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Abstract: In this paper, we analyze the bifurcation of a Holling-Tanner predator-prey model with
strong Allee effect. We confirm that the degenerate equilibrium of system can be a cusp of codimen-
sion 2 or 3. As the values of parameters vary, we show that some bifurcations will appear in system. By
calculating the Lyapunov number, the system undergoes a subcritical Hopf bifurcation, supercritical
Hopf bifurcation or degenerate Hopf bifurcation. We show that there exists bistable phenomena and
two limit cycles. By verifying the transversality condition, we also prove that the system undergoes
a Bogdanov-Takens bifurcation of codimension 2 or 3. The main conclusions of this paper comple-
ment and improve the previous paper [30]. Moreover, numerical simulations are given to verify the
theoretical results.
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1. Introduction

Analyzing the dynamics of predator-prey models is of great importance in mathematical ecology for
studying, interpreting and predicting species evolution, growth and interactions. It is well known that
different types of biological models, exhibit great different dynamic behavior. Many authors discuss
various types of predator-prey systems with hunting cooperation [1], Holling-Tanner [2, 3], stochastic
[4,5], and study their stability [6,7] and bifurcation [8–11]. One of the classical Leslie-Gower predator-
prey model is

ẋ = rx
(
1 −

x
K

)
− H(x)y,

ẏ = sy
(
1 −

y
nx

)
,

(1.1)
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which was proposed by [12] and [13] to describe the relationship between predator and prey, where x
and y represent population densities of prey and predator respectively, r and K are the intrinsic growth
rate and the environmental capacity of the prey respectively, s is intrinsic growth rate of the predator at
time t, n is a measure of the quality of the prey as food for the predator, H(x) represents the functional
response which is a key element to describe the number of predator consuming prey per unit time.
The Leslie-Gower predator-prey model with Allee effect [14, 15] and generalist predator [16, 17], or
modified Leslie-Gower predator-prey model [18–20] have been widely adopted in the biological model
domains.

Functional responses play an important role in predator-prey systems and describe the transforma-
tion of organisms from lower to higher trophic levels in the biological chain. The differences in the
dynamical behavior of predator-prey systems are partly attributable to the functional responses chosen.
Three main types of functional responses were proposed in [21]: Holling Type I is a linear increasing
function corresponding to lower animals, Holling Type II is hyperbolic in form corresponding to in-
vertebrate and Holling Type III is sigmoid corresponding to vertebrate. Sáez and González-Olivares
in [22] proposed the following Leslie-Gower predator-prey model with Holling Type II functional re-
sponse

ẋ = rx
(
1 −

x
K

)
−

qxy
x + e

,

ẏ = sy
(
1 −

y
nx

)
,

(1.2)

where q represents the maximum capture rate per capita and e is half of the saturated response level.
They investigated the stability and bifurcation of system (1.2), and showed that local asymptotic sta-
bility of a positive equilibrium point does not imply global stability.

The Allee effect is an ecological phenomenon that describes population size and fitness [23–25].
In [26], the authors researched deeply a predator-prey system with strong Allee effect and Holling
Type I functional response, and provided insights that system has a weak focus of order at least two.
Furthermore, the authors explained the collapse of the positive equilibria is a cusp of codimension
2. In [27], they proposed a ratio-dependent Leslie-Gower predator-prey model with the Allee effect
and fear effect on prey, and investigated the saddle-node bifurcation, degenerate Hopf bifurcation, and
Bogdanov-Takens bifurcation. Martinez-Jeraldo and Aguirre analyzed multiplicative Allee effect and
Holling Type I functional response, gave a concrete proof of a subcritical Hopf bifurcation or super-
critical Hopf bifurcation, and performed a numerical simulation to prove the existence of a Bogdanov-
Takens bifurcation (see [28]). In [29], they studied the stability and bifurcation of a Leslie-Gower
predation model with Allee effect and an alternative food source.

Inspired by [22], the authors [30] studied a Holling-Tanner predator-prey model with strong Allee
effect (0 < m < K) on prey as follows:

ẋ = rx
(
1 −

x
K

)
(x − m) −

qxy
x + e

,

ẏ = sy
(
1 −

y
nx

)
.

(1.3)
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For simplicity, making some substitutions

x = Ku, y = nKv, τ =
rK

u
(
u + e

K

) t,

A =
e
K
, S =

s
rK

, Q =
nq
rK

, M =
m
K
,

(1.4)

and still denoting τ by t, system (1.3) is topological equivalent to system

u̇ = u2[(u + A)(1 − u)(u − M) − Qv
]
,

v̇ = S v(u + A)(u − v),
(1.5)

where M,Q, S are positive constants.
The authors [30] proved the boundedness of system (1.5), and discussed the existence and stability

of the equilibrium. They demonstrated the existence of separation lines in the phase plane separating
basins of attraction associated with species extinction and coexistence. The author discussed numerous
potential bifurcations such as saddle-node, Hopf, and Bogdanov-Takens bifurcations. However, they
did not give a detailed proof of Hopf bifurcation and Bogdanov-Takens bifurcation.

Hence, in this paper, we also want to consider system (1.5), where the existence of positive equi-
libria are determined by third order polynomial, which makes the research more difficult. Using the
different method with [30], we want to investigate the existence and stability of the system, and give
the rigorous proof of Hopf bifurcation and Bogdanov-Takens bifurcation. We show that there exists
bistable phenomena and two limit cycles in system (1.5).

The paper is organized as follows. In Section 2, the existence of equilibria are discussed. In Section
3, we focus on the stability and bifurcations of system (1.5), such as Hopf bifurcation and Bogdanov-
Takens bifurcation. In Section 4, we give the proof of the Theorems. In Section 5, we give some
numerical simulations to show the feasibility of main results. We give a brief summary in the last
section.

2. Existence of equilibria

We denote the domain of system (1.5) in phase plane

Ω = {(u, v) ∈ R2 | 0 ≤ u ≤ 1, 0 ≤ v ≤ 1}.

From Theorem 2 [30], the solutions of system (1.5) are ultimately upper bounded and eventually end
up in Ω with initial values u(0) ≥ 0 and v(0) ≥ 0.

Apparently, system (1.5) has three boundary equilibria (0, 0), (1, 0) and (M, 0). From [30], the
origin (0, 0) of system (1.5) is a non-hyperbolic attractor, (1, 0) is a hyperbolic saddle and (M, 0) is a
hyperbolic repeller.

The positive equilibria satisfies:

(u + A)(1 − u)(u − M) − Qv = 0,
v = u.

(2.1)

Substituting v = u into the first equation of (2.1), we get

f (u) , u3 − (M + 1 − A)u2 − (AM + A − Q − M)u + AM = 0,
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and the derivative of f (u) is

f ′(u) = 3u2 − 2(M + 1 − A)u − (AM + A − Q − M).

Denote

Q∗ =
(A + M)2 + (1 + A)(1 − M)

3
.

When Q < Q∗, the equation f ′(u) = 0 has two real roots,

u =
M + 1 − A −

√
3Q∗ − 3Q

3
and u =

M + 1 − A +
√

3Q∗ − 3Q
3

.

Clearly, when Q ≥ Q∗, the equation f (u) = 0 has no positive root, that is system (1.5) has no positive
equilibrium.

Note that M+1−A
3 < 1 and f ′(1) = (1 − M)(1 + A) + Q > 0, then u < 1 if Q < Q∗. By computation,

f (1) = Q > 0. Therefore, the positive solution of equation f (u) = 0 is in the interval (0, 1).
Our next discussion is only under Q < Q∗. If u ≤ 0 or u > 0 and f (u) > 0, it is obvious that system

(1.5) has no positive equilibrium. If u > 0 and f (u) = 0, equation f (u) = 0 has a unique positive real
root u∗, that is system (1.5) has a unique equilibrium E∗ = (u∗, u∗). If u > 0 and f (u) < 0, equation
f (u) = 0 has two positive distinct real roots u1,2 (letting u1 < u2), which implies that system (1.5) has
two positive equilibria E1,2 = (u1,2, u1,2).

Hence, we obtain the following theorem.

Theorem 2.1. The existence of positive equilibria of system (1.5) is classified as follows.
(1) System (1.5) has a unique equilibrium E∗ = (u∗, u∗) if Q < Q∗, u > 0 and f (u) = 0.
(2) System (1.5) has two positive equilibria E1 = (u1, u1) and E2 = (u2, u2) if Q < Q∗, u > 0 and

f (u) < 0.
(3) System (1.5) has no positive equilibrium if one of the following conditions holds:

(i) Q ≥ Q∗; (ii) Q < Q∗, u ≤ 0; (iii) Q < Q∗, u > 0 and f (u) > 0.

In order to investigate the stability of the positive equilibria, we get the Jacobian matrix of system
(1.5) at any positive equilibria and obtain

JE =

[
u2[ − 3u2 − 2(A − M − 1)u + AM + A − M

]
−u2Q

S (u + A)u −S (u + A)u

]
.

The determinant and trace of JE are respectively given by

Det
(
JE

)
= S u3(u + A)

[
3u2 − 2(M + 1 − A)u − (AM + A − Q − M)

]
= S u3(u + A) f ′(u)

and
Tr

(
JE

)
= u2

[
−3u2 − 2(A − M − 1)u + AM + A − M

]
− S (u + A)u.

The property of eigenvalues of JE plays a crucial role in determining the dynamics of each equilibria. In
addition, equilibrium E(u, u) of system (1.5) is an elementary equilibrium (a degenerate equilibrium,
respectively) when Det

(
JE

)
, 0 (= 0, respectively). From the derivative property of f (u), we have

f ′(u∗) = 0, f ′(u1) < 0 and f ′(u2) > 0. Hence, the positive equilibria E∗ is a degenerate equilibrium
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since Det
(
JE∗

)
= 0. The positive equilibria E1 and E2 respectively are a hyperbolic saddle and an

elementary equilibrium on account of Det
(
JE1

)
< 0 and Det

(
JE2

)
> 0.

According to f ′(u∗) = 0, the Jacobian matrix at E∗ can be simplified to

JE∗ =

[
Qu2
∗ −Qu2

∗

S (u∗ + A)u∗ −S (u∗ + A)u∗

]
,

and the trace of JE∗ is
Tr

(
JE∗

)
= u∗[Qu∗ − S (u∗ + A)].

From Det
(
JE∗

)
= 0, Tr

(
JE∗

)
= 0 and f (u∗) = 0, we can express S , A and Q by u∗ and M as follows:

S = (1 − u∗)(u∗ − M), A =
u2
∗(M − 2u∗ + 1)

u2
∗ − M

, Q =
(u∗ − 1)2(u∗ − M)2

u2
∗ − M

. (2.2)

Since S > 0, A > 0 and Q > 0, the degenerate equilibrium E∗ of system (1.5) satisfies the condition

√
M < u∗ <

M + 1
2

.

Lemma 2.1. [31] The system

ẋ = y + Ax2 + Bxy + Cy3 + o(|x, y|2),
ẏ = Dx2 + Exy + Fy2 + o(|x, y|2),

is equivalent to the system
ẋ = y,
ẏ = Dx2 + (E + 2A)xy + o(|x, y|2),

by some nonsingular transformations in the neighborhood of (0, 0).

Lemma 2.2. [31] The system

ẋ = y,
ẏ = x2 + a30x3 + a40x4 + y(a21x2 + a31x3) + y2(a12x + a22x2) + o(|x, y|4),

is equivalent to the system
ẋ = y,
ẏ = x2 + Gx3y + o(|x, y|4),

by some nonsingular transformations in the neighborhood of (0, 0), where G = a31 − a30a21.

3. Main results

3.1. Stability of equilibria

If (2.2) and
√

M < u∗ < M+1
2 hold, it’s easy to verify that the conditions of Theorem 2.1 (1) hold,

that is E∗ exists. Then the following theorem shows that the degenerate equilibrium E∗ is a cusp of
codimension 2 or 3.

Define

u2∗ =
M2 + 10M + 1 +

√
(M − 1)2(M2 − 14M + 1)

6(M + 1)
.
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Theorem 3.1. If (2.2) and
√

M < u∗ < M+1
2 are satisfied, the degenerate equilibrium E∗ is

(1) a cusp of codimension 2 if M ∈
(
0, 7 − 4

√
3
)

and u∗ , u2∗, or M ∈
[
7 − 4

√
3, 1

)
;

(2) a cusp of codimension 3 if M ∈
(
0, 7 − 4

√
3
)

and u∗ = u2∗.

Now, we give the stability of the positive equilibria E1 and E2.

Theorem 3.2. If condition (2) in Theorem 2.1 holds, system (1.5) has two positive equilibria E1 and
E2, where E1 is always a hyperbolic saddle, and E2 is

(1) unstable if 0 < S < S ∗;
(2) stable if S > S ∗ > 0 or S ∗ ≤ 0;
(3) may be a center or fine focus if S = S ∗ > 0,

where S ∗ =
u2[−3u2

2−2(A−M−1)u2+AM+A−M]
u2+A .

3.2. Hopf bifurcation

In this subsection, we will investigate the Hopf bifurcation of system (1.5). When condition (2) of
Theorem 2.1 holds, system (1.5) has two different positive equilibria. From Theorem 3.2, E1 is always
a hyperbolic saddle, and E2 is a repeller or an attractor which depends on the sign of Tr

(
JE2

)
. Changing

the sign of Tr
(
JE2

)
, the stability of E2 will change as well. In this section, we consider the condition

Tr
(
JE2

)
= 0, which implies that system (1.5) may exist a Hopf bifurcation around E2. In the process of

calculating of the first-order Lyapunov number, we use the following transformation (see [33] and [34])

u =
u
u2
, v =

v
u2
, t = u4

2t,

A =
A
u2
, a =

1
u2
, M =

M
u2
, Q =

Q
u2

2

, S =
S
u2

2

.
(3.1)

Dropping the bar, system (1.5) has the following form

u̇ = u2[(u + A)(a − u)(u − M) − Qv
]
,

v̇ = S v(u + A)(u − v),
(3.2)

where A, Q, S are all positive constants and M < 1 < a. Because E2(1, 1) is an equilibrium of system
(3.2), we have Q = (A + 1)(a − 1)(1 − M). Hence system (3.2) becomes

u̇ = u2[(u + A)(a − u)(u − M) − (A + 1)(a − 1)(1 − M)v
]
,

v̇ = S v(u + A)(u − v).
(3.3)

Define

S ∗ =
(A + 2 − a)M + (A + 2)a − (2A + 3)

1 + A
.

The Jacobian matrix of system (3.3) at E2(1, 1) is

JE2
=

[
S ∗(A + 1) −(A + 1)(a − 1)(1 − M)
S (A + 1) −S (A + 1)

]
.
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The determinant and trace of JE2
are respectively

Det
(
JE2

)
= S (1 + A)(A + 2 − a − M(1 + Aa))

and
Tr

(
JE2

)
= (A + 1)(S ∗ − S ).

If M < A+2−a
Aa+1 , M1 and 1 < a < A + 2, then Det

(
JE2

)
> 0. Then the stability of E2 is determined

by the sign of Tr
(
JE2

)
. If S ∗ ≤ 0, i.e., 0 < M ≤

2A+3−(A+2)a
A+2−a , M2 and 1 < a < 2A+3

A+2 , we obtain
Tr

(
JE2

)
< 0. If S ∗ > 0, i.e., M2 < M < M1 and 1 < a < 2A+3

A+2 or 0 < M < M1 and 2A+3
A+2 ≤ a < A + 2,

then Tr
(
JE2

)
> 0 (= 0, < 0, respectively) when S < S ∗ (= S ∗, > S ∗, respectively). To summarize the

above discussion, we have the following theorem.

Theorem 3.3. The stability of the equilibrium E2 of system (3.3) is classified as follows.
(1) E2 is a stable hyperbolic focus or a node if one of the following conditions holds:

(i) 0 < M ≤ M2 and 1 < a < 2A+3
A+2 ;

(ii) M2 < M < M1, 1 < a < 2A+3
A+2 and S > S ∗;

(iii) 0 < M < M1, 2A+3
A+2 ≤ a < A + 2 and S > S ∗.

(2) E2 is an unstable hyperbolic focus or a node if one of the following conditions holds:
(i) M2 < M < M1, 1 < a < 2A+3

A+2 and S < S ∗;
(ii) 0 < M < M1, 2A+3

A+2 ≤ a < A + 2 and S < S ∗.
(3) E2 is maybe a fine focus or center if one of the following conditions holds:

(i) M2 < M < M1, 1 < a < 2A+3
A+2 and S = S ∗;

(ii) 0 < M < M1, 2A+3
A+2 ≤ a < A + 2 and S = S ∗.

Remark 3.1. If 0 < M < M2 and 1 < a < 2A+3
A+2 , E2 is a stable hyperbolic focus or a node. Using the

transformations (1.4) and (3.1), the coefficients M, A and a of system (3.2) do not include the intrinsic
growth rate of predator s of the original system (1.3). Ecologically, when M and a are sufficiently
small, we take certain initial value that two species can coexist in the form of steady state independent
of the intrinsic growth rate of predator s.

When the case (3) of Theorem 3.3 are satisfied, system (3.3) will go through a Hopf bifurcation.
Let

R2 = (Mak − 5Ma + 2)A4 +
[
2k(3Ma − 1) − (Ma + 9)2 + 88

]
A3 +

[
6(Ma − 1)k + 6(1 − 3Ma)

]
A2

+ (M − a)2A2 +
[
(3Ma − 3)k − 9Ma + 1

]
A − M − a

with k = M + a − 1. We obtain the following theorem about the Hopf bifurcation.

Theorem 3.4. Assume that the case (3) of Theorem 3.3 are satisfied.
(1) System (3.3) undergoes a subcritical Hopf bifurcation and an unstable limit cycle appears

around E2 when R2 < 0.
(2) System (3.3) undergoes a supercritical Hopf bifurcation and a stable limit cycle appears around

E2 when R2 > 0.
(3) System (3.3) undergoes a degenerate Hopf bifurcation and multiple limit cycles may appear

around E2 when R2 = 0.
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3.3. Bogdanov-Takens Bifurcation

From Theorem 3.1, the degenerate equilibrium E∗ of system (1.5) is a cusp of codimension 2 or 3.
Hence, system (1.5) presumably exists a Bogdanov-Takens bifurcation of codimension 2 or 3. Then
we will choose appropriate bifurcation parameters to verify the existence of the Bogdanov-Takens
bifurcation.

When the equilibrium E∗ is a cusp of codimension 2, we select Q and S as bifurcation parameters,
and have the following theorem.

Theorem 3.5. Assume that condition (2.2) and
√

M < u∗ < M+1
2 are satisfied. If M ∈

(
0, 7− 4

√
3
)

and
u∗ , u2∗, or M ∈

[
7 − 4

√
3, 1

)
, the degenerate equilibrium E∗ of system (1.5) undergoes a Bogdanov-

Takens bifurcation of codimension 2.

Now, we give the saddle-node bifurcation curve, Hopf bifurcation curve and homoclinic bifurcation
curve of system (1.5) around E∗.

Theorem 3.6. Assume that condition (2.2) and
√

M < u∗ < M+1
2 are satisfied. If M ∈

(
0, 7− 4

√
3
)

and
u∗ , u2∗, or M ∈

[
7 − 4

√
3, 1

)
, system (1.5) undergoes a Bogdanov-Takens bifurcation of codimension

2 around the degenerate equilibrium E∗ when (λ1, λ2) in a small neighborhood of (0, 0). Moreover,
there are three bifurcation curves.

(1) When M ∈
(
0, 7 − 4

√
3
)

and u∗ ∈
(
u2∗,

M+1
2

)
, or M ∈

[
7 − 4

√
3, 1

)
,

S N+ = {(λ1, λ2)|λ1 = 0, λ2 > 0},
S N− = {(λ1, λ2)|λ1 = 0, λ2 < 0};

H = {(λ1, λ2)|λ1 = −
(u∗ − 1)2(u∗ − M)2(u3

∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2

+ o(|λ2|
2), λ2 > 0};

HL = {(λ1, λ2)|λ1 = −
49
25

(u∗ − 1)2(u∗ − M)2(u3
∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2

+ o(|λ2|
2), λ2 > 0}.

(2) When M ∈
(
0, 7 − 4

√
3
)

and u∗ ∈
(√

M, u2∗
)
,

S N+ = {(λ1, λ2)|λ1 = 0, λ2 < 0},
S N− = {(λ1, λ2)|λ1 = 0, λ2 > 0};

H = {(λ1, λ2)|λ1 = −
(u∗ − 1)2(u∗ − M)2(u3

∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2

+ o(|λ2|
2), λ2 < 0};

HL = {(λ1, λ2)|λ1 = −
49
25

(u∗ − 1)2(u∗ − M)2(u3
∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2

+ o(|λ2|
2), λ2 < 0}.

S N, H and HL are respectively a saddle-node bifurcation curve, a Hopf bifurcation curve and a
homoclinic bifurcation curve of system (1.5) around E∗.
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Now we assume that the equilibrium E∗ is a cusp of codimension 3, and select M, Q and S as
bifurcation parameters. In the next theorem, we prove system (1.5) undergoes a Bogdanov-Takens
bifurcation of codimension 3 in a small parameter disturbance.

Theorem 3.7. Assume that condition (2.2) and
√

M < u∗ < M+1
2 are satisfied. If M ∈

(
0, 7− 4

√
3
)

and
u∗ = u2∗, the degenerate equilibrium E∗ of system (1.5) undergoes a Bogdanov-Takens bifurcation of
codimension 3.

4. Proof of Theorems

Proof of Theorem 3.1. When S = (1− u∗)(u∗ −M), A =
u2
∗(M+1−2u∗)

u2
∗−M and Q =

(u∗−1)2(M−u∗)2

u2
∗−M , we move

E∗ to the origin via the transformation x = u − u∗ and y = v − u∗. Then we have a Taylor expansion at
the origin and get a new system

ẋ = a10x + a01y + a20x2 + a11xy + a02y2 + o(|x, y|2),
ẏ = b10x + b01y + b20x2 + b11xy + b02y2 + o(|x, y|2),

(4.1)

where the coefficients are given in Appendix A.
Next, we make a substitution x = a01x1 and y = −a10x1 + y1, then system (4.1) becomes

ẋ1 = y1 + c20x2
1 + c11x1y1 + c02y2

1 + o(|x1, y1|
2),

ẏ1 = d20x2
1 + d11x1y1 + d02y2

1 + o(|x1, y1|
2),

(4.2)

where the coefficients are given in Appendix A.
By Lemma 2.1, we get the equivalent system of (4.2) as follows:

ẋ1 = y1,

ẏ1 = e20x2
1 + e11x1y1 + o(|x1, y1|

2),
(4.3)

where

e20 =
u6
∗(u∗ − 1)4(u∗ − M)4(u3

∗ − 3Mu∗ + M2 + M)
(u2
∗ − M)3

and

e11 =
u4
∗(u∗ − 1)2(u∗ − M)2

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]

(u2
∗ − M)2 .

When
√

M < u∗ < M+1
2 , u6

∗(u∗−1)4(u∗−M)4

(u2
∗−M)3 , 0. Hence, the sign of e20 is depends on u3

∗−3Mu∗+M2 +M.
Denote

h(u∗) = u3
∗ − 3Mu∗ + M2 + M,

h′(u∗) = 3
(
u∗ −

√
M

)(
u∗ +

√
M

)
.

Clearly, h′(u∗) > 0 if
√

M < u∗ < M+1
2 . Note that h

(√
M

)
= M(

√
M − 1)2 > 0, then h(u∗) , 0, which

implies e20 , 0.
Note that u4

∗(u∗−1)2(u∗−M)2

(u2
∗−M)2 , 0 if

√
M < u∗ < M+1

2 . To determining the sign of e11, we let

g(u∗) = 3(M + 1)u2
∗ − (M2 + 10M + 1)u∗ + 3M(M + 1). (4.4)
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The discriminant of the equation g(u∗) = 0 is

∆(M) = (M − 1)2(M2 − 14M + 1).

Since M ∈ (0, 1), a solution of ∆(M) = 0 is given by M1 = 7 − 4
√

3.
If M ∈

(
0, 7 − 4

√
3
)
, then ∆(M) > 0, which implies that the equation g(u∗) = 0 has two different

positive real roots

u1∗ =
M2 + 10M + 1 −

√
∆(M)

6(M + 1)
and u2∗ =

M2 + 10M + 1 +
√

∆(M)
6(M + 1)

.

By calculation, we have g(
√

M) = −
√

M(
√

M − 1)2(M − 4
√

M + 1) < 0 and g( M+1
2 ) =

(M+1)(M−1)2

4 > 0.
Then, only u2∗ ∈

(√
M, M+1

2

)
. When u∗ , u2∗, we have g(u∗) , 0, i.e., e11 , 0.

If M = 7− 4
√

3, the equation g(u∗) = 0 has one positive real root u∗∗ = 2−
√

3 =
√

M, i.e., e11 , 0.
If M ∈

(
7 − 4

√
3, 1

)
, we have ∆(M) < 0. Clearly, g(u∗) , 0, i.e., e11 , 0.

Hence, by the result in [32], E∗ is a cusp of codimension 2 if M ∈
(
0, 7 − 4

√
3
)

and u∗ , u2∗, or
M ∈

[
7 − 4

√
3, 1

)
(see Figures 1(a) and 1(b)).

On the other hand, if M ∈
(
0, 7− 4

√
3
)

and u∗ = u2∗, we obtain e11 = 0. Then system (4.1) becomes

ẋ = a10x + a01y + a20x2
+ a11x y + a30x3

+ a21x2y + a40x4
+ o(|x, y|4),

ẏ = b10x + b01y + b20x2
+ b11x y + b02y2

+ b21x2y + b12x y2,
(4.5)

where the coefficients are given in Appendix A.
Employing the transformation

x1 = x,
y1 = a10x + a01y + a20x2

+ a11x y + a30x3
+ a21x2y + a40x4

+ o(|x, y|4),

system (4.5) can be written as

ẋ1 = y1,

ẏ1 = c20x2
1 + c02y2

1 + c30x3
1 + c12x1y2

1 + c21x2
1y1 + c40x4

1 + c31x3
1y1 + c22x2

1y2
1 + o(|x1, y1|

4),
(4.6)

where the coefficients are given in Appendix A.
Next, introducing a new time variable dt = (1 − c02x1)dτ, and rewriting τ as t, we have

ẋ1 = y1(1 − c02x1),
ẏ1 =

[
c20x2

1 + c02y2
1 + c30x3

1 + c12x1y2
1 + c21x2

1y1 + c40x4
1 + c31x3

1y1 + c22x2
1y2

1 + o(|x1, y1|
4)
]

(1 − c02x1).
(4.7)

Making transformation x2 = x1 and y2 = y1(1 − c02x1) once more, we obtain

ẋ2 = y2,

ẏ2 = d20x2
2 + d30x3

2 + d21x2
2y2 + d12x2y2

2 + d40x4
2 + d31x3

2y2 + d22x2
2y2

2 + o(|x2, y2|
4),

(4.8)

where

d20 = c20, d30 = c30 − 2c02c20, d12 = c12 − c2
02, d21 = c21,

d40 = c40 + c20c2
02 − 2c02c30, d22 = c22 − c2

02, d31 = c31 − c02c21.
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Similar to the analysis of e20, when
√

M < u∗ < M+1
2 , we have

d20 = −
u4

2∗(u2∗ − 1)2(u2∗ − M)2(u3
2∗ − 3Mu2∗ + M2 + M)

(u2
2∗ − M)2

< 0.

Making the change of variable

x3 = −x2, y3 =
y2

−

√
−d20

, τ =

√
−d20t,

and rewriting τ as t, system (4.8) turns to

ẋ3 = y3,

ẏ3 = x2
3 + e30x3

3 + e40x4
3 + y3(e21x2

3 + e31x3
3) + y2

3(e12x3 + e22x2
3) + o(|x3, y3|

4),
(4.9)

where

e30 = −
d30

d20

, e12 = d12, e21 =
d21√
−d20

, e40 =
d40

d20

, e22 = −d22, e31 = −
d31√
−d20

.

By Lemma 2.2, system (4.9) is equivalent to

ẋ3 = y3,

ẏ3 = x2
3 + Gx2

3y3 + o(|x3, y3|
4),

(4.10)

where G = e31 − e30e21. After a brief calculation, we have

G = −
R1

u2∗(u2∗ − 1)2(u2∗ − M)2(u3
2∗ − 3u2∗M + M2 + M)

3
2

with

R1 = 8u7
2∗ − 3(M + 1)u6

2∗ − 48Mu5
2∗ + 37M(M + 1)u4

2∗ − 8M(M2 − 5M + 1)u3
2∗ − 57M2(M + 1)u2

2∗

+ 20M2(M + 1)2u2∗ − M2(2M + 1)(M + 2)(M + 1).

Note that
−

1

u2∗(u2∗ − 1)2(u2∗ − M)2(u3
2∗ − 3u2∗M + M2 + M)

3
2

, 0,

when M ∈
(
0, 7−4

√
3
)

and
√

M < u2∗ <
M+1

2 . Therefore the sign of G is related to R1. As we observed
in Figure 2, we have R1 < 0 if M ∈

(
0, 7 − 4

√
3
)
, that is G , 0. Our results demonstrate that E∗ is

a cusp of codimension 3 if M ∈
(
0, 7 − 4

√
3
)

and u∗ = u2∗ (see Figures 1(c) and 1(d)). The proof is
completed.

Proof of Theorem 3.2. The equilibrium E1 is a hyperbolic saddle is driven by Det
(
JE1

)
< 0. Notice

that Det
(
JE2

)
> 0 and

Tr
(
JE2

)
= u2(u2 + A)(S ∗ − S ).
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Figure 1. Phase portraits of system (1.5). (a) When A = 24.2, Q = 5.0625, S = 0.1125,
and M = 0.3, E∗(0.55, 0.55) is a cusp of codimension 2. (b) Amplified phase portrait of (a).
(c) When A = 9

5 , Q = 343
300 , S = 49

300 , and M = 1
15 , E∗( 3

10 ,
3
10 ) is a cusp of codimension 3. (d)

Amplified phase portrait of (c).

Figure 2. The value of M is in the interval
(
0, 7 − 4

√
3
)
. The green curve represents R1.
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When S ∗ ≤ 0, it is clear Tr
(
JE2

)
< 0, which implies E2 is a hyperbolic stable node. When S ∗ >

0, obviously, E2 is unstable (stable, a center or fine focus, respectively) if S < S ∗ (> S ∗, = S ∗,
respectively). The proof is completed.

Proof of Theorem 3.4. Obviously,

d
dS

Tr
(
JE2

)
= −(A + 1) , 0,

which satisfies the condition for the occurrence of Hopf bifurcation. Next we will calculate the first-
order Lyapunov number which can determine the stability of limit cycle around E2.

First, we make the change to convert E2 to the origin by x̃ = u − 1 and ỹ = v − 1. We have a Taylor
expansion at the origin and system (3.3) becomes

˙̃x = ã10 x̃ + ã01̃y + ã20 x̃2 + ã11 x̃̃y + ã02̃y2 + ã30 x̃3 + ã21 x̃2̃y + ã12 x̃̃y2 + ã03̃y3 + (o|x̃, ỹ|3),
˙̃y = b̃10 x̃ + b̃01̃y + b̃20 x̃2 + b̃11 x̃̃y + b̃02̃y2 + b̃30 x̃3 + b̃21 x̃2̃y + b̃12 x̃̃y2 + b̃03̃y3 + (o|x̃, ỹ|3),

(4.11)

where the coefficients are given in Appendix B.
On account of

E = ã10b̃01 − ã01b̃10 = S ∗(1 + A)(A + 2 − a − M(1 + Aa)) > 0,

we make a change of variables

(x̃, ỹ) =

(
−

ã01
√

E
ã2

10 + E
x̃1 −

ã10ã01

ã2
10 + E

ỹ1, ỹ1

)
.

System (4.11) becomes the following system

˙̃x1 = −
√

Eỹ1 + c̃20 x̃2
1 + c̃11 x̃1̃y1 + c̃02̃y2

1 + c̃30 x̃3
1 + c̃21 x̃2

1ỹ1 + c̃12 x̃1̃y2
1 + c̃03̃y3

1 + (o|x̃1, ỹ1|
3),

˙̃y1 =
√

Ex̃1 + d̃20 x̃2
1 + d̃11 x̃1̃y1 + d̃02̃y2

1 + d̃30 x̃3
1 + d̃21 x̃2

1ỹ1 + d̃12 x̃1̃y2
1 + d̃03̃y3

1 + (o|x̃1, ỹ1|
3),

(4.12)

where the coefficients are given in Appendix B.
Subsequently, the first-order Lyapunov number in [32] at E2 is

l1 = −
R2

8(1 + A)2(A + 2 − a − M(1 + Aa))
.

The sign of l1 is depends on R2 since 8(1 + A)2(A + 2 − a − M(1 + Aa)) > 0. For specific conclusions,
we can refer to Theorem 3.4. The proof is completed.

Proof of Theorem 3.5. Denote (S 0, A0,Q0) =
(
(1−u∗)(u∗−M), u2

∗(M+1−2u∗)
u2
∗−M , (u∗−1)2(u∗−M)2

u2
∗−M

)
. Replacing

Q0 and S 0 with Q0 + λ1 and S 0 + λ2, and substituting them into (1.5), we can obtain a new system

u̇ = u2[(u + A0)(1 − u)(u − M) − (Q0 + λ1)v
]
,

u̇ = (S 0 + λ2)(u + A0)(u − v)v,
(4.13)

where (λ1, λ2) is a parameter vector in a small neighborhood of (0, 0).
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The first step, in order to move E∗ to the origin, we make a transformation x̂ = u−u∗ and ŷ = v−u∗,
and obtain

˙̂x = â00 + â10 x̂ + â01̂y + â20 x̂2 + â11 x̂̂y + â02̂y2 + P1(x̂, ŷ, λ),
˙̂y = b̂00 + b̂10 x̂ + b̂01̂y + b̂20 x̂2 + b̂11 x̂̂y + b̂02̂y2 + P2(x̂, ŷ, λ),

(4.14)

where the coefficients are given in Appendix C and P1(x̂, ŷ, λ), P2(x̂, ŷ, λ) are C∞ functions at least of
third with respect to (x̂, ŷ).

The second step, letting

x̂1 = x̂,
ŷ1 = â00 + â10 x̂ + â01̂y + â20 x̂2 + â11 x̂̂y + â02̂y2 + P1(x̂, ŷ, λ),

system (4.14) can be written as

˙̂x1 = ŷ1,
˙̂y1 = ĉ00 + ĉ10 x̂1 + ĉ01̂y1 + ĉ20 x̂2

1 + ĉ11 x̂1̂y1 + ĉ02̂y2
1 + P3(x̂1, ŷ1, λ),

(4.15)

where the coefficients are given in Appendix C and P3(x̂1, ŷ1, λ) is a C∞ function at least of third with
respect to (x̂1, ŷ1).

The third step, taking dt = (1− ĉ02 x̂1)dτ, x̂2 = x̂1 and ŷ2 = (1− ĉ02 x̂1)̂y1, system (4.15) is equivalent
to

˙̂x2 = ŷ2,
˙̂y2 = d̂00 + d̂10 x̂2 + d̂01̂y2 + d̂20 x̂2

2 + d̂11 x̂2̂y2 + P4(x̂2, ŷ2, λ),
(4.16)

where

d̂00 = ĉ00, d̂10 = ĉ10 − 2̂c00̂c02, d̂01 = ĉ01,

d̂20 = ĉ20 + ĉ00̂c2
02 − 2̂c02̂c10, d̂11 = ĉ11 − ĉ01̂c02,

and P4(x̂2, ŷ2, λ) is a C∞ function at least of third with respect to (x̂2, ŷ2).
If
√

M < u∗ < M+1
2 , we have

d̂20 = −
u4
∗(u∗ − M)2(u∗ − 1)2(u3

∗ − 3u∗M + M2 + M)
(u2
∗ − M)2 + O(λ) < 0,

where λ1 and λ2 are sufficiently small.
The fourth step, applying the following transformation

x̂3 = x̂2, ŷ3 =
ŷ2√
−d̂20

, τ =

√
−d̂20t

and still regarding τ as t, system (4.16) has the following form

˙̂x3 = ŷ3,
˙̂y3 = ê00 + ê10 x̂3 + ê01̂y3 − x̂2

3 + ê11 x̂3̂y3 + P5(x̂3, ŷ3, λ),
(4.17)

where

ê00 = −
d̂00

d̂20

, ê10 = −
d̂10

d̂20

, ê01 =
d̂01√
−d̂20

, ê11 =
d̂11√
−d̂20

,
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and P5(x̂3, ŷ3, λ) is a C∞ function at least of third with respect to (x̂3, ŷ3).
The fifth step, making a transformations x̂4 = x̂3 −

ê11
2 and ŷ4 = ŷ3, system (4.17) turns to

˙̂x4 = ŷ4,
˙̂y4 = f̂00 + f̂10 x̂4 + f̂01̂y4 − x̂2

4 + f̂11 x̂4̂y4 + P6(x̂4, ŷ4, λ),
(4.18)

where

f̂00 = ê00 +
ê2

10

4
, f̂01 = ê01 +

ê10̂e11

2
, f̂11 = ê11,

and P6(x̂4, ŷ4, λ) is a C∞ function at least of third with respect to (x̂4, ŷ4).
Noting that λ1 and λ2 are sufficiently small, we obtain

f̂11 = −
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)

(u∗ − M)
√

u3
∗ − 3u∗M + M2 + M

+ O(λ) , 0,

when
√

M < u∗ < M+1
2 and u∗ , u2∗.

The last step, replacing

x̂5 = − f̂ 3
11 x̂4, ŷ5 = f̂ 3

11̂y4, τ = −
t

f̂11

and rewriting τ as t, we get the universal unfolding of system (4.13)

˙̂x5 = ŷ5,
˙̂y5 = µ1 + µ2̂y5 + x̂2

5 + x̂5̂y5 + P7(x̂5, ŷ5, λ),
(4.19)

where

µ1 = − f̂00 f̂ 4
11, µ2 = − f̂01 f̂11,

and P7(x̂5, ŷ5, λ) is a C∞ function at least of third with respect to (x̂5, ŷ5).
We express µ1 and µ2 in terms of λ1 and λ2 as follows:

µ1 = σ1λ1 + σ2λ2 + o(|λ1, λ2|),
µ2 = ψ1λ1 + ψ2λ2 + o(|λ1, λ2|),

where the coefficients are given in Appendix C.
Note that∣∣∣∣∣∂(µ1, µ2)

∂(λ1, λ2)

∣∣∣∣∣
λ1=λ2=0

=
u∗(u2

∗ − M)
[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]5

(u∗ − 1)5(u∗ − M)5(u3
∗ − 3u∗M + M2 + M)4 , 0,

when
√

M < u∗ < M+1
2 , for M ∈

(
0, 7 − 4

√
3
)

and u∗ , u2∗, or M ∈
[
7 − 4

√
3, 1

)
.

Refer to [32], system (4.13) goes through a Bogdanov-Takens bifurcation of codimension 2 when
(λ1, λ2) in a small neighborhood of (0, 0). Trajectory topological classifications of Bogdanov-Takens
bifurcation of codimension 2 of system (4.13), see Figure 5. The proof is completed.
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Proof of Theorem 3.6. The local bifurcation curve as in [32] is given by the following expression.
(i) The saddle-node bifurcation curve:

S N+ = {(λ1, λ2) : µ1(λ1, λ2) = 0, µ2(λ1, λ2) > 0},

S N− = {(λ1, λ2) : µ1(λ1, λ2) = 0, µ2(λ1, λ2) < 0};

(ii) The Hopf bifurcation curve:

H = {(λ1, λ2) : µ1(λ1, λ2) < 0, µ2(λ1, λ2) =
√
−µ1(λ1, λ2)};

(iii) The homoclinic bifurcation curve:

HL = {(λ1, λ2) : µ1(λ1, λ2) < 0, µ2(λ1, λ2) =
5
7

√
−µ1(λ1, λ2)}.

Using the implicit function theorem, we can write λ1 and λ2 from µ1 = µ1(λ1, λ2, u∗,M) and µ2 =

µ2(λ1, λ2, u∗,M) in (4.19) as follows:

λ1 = s1µ1 + s2µ2 + o(|µ1, µ2|),

λ2 = s3µ1 + s4µ2 + o(|µ1, µ2|),
(4.20)

where

s1 =
(u∗ − 1)4(u∗ − M)4(u3

∗ − 3u∗M + M2 + M)3

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]4 ,

s2 = 0,

s3 = −
1
2

(u∗ − 1)2(u∗ − M)2(u3
∗ − 3u∗M + M2 + M)2Q9

u∗
[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]4 ,

s4 =
(u∗ − 1)(u∗ − M)(u3

∗ − 3u∗M + M2 + M)
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
,

where Q9 can be found in Theorem 3.5.
Now, we consider the case (1) of Theorem 3.6. When M ∈

(
0, 7 − 4

√
3
)

and u∗ ∈
(
u2∗,

M+1
2

)
, or

M ∈
[
7 − 4

√
3, 1

)
, we obtain s4 > 0.

We consider the saddle-node bifurcation curve Γ1 , µ1(λ1, λ2) = 0. By the implicit function theo-
rem, we obtain a unique function λ1(λ2) = 0 which satisfies λ1(0) = 0 and Γ1(λ1(λ2), λ2) = 0 since

∂Γ1

∂λ1

∣∣∣∣∣
λ=0

=
u∗(u2

∗ − M)
[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]4

(u∗ − 1)4(u∗ − M)4(u3
∗ − 3u∗M + M2 + M)3 , 0.

In addition, on the curve Γ1 = 0, it folllows from (4.20) that λ2 = s4µ2 + o(|µ2|). Then we obtain
λ2 > 0 (< 0) if µ2 > 0 (< 0). Hence, the saddle-node bifurcation curve can be expressed as

S N+ = {(λ1, λ2)|λ1 = 0, λ2 > 0},
S N− = {(λ1, λ2)|λ1 = 0, λ2 < 0}.
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The Hopf bifurcation curve is Γ2 , µ1(λ1, λ2) + µ2
2(λ1, λ2) = 0. Note that

∂Γ2

∂λ1

∣∣∣∣∣
λ=0

=
u∗(u2

∗ − M)
[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]4

(u∗ − 1)4(u∗ − M)4(u3
∗ − 3u∗M + M2 + M)3 , 0.

Thus, from the implicit function theorem, we can obtain a unique function

λ1 = −
(u∗ − 1)2(u∗ − M)2(u3

∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2 + o(|λ2|

2),

which satisfies λ1(0) = 0 and Γ2(λ1(λ2), λ2) = 0. On the curve Γ2 = 0, by (4.20), we obtain λ2 =

s4µ2 + o(|µ2|) and λ2 > 0 if µ2 > 0. Thus, it is easy to obtain a Hopf bifurcation curve

H = {(λ1, λ2)|λ1 = −
(u∗ − 1)2(u∗ − M)2(u3

∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2

+ o(|λ2|
2), λ2 > 0}.

Denote Γ3 ,
25
49µ1(λ1, λ2) + µ2

2(λ1, λ2) = 0 as the homoclinic bifurcation curve. Notice that

∂Γ3

∂λ1

∣∣∣∣∣
λ=0

=
25
49

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]4

(u∗ − 1)4(u∗ − M)4(u3
∗ − 3u∗M + M2 + M)3 , 0.

Using the implicit function theorem, there exists a unique function

λ1 = −
25
49

(u∗ − 1)2(u∗ − M)2(u3
∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2 + o(|λ2|

2)

satisfying λ1(0) = 0 and Γ3(λ1(λ2), λ2) = 0. Similarity, on the curve Γ3 = 0, we have λ2 = s4µ2 + o(|µ2|)
and λ2 > 0 if µ2 > 0. The homoclinic bifurcation curve can be expressed as

HL = {(λ1, λ2)|λ1 = −
49
25

(u∗ − 1)2(u∗ − M)2(u3
∗ − 3u∗M + M2 + M)

u∗(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]2λ

2
2

+ o(|λ2|
2), λ2 > 0}.

The proof of Theorem 3.6 (2) is similar to the above proof, so we omit the detail proof here. The
proof is completed.

Proof of Theorem 3.7. Denote (S 1, A1,Q1) =
(
− (u2∗ − 1)(u2∗ − M), u2

2∗(M+1−2u2∗)
u2

2∗−M , (u2∗−1)2(u2∗−M)2

u2
2∗−M

)
.

Replacing A1, Q1 and S 1 with A1 + ξ1, Q1 + ξ2 and S 1 + ξ3 respectively, and substituting them into
(1.5), we have the following system

u̇ = u2[(u + A1 + ξ1)(1 − u)(u − M) − (Q1 + ξ2)v
]
,

v̇ = (S 1 + ξ3)(u + A1 + ξ1)(u − v)v,
(4.21)

where (ξ1, ξ2, ξ3) is a parameter vector in a small neighborhood of (0, 0, 0).
Next, inspired by [35] and [36], we intend to discuss the universal unfolding of a Bogdanov-Takens

bifurcation of codimension 3.
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The first step, moving the equilibrium E∗ of system (1.5) to the origin via the translation X =

u − u2∗, Y = v − u2∗, system (4.21) is equivalent to

Ẋ = α00 + α10X + α01Y + α20X2 + α11XY + α30X3 + α21X2Y + α40X4 + O1(X,Y, ξ),
Ẏ = β10X + β01Y + β20X2 + β11XY + β02Y2 + β21X2Y + β12XY2,

(4.22)

where the coefficients are given in Appendix D and O1(X,Y, ξ) is a C∞ function at least of fifth with
respect to (X,Y).

The second step, letting

X1 = X,
Y1 = α00 + α10X + α01Y + α20X2 + α11XY + α30X3 + α21X2Y + α40X4 + O1(X,Y, ξ),

system (4.22) can be written as

Ẋ1 = Y1,

Ẏ1 = γ00 + γ10X1 + γ01Y1 + γ20X2
1 + γ11X1Y1 + γ02Y2

1 + γ30X3
1 + γ21X2

1Y1 + γ12X1Y2
1 + γ40X4

1
+γ31X3

1Y1 + γ22X2
1Y2

1 + O2(X1,Y1, ξ),
(4.23)

where the coefficients are given in Appendix D and O2(X,Y, ξ) is a C∞ function at least of fifth with
respect to (X1,Y1).

The third step, we let X1 = X2 +
γ02
2 and Y1 = Y2 + γ02X2Y2 to remove Y2

1 from Ẏ1. Then system
(4.23) can be converted to

Ẋ2 = Y2,

Ẏ2 = δ00 + δ10X2 + δ01Y2 + δ20X2
2 + δ11X2Y2 + δ30X3

2 + δ21X2
2Y2 + δ12X2Y2

2 + δ40X4
2

+δ31X3
2Y2 + R1(X2,Y2, ξ),

(4.24)

where the coefficients are given in Appendix D and

R1(X2,Y2, ξ) = Y2
2 O(|X2,Y2|

2) + O(|X2,Y2|
5) + O(ξ)

[
O(Y2

2 ) + O(|X2,Y2|
3)
]
+ O(ξ2)O(|X2,Y2|), (4.25)

which has no effect on the bifurcation phenomenon (see [35] and [36]).
The fourth step, letting X2 = X3 + δ12

6 X3
3 and Y2 = Y3 + δ12

2 X2
3Y3, system (4.24) turns into

Ẋ3 = Y3,

Ẏ3 = ε00 + ε10X3 + ε01Y3 + ε20X2
3 + ε11X3Y3 + ε30X3

3 + ε21X2
3Y3 + ε40X4

3 + ε31X3
3Y3

+R2(X3,Y3, ξ),
(4.26)

where the coefficients are given in Appendix D and R2(X3,Y3, ξ) has the same properties as (4.25).
Here we find that X2Y2

2 disappears from Ẏ3 of system (4.25).
The fifth step, since

ε20 = −
u4

2∗(u2∗ − 1)2(u2∗ − M)2(u3
2∗ − 3u2∗M + M2 + M)

(u2
2∗ − M)2

+ O(ξ) , 0,
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when ξ1, ξ2 and ξ3 are sufficiently small, we make the following transformation

X3 = X4 −
ε30

4ε20
X2

4 +
15ε2

30−16ε20ε40

80ε2
20

X3
4 ,

Y3 = Y4,

dτ =
(
1 + ε30

2ε20
X4 +

48ε20ε40−25ε2
30

80ε2
20

X2
4 +

48ε20ε30ε40−35ε2
30

80ε3
20

X3
4
)
dt.

Let τ be represented by t. System (4.26) has a new expression

Ẋ4 = Y4,

Ẏ4 = ζ00 + ζ10X4 + ζ01Y4 + ζ20X2
4 + ζ11X4Y4 + ζ30X3

4 + ζ21X2
4Y4 + ζ40X4

4 + ζ31X3
4Y4

+R3(X4,Y4, ξ),
(4.27)

where the coefficients are given in Appendix D and R3(X4,Y4, ξ) has the same properties as (4.25).
The sixth step, since

ζ20 = −
u4

2∗(u2∗ − 1)2(u2∗ − M)2(u3
2∗ − 3u2∗M + M2 + M)

(u2
2∗ − M)2

+ O(ξ) , 0

when ξ1, ξ2 and ξ3 are sufficiently small, we introduce a new transformation as follows

X4 = X5, Y4 = Y5 +
ζ21

3ζ20
Y2

5 +
ζ2

21
36ζ2

20
Y3

5 , dτ =
(
1 +

ζ21
3ζ20

Y5 +
ζ2

21
36ζ2

20
Y2

5
)
dt.

Therefore, system (4.27) has the following form (τ is rewritten by t),

Ẋ5 = Y5,

Ẏ5 = η00 + η10X5 + η01Y5 + η20X2
5 + η11X5Y5 + η31X3

5Y5 + R4(X5,Y5, ξ),
(4.28)

where the coefficients are given in Appendix D and R4(X5,Y5, ξ) has the same properties as (4.25).
Compared with (4.27), X3

4 , X4
4 and X2

4Y4 disappear from Ẏ4.
Clearly,

40(u2
2∗ − M)(u2∗ − 1)2(u3

2∗ − 3u2∗M + M2 + M)(u2∗ − M)2 > 0,

for
√

M < u∗ < M+1
2 . Figure 3(a) shows R3 < 0, where R3 is listed in Appendix D.

By calculating, we have

η20 = −
u4

2∗(u2∗ − 1)2(u2∗ − M)2(u3
2∗ − 3u2∗M + M2 + M)

(u2
2∗ − M)2

+ O(ξ) < 0

and
η31 =

R3

40(u2
2∗ − M)(u2∗ − 1)2(u2∗ − M)2(u3

2∗ − 3u2∗M + M2 + M)
+ O(ξ) < 0

for ξ1, ξ2 and ξ3 are enough small.
The seventh step, we intend to convert η20 and η31 to −1 and −1 respectively. We denote

X5 = −η
1
5
20η
− 2

5
31 X6, Y5 = −η

4
5
20η
− 3

5
31 Y6, dτ = η

− 3
5

20 η
1
5
31dt.
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(a) (b)

Figure 3. The value of M is in the interval
(
0, 7 − 4

√
3
)
. (a) The blue curve represents R3.

(b) The red curve represents R4.

System (4.28) is rewritten as the following system

Ẋ6 = Y6,

Ẏ6 = θ00 + θ10X6 + θ01Y6 + θ11X6Y6 − X2
6 − X3

5Y5 + R5(X6,Y6, ξ),
(4.29)

where the coefficients are given in Appendix D and R5(X6,Y6, ξ) has the same properties as (4.25).
The last step, we want to obtain the universal unfolding of the Bogdanov-Takens bifurcation of

codimension 3. Our purpose is to remove X6 from Ẏ6 by letting X6 = X7 −
θ10
2 and Y6 = Y7. Hence,

system (4.29) is equivalent to the following system

Ẋ7 = Y7,

Ẏ7 = ω1 + ω2Y7 + ω3X7Y7 − X2
7 − X3

7Y7 + R6(X7,Y7, ξ),
(4.30)

where the coefficients are given in Appendix D and R6(X7,Y7, ξ) has the same properties as (4.25).
After tedious calculations, we obtain∣∣∣∣∣∂(ω1, ω2, ω3)

∂(ξ1, ξ2, ξ3)

∣∣∣∣∣
ξ1=ξ2=ξ3=0

=
1

2400
40

1
5 R3(u2

2∗ − M)3

R
1
5
4 u

13
5

2∗[(u2∗ − 1)(u2∗ − M)]
22
5 (u3

2∗ − 3u2∗ + M2 + M)6
, 0.

Actually,
1

2400
40

1
5 R3(u2

2∗ − M)3

u
13
5

2∗[(u2∗ − 1)(u2∗ − M)]
22
5 (u3

2∗ − 3u2∗ + M2 + M)6
, 0

for
√

M < u∗ < M+1
2 , and Figure 3(b) shows that R4 < 0 whose expression can be found in Appendix

D. Therefore, the results indicates that system (4.13) undergoes a Bogdanov-Takens bifurcation of
codimension 3 ( [37–39]). The proof is completed.

5. Numerical simulations

Now, we give some numerical simulations to show the feasibility of Theorem 3.4.
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Firstly, letting a = 2,M = 0.1, A = 4, S = 0.28, we obtain Tr
(
JE2

)
= 0 and l1 < 0. Now we

reduce S = 0.28 to S = 0.27 but do not change the other variables. Hence, system (3.3) undergoes a
supercritical Hopf bifurcation and a stable limit cycle around E2 (see Figure 4(a)). From Figure 4(a),
assuming that the other positive equilibrium of system (3.3) is E1, which is a saddle, we find the two
stable manifolds of E1 can be treated as a separation curve between the basins of attraction of the origin
and stable limit cycle around E2. In the biological sense, if the initial values above the separation curve,
all trajectories converge to the origin. Thus the prey species and the predator species are all expected
to be extinct. Additionally, if the initial values below the separation curve, all trajectories converge to
the stable limit cycle. Hence the prey species and the predator species will oscillate and coexist.

Secondly, letting a = 2,M = 0.3, A = 4, S = 0.44, we have Tr
(
JE2

)
= 0 and l1 > 0. Then, keeping

the other variables without changing, we increase S = 0.44 to S = 0.45. Therefore, system (3.3)
undergoes a subcritical Hopf bifurcation and an unstable limit cycle around E2 (see Figure 4(b)). As
illustrated in Figure 4(b), we find that all trajectories inside the unstable limit cycle converge to E2, all
trajectories outside the unstable limit cycle converge to the origin. Biologically, the two species will
be extinct if the initial values lie outside the limit cycle, and the two species coexist if the initial values
lie inside the limit cycle.

Thirdly, we give an example to show system (3.3) undergoes a degenerate Hopf bifurcation. When
a = 2,M = 0.2, A = 2.845, S = 0.408, then we have Tr

(
JE2

)
= 0 and l1 = 0. Keeping a,M without

changing, we perturb A, S such that A = 4, S = 0.358. Hence, system (3.3) undergoes a degenerate
Hopf bifurcation and two limit cycles (the inner one is stable and the outer one is unstable) around E2

(see Figure 4(c)). Figure 4(c) shows that the outside unstable limit cycle can be treated as a separation
curve between the basins of attraction of the origin and stable limit cycle. Thus the prey and predator
will be extinct if the initial values lie outside the unstable limit cycle. However, the prey and predator
will oscillate and coexist if the initial values lie inside the unstable limit cycle.

Using (3.1), we are able to obtain the coefficients of original system (1.5) corresponding to the
coefficients of system (3.3). For example, according to the coefficients of system (3.3) in Figure 4(a),
i.e. a = 2,M = 0.3, A = 4, S = 0.44, we obtain the coefficients of the original system (1.5) such as
Q = 0.875,M = 0.15, A = 2, S = 0.11 and two positive equilibria E1(0.352, 0.352) and E1(0.5, 0.5),
where E1 is a saddle and a stable limit cycle around E2. The phase diagram of the original system (1.5)
is similar to Figure 4(a), so we omit it.

Next, we give some numerical simulations to show the feasibility of Theorems 3.5 and 3.6. When
A = 24.2, Q = 5.0625, S = 0.1125, and M = 0.3, by Theorems 3.5 and 3.6, we obtain E∗ is a cusp of
codimension two. and system (4.13) undergoes a Bogdanov-Takens bifurcation of codimension 2 (see
Figure 5).

6. Conclusions

We analyse the bifurcation of a Holling-Tanner predator-prey model with strong Allee effect on pery.
[30] showed that system (1.5) undergoes the Hopf bifurcation and Bogdanov-Takens bifurcation by
numerical simulation. Hence, using the different method with [30], we further investigate the rigorous
proof of stability and bifurcations of system (1.5).

Now, using numerical simulations, we show the influence of Allee effect on the dynamical behavior
of system (1.5). Let A = 0.2, Q = 0.2, S = 0.02. If M = 0.5, system (1.5) has no positive equilibrium.
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Figure 4. (a) Selecting a = 2, M = 0.1, A = 4 and S = 0.27, system (3.3) undergoes a
supercritical Hopf bifurcation and a stable limit cycle around E2. (b) Selecting a = 1.8, M =

0.3, A = 4 and S = 0.44, system (3.3) undergoes a subcritical Hopf bifurcation and an
unstable limit cycle around E2. (c) Selecting a = 2,M = 0.2, A = 4 and S = 0.358, system
(3.3) undergoes a degenerate Hopf bifurcation and two limit cycles (the inner one is stable
and the outer one is unstable) around E2.

Mathematical Biosciences and Engineering Volume 20, Issue 5, 8632–8665.



8654

 
 

0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64

0.45

0.5

0.55

0.6

0.65

x

y

(a)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

y

(b)

0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

x

y

(c)

0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

x

y

(d)

0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

x

y

(e)

0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

x

y

(f)

Figure 5. Trajectory topological classifications of Bogdanov-Takens bifurcation of codimen-
sion 2 of system (4.13) with A = 24.2, Q = 5.0625, S = 0.1125, and M = 0.3. (a) E∗ is a
cusp when there is no perturbation. (b) When (λ1, λ2) = (0.2,−0.08), system (4.13) has no
positive equilibrium. (c) When (λ1, λ2) = (−0.2,−0.08), the equilibria E1 and E2 of system
(4.13) are a saddle and an unstable focus, respectively. (d) When (λ1, λ2) = (−0.26,−0.08),
system (4.13) admits an unstable hyperbolic limit cycle. (e) When (λ1, λ2) = (−0.27,−0.08),
the unique unstable hyperbolic limit cycle will become an unstable homoclinic loop. (f)
When (λ1, λ2) = (−0.3,−0.08), the equilibria E1 and E2 of system (4.13) are a saddle and a
stable focus, respectively.
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Then the origin is globally asymptotically stable (see Figure 6(a)), which implies that the prey and
predator will be extinct. If M = 0.225, system (1.5) has two positive equilibria E1 = (0.5591, 0.5591)
and E2 = (0.6, 0.6), where E1 is a saddle and E2 is unstable. From Figure 6(b), all solutions of
system (1.5) tend to origin, which implies that the prey and predator is still extinct. If M = 0.2, the
equilibrium E2 changes from unstable to stable, and an unstable limit cycle occur. Form Figure 6(c),
the unstable limit cycle becomes a separatrix curve. When the initial values lie outside of the limit
cycle, the solutions will tend to origin. That is the prey and predator is still extinct. However if the
initial values lie inside of the limit cycle, the solutions will tend to E2, which implies that the prey
and predator can coexist. If M = 0.1, system (1.5) has two positive equilibria E1 = (0.2466, 0.2466)
and E2 = (0.7601, 0.7601), where E1 is a saddle and E2 is stable. From Figure 6(d), the unstable
limit cycle disappears and the two stable manifolds of saddle of E1 becomes a separatrix curve. That
is, if the initial values lie right of the stable manifolds of saddle E1, the solutions will tend to E2,
which implies that the prey and predator will stabilize to the value of E2. If the initial values lie left
of the stable manifolds of saddle E1, the solutions will tend to origin, which implies that the prey and
predator will be extinct. Hence, the small Allee effect leads to bistable phenomena. Finally, if M = 0,
that is we consider the system (1.5) with out Allee effect, system has a unique positive equilibrium
(0.8385, 0.8385) which is globally asymptotically stable (see Figure 6(e)). Therefore, Allee effect is
not conducive to the stability of the system (1.5). From Figure 6(e), the prey and predator will coexist
if system (1.5) without the Allee effect. However, if the Allee effect is large, the system will be extinct
(see Figure 6(a)). From Figures 6(b)-6(d), small Allee effect will lead to bistable phenomena. With the
decrease of Allee effect, the region where prey and predator coexist becomes larger. Hence, compared
to the larger Allee effect, the smaller Allee effect is beneficial to the survival of the prey and predator.

It follows from Theorem 2.1 that system (1.5) has no positive equilibria, a unique equilibrium E∗,
or two positive equilibria E1 and E2 under some corresponding conditions. We confirm that the degen-
erate equilibrium E∗ of system can be a cusp of codimension 2 or 3. Further, Under some parameter
perturbations, we also prove that system undergoes a Bogdanov-Takens bifurcation of codimension 2
or 3, and give the expressions of the saddle-node bifurcation curve, homoclinic bifurcation curve and
the Hopf bifurcation curve. By translating E2 to E2(1, 1) (see [33] and [34]), we prove that system
(1.5) undergoes a supercritical and subcritical Hopf bifurcation. Specially, system (1.5) undergoes a
degenerate Hopf bifurcation and two limit cycles (the inner one is stable and the outer one is unstable)
appear around E2 (see Figure 4(c)). There exists bistable phenomena, that is the stable manifold of the
saddle or unstable limit cycle can be treated as a separation curve between the basins of attraction of the
origin and stable limit cycle or E2. Hence, the main results of this paper complement and improve the
previous paper [30]. In summary, the analysis about bifurcation enriches the dynamical behaviors of
a Holling-Tanner predator-prey model with strong Allee effect. For the Holling-Tanner predator-prey
model with strong Allee effect and Beddington-DeAngelis functional response, the dynamic properties
of the system are worth further study by the method presented in this paper.
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Figure 6. Phase portraits of system (1.5) with A = 0.2, Q = 0.2, S = 0.02.
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Appendix A. Coefficients in the proof of Theorem 3.1

a10 =
u2
∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

, a01 = −
u2
∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

, a11 = −
2u∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

,

a20 =
u5
∗ − 4(M + 1)u4

∗ + (2M2 + 11M + 2)u3
∗ − 5M(M + 1)u2

∗ + 2M2u∗
u2
∗ − M

, a02 = 0,

b10 =
u2
∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

, b01 = −
u2
∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

, b20 = (1 − u∗)(u∗ − M)u∗,

b11 =
u2
∗(u∗ − 1)(u∗ − M)(2u∗ − M − 1)

u2
∗ − M

, b02 = −
u∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

,

c20 =
u4
∗(u∗ − 1)2(u∗ − M)2(u3

∗ − 3Mu∗ + M2 + M)
(u2
∗ − M)2 , c11 = −

2u∗(u∗ − 1)2(u∗ − M)2

u2
∗ − M

, c02 = 0,

d20 =
u6
∗(u∗ − 1)4(u∗ − M)4(u3

∗ − 3Mu∗ + M2 + M)
(u2
∗ − M)3 , d11 =

u4
∗(u∗ − 1)3(u∗ − M)3(M + 1 − 2u∗)

(u2
∗ − M)2 ,

d02 = −
u∗(u∗ − 1)2(M − u∗)2

u2
∗ − M

,

a10 =
u2

2∗(u2∗ − 1)2(u2∗ − M)2

u2
2∗ − M

, a01 = −
u2

2∗(u2∗ − 1)2(u2∗ − M)2

u2
2∗ − M

,

a20 =
u5

2∗ − 4(M + 1)u4
2∗ + (2M2 + 11M + 2)u3

2∗ − 5M(M + 1)u2
2∗ + 2M2u2∗

u2
2∗ − M

,

a11 = −
2u2∗(u2∗ − 1)2(u2∗ − M)2

u2
2∗ − M

, a21 = −
(u2∗ − 1)2(u2∗ − M)2

u2
2∗ − M

,

a30 = −
2u4

2∗ + 2(M + 1)u3
2∗ − (M2 + 11M + 1)u2

2∗ + 4M(M + 1)u2∗ − M2

u2
2∗ − M

,

a40 = −
3u3

2∗ − 5Mu2∗ + M2 + M

u2
2∗ − M

, b10 =
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2∗(u2∗ − 1)2(u2∗ − M)2

u2
2∗ − M

,

b01 = −
u2

2∗(u2∗ − 1)2(u2∗ − M)2

u2
2∗ − M

, b11 =
u2

2∗(u2∗ − 1)(u2∗ − M)(2u2∗ − M − 1)
u2

2∗ − M
,

b02 = −
u2∗(u2∗ − 1)2(u2∗ − M)2

u2
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, c02 =
3
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, c21 = −3u2

2∗,
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c30 =
Q1u3

2∗(u2∗ − M)(1 − u2∗)

(u2
2∗ − M)2

, c12 =
5u2

2∗ − 4(M + 1)u2∗ + 3M

u2
2∗(1 − u2∗)(u2∗ − M)

, c40 = −
Q2u2

2∗

(u2
2∗ − M)2

,

c31 = −
2Q3u2∗

(u2∗ − 1)(u2∗ − M)(u2
2∗ − M)

, c22 =
7u2

2∗ − 5(M + 1)u2∗ + 3M

u3
2∗(u2∗ − M)(u2∗ − 1)

,

Q1 = 3u5
2∗ − 4(M + 1)u4

2∗ − 2Mu3
2∗ + 12M(M + 1)u2

2∗ − M(3M2 + 19M + 3)u2∗ + 4M2(M + 1),
Q2 = u7

2∗ − 8(M + 1)u6
2∗ + (6M2 + 28M + 6)u5

2∗ − 4M(M + 1)u4
2∗ − (15M3 + 53M2 + 15M)u3

2∗

+
[
3M(M3 + 1) + 55M2(M + 1)

]
u2

2∗ − 2M2(5M2 + 21M + 5)u2∗ + 6M3(M + 1),
Q3 = 4u4

2∗ − 3M(M + 1)u3
2∗ − 6Mu2

2∗ + 7M(M + 1)u2∗ − M(M2 + 4M + 1).

Appendix B. Coefficients in the proof of Theorem 3.4

ã10 = S ∗(1 + A), ã01 = −(1 + A)(a − 1)(M − 1), ã20 = 2S ∗(1 + A) − A + M + a − 3,
ã11 = 2(1 + A)(a − 1)(M − 1), ã02 = 0, ã30 = S ∗(1 + A) + 2(M − A + a) − 7, ã12 = 0,

ã21 = −(1 + A)(a − 1)(M − 1), ã03 = 0, b̃10 = S ∗(1 + A), b̃01 = −S ∗(1 + A), b̃20 = S ∗,

b̃11 = S ∗A, b̃02 = −S ∗(1 + A), b̃30 = 0, b̃21 = S ∗, b̃12 = −S ∗, b̃03 = 0,

c̃20 = 3 + A − a − M, c̃11 = 2
√

E, c̃02 = 0, c̃30 = 2(M − A + a) − 7, c̃21 = −
√

E, c̃12 = 0, c̃03 = 0,

d̃20 =
S ∗Q4

√
E(a − 1)(1 − M)

, d̃11 =
S ∗

[
(3AM + 2 − A)a + 2M − AM − A − 4

]
(a − 1)(1 − M)

, d̃02 =
S ∗
√

E
(a − 1)(1 − M)

,

d̃30 =
S ∗Q5

√
E(a − 1)(M − 1)

, d̃21 = −
S ∗Q6

(1 + A)(a − 1)(M − 1)
, d̃12 = −

S ∗
√

E
(1 + A)(a − 1)(M − 1)

, d̃03 = 0

Q4 = k(Ma − 2)A2 +
[
2k(Ma − 6) + 2(M + a)2 − 2Ma(Ma − 2)

]
A − k(3Ma + 14) + 4(M + a)2

+ 4Ma − 3,
Q5 = 2(Ma − k)A3 −

[
(Ma + 14)k − 2(M + a)2 − 8Ma + 1

]
A2 −

[
2(Ma + 13)k − 5(M + a)2]A

+ [(Ma − 6)2 − 12]A − (3Ma + 16)k + 4(M + a)2 + 3(2Ma − 1),
Q6 = (Ma − k)A2 + (3Ma − M − a − 1)A + 2(k − 1).

Appendix C. Coefficients in the proof of Theorem 3.5

â00 = −u3
∗λ1, â10 = u2

∗

[
(A0 + u∗)(1 − u∗) + (−A0 − 2u∗ + 1)(u∗ − M) − 2λ1

]
, â01 = −u2

∗(Q0 + λ1),
â20 = u2

∗(−A0 − 3u∗ + 1 + M) + 2u∗
[
(A0 + u∗)(1 − u∗) + (−A0 − 2u∗ + 1)(u∗ − M)

]
− λ1u∗, â02 = 0,

â11 = −2u∗(Q0 + λ1), b̂00 = 0, b̂10 = u∗(S 0 + λ2)(A0 + u∗), b̂01 = −u∗(S 0 + λ2)(A0 + u∗),

b̂20 = u∗(S 0 + λ2), b̂11 = (S 0 + λ2)A0, b̂02 = −(S 0 + λ2)(A0 + u∗),

ĉ00 =
â2

00̂b02

â01
− b̂01,
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ĉ10 =
b̂02(2̂a00̂a01̂a10 − â2

00̂a11)

â2
01

− â00̂b11 + â01̂b10 − â10̂b01, ĉ01 = â10 + b̂01 −
â00(̂a11 + 2̂b02)

â01
,

ĉ20 =
b̂02(−2̂a00̂a01̂a10̂a11 + â2

00̂a2
11 + 2̂a00̂a2

01̂a20 + â2
01̂a2

10)

â3
01

+ â01̂b20 − â10̂b11 + â11̂b10 − â20̂b01,

ĉ11 =
â00̂a11(̂a11 + 2̂b02) − â01̂a10(̂a11 − 2̂b02)

â2
01

+ 2̂a20 + b̂11, ĉ02 =
â11 + b̂02

â01
,

σ1 =
u∗(u2

∗ − M)
[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]4

(u∗ − 1)4(u∗ − M)4(u3
∗ − 3u∗M + M2 + M)3 , σ2 = 0,

ψ1 =
1
2

(u2
∗ − M)

[
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
]
Q9

(u∗ − 1)3(u∗ − M)3(u3
∗ − 3u∗M + M2 + M)2 ,

ψ2 =
3(M + 1)u2

∗ − (M2 + 10M + 1)u∗ + 3M(M + 1)
(u∗ − 1)(u∗ − M)(u3

∗ − 3u∗M + M2 + M)
,

Q9 = 4u5
∗ − 13(M + 1)u4

∗ + [9(M2 + 1) + 34M]u3
∗ − [2(M3 + 1) + 18M(M + 1)]u2

∗

+ M[3(M2 + 1) + 2M]u∗ + M2(M + 1).

Appendix D. Coefficients in the proof of Theorem 3.7

α00 = −(u2∗ − 1)(u2∗ − M)u2
2∗ξ1 − u3

2∗ξ2, α01 = −u2
2∗(Q1 + ξ2),

α10 = u2
2∗
[
(u2∗ + A1)(1 − u2∗) + (1 − 2u2∗ − A1)(u2∗ − M)

]
−

[
4u3

2∗ − 3(M + 1)u2
2∗ + 2Mu2∗

]
ξ1 − 2u2

2∗ξ2,

α20 = −9u3
2∗ + 5(1 + M − A1)u2

2∗ + 2(A1 + A1M − M)u2∗ +
[
− 6u2

2∗ + 3(M + 1)u2∗ − M
]
ξ1 − u2∗ξ2,

α11 = −2u2∗(Q1 + ξ2), α30 = −10u2
2∗ + 4(M + 1 − A1)u2∗ + A1 + A1M − M + (1 + M − 4u2∗)ξ1,

α21 = −(Q1 + ξ2), α40 = 1 + M − A1 − 5u2∗ − ξ1, β10 = (S 1 + ξ3)(u2∗ + A1 + ξ1)u2∗,

β01 = −(S 1 + ξ3)(u2∗ + A1 + ξ1)u2∗, β20 = (S 1 + ξ3)u2∗, β11 = (S 1 + ξ3)(A1 + ξ1),
β02 = −(S 1 + ξ3)(u2∗ + A1 + ξ1), β21 = S 1 + ξ3, β12 = −(S 1 + ξ3),

γ00 =
α2

00β02

α01
− α00β01,

γ10 =
α00

[
α00(α01β12 − α11β02)

]
+ 2α01α10β02

α2
01

− α00β11 + α01β10 − α10β01, γ01 = −
α00k1

α01
+ α10 + β01,

γ20 =
α2

00α
2
11β02

α3
01

−
α00

[
α00(α11β12 + α21β02) + 2α10α11β02

]
α2

01

+
2α00(α10β12 + β02α20) + α2

10β02

α01
+ α11β10

− α10β11 + α01β20 − α20β01 − α00β21,

γ11 =
α00α11k1

α2
01

−
2α00k2 + α10k1

α01
+ 2α20 + β11, γ02 =

α11 + β02

α01
,
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γ30 = −
α2

00α
3
11β02

α4
01

+
α00α11

[
α00α11β12 + 2β02(α00α21 + α10α11

]
α3

01

−
β02

[
2α00(α10α21 + α11α20) + α2

10α11
]

α2
01

−
α00β12(α00α21 + 2α10α11)

α2
01

+
2β02(α00α30 + α10α20) + β12(2α00α20 + α2

10)
α01

− α10β12 + α11β20

− α20β11 + α21β10 − α30β01,

γ21 = −
α00α

2
11k1

α3
01

+
α00(2α11k2 + α21k1) + α11α10k1

α2
01

−
2α10k2 + α20k1

α01
+ 3α30 + β21,

γ12 = −
α2

11 + α11β02

α2
01

+
α21 + k2

α01
,

γ40 =
α2

00α
4
11β02

α5
01

−
α00α

2
11
[
α00(α11β12 + 3α21β02) + 2α10α11β02

]
α4

01

+
α2

11
[
2α00α10β12 + β02(2α00α20 + α2

10)
]

α3
01

+
α21α00

[
α00(2α11β12 + α21β02) + 4α10α11β02

]
α3

01

−
2α00

[
α21(α10β12 + α20β12) + α11(α20β12 + α30β02)

]
α2

01

+
α10

[
α10α11β12 + β02(α10α21 + 2α11α20)

]
α2

01

+
2α00(α30β12 + α40β02) + 2α10(α20β12 + α30β02)

α01

+α2
20β02

α01
− α20β21 + α21β20 − α30β11 − α40β01,

γ31 =
α00α

3
11k1

α4
01

−
α11k1(2α00α21 + α10α11) + 2α00α

2
11k2

α3
01

+
2k2(α00α21 + α10α11) + (α10α21 + α11α20)k1

α2
01

−
2α20k2 + α30k1

α01
+ 4α40,

γ22 =
α2

11(α11 + β02)

α3
01

−
α11(3α21 + β12) + α21β02

α2
01

,

k1 = α11 + 2β02, k2 = α21 + β12,

δ00 = γ00, δ10 = γ10 − γ00γ02, δ01 = γ01, δ20 = γ20 + γ00γ
2
02 −

γ10γ02

2
, δ11 = γ11,

δ30 = γ30 − γ
3
02γ00 +

γ2
02γ10

2
, δ21 = γ21 +

γ11γ02

2
, δ12 = γ12 + 2γ2

02,

δ40 = γ40 + γ4
02γ00 +

γ02(γ30 − γ
2
02γ10)

2
+
γ20γ

2
02

4
, δ31 = γ31 + γ02γ21,

ε00 = δ00, ε10 = δ10, ε01 = δ01, ε20 = δ20 −
δ00δ12

2
, ε11 = δ11, ε30 = δ30 −

δ10δ12

3
,

ε21 = δ21, ε40 = δ40 −
δ20δ12

6
+
δ00δ

2
12

4
, ε31 = δ31 +

δ11δ12

6
,

ζ00 = ε00, ζ10 = ε10 −
ε00ε30

2ε20
, ζ01 = ε01, ζ20 = ε20 −

3
20

4ε00ε40 + 5ε10ε30

ε20
+

9
16
ε00ε

2
30

ε2
20

,
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ζ11 = ε11 −
ε01ε30

2ε20
, ζ30 =

7
8
ε2

30ε10

ε2
20

−
4
5
ε10ε40

ε20
, ζ21 = ε21 −

3
20

4ε01ε40 + 5ε11ε30

ε20
+

9
16
ε01ε

2
30

ε2
20

,

ζ40 =
1

100
ε40(36ε00ε40 + 25ε10ε30)

ε2
20

−
3

320
ε2

30(24ε00ε40 + 25ε10ε30)

ε3
20

−
11

256
ε00ε

4
30

ε4
20

,

ζ31 = ε31 −
1
5

4ε11ε40 + 5ε21ε30

ε20
+

7
8
ε11ε

2
30

ε2
20

,

η00 = ζ00, η10 = ζ10, η01 = ζ01 −
ζ00ζ21

ζ20
, η20 = ζ20,

η11 = ζ11 −
ζ10ζ21

ζ20
, η31 = ζ31 −

ζ21ζ30

ζ20
,

θ00 = −ζ00ζ
4
5
31ζ
− 7

5
20 , θ10 = ζ10ζ

2
5
31ζ
− 6

5
20 , θ01 = ζ01ζ

1
5
31ζ
− 3

5
20 , θ11 = −ζ11ζ

− 1
5

31 ζ
− 2

5
20 ,

ω1 = ζ00 +
ζ2

10

4
, ω2 = ζ01 −

ζ3
10

8
+
ζ11ζ10

2
, ω3 = ζ11 −

3ζ2
10

4
,

R3 = g1u13
2∗ + g2u12

2∗ + g3u11
2∗ + g4u10

2∗ + g5u9
2∗ + g6u8

2∗ + g7u7
2∗ + g8u6

2∗ + g9u5
2∗ + g10u4

2∗ + g11u3
2∗ + g12u2

2∗

+ g13u2∗ + g14,

R4 = h1u20
2∗ + h2u19

2∗ + h3u18
2∗ + h4u17

2∗ + h5u16
2∗ + h6u15

2∗ + h7u14
2∗ + h8u13

2∗ + h9u12
2∗ + h10u11

2∗ + h11u10
2∗ + h12u9

2∗

+ h13u8
2∗ + h14u7

2∗ + h15u6
2∗ + h16u5

2∗ + h17u4
2∗ + h18u3

2∗ + h19u2
2∗ + h20u2∗ + h21,

g1 = −320, g2 = 311k3, g3 = −173k4 + 2558M, g4 = k3(56k4 − 3349M),
g5 = −8(−k5298Mk4 + 486M2), g6 = −2Mk3(605k4 − 3409M), g7 = 2M(187k5 − 1415Mk4 + 3428M2),
g8 = −2Mk3(26k5 − 623Mk4 + 6315M2), g9 = −4M2(118k5 − 1115Mk4 − 346M2),
g10 = M2k3(111k5 − 486Mk4 + 9913M2), g11 = −M2(9k6 + 120Mk5 + 6116M2k4 + 11346M3),
g12 = M3k3(19k5 + 1470Mk4 + 2309M2), g13 = −12M4k2

3(11k4 + 9M), g14 = −12M5k3
3,

h1 = 11520k3, h2 = 3(60883k4 + 15018M), h3 = −6k3(25129k4 + 167002M),
h4 = 182649k5 + 1736028Mk4 + 3321606M2, h5 = −2k3(53164k5 + 245921Mk4 − 1612974M2),
h6 = 29268k6 − 1050541Mk5 − 15072068M2k4 − 32265990M3,

h7 = −2k3(1532k6 − 654501Mk5 − 8849259M2k4 − 16958428M3),
h8 = −609623Mk6 − 9723065M2k5 − 20756221M3k4 − 10504310M4,

h9 = 2Mk3(66036k6 + 50527Mk5 − 16280665M2k4 − 45185232M3),
h10 = −11156Mk7 + 1924279M2k6 + 46178665M3k5 + 207988363M4k4 + 314062810M5,

h11 = −6M2k3(141651k6 + 3796436Mk5 + 19095742M2k4 + 29359122M3),
h12 = 152079M2k7 + 4622238M3k6 + 19710519M4k5 + 12868326M5k4 + 10044732M6,

h13 = −2M2k3(5048k7 − 230821Mk6 − 12324784M2k5 − 84339640M3k4 − 151455250M4),
h14 = −367715M3k7 − 16480950M4k6 − 170511559M5k5 − 622946226M6k4 − 958625532M7,

h15 = 2M3k3(30339k7 + 2210707Mk6 + 33411415M2k5 + 162933602M3k4 + 292106446M4),
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h16 = −3369M3k8 − 596029M4k7 − 16375136M5k6 − 140312707M6k5 − 484562419M7k4

− 723045944M8,

h17 = 2M4k3(15881k7 + 982239Mk6 + 13527481M2k5 + 62415498M3k4 + 102449718M4),
h18 = −101269M5k7 − 3242277M6k6 − 27666533M7k5 − 87108930M8k4 − 125166810M9,

h19 = 12M6k3
3(12631k5 + 185808Mk4 + 467593M2), h20 = −108M7k4

3(977k4 + 4393M),
h21 = 19008M8k5

3,

k3 = M + 1, k4 = M2 + 1, k5 = M4 + 1, k6 = M6 + 1, k7 = M8 + 1, k8 = M10 + 1.
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