 𝛾 in Figure 4. Although the arc followed a 
circular path while the subjects make length judgments, the circle was mapped to a line in the 
retinotopic space due to logarithmic mapping [3]. The rotational velocity of the moving arc was 
converted into linear velocity, followed by the application of 𝛾 to find the value of 𝑃 (i.e., the speed of 
the arc in the retinotopic space). 
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Since we have experimental observations about 𝐿, 𝐿∗ and 𝑃, we can find 𝑘 (fidelity parameter) by 
putting these values in Eq (30b). As per our earlier analysis (Eqs (24) and (25)), the value of 𝑘 (fidelity 
parameter) should be constant regardless of the speed of the moving arc.  

We calculated the fidelity parameter (𝑘) for different rotational speeds of the moving arc; the 
results are shown in Figure 7. As evident in Figure 7, the value of the fidelity parameter (𝑘 is almost 
constant, irrespective of the speed of the moving arc in the retinotopic space. From Eq (30b), we find 
that, as the value of 𝑃  approaches the value of the fidelity parameter (𝑘, the subject’s underestimation 
of the arc’s length (𝐿 െ 𝐿∗ increases. From Figure 7, we see that the fidelity parameter (𝑘 has a very 
small coefficient of variation (~ 5%), with an average value of 0.74, and it can be taken as a constant. 
The chi-square (χ2) goodness-of-fit test is also satisfied (p > 0.99). The constant value of the fidelity 
parameter across different observation conditions supports our mathematical prediction. This 
constancy of the fidelity parameter ensures full faithfulness and correspondence between the different 
representations of the moving object in different spaces (i.e., the perceptual space, cerebral retinotopic 
space or cerebellar retinotopic space).  

 

Figure 7. Constancy of the fidelity parameter, k, while the rotational speed of the moving 
arc changes. This constancy validates the theoretical prediction of our mathematical model. 
(Statistical goodness-of-fit test satisfied, p > 0.99). 

4.1.2. Perception of time  

Over the years, various researchers have consistently observed temporal overestimation when the 
external stimulus moves relative to the stationary stimulus [39–41]. Now, we will predict the 
observations of a similar experiment by using our model and compare it with the actual results to 
validate our model. Kaneko and Murakami performed a similar experiment that measured the 
perceived time period during stationary and moving stimuli. The perceived time was measured by 
using two experimental procedures. In the first procedure, the matching method was used such that the 
duration of the stationary stimuli varied until it was perceived as equal to the duration of the moving 
stimulus. The second procedure incorporated the reproduction method in which the subjects 
reproduced the perceived duration of the moving stimulus by pressing the switch [30]. The ratio of 
perceived time and actual time was used to quantify the perceptual changes in the subjects, termed as 
the ratio of overestimation.  
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Using the transformation equations (Eq (28)), we can derive the mathematical equation Eq (31) 
below, which provides the time interval transformation from the retinotopic time (𝛥𝑡) to perceptual 
time (𝛥𝑡∗) at a particular spatial coordinate (x = X0). Thus: 

                                                       𝛥𝑡∗ ൌ 𝑡ଵ
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Now, to find the speed of the moving stimulus in the retinotopic space, we calculated the CMF 
for the current experiment. In this experiment, the subjects fixated their eyes 6.6° above the Gabor 
patch center, whose diameter was 12°. Therefore, the moving stimulus was covering the 12.6° in the 
visual field. Using the same procedure as that described in Section 4.1.1, we obtained an average CMF 
equal to 9.51 mm of the neural tissue per degree of the visual field.  

 

Figure 8. Experimental observations of the reproduction method (second experiment), 
validating the theoretical prediction of our mathematical model. (Statistical goodness-of-
fit test satisfied, p > 0.99). 
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Figure 9. Experimental observations of the matching method (first experiment), validating 
the theoretical prediction of our mathematical model. (Statistical goodness-of-fit test 
satisfied, p > 0.99). 

We used the value of 𝑘 ൌ 0.74, as obtained after analyzing the perception of the moving arc 
experiment in the previous subsection (Section 4.1.1). After that, we calculated the perceived time 
interval at different speeds by using Eq (31) and plotted these data along with the corresponding 
experimental measurements for comparison, as shown in Figures 8 and 9. Then, we performed the chi-
square (χ2) goodness-of-fit test to test the congruence of our mathematical prediction with the actual 
observations. We obtained 𝑝 ൐ 0.99  for both experiments, which indicates that our mathematical 
model is well corroborated.  

4.2. Anatomical correlates of the perception of a moving object 

In the previous subsection (Section 4.1), we validated our model based on empirical evidence and 
showed that our mathematical formulation reliably describes the ongoing perception phenomenon. In 
this section, we will examine the anatomical region in the brain, which implements the coordinate 
transformation equations (Eq (28)).  

In the transformation equations (Eq (28)): 
(a) The position in perceptual space (𝑥∗) is a function of the spatial (𝑥) and temporal (𝑡) coordinates 
in the retinotopic space.  
(b) The time in perceptual space (𝑡∗) is a function of the spatial (𝑥) and temporal (𝑡) coordinates in 
the retinotopic space.  

This indicates that the position in the perceptual space (𝑥∗ depends partly on the time (t) in the 
retinotopic space. Similarly, the time in the perceptual space (𝑡∗) depends partly on the position (𝑥 in 
the retinotopic space. These observations are counterintuitive because, when an object is not moving 
(P = 0), the visual-spatial perception of the object depends only on the spatial position, and the temporal 
perception depends only on the time information. Nevertheless, the motion of the object causes two 
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different information streams (spatial and temporal) along the motion perception pathways to interact 
with each other. In other words, temporal information (t) also takes part in the perception of spatial 
information (𝑥∗) due to this interaction process (in addition to spatial information (𝑥). Similarly, spatial 
information (𝑥) also takes part in the perception of time (𝑡 ) due to this interaction process (in addition 
to temporal information ሺ𝑡ሻ). This interaction process modulates the perception of spatial position and 
time, which was also observed in the experiments discussed in the previous subsection (Section 4.1).  

Now, we come to the interaction of the space-time coordinates during motion. Suppose that a 
pendulum is moving in the fronto-parallel plane of an observer. The observer perceives the oscillating 
movement of the pendulum in a plane with their naked eyes. However, when the same observer views 
the scene after placing a neutral density filter in front of one eye, they perceive the pendulum’s 
movement as an elliptical orbit, making the pendulum appear to move close (rightward swing of the 
pendulum) and then far from them (leftward swing of the pendulum). This phenomenon is known as 
the Pulfrich illusion, named after its discoverer Carl Pulfrich, who was ironically blind from one eye [42]. 
A neutral density filter introduces a time delay in processing the retinal image [43,44], and, during 
perception, a time delay affects spatial perception. The magnitude of the perceived depth depends on 
the change in the pendulum’s position with time (speed) [45]. In contrast to the perception of the 
moving object, the interaction between the spatial and time dimensions is experimentally observable 
in the Pulfritch phenomenon [46].  

Now, we come to the neuroanatomical correlate of the interaction between the spatial and 
temporal information during the perception of the moving object. Several experimental studies [47–49] 
have indicated that the middle temporal visual area (V5) is active during the perception of moving 
stimuli. Similarly, during the Pulfrich illusion, the middle temporal visual area (V5) is active, as has 
been observed experimentally [50]. Hence, we can conclude that, during the process of visual motion 
perception, which involves interaction between time and spatial information, the middle temporal 
visual area (V5) is the anatomical locus of interaction. 

Although we can conclude by analyzing earlier studies that area V5 of the visual brain takes part 
in the space-time interaction, perception is a complex process and it involves several cortical areas. 
Therefore, we investigated the anatomical connectivity between the area V5 and brain regions that are 
active during visual-spatial and temporal perception by analyzing the diffusion MRI scans to find out 
the neural tracts. We analyzed earlier literature findings [29,51–62] that delineated the brain regions 
responsible for (i) time perception and (ii) perception of a position of an object located in the visual 
field (spatial aspect). Based on the literature analysis, we found the differential brain areas that are 
activated during time perception and visual spatial perception, as mentioned in Table 1. 

Table 1. Brain regions active during the perception of time and the spatial location of an object. 

Perception of Time Perception of Spatial Location of an Object 

Prefrontal Cortex (Brodmann Area 45) Posterior Parietal Cortex (Brodmann Area 7) 
Premotor Cortex (Brodmann Area 4 & 6) Intraparietal Sulcus 

Inferior Parietal Cortex (Brodmann Area 40) Superior Parietal Lobule 

Putamen (Basal Ganglia)  

Then, we tracked the neural tracts in each hemisphere between the following brain regions:  
(i) brain regions active during time perception and area V5. 
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(ii) brain regions active during visual-based spatial perception and area V5.  
(iii) V5 of the left and right hemispheres.  

We performed a tractography experiment for two subjects; the results are shown in Figures 10 
and 11. The tractography results suggest that area V5 has anatomical connectivity to brain regions 
along the time and spatial position information processing streams and can act as a conjoining point or 
interaction center for these two streams. We also performed a centrality analysis of the network 
consisting of the brain regions in Table 1 as nodes; we found that area V5 has the highest centrality 
(please see Tables S1 and S2 in the Supplementary material Section S2). 

 

Figure 10. Pathways for spatiotemporal interaction (Subject 1, MRI 3 T scanner). Upper Row: 

Tracts between the middle temporal visual area (V5) and brain regions active during time 

perception. Middle Row: Tracts between the middle temporal visual area (V5) and brain regions 

active during the spatial location of an object. Lower Row: Tracts between the left and right middle 

temporal visual areas (V5). (The brain regions are listed in Table 1.) 
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Figure 11. Pathways for spatiotemporal interaction (Subject 2, MRI 7 T scanner): Upper Row: 

Tracts between the middle temporal visual area (V5) and brain regions active during time 

perception. Middle Row: Tracts between the middle temporal visual area (V5) and brain regions 

active during the spatial location of an object. Lower Row: Tracts between the left and right middle 

temporal visual areas (V5). (The brain regions are listed in Table 1.) 

 

4.3. Neuronal-level basis of interaction between time and space information streams 

Different experimental studies have pointed out the role of different neurotransmitters during the 
time and visuospatial perception. While an object moves in the visual field, the perception of time is 
modulated by dopamine levels [63,64]. Similarly, acetylcholine modulates the spatial perception of 
the moving object [65]. Therefore, the corresponding biochemical mechanism (of interaction between 
visual-spatial and temporal information) should be the modulatory effects of acetylcholine and 
dopamine levels on each other.  
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In brain tissue, acetylcholine and dopamine release can affect each other’s concentration due to 
mutual neuromodulation at the synaptic cleft. Here, we show that a similar mechanism will occur in 
area V5 of the visual cortex. Muscarinic acetylcholine receptors can regulate dopamine release. 
However, for instance, in the case of low-frequency stimuli (1 to 10 Hz), acetylcholine suppresses 
dopamine release; however, for high-frequency stimuli (> 25 Hz), the dopamine release probability 
increases [66,67]. Similarly, dopamine can promote the release of acetylcholine through D1 receptors 
while suppressing acetylcholine release through D2 receptors [68–71]. It is also known that the 
dopamine D1 receptor’s density is significantly more than the D2 receptor’s density in the visual 
cortex [72,73]. Therefore, dopamine promotes acetylcholine release, and acetylcholine, through 
muscarinic receptors, suppresses dopamine release in the area V5 because there is usually low-
frequency activity.  

To paraphrase, the dopamine-acetylcholine interaction will cause changes in the dopamine and 
acetylcholine concentrations with time. We can model the interaction with the Lotka-Volterra system, 
as developed for chemical reaction dynamics.  

Thereby, we can formulate that 

𝑑𝐴
𝑑𝑡

ൌ 𝑚𝐴 െ µ𝐴𝐷 (32)

𝑑𝐷
𝑑𝑡

ൌ െ𝑚𝐷 ൅ 𝛽𝐴𝐷 (33)

where 
A = Instantaneous concentration of acetylcholine at the synaptic cleft (mmol); 
D = Instantaneous concentration of dopamine at the synaptic cleft (mmol); 
µ = Density of dopamine D1 receptor on dendrites (µmol/m2); 
β = Density of acetylcholine muscarinic receptor on dendrites (µmol/m2); 
m = Interaction parameter (per millisecond) (0 < m ≤ 1). 

We used the Runge-Kutta 4th-order method to find the numerical solution of Eqs (32) and (33). 
We calculated the density of the dopamine D1 (µ) and acetylcholine muscarinic receptors (β) in the 
visual cortex by using experimental observations from another study [74]. We obtained µ = 0.0381 
µmol/m2 and β = 0.0996 µmol/m2. Using these values, and keeping the interaction parameter (m) equal 
to 1, we calculated the dopamine and acetylcholine concentration dynamics, as shown in Figure 12. 

As evident from Figure 12, the resulting concentrations were oscillatory with an orthogonal phase 
difference (around 90°) between them. When we gradually increased the interaction parameter (m) 
from 0 to 1, the phase difference increased with the maximum value of 90° at m = 1 (Figure 13a). Thus, 
the interaction parameter affects the phase shift between oscillatory dopamine and acetylcholine 
concentrations, and we can formulate that the interaction parameter (m) signifies the interaction 
between the time and spatial information streams. 

The tilted spatiotemporal receptive field profile of complex neuronal cells in area V5 is tuned to 
a particular spatiotemporal frequency, resulting in the perception of an equivalent speed [75–79]. 
Therefore, a change in the perception of a moving object should result from the alterations in neuronal 
tuning properties in area V5. As the speed of the moving object varies, the interaction between the 
time and spatial information streams also varies due to changes in the interaction between dopamine 
and acetylcholine. Dopamine and acetylcholine interact with each other via receptors at dendrites 
(axon-dendrite synapse), which may modulate the spatiotemporal receptive field of complex cells and 
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change the tuning speed of complex cells. Due to the changes in the tuning properties of the complex 
cells, the perception of the moving object will be modulated.  

 

Figure 12. Temporal dynamics of acetylcholine concentration and dopamine concentration. 

 

Figure 13. (a) Alteration of the phase shift between the oscillatory concentrations of 
dopamine (or acetylcholine) while the acetylcholine-dopamine interaction parameter 
varies. (b) Alteration of the oscillatory time period of acetylcholine (or dopamine) while 
the acetylcholine-dopamine interaction parameter varies. 

This dynamic mechanism induces a process by which spatial information and temporal 
information can interact and modulate the perception of a moving object (graphical illustrated in 
Figure 14). Thus, we can observe the significance of the axodendritic synapse for spatiotemporal 
interaction. 
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Figure 14. Biochemical basis of the interaction of the spatial information stream and the 
temporal information stream during the perception of a moving object; the interaction 
occurs at the axodendritic synapse. 

4.4.  Formal analysis of the perception of a moving object 

Considering that the spatial position of an object in the visual field is constant, based on their 
perception, an observer can predict that the object is static and for how much time. Even without any 
change in the spatial position of the object, the time information stream is present in the brain for time 
perception. When multiple objects are changing positions in the visual field at different rates, an 
observer can perceive that different objects are changing their positions differently. Therefore, we can 
infer that time and spatial information streams are represented separately and independently in the 
brain. However, these two streams interact to link time and change in spatial position during the visual 
spatiotemporal perception of a moving object. As already mentioned, this integration happens in area 
V5 of the visual cortex.  

Since temporal information and spatial information are independent information streams in the 
brain, in the vectorial representation, they should be orthogonal to each other. Figure 15(a) is the 
pictorial representation of the spatial vector (𝑋⃗) and time vector (𝑇ሬ⃗ ); because of the orthogonality, the 
magnitude of the resultant vector (𝑆) follows the Pythagorean theorem. 

𝑆 ൌ 𝑋⃗ ൅ 𝑇ሬ⃗  (34a)

Thus                                                  |𝑆|ଶ ൌ |𝑋|ଶ ൅ |𝑇|ଶ (34b)
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Figure 15. (a) Vectorial representation of the interaction between the spatial information 
stream (X) and the time information stream (T). (b) Interaction between the orthogonal 
components of the time information stream and spatial information stream. 

𝑆 is mathematically equivalent to displacement or length; therefore, the magnitude of 𝑆 should be 
the same, irrespective of the frame of reference (either retinotopic space or perceptual space). Applying 
the constraint that |𝑆|ଶ  will be equal in the retinotopic space and perceptual space, we found the 
following (please see Supplementary material Section S3 for derivation): 

|𝑆|ଶ ൌ 𝑥ଶ െ 𝑘ଶ𝑡ଶ (35a)

Hence,                                           𝑋⃗ ൌ 𝑥⃗ and 𝑇ሬ⃗ ൌ 𝑗𝑘𝑡 (35b)

where 𝑗 ൌ √െ1, 𝑗 is an imaginary number. 
If we analyze the above equations, we can obtain insight into what happens during the perception 

of a moving object. 𝑋⃗ and 𝑇ሬ⃗  represent the temporal and spatial information streams, while 𝑆 represents 
the resultant interaction among them. We can now recollect that dopamine and acetylcholine modulate 
the perception of time and spatial location, respectively. The 90° orthogonal phase shift between 
oscillatory dopamine and acetylcholine concentrations (shown in Figure 12) is mathematically 
expressed as 𝑗൫√െ1൯  in Eq (35a),(35b), showing the interaction of time perception and spatial 
perception. Moreover, in Figure 13(a), phase shift varies with changes in the interaction parameter (m). 
This change in phase shift will result in a variation in interaction level because only the orthogonal 
components of the spatial vector and time vector will interact, as shown in Figure 15(b). As the value 
of phase shift approaches 90°, the magnitude of the horizontal component of the spatial information 
stream will increase. In consequence, the magnitude of the interaction vector 𝑆 will increase too. Hence, 
the perception of the moving object will vary as the interaction parameter varies. Therefore, the value 
of the interaction parameter is proportional to the speed of the moving object (from earlier analysis, 
we know that the perception of the moving object varies with the speed of the moving object). 
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5. Discussion 

5.1. Mathematical model 

The environment from different vantage points is not a static system but a dynamic one. This 
dynamic nature is observable along the temporal dimension as different events occur in the 
spatiotemporal arena. Causality defines the framework for assessing the causal or generative 
relationship between two events. Deducing the cause-effect relationship between events is an innate 
feature of human cognition. This is such an essential cognitive ability, as causal understanding is one 
of the fundamental differences between human and nonhuman brains [80,81]. In this paper, we 
formulated a theoretical framework for perceiving a moving object under the condition of invariant 
representation of temporal causality in the retinotopic space and perceptual space. For this, we 
represented a change in the position of a moving object with time as the spatiotemporal coordinates in 
the retinotopic space and perceptual space. Thus, we could derive transformation equations that explain 
the transformation of the spatiotemporal coordinates of the moving object from retinotopic space to 
perceptual space. 

In the transformation equations (Eq (28)), 𝑃 (speed) quantifies the dynamic nature of the position 
of the moving object and the fidelity parameter (𝑘  delineates the possible role of the anatomical 
characteristics of the brain during the perception. The transformation equation predicted that the 
perception of a moving object would vary with speed, and it was later observed in the moving arc and 
time perception experiment. Equation (25) predicted that the numerical value of the fidelity parameter 
𝑘 would be constant, which was subsequently verified by analyzing the experimental findings of the 
moving arc experiment using our approach. We calculated the value of the fidelity parameter and 
showed the value to be robustly constant (𝑘 ൌ 0.74, as predicted by our theoretical model. The fidelity 
parameter represents the conformity and correspondence between the different representations of the 
moving object in different spaces, such as the perceptual space, cerebral retinotopic space and 
cerebellar retinotopic space. We investigated another experimental study (that measured the perceived 
time) to validate our mathematical model further. Using the transformation equations and k = 0.74 (the 
value obtained after analyzing the moving arc experiment), we predicted the perceived time, which 
satisfactorily followed the experimental outcomes (goodness-of-fit test, p > 0.99). Thus, we verified 
the transformation equations based on the empirical analysis. Our results indicate that the conservation 
of causality between the retinotopic and perceptual spaces shapes the observer’s perception of a 
moving object. The novel findings provide a new dimension to understanding perception by 
developing an innovative multi-scale mathematical formulation. 

5.2. Anatomical correlate 

The transformation equations show that the position of the object in the perceptual space (x*) 
depends on both the position (x) and time (t) in the retinotopic space. Similarly, the time in the 
perceptual space (t*) depends on both the position (x) and time (t) in the retinotopic space. Thus, we 
could conclude that, in the perceptual space, the time (t) and position (x) information interact during 
the visual- spatial and temporal perception. However, during the perception of a moving object, the 
interaction between the temporal and spatial information is not explicitly observable. But, the 
interaction between the temporal and spatial information is explicitly observable during the perception 
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of a moving pendulum with and without a neutral density filter in front of one eye (Pulfrich 
phenomenon). The neutral density filter affects the luminance and introduces a time delay in 
processing the retinal image [43,44], and the pendulum is perceived to move in an elliptical path.  

As per our proposed model, the change in temporal information affects the interaction between 
the spatial and temporal information, which modulates the perception of the position of the moving 
pendulum. During the perception of the moving object and Pulfrich illusion, the same visual area V5 
is active, which confirms that both the perception of the moving object and the Pulfrich illusion involve 
interaction between the spatial and temporal information. Furthermore, we verified that the area V5 is 
where the visual- spatial information and temporal information interact by performing the MRI 
tractography investigations. Then, we found the neural tracts between the area V5 and relevant brain 
regions, thus linking the areas of visual-spatial perception and temporal perception. The centrality 
analysis of the network (considering the brain regions as nodes and neural tracts as the connection 
between them) yields that area V5 is the most important node.  

5.3. Neuronal framework 

The neurons in the area V5 are tuned to the particular speed of the moving object [79,82]. We 
elucidated that spatial and temporal information interaction should occur at the visual area V5. We 
devised a mathematical model based on the Lotka-Volterra system to quantify the interaction between 
the visual- spatial and temporal perception mediated by acetylcholine and dopamine neurotransmitters 
in area V5. In our model, the interaction parameter (m) denotes the level of the interaction. For m = 1, 
we obtained the oscillatory nature of the acetylcholine and dopamine concentrations with a phase 
difference of 90°. The phase difference decreases and the period of oscillatory concentration increases 
as the interaction parameter (m) increases. Using the concepts of vector algebra, we represented the 
spatial and temporal perception as orthogonal vectors. Further mathematical analysis yielded that the 
spatiotemporal perception of moving objects can be represented as a complex number (real part: spatial 
information, imaginary part: temporal information). The 90° phase difference between the 
acetylcholine and dopamine concentration is denoted by 𝑗൫√െ1൯ in the complex number representation. 
We showed that the orthogonal components of the spatial information and temporal information 
interact. Therefore, the phase difference decreases as the interaction parameter (m) decreases and, thus, 
there is reduction in the interaction between the spatial and temporal information.  

Further, we delineated that the interaction between acetylcholine and dopamine (mathematically 
denoted by the interaction parameter) modifies the spatiotemporal receptive field properties of the 
complex cell in the area V5. Due to this, the complex cell will now be tuned for another speed. This 
change in the tuned speed will be minimal and insignificant for lower speeds but will gradually increase 
and become significant as the speed of the moving object increases. Thus, we could interpret that the 
interaction parameter (m) is proportional to the speed of the moving object (P), because the interaction 
parameter affects the interaction between the acetylcholine and dopamine, which will manifest as 
modulation in the perception of the moving object, similar to how the speed of the object modulates 
the perception.  
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5.4. General significance and applicability 

It is interesting to note that blind wounded soldiers with an injury to the primary visual cortex can 
perceive motion without perceiving properties like the color and shape of the moving stimulus [83]. 
This suggests that, even though the transmission of visual information from the primary visual cortex 
to area V5 is impaired, area MT/V5 is active per se and receives information from the other brain 
regions while perceiving moving objects [84]. Hence, we can conclude that spatial and temporal 
information streams from brain regions other than the primary visual cortex may meet at area MT/V5. 
Furthermore, these information streams from different brain regions may carry information extracted 
from the other sensory systems. Therefore, area MT/V5 may act as a spatiotemporal information 
interaction point for other sensory systems apart from vision. Indeed, experimental research studies 
also point to a similar direction regarding visual, auditory and tactile motion processing [85–87]. Our 
results imply that the proposed approach to understanding the modulation of the perception due to the 
dynamics of the causal states of an event may be generalized to different sensory systems. In principle, 
cerebral area V5 processes information from other sensory systems, too [85–87]; hence, our 
mathematical framework and analysis may be scalable and applicable to the more wide-ranging nature 
of area V5, which may be useful in understanding the general principle of brain function [88]. 
Furthermore, our model can be helpful when a human operator works in an environment consisting of 
very fast-moving objects (at high speed, the perception of a moving object is modulated significantly 
and causes errors in judgment). A perceptual error warning system based on our mathematical model 
can be used to issue an alerting signal to a human operator, such as to the pilot of a fighter jet or 
speeding driver of a vehicle. 

5.5. Clinical relevance and future prospects 

We can now come to the translational aspect of our approach, such as its application to 
neuroscience clinics, along with the incorporation of more accurate experimentation. We focused on 
the normal healthy brain while developing our mathematical framework above. However, the aforesaid 
neurochemical basis of the perceptual phenomenon, as shown by dopamine-acetylcholine interaction, 
can signify the possibility of a change in motion perception due to the relative imbalance of the 
neurotransmitters away from the normal levels occurring in healthy individuals. A disparity or 
abnormalities of the neurotransmitter levels in the brain can occur due to several factors, such as 
underlying neurological or psychiatric disorders. Under these conditions, the perception of stimuli 
moving in the external environment can become different from the normal brain. For instance, patients 
with dopaminergic hyperactivation (such as in schizophrenia) [89,90] or cholinergic hypoactivation 
(as melancholic depression) experience altered perception of the moving object [91].  

Accordingly, we can take that the underlying impaired pathophysiological status of the brain can 
be detected and estimated by measuring the perception of the moving stimuli by the patient and 
comparing it with the mathematical prediction for the normal brain. The perception of moving stimuli 
in patients may deviate from healthy normal subjects due to relative changes in the levels of 
neurotransmitters in the patient. Thus, our model, based on perceptual alteration, can act as a potential 
biomarker to identify the presence and gauge the intensity of a neurological condition; the method 
could be developed as an affordable visual optometric procedure for psychiatric diagnostics in 
neuroscience clinics. Furthermore, for precise diagnosis, it may be desirable to have a high-precision 
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level of accurate experimentation (for example, when estimating subjective spatial and temporal 
segments). For such enhanced accuracy, one can use higher-fidelity visual stimulation apparatuses and 
measurement devices through the use of experimental platforms and paradigm designing facilities such 
as the E-Prime system [92] or PsychPhy platforms [93].  

Our approach may be developed for further understanding of motion perception in the clinical 
neuroscience scenario. For potential applicability in medical settings, a mathematical framework needs 
to be developed which can model the modulation and alteration of the perception of a moving object 
as the neurotransmitter levels change due to a neurological disorder. Next, for validation of the 
mathematical framework, experiments which can simultaneously measure motion perception and 
neurotransmitter levels need to be devised and performed on normal healthy controls, along with 
patients. Indeed, behavioral experiments can be readily planned to measure the perception of moving 
stimuli. Furthermore, radiological techniques such as positron emission tomography (PET) [94] and 
magnetic resonance spectroscopy (MRS) [95] can be used for quantitative evaluation of the 
neurotransmitter levels in individuals, wherein the accuracy of the assessment can be  upgraded by 
analysis modules such as Clinica module (for PET) [96] or FMRIB Software Library (FSL)-MRS 
system (for spectroscopy) [97]. This is an area that we will pursue in a future investigation. To sum 
up, we note that there may be an appreciable implication of the methodology of our study to the 
experimental aspects of clinical neuroscience. 
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