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Abstract: In this paper, we study the following initial-boundary value problem of a three species
predator-prey system with prey-taxis which describes the indirect prey interactions through a shared
predator, i.e.,

auw

u,=dAu+u(l —uy) - —, in Q,¢t>0,
1+a2(th—‘|}—M(}13v
v, = ndAv + rv(1 —v)—4—, in Q, >0,
1+ au+azv dettw devw
w, =V (Vw—x1wVu — xyo,wVv) — uw + > + 6 , in Q,¢t >0,

l+au+av 1+au+azv

under homogeneous Neumann boundary conditions in a bounded domain Q C R"(n > 1) with smooth
boundary, where the parameters d,n,r,u, x1,x2,a; > 0,i = 1,...,6. We first establish the global
existence and uniform-in-time boundedness of solutions in any dimensional bounded domain under
certain conditions. Moreover, we prove the global stability of the prey-only state and coexistence steady
state by using Lyapunov functionals and LaSalle’s invariance principle.
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1. Introduction

Predator-prey models were developed to describe the dynamics of interactions between prey and
predator species. The relationship between prey and predator has been explored in recent years due to
its importance in ecology. In addition to the differential operators in the predator-prey system, predators
also move toward the higher prey density, which is so-called the prey-taxis, and it plays an important
role in pest control and biological control [1-4]. The first predator-prey model with prey-taxis was
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derived by Kareiva and Odell [5] to describe the predator aggregation phenomenon:

(1.1)

u; = V- (dw)Vu) = V- (uy(w)Vw) + F(u, w),
w, = dAw + G(u, w),

where u = u(x,t) and w = w(x, r) denote the predator and prey densities, respectively, and the term
V - (d(w)Vu) denotes the diffusion of predators with diffusion coefficient d(w). The term =V - (uxy(w)Vw)
represents the prey-taxis with y(w) as prey-taxis coefficient. The parameter d > 0 is the diffusion
coefficient of prey. The typical form of the functions F(u, w) = auf(w) + h(u) and G(u, w) = g(w) —
buf(w), where f(w) represents the functional response, for numerous functional response functions
(see [6-8]) and the parameters a, b € R describe the inter-specific interactions between predator-preys.
The intra-specific interactions of predators and prey are described by the functions h(u) and g(w),
respectively. The results related to variants of the above prey-taxis system have been studied by many
authors, as one can refer to [9-18], and nonlinear prey-taxis [19-24]. Moreover, the predator-prey
system with prey-taxis and liquid surroundings was considered in [25], and proved global existence and
large time behavior of solutions by using L” estimates and Lyapunov functionals, respectively.

In this paper, we consider a PDE model of indirect interactions between two prey species and a
shared predator with homogeneous Neumann boundary conditions:

U, =d1Au+a1u(l - i)— ciuw , in Q,t>0,
K, 1+ciTu+cyThv
v = dyAv + afzv(l - 1) - oW in Q1>0,
K, 1+c1Tiu+ cyThv
w; = V- (dsVw — y1wVu — yo,wVv) —dw (1.2)
Ly DA in Q,1>0,
1+ciTiu+cyTov 1+4+cTiu+cThy
ou=0,v=0,w=0, xeoQ,t>0,
u(x,0) = upg(x), v(x,0) = vyp(x) and w(x,0) = wo(x), x € Q.

Where, Q c R*(n > 1) is a bounded domain with smooth boundary Q2 and a% represents the derivative
with respect to outer normal of 9, u is the native prey, v denotes the invasive prey and w is the predator
species. The parameters d;, d, denote the random diffusion rates of prey, and d; and d; denote the
random diffusion rate of predators and the chemical concentration, respectively. K, and K, are the
carrying capacities for these prey species. The constants ajand a;, are intrinsic growth rate parameters.
The parameters T, and T, usually represent the handling time required for catching and consuming a
unit of prey type u and v, respectively. The constants ¢; and ¢, are capture rates per unit prey density
while the predator is searching. In particular, ¢, is the capture rate of prey u and ¢, is the capture rate
of prey v. In addition, d is an intrinsic growth (death) rate for the predator and 7 is a self-limiting or
crowding coefficient for the predator. « is the production rate of chemical signal per individual prey u
and ¢ is the decay rate of the chemical signal. The positive constants y; and 7y, denote the transformation
rates of the predator.

The terms —V - (yywVu) and —V - (y,wVv) denote the tendency of predators moves towards the high
density of prey. The parameters y; and y, are the prey-taxis coefficients. The functions m and
#uﬁmm these represent Holling type II functional responses for two preys that are consumed in a
single habitat, so that handling one prey reduces the time available to capture the other.
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TR TR S U A —d by fdop _ L2 _ 17 _ 1t % x5 ) .
Let & = KoV = g W= dw,d = o= dl,L— al,T =G = anl=pX=0y=1r=

CZzTal = C]Td, a, = C]TlKu,Cl3 = CQTQKV,CM = Csz, as = C]’Y]Kud, dg = Cz’}/szd. Then, substitut-
ing these parameters into system (1.2) and dropping the tilde notation, we get a nondimensional
system as follows:

u, = dAu + u(l — u) — — 2 in Q.1>0,

1 +au+azv’

v, =ndAv + rv(l —v) — daviv

_ in Q,7r>0,
1 + au + azv

w, =V (Vw = xy1wVu — yowVv) — uw + dstw + ke in Q,7>0, (1.3)

l+au+aywv 1+au+ay
ou=0o,v=0,w=0, x€eo,t>0,

u(x,0) = ug(x), v(x,0) = vo(x) and w(x,0) = wy(x), x € Q.

Let us recall some existing works on three species predator-prey systems with prey-taxis. Very
recently, Haskel and Bell [26] proved the existence of positive classical solutions for the two-prey
one-predator system with prey competitions and prey taxis. In addition, they also established the pattern
formation by using bifurcation analysis. Further, they also studied the bifurcation analysis of two
competing prey with one shared predator model by using the theories of Crandall-Rabinowitz and Hopf
bifurcation in [27]. The steady-state bifurcation analysis of the two-prey one-predator model with two
prey taxis was studied by Xu et al. [28]. Jin et al. [29] considered the three-species food chain model in
a two-dimensional bounded domain, and they also proved the global existence of classical solutions
and global stability of constant steady states. The traveling wave solutions for a nonlocal dispersal
predator-prey system with one predator and two prey was studied in [30]. Amorim et al. [31] studied
the boundedness and global well-posedness of the spatio-temporal evolution of two competitive prey,
and one predator model with the intra-specific competition. The global existence and boundedness
of classical solutions for the two-predators and one-prey with competition in a bounded domain with
Neumann boundary conditions were proved by Min et al. in [32]. Recently, the global existence of
weak solutions to the two-prey one-predator system with prey-taxis, and competition between prey was
proved in any dimension in [33]. For the similar mathematical structure of (1.3), we refer to [34-36].
Throughout this paper, we assume the system parameters are positive. To the best of author’s knowledge,
there is no article that discusses the well-posedness of the considered system (1.3). The main purpose of
this article is to discuss the global dynamics of the system (1.3) in any dimension (n > 1). In particular,
we first prove the global existence of a classical solution in all dimensions, and then we investigate the
global stability of steady states. Our main result regarding the global existence of classical solutions
with uniform-in-time bound is stated below.

Theorem 1.1. (Global existence) Let QO C R",n > 1 be a bounded domain with smooth boundary and
letd,n>0,hi,h, > 1,k>2,a;,>0,i=1,...,6,u>0,Ky=max{l, ||upll;~} and K; = max{l, ||vo||;=}.
For any (ugp, vo, wo) € [W'P(Q)]? with p > n and ugy, vy, wy > 0(% 0), if d > max{5kK, %} and y
satisfies

d d d 2(nd + 1) VK, } (14)

Y1 < min{ , -1, ;
5kKo(d + 1)’ 5kKy 5kKo(d + 1) Vhy Ky(d + 1) A[5knh,
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and y, satisfies

nd 2n(d + 1) VdK, nd nd 1} (1.5)

X2 < mln{ ) ) ) -
5kKi Vhi(nd + 1) \5kh(nd + DK, SkKi(nd + 1) 5kK,

then there exists a unique global classical solution (u,v,w) € [Co(ﬁ X [0, 0)) N Cz’](ﬁ x (0, 00))]?
solving the problem (1.3). Moreover, the solution satisfies u,v,w > 0 for all t > 0 and

-, Ol + (VG Dl + W, Dl < C for all 1> 0,

where C > 0 is a constant independent of t.

Next, we shall study the large time behaviour of the constant steady states (ug, vy, wy) of the
system (1.3) solving the following system

0,

uS[l — Uy W ] =

1+ ayu, + azvg

AqWy
s 1- s) — ] = 0’
v [r( vs) 1 + aru, + azvy

asUg aeVs
Wy + —u|=0.
1 +au,+a3vy, 1+ au, + azv;

If we solve the above system, we will find the following steady states

(0,0,0) or (1,0,0) or (0,1,0) or (1, 1,0), if p> G5t g, < Grlastdsds—aiag)

1+ar+asz’ azas—aeg—azde
(0,0,0) or (1,0,0) or (0, 1,0) or (1, 1,0) or EL, if p > e g, < @ulletdrdrdad)
1< iy
(i, Ve, W) = (0,0,0) or (1,0,0), (0, 1,0), (1, 1,0), E2, if p> &t g, < Qldtdds=da)

1+ar+asz’ 4 azas—ag—axde
ae
/l 1+a3 ’

(0,0,0) or (1,0,0) or (0,1,0) or (1,1,0) or E! or E2 or E, = (., v+, W,)

b

b

astds o~ @rastasas—dxde)
H 1+ay+asz’ 4 azas—ag—azag

(1.6)

where

E' = ( U 0 as(as — (1 + az)ll))
: as — az,u’ T oay(as - arp)?
= (0 M agr(as — (1 + 613)/1))
: Tag—asp’ as(ag — azp)?
_aglas — azp) + ayr(—as + p + azp)
T air(as - arit) + asag — asp)
_arr(as — arpt) + ag(—as + p + ar)
©air(as — aop) + as(as — asp)
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_ =11 + a)asas + ai(as — arae)r + as(—asas + ajasr)l(—as — ag + (1 + ay + a3)u)
(a1r(as — axp) + as(as — asp))*

and (0, 0, 0) is the extinction steady state, (1, 0, 0) is the prey u only steady state, (0, 1, 0) is the prey v only
steady state. E! and E? denote the semi-coexistence steady state. Finally, E, denotes the coexistence
steady state. Next, we shall explore the following question: which of the above seven homogeneous
steady states will be asymptotically stable? As we know that the global stability of the cross-diffusion
system is difficult and many techniques are not available, we try to use the Lyapunov functionals to
prove the global stability of the homogeneous steady states under some conditions. Next, we state our
stability results as in the following theorem:

*

Theorem 1.2. (Global stability) Assume the conditions in Theorem 1.1 hold. Let (u, v, w) be the solution
of (1.3) obtained in Theorem 1.1 and let Ky = max{1, |luo|lz~}, K1 = max{1, ||[vollz~}, [} = Hdads—adoh.

ai(1+aru+azvy)
_ ast+(azas—azae)us .
and 'y = P T Then the following results hold true.

o Ifu> Lt g, g Wldstaasaas) o the steady state (1,1,0) is globally asymptotically stable.

l+ax+asz?’ S azas—ag—azae
o Ifu< lf’ri;f‘fa} as > %ﬁ'j““ the steady state E, defined by (1.6) is globally asymptotically
stable provided

F1(2a2 + 613) + Iayr <T,+ F1(2a2 + ag)u* + anzrv*’ (17)

2 2 2 2

Ihr(2as + r [r(2as; + « T .

2r(2a; + ap) Lhas Ty + 2r(2as + ax)v y Dasu,. (1.8)

2 2 2 2
4dT Tonu,v. > Tpuaw.ViZe + xinlallulZev.ow.. (1.9)

where ||u||~ and ||v||.~ depends on d,n,ay, a,, as but independent of x1, x».

The paper is organized as follows: In section 2, we first present some preliminary results, and then
we state and prove the local existence of solutions of (1.3). Section 3 deals with the existence of globally
bounded classical solutions as stated in Theorem 1.1. In Section 4, we establish the global stability
results as stated in Theorem 1.2 by using the Lyapunov functionals and LaSalle’s invariance principle.

2. Preliminaries and local existence

In what follows, we shall abbreviate fg fdx as fQ f for simplicity. In this section, we first prove
the local existence of classical solutions to the system (1.3) in any dimension Q € R”, n > 1 using the
Amann’s approach (cf. [37, 38]). We use the following Gagliardo-Nirenberg interpolation inequality
in the sequel.

Lemma 2.1. (/39]) There exists a constant C4 > 0, such that for all u € W"4(Q),
lleellrr < C4||u||W1‘||u||Lm ; (2.1)

where p,q > 1 which satisfies p(n — q) < ng,m € (0, p) with a = n% fn € (0,1).
Lemma 2.2. ([39]) There exists a constant Cs > 0, such that for all u € W ,(Q2), we have
llullwrr < Cs(IVullr + llullzo), (2.2)

where p > 1 and g > 0.
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Lemma 2.3. (/40]) Let T > 0,7 € (0,T),0 > 0,a > 0,b > 0, and suppose that f : [0,T) — [0, ) is
absolutely continuous, and satisfies

0 +af™ @ < h@), t €R, 2.3)

where h > 0, h(t) € L' ([0,T)) and

loc

!
f h(s)ds < b, forallt e [1,T). 2.4)
-1
Then,

!
sup f(¢)+a sup f F*(s)ds < b + 2max{f(0) + b + ar, E + 1+ 2b+ 2ar}. (2.5)
-1 art

te(0,T) 1e(@T) Ji1-

Lemma 2.4. (/39]) Assume that m € {0, 1}, p € [1, 00] and g € (1, ). Then there exists some positive
constant C1, such that

llwnr < Crll(A + 1) Blza, (2.6)

for any ¢ € D((A + 1)?), where 0 € (0, 1) satisfies

m—ﬁ<29—ﬁ.
p q

If in addition q > p, then there exist constants C, > 0 and vy > 0, such that for any ¢ € LP(Q),
1A + 1Y Vg1, < Cor 26D I, (2.7)

where the semigroup {e”"4*D} o maps LP(Q) into D((A + 1)%). Moreover, for any p € (0, o) and € > 0,
there exist constants C3 > 0 and y > 0, such that

1A + 1%V - gl < C3t™* 2 |1gI1s (2.8)

this is valid for all R"— valued ¢ € LP(Q)).

Theorem 2.1. (Local existence) Let the assumptions in Theorem 1.1 hold. Then, there exists a
T ax € (0, 00), such that the problem (1.3) has a unique classical solution

3
(v, w) € (CO@ % [0, Tya)) N C21(Q % (0, Tmax») ,

which satisfies (u,v,w) > 0 for all t > 0. Further,

if Tiax < 00, then lim sup(lluC:, Ol + VG, Dl + W, D) = oo, (2.9)

max

Proof. Denote ¢ = (u,v,w). Then, the problem (1.3) can be written as

U =V-(AWVY) + F), x e Q,t >0,
o =0, xeoQ,t>0, (2.10)
l//(" O) = (uo, Vo, WO)v X € Q’
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where
—a uw
d 0 0 1 + aru + azv
AWy =| 0 d 0| and F(p) = | —2 @2.11)
)= L {1+ au+av|” ’
—-xiw —xaw 1 asuw + agyw

1+ au + azv

Since the eigenvalues of A(y) are positive, the system (1.3) is normally parabolic( cf. [37, 38] ). Then,
the application of Theorem 7.3 and Corollary 9.3 in [37] yields a T}, > 0, such that system (1.3) admits
a unique solution (, v, w) € [CO(X[0, Thax)) N C*'(Q X (0, T)ar))]*. Next, we show the nonnegativity
of (u, v, w) by using the maximum principle. To do so, we need to rewrite the third equation of the
system (1.3) as follows:

w,=Aw+ p1(x, ) - Vw+ pa(x,t)w =0, x € Q, 1 € (0, Tyux)s
ow=0, xeQ,te0,T,..), (2.12)

w(x,0) =wy >0 inx e Q,
where pi(x,1) = x1Vu + yo,Vv and p>(x,1) = y1Au + y,Av — % Hence, we apply the maximum
principle for parabolic equation with Neumann boundary condition to (2.12) and we get w > O for all
(x,1) € Q% (0, T,4y). In addition, we also obtain w > 0 by strong maximum principle since the initial
function wy # 0. In the same way, we can obtain that u, v > 0 for all (x, ) € Q X (0, T',,,). Because A(y)
is lower triangular, (2.9) follows from Theorem 5.2 in [41]. |

Lemma 2.5. The solution (u, v, w) of the system (1.3) satisfies

0 <u(x, 1) < Ko := max{||uollz~), 1}, limsupu(x, 1) <1, (2.13)
t—o00
0 <v(x,1) < K; := max{||vollz~), 1}, imsupv(x,?) <1, (2.14)
—00
o
Iw(x, Dl < Ky := —, (2.15)
a dy

where Ky, K1, K>, 6 = max{asas||ugll.r + ajas||vollr + arasllwollp, E_T} are positive constants independent
of t.

Proof. The proof is similar to Lemma 2.2 in [21] but for reader’s convenience, we provide the proof
here. We have already proved that the solution (i, v, w) of the system (1.3) is non-negative. Using this
fact, we have

auw

u,—dAu:u(l—u)—m<u(l—u), xeQ,t>0,

ou=0, xeo,t>0, (2.16)
u(x,0) = up(x), x € Q.

Let u*(¢) be a solution to the following ODE problem
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{ddit =u(l-u), t>0, (2.17)

u(0) = |luoll-

The solution of the above ODE satisfies u*(f) < Ky = max{||uol|.~, 1}, and in addition, u*(¢) is a super
solution of the following PDE problem

U —dAU =U(1-U) xeQ,t>0,
o,U=0, xeoQ,t>0, (2.18)
U(x,0) = up(x), x € Q.

Hence, we have U(x, ) < u*(¢) for all (x,1) € Q x (0, 00). Us_ing the strong maximum principle to the
problem (2.18), we obtain 0 < U(x, t) < u*(¢) for all (x, ) € Q X (0, 00). From (2.16)—(2.18), and using
the comparison principle, we conclude that

0 < u(x,?) < Ux, 1) < u*(t) < Ko, for all (x,7) € Q x (0, c0), (2.19)

which yields (2.13). Similarly, we can also prove (2.14).
Multiplying the first, second and third equations of (1.3) by asas, a;a¢ and a;ay, respectively, and adding
the resulting equations and then integrating it over Q, we get

d

d—t(famsu + ajaegv + a1a4w) = f asasu(l —u) + ajagrv(l —v) — ajasuw
Q Q

= f asasu — fa4a5u2 + ayagrv — ajagrv’ — ajasuw. (2.20)
Q 0

Using Cauchy-Schwartz inequality, one has

(Lu)2<(Lu2)IQI
_ fg R-ﬁ( fg u)Z. 2.21)

Using Young’s inequality (—a® — b> < —2ab, a, b > 0) yields

- f w< =2 f u+ Q. (2.22)
Q Q

Substituting (2.22) into (2.20), we have that

which implies

Mathematical Biosciences and Engineering Volume 20, Issue 5, 8448—-8475.
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d
—( asasu + a;agv + a1a4w) < | asasu—2 | asasu + asas|Q|+ | ajagrv
di\ Jo Q Q Q
- 2a1a6rf v+ aaglQ| — a1a4ufw
o) o)

< —fa4a5u— falaﬁrv— fa1a4,uw+a4a5|£2| + ajae|Q]. (2.23)
Q Q o)

Set y(t) = fQ asasu + ayagv + ajasw and choose ¢; = min{l1, r, u} then (2.23) can be written as
Y0+ ey < e, (2.24)

where ¢, = (asas + a;a¢)|€2| and which yields (2.15) with the help of Gronwall’s inequality. We further
have from (2.17) that lim,_,, sup u(x, ) < 1. The proof of Lemma 2.5 is complete. O

3. Global existence and boundedness

In this subsection, we prove the global existence and boundedness of solutions. In order to prove the
global existence, we first derive a uniform bound for w in L"*! by using a weight function argument
and the proof is inspired from [23], which also concerns the predator-prey taxis with a single prey
population. It is worth mentioning that the method was initially developed in [42].

Lemma 3.1. Assume that y| and y, satisfy (1.4) and (1.5), respectively, and let (u, v, w) be the solution
of (1.3). Then, there exists a positive constant cy > 0, such that

IwC, Dl < co for € (0, Tha). (3.1)

Proof. Let us define the constants and weight functions

o _ [k=Dd 1 _ [tk=1nd 1
ki=n+ Lpi= 10k (d+1)K0"82'_ 10k (nd + DK, -2)

1 <¢1(u) < eBiKo? . hi>1,0<u<Kpand 1 < p(v) < e Bk h>1,0<v<K;. @33

Now, by using the weight function and the first and second equation of (1.3), we obtain

1d _ 1 ,
T dr QWk%(M):fg;Wk 1901(M)Wz+zLWk901(u)uz

= f w o (w)Aw — x f wlo )V - (wVu) — x, f wlo )V - (wVy)
Q Q

Q
X asu + agv X lf © s
+ _ - + - A
fgzw¢l(u)1+a2u+a3v ,ufgwgo](u) k QW"DI(M) .
1 k 1 k au
- 1 l—u)—— ol () ———— 3.4
+kLch1(u)u( “) kLW wl(u)1+a2u+a3v (34)

<-Gk-D f W20 (VW + i (k = 1)fwk_1VW - Ve ()
Q Q
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+ x1 fwkgp’l(u)IVLtl2 + x2(k—1) f wWlo () Vw - Vv + s f wkgo’l(u)Vu -Vv
Q Q Q
d
+C f whe(u) — df w ol (u)Vw - Vu - Z f whe! (u)|Vul®
Q Q Q

1 2
+—fwkugo’l(u)+ﬁfwkgol(u)u2, 3.5
k Jo k Jo

where we used the boundedness of the functional response, C > 0. The above inequality can be written as

w<p1(u)+(k—1) f w20, () Vw]? T f whe! ()| Vul*

kdt Q

<—(d+1)fwk 1¢;(u)vu-Vw+X1(k—1)fwk-1Vw-Vucp1(u)+X1fwhp;(u)wmz
Q

Q

+x2tk—1) f wk_lgol(u)Vw Vv +xs f wktp’l(u)Vu -Vv+C f wkgol(u)
o) o) o)

2
',ffw o1 (. (3.6)
Q

By using Young’s inequality, we get

1 1 .
—d+1) f whk= lgo'l(u)Vu -Vw <e(d D fwk_ztpl(u)lez + @+1) fwk‘p‘_(u)|vu|2
2 0 2 Jo ¢1(w)

k-1 d+ 1)
<K e o + L f AU AWor 3
4 Q k-1 o ¢

and

1

k_
xi(k=1) f w o (u)Vw - Vu < f w201 (W) YW + ik - 1) f wh oy ()| Vul?, (3.8)
Q Q Q

k-1
xo(k—1) f w o (u)Vw - Vv < f w20 (W) VW) + ik — 1) f whe (u)| Vv, (3.9)
Q Q Q
Again,
’ e ’
X f wre! (u)Vu - Vv <X f wk¢1(u)|vu|2+)§ f whe! (u)| Vv
Q Q €
XZ
< f Wi wIVuf + 72 f Wl ()P (3.10)
Q Q

Substituting (3.7)—(3.10) into (3.6), one has

1d -1 d
T Wsol(u)+ 1 i fg W IVl + -+ f Wl () Vul?

2

(d +1)? @} (u) :

< WVl + x ik - D) | wrorlVul* + x1 | whe| )| Vul
k=1 Jo ¢i1(w) Q Q
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2
X /
3k~ 1) f WoeorIVvP + x, f Wi IVul + 7= f Wl Vv
Q Q X1 Ja

k ZBf k 2
+CLW (’Dl(u)-l_TLW e1(wu”. (3.11)

Now, we multiply the third equation of (1.3) by ¢,(v), we have

1d w v) = fwk_l (v)w +1fwk (W)
kd[ (%) = o (%) rT Y o 2 t

< f Wl (AW — x, f Wl o,V - (wVu) — s f w1V - (wV)
Q Q Q

d
+wak<pz(v)+n—fwkgo’z(v)Av+ffwkgo’2(v)v
Q k Q k Q
<=(k-=1) f w20, (W) Vw)> — (nd + 1) f Wl (V) Vw - Vv
Q Q

+xi1tk—=1) f wk_lgoz(v)Vw -Vu + y fwktp’z(v)Vv -Vu
Q Q

w @IV + Bs f whoa(v)
Q

+ x2k—1) f wk_lgpg(v)Vw -Vv +)(2f
Q

Q
2rﬁ2

il f W (V. (3.12)
K Ja

By using Young’s inequality, we arrive at

k-1 d+ 1) v
—(pd + 1) f Wb (VW - Vv < —— f w’<—2902(v)|vw|2+u f wk%—(v)wvﬁ, (3.13)
Q 4 Jo k=1 Jo  ¢2v)

and

_ k—1 _
xik=1) f wh lcpz<v)Vw-Vu<T f w2Vl + x ik - 1) f wo,MIVul*  (3.14)
Q Q Q

k-1
X2k — 1)fwk_190z(V)VW~VV <wak_2902(V)IVWI2 + x5k — 1)fwkcpz(\/)|VVI2 (3.15)
Q Q Q

X f WV ¥y <L [ bt + St

2
< f Wr (Vv +)i f Wr (Va2 (3.16)
Q Q

Substituting (3.13)—(3.16) into (3.12), we derive that
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1d k—1 d

o f whs(v) + ¢ - ) fQ W2l + 2 fg Wwh ()T
d + 1)?

Lt 1) f YA AN f W MIVul + x2 f WE g (V) Vv?
k=1 Jo @) Q

2
X , ’

+ 2L [ Wb k- D) [ WemmE e [ weEmmE+c [ e
X2 Jao Q o) Q

2
2P [t (3.17)
£ Jo

Now, adding (3.11) and (3.17), the resulting inequality becomes

1d 1d k-1 B k-1 _
kdr s wheor (u) + %d_thk"OZ(v) + wak 201 (w)|Vw]* + wak 20y (v)| VWl
o o

d 124 d 124
i f W ()| Vul? + — f Wl (V)| Vv
k Jo k Jo

d+ 1)
<¥rD fwk"ol( 9 + ik - )fwksol(u)wuﬁﬂl +xl)fw¢1<u>qul
k-1 Q ‘/71( ) Q

2
+)(§(k—1)fwk901(u)|Vv|2+)%fwcpl(u)|Vv| +Bgfw¢1(u)+éfwkgol(u)u2
Q Q Q

+(77d+1)2f k‘pz()
k- o »O)

——|V* + xi(k ~ l)fgw 2 (MIVul® + x5k ~ 1)fw eIV

2 2 2
+(1+y) f W IV H% f W WIVul + C f wk<,02(v)+% f W, (3.18)
Q Q

Now, we do some computation to show that the terms involving |Vu[?> and |Vv|?* on the right-hand side of
above inequality are dominated by fQ w "' |Vul* and fQ w ¢l |Vv|?, respectively. For s > 0, define

(d+17 @[ _ 4Bis*e}(s)

T e S T = xilk = D@i(s), ja(s) = 2(1 + x)Bisei(s)  (3.19)
d d
Ja(s) =xi(k = Dpa(s), Jjs(s) = X”T‘”() jo() = 22Bi@1(s) + 42 B i(5) (3.20)
and
2 2 202
i (5) =1 +(,1)_ﬁf; P20 (59 = k- D), i) = Mﬁ%"”(” (3.21)
i4(s) =x3(k = Dpa(s), is(s) = 21 + x2)B552(s). (3.22)

Now, combining (3.19) and (3.20), one has

2 ’?
@+]) f WA g 2w f W )IVul + (1 + x1) f W) )|V
k=1 Jo ¢i(u) Q Q
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2
X ,
+xi(k=1) f Wi WIVul’ + 7 f W, (V)| Vul?
Q Q
d
< f whe! ()| Vul?. (3.23)
k Ja

Similarly, we combine (3.21) and (3.22), we have that

/2
(nd + 1) fwk‘f’z (V)IVv|2
Q

2
2 k 2 X2 k v 2
(k—1) f Wi )| VvP + =2 f W W) Vv +
© Q . 4 Ja g k—1 ©2(v)

+x§(k—l)fwkst(V)lVVI2+(1+Xz)fwk50§(V)|VVI2
Q Q

d
<7 f w el VIV, (3.24)
Q

Substituting (3.23) and (3.24) into (3.18), one has
1d
kdt Jo

2ﬁ2 2rﬁ2
<B3fwk901(u)+—lfwk901(u)uz+33fWk%(V)"‘—ZfWk‘Pz(V)Vz
Q k Q Q k Q

2B%K? 2rB2K?
< (C + 1To)fwk<p](u) + (B_o, + ]j 1 )fwkgoz(v)
Q Q

<C1fwk901(u)+cszk902(\’) (3.25)
Q o

1d k—1 B k—1 _
who(u) + —— f wr o (v) + —— f w2 ()| V] + —— f w2, (v) VWl
kdt Jo 4 o 4 o

282 K2 2iB3K? . .
where ¢c; = C + 3 and ¢; = C + ——*. Using Lemma 2.1, Lemma 2.2, and (3.3), we get the estimate

f whe (u) <h f wh = w1,
Q Q

k k21—
<hCallw? [falw? I

2a
k k k21—
<hc4(cs||sz||Lz + ||wz||Lz) w21~
k

& L EN g
< CoCs( 9wz + WAL, ) Il

£ A ki-a)
<h1C4C5 ||Vu2||L2 + K2 Kz

<Cﬁ(||vu5||§2 +1), (3.26)

€ (0, 1). Now using the fact (3.3) and from (3.26), one can obtain
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f w1 ()| Vwl > f w2V
Q Q

4 (e 4
>k2Cé/“(fgw o) - = (3.27)

Similarly, we get

4 a 4
k=2 2 k=2 2 k
fg W2 (VW > fg WAV > kzc”“( fg ) (3.28)

From (3.27) and (3.28), we have

1 1

li X 12 X _(k—l) P E_(k—l) P o 2k-=1)
) e g fg Wi (v) < = ( fg Wi (w) = ( fg Wi + =
(3.29)

for all t € (0, T,,,,) and where é > 1. Set y(¥) := % fgwk(gol(u) + ¢2(v)). By using the inequality

xF +y7 > n"P(x+y)P, p > 1, we get

i 2k -1

V() < —Cgya(t) + ( 2 ) forall r € (0, T,0x), (3.30)

where Cg := min {(k_—ll), (k_—ll)}nl‘é and % > 1. By using Lemma 2.3 and the fact that (3.3), one has

kcg kecy
%
I, Dl < ( f W) + 9200)) < € (331)
Q

for all ¢ € (0, T},4x), Where C(ug, vy, Cs, 7) > 0. The proof of Lemma 3.1 is complete. O

Lemma 3.2. Let (u, v, w) be a solution of the system (1.3). Then, there exists a positive constant ¢ > 0,
such that

W, Dz~ < c forall t € (0, Tyax). (3.32)

Proof. To obtain the L*— bound of w, we use the semigroup estimates. In order to do this, we first
obtain that for any 7 € (0, T),,,), there exists a constant C > 0, such that

(-, D), v(-, D)llwr~ < C(7) for all € (7, Tpax) (3.33)
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Let 7 € (0,7,,,) be given such that 7 < 1 and alsolet g :=n+ 1 and 6 € (%(1 + g), 1). To begin with,

we rewrite the first equation of (1.3) as follows:

u; = dAu—u+ g(x, 1), (3.34)

auw

with g(x,1) = u(l—u)— +u. Then, by Lemma 3.1 and the fact that 0 < u < K(,0 < v < K

1 + au + azv

(see Lemma 2.5) and ain < K, K > 0, we have

1 + aru + azv

auw

llgCx, Dllze =llu(l —u) - +ull o

1+ au+ay
< Ko(1 + Ko)lQ7 + ar Klw(-, 0)llza + KolQl7

< [Ko(1 + Ko) + KollQ7 + ay RIw(:, 1)lle

< Kol2 + KollQl# + a KIw(, D)l

< Ko[2 + KolIQe + a, Keo. (3.35)

We apply the variation-of-constants formula to (3.34) and obtain
t
u(-, 1) = e Aty 4 f e~ At D=9 9. 5)ds, (3.36)
0

where A; = —dA. Then using (2.6), (2.7) and the estimate (3.35) in (3.36), one can derive
[l Dllwre <Cill(Ag + D°u:, 1)llza
<Cit™%e ™ |uglls + C fot(t = 5) e ™||g(-, $)l|ds
< Cit ™% |lugllLaqq) + Ci fot(l — 5) e I[Ko[2 + K0]|Q|é +a;Kcolds
< Cit e |lugllray + C1lKo[2 + KolIQl7 + a1 Kol fo"" ol do

< Cit ) lugllza@y + CilKo[2 + KollQs + a; Keolu'T(1 — 6)

<Cit?+C (3.37)

for all t € (1, T)pax), Wwhere I'(1 — 8) > 0. From the last inequality (3.37), we get the desired estimate
lu-, Ollwie < Ci(7? + 1) := C(x) for all 1 € (T, Tax)- (3.38)

where C, is a generic constant which may vary line to line. Next, we obtain the bound for |[v(-, £)||y1..
To this end, we rewrite the second equation of (1.3) as follows:

v, =ndAv —v + h(x, 1), (3.39)
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asyw

with A(x, 1) := rv(1—-v)— +v. Then, by Lemma 3.1 and the fact that 0 < u < K,,0 < v < K;

1+ au+aszv

aqv - =
< K, K > 0, we have

(see Lemma 2.5) and
1+ au+ azv

asyw

1ACx, Dlle =llrv(l = v) = + V|

1 + au + azv
l —_—

< Ki(r(1 + Ky) + DIQ|7 + asKllw(-, Dl 14

<K (r(1 + Ky) + l)IQIé + asKcy. (3.40)

We apply the variation-of-constants formula to (3.34) and obtain
V(- 1) = ¢ty 4 j; t e Wt DEIp( 5)ds. (3.41)
Then, using (2.6), (2.7) and the estimate (3.40) in (3.41), we find
VG, Dllwie <Cill(Apg + DV, Dl
<Ci e |volls + C fo t(t — ) e A, 9)llads
< Cit e ™|lvollrae + Ci fo t(t — ) e M IK (1 + Ky) + DIQJT + asKeolds

< Clt_ee_”tllvollm(g) + C; [K] (I’(l + Kl) + 1)|Q|$ + Cl4EC0]f O'_He_ﬂUdO'
0

< Cit ol + CLIK (r(1 + Ky) + 1)|Q|% + asKeolW'T(1 - 6)
<Cit?+C (3.42)

for all ¢ € (1, T)ux) Wwhere I'(1 — 8) > 0. From the last inequality (3.42), we obtain
VG, Dllwre < Ci(t™% + 1) := C(7) for all t € (1, Ty (3.43)

Next we derive the L*- bound of w(-, #). We rewrite the third equation of (1.3) as follows:

asuw agVw
_l_

w,=Aw—w—=V-(wVu + yowVv) + +w—uw. (3.44)

l+au+av 1+au+azv

Then, applying the variation-of-constants formula to (3.44), one has
t !

w(-, 1) =e Do — vy f e ANy L (wVu)ds — x» f e ANy L (wVy)ds
0 0

!
+ f e AN v wyds =L + L+ L+ L, (3.45)
0

asuw + agyw

where f(u,v,w) = + (1 — ww. Now, we take the L*-norm on both sides of the above

1+ au+azv
equation, we have

WG, Dl < illes + Bl + 13l + sl (3.46)
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First, we estimate the term /; as follows:
il < Cot~%e ™ |lullz < Cotlluollz (3.47)

forall t € (r,T,,,) and 6 € (ﬁ, 1) and u > 0. In order to estimate the term /I, we set m = 0,qg =
n+ 1, p = oo for (2.8) and we use (3.33) and (3.1), one has

L]l < Csxi fotll(A + 1) DY L (WY eds
< Ciyi fo t e IN(A + D0 AV - (wVu)||ads
<Gy fo (= e T ds
< CoC5C(7) fo (1= sytree e hiogg
<C, foop—e—;—ee—(ml)pdp
0
< Csl“(% -0-e), (3.48)
where I'(§ — 6 — €) is a Gamma function which is positive since § — 6 — € > 0 and y, Cs > 0.
Next, we obtain the bound for /5. As in the estimate of I, we setm = 0,g = n + 1, p = oo for (2.8)
and we use (3.33) and (3.1), one has
55l < Caxi fotll(A + 1)’ AT L (wV)|eds
< Cixz fo t e INA + 1)0e Y L (WwVY)||ds

t
1
< Co f (t = 5) 27" ® DI WVl uds
0

t
< CoCsC(7) f (t - 5)9‘%—€e—w+1)(t—s)ds
0

<C7f p—f)—%—ee—(;&l)pdp
0

1
< CgF(E -0-¢), (3.49)

where F(% — 6 — €) is a Gamma function which is positive since % —6—¢€>0andpyu,Cg > 0. Finally,

we obtain the bound for /. To this end, we use (2.6) and (2.7) andletm = 1,p = (n,c0]and g = n + 1.
Hence, we can choose 6 € (%(1 - I—’; + 3), 1). Then one has
Lallwr < CillA + 1)° L4

t
<CiC f (t = )%™ £ (ut, v, W)l ods. (3.50)
0
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Using the fact that 0 < u < Kj,0 < v < K; and(3.1), we can get

asuw + agyw ~
R — < Klwllze + (1 + lwllze

L4

+(1 -
1+ au+ azv (I =pw

[K + (1 +@)]lIwllzs

<
<[K+ (1 +wlC(r) (3.51)

for all r € (7, T,,4,). Hence, we have
!
Illwir < C1Co[K + (1 + w)]C(1) f (t—s)%"ds
0

< CiG[K + (1 + w)]C(r) f ) o e dor
0
< C\Go[K + (1 + w)]C(xT(1 - ) (3.52)

for all ¢ € (1, T,y4,) and where I'(1 — 6) is a Gamma function and it is positive since 1 — 6 > 0 and v > 0.
Since p > n, Sobolev embedding theorem yields that

[[I4]|z < Co forall t € (1, Tpax). (3.53)

Substituting the estimates (3.47), (3.48), (3.49), (3.53) into (3.46) which yields (3.32). Hence, this
completes the proof. O

Proof of Theorem 1.1. From Lemma 2.5, we obtain ||(u(-, 1), v(-, 1))l|lL~@) < C. Further, we also
obtain the bound for |[w(-, 7)||.~ from Lemma 3.2. By noticing these results now, we can conclude that

lluC, Ol + 1vC, Dl + W, Dl < ¢ for all 7 € (0, Tpan), (3.54)

where c is a positive constant. From the criterion (2.9), we obtain that 7,,,, = co and hence ||u(:, £)||;~ +
IvC, Ol + W, Hllz~ < ¢ for all ¢ € (0, o). The proof of Theorem 1.1 is complete.

4. Global stability of solutions

In this section, we shall prove the global stability of solutions of (1.3) by constructing some suitable
Lyapunov functionals, and then we use the LaSalle’s principle.

4.1. Global stability of Prey only state

Lemma 4.1. Let (u, v, w) be the solution of (1.3) and let Ty = &ixa—@dw) 1 _ Welta)—asas) gy, if

} ) ay(1+azx+az) ° as(1+az+az)
as+ae ayr(as+aszas—asag
T v and a4 < Srmme————— holds that

Hm(fluC, 1) = Hizs + V¢, 1) = Ulzs +lwC, Dllzs) = 0. 4.1)

Proof. Let us define the energy functional

&) ::Flf(u—l—lnu)+rzf(v—l—lnv)+fw. “4.2)
Q Q Q
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First we need to prove that &(¢) > 0 and &(¢) = 0 iff (u, v, w) = (1, 1,0). To this end, let y(x) = x—g. Inx
and by Taylor’s formula , one has

1
8= 8 — 8IS =U(9) ~Y(g) = (g8 — g + 5U(ONg ~ 8.

),

262
where we choose ¢ in between g, and g. Now putting ¢ = u and g, = 1 in the last equation, we have
u—1-Inu= 2—52(u— 1> > 0.
Similarly, we can show that

1
—1l-lnv= -1 >
v ny = 252(\/ ) 0.

Therefore, we get E(u, v, w) = &(1,1,0) = 0 and E(u, v, w) > 0 for (u, v, w) # (1, 1,0). Differentiating (4.2)
with respect to ¢, and then substituting equations from (1.3), we have

d&(t -1 -1

A :Fl f “ u, +F2f v VZ‘ + fwt

dr Q Q u Q
[Vul? f[ aw ] fleI2

d +T l-u———(u—1D) +Thnd

: ‘fg u? : o " 1 +au+ azv (=1 +Ton

.

u
=-T
asw asu + aegv
T [1_ _—] _1+“—_]
2 ( V) 1+a2u+a3v(v ) oll +ayu+aszv i

Vup VP
<-1d [ ”' F1f[1—M—L](u—l)—F277df| i
Q Q

1 + au + azv v?

+ +
+r2f (1 = v) - — 2 ](v—1)+f[ dsutay __ds*de ]w
0 1 + au + azv oll+au+av 1+a+a;s
|Vu|2 f[ aw ] flel2
l-u-—" |(u—-1)-Tond
f " 1 + au + azv (=1 =Ton q W

apw
1- ] -1
L r(l=v) - 1+ ayu + azv =1

as(u — 1) + azas(u —v) ag(v — 1) + arag(v — u)
.\ [ N ]w. 4.3)
ol(l+au+av)(1 +a+as) (1+a+as3)l+au+azv)
By using the assumptions of I'; and I'; in (4.3), one has
dé(t Vul|? Vv?
e —Fldf Vul” _ rzndf W, f(u — 1) - Fzrf(v “1y, (4.4)
dr o u o V Q Q
which yields
dé(r)
<0, 4.5
m (4.5)

for all (u, v, w) and also the equality holds when (&, v,w) = (1, 1,0). At last, the LaSalle’s invariance
principle ( cf. [43], Theorem 3) yields that the solutions (u, v, w) converge to the constant steady
state (1,1,0) as time ¢ — oo. m]
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4.2. Global stability of coexistence state

Lemma 4.2, Let I} = S @ds—@dove g, g ) = detlasteasashs g, 4 6irive constants. Let (u, v, w) be the

ai(1+aru+azv,) st a4(1)+u2u*+a3v*)
as+a, ayria azds—anda
solution of (1.3). If u < 1+5az+fh ag > W and
I''QRay +a3) Tharr T, I'i2ay + a3)u., anzrv*’ 4.6)
2 2 2 2
Fzr(2613 + a2) I'as Fzr(2a3 + az)v* I'asu,
+ T, + + 4.7
D) 2 <rlp 2 2 ) ( )
4d0\Conu,v, > Tuw. K? + >nlK2v,w., (4.8)
then it holds that
lli_{glo(llu(-, D) = sl + [V, 1) = villpe + (W 1) = wallz=) = 0. 4.9)
Proof. The coexistence steady state (u., v., w.) of (1.3) satisfies equations
AW
1—u,) - =0,
( ue) 1 + aru, + azv,
asw.
1 - Vi) ™ = O’
r(l=v.) 1 + aru, + azv,
N asu, aegVs -
R Wi, + azv, 1+ aou, +azv.
Let us define the Lyapunov functional E(u, v, w) as
E(u, v, w) :=I'1F1(1) + TaF2(0) + F3(0), (4.10)
where
Fi(t) = fu —Uu,—u log( ) Fa(t) = fv— Vi — v*log( ) F3(t) = fw—w* —w*log(i).
Q U, Q Vi Q W,
(4.11)

Next, we take the derivative of &E(¢) with respect to ¢ along the trajectory of the system (1.3) and we
obtain

dé(r) . dF () dF» (1) d7"3(f)
o by they dt

=01 + 1,0 + 5. (412)

Using the definition of ¥(¢), the first equation of (1.3) and the fact that (1 — u,) — % =0, we
estimate the term /; as follows: ‘
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Ilzfu_u*(dAu+u(l—u)—%)
o U 1 + au + azv

Vul? ayw aw
=—u, | 2| +f(u—u*)l—u———l+u*+ u
o U o 1+ au+ azv 1+ aru, + azv,
Vul? ayw(l + axu, + azv
=—ud | 2' +f(u—u*) —(u—u,) — ( u V)
Q U a (1 + ayu + azv)(1 + aru, + azv,)

aw.(1 + au + azv)
(1 + aru + agv)(l + aru, + a3v*))
= — u*df |VI/;|2 _ f(u B u*)z " f [—aiw(l + aru, + azv,)|(u — u,)
o ! Q o (I +au+ azv)(1 + axu. + azv.)
laiw.(1 + apu + azv)|(u — u.)
(1 + aou + azv)(1 + aou, + azv,)’

(4.13)

Now, let us simplify the numerator in the integrand of the third integral on the R.H.S. of (4.13) as follows:

[—aiw(l + ayu, + azv.)l(u — u)+[aw.(1 + au + azv)|(u — u,)
=[-a;(w —w.) + ajax(uw, — wu,) + ayaz(w.v — wv,)(u — u,)
=[—a (w — w,) + ajar(uw, + uw, — uw, — wit,)

+ajaz(w.v + vow, —vow, —wv)(u — u,)

= - a](W - W*)(l/t - l/t*) + aIQZ(W*(u - l/t*) - M*(W - W*))(u - l/t*)

+ a1a3(w*(v —v,) — ve(w— w*))(u — U,). 4.14)
Substituting (4.14) into the last integral on the R.H.S of (4.13), we obtain
[—ayw(] + aru, + azv,) + ayw.(1 + au + azv)] (u — u,) 3 f ayaw,(u — u,)?
o (1 + au + azv)(1 + aru, + azv,) Bl o (1 + au + azv)(1 + aru, + asv,)
(4.15)

B f a1 + au, + azv.J(u — u,)(w —w,) N f ayazw.(u — u,)(v —v,)
Q o)

(1 + aru + azv)(1 + aru, + azv,) (1 + axu + azv)(1 + apu, + azv,)’

(4.16)
Again, inserting (4.16) into (4.13), we end up with
V § * — U 2
Ilz—u*dfl ul _f(”_”*)2+f ayarw,(u — u,)
o u? o o (1 + axu + az3v)(1 + aru, + azv,)
f a1 + axu. + azv. ](u — u)(w —w,) N f ayazw,(u —u,)(v —v.)
o 1+ au+azv)(1 + au, + azv,) o (I + au + azv)(1 + aru, + azv,)
Vul? *
= —ud [Vul| +f aaw _1 (u—u*)z
q u? o \(1 + aru + azv)(1 + aru, + asv,)
f ai[l + axu, + azv,|(u — u.)(w —w,) N f arazw.(u — u)(v —v.) 4.17)
o (I +au+av)( + axu, + azv,) o (1 + au + azv)(1 + au, + azv,) '
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Similarly, we estimate the term /,. Using the definition of #,(#), the second equation of (1.3) and the
fact that r(1 —v,) — —2*— = (), we estimate I, as follows:

l+ayu.+azv,

Iz_fv_v (ndAv+rv(1—v)——a4VW )

1+ au + azv

|V v|2 L aww AW,
=— V.7 (v Vi) +rv, +
1 +au+azy aru + azv

1+ au, + azv.
=— v*ndf
Q

IVv|2 . f(v . )(—r(v vy asw(l + aru, + azv,)

V2 o : (1 + apu + azv)(1 + ayu, + azvy)
asw.(1 + au + azv)

(1 + apu + azv)(1 + aru, + a3v*))

Vv ) [—aaw(l + ayu. + azv.)](v = v.)
= — V*T]d —-r (V — V*) +
q VW Q o (1 + au + azv)(1 + aru, + azv,)
[asw.(1 + au + azv)](v — v,) ‘ (4.18)
(1 + au + azv)(1 + aru, + azv.)

Now, let us simplify the numerator in the integrand of the third integral on the R.H.S. of (4.18) as
follows:

[—asw(l + ayu, + azv,) + asw.(1 + aru + azv)|(u — u,) = azasw.(v — v*)2
—ayll + aru, + azv. (v —v.)(w — w,) + axasw.(u — u,)(v — v,). 4.19)

Substituting (4.19) into (4.18) and simplifying, we obtain

[Vv[? f‘ 2 f‘ aazw,(v —v,)’
L=-vnd - —v)t+
: vell fg 2 V=) o (1 + au + azv)(1 + aru, + azv,)
f 614[1 + axu, + 613\/*](\/ - V*)(W - W*) + f a2a4w*(u - M*)(V - V*)
Q Q

(1 + au + azv)(1 + au. + aszv.) (1 + au + azv)(1 + axu. + aszv,)

df V| . f arazw, =)
==V - 5 - - Vx
g q VW o \(1 + ayu + azv)(1 + aru, + azv,)
B f as[1 + ayu, + azv. ]J(v —vo)(w —w,) 4 f arasw,(u — u)(v —v,)
Q

(1 + aru + azv)(1 + aru, + azv,) o (1 + au + azv)(1 + aru, + azv,)

(4.20)

Finally, we estimate the term /5. Using the definition of 73(z), the third equation of (1.3) and the fact

_ asit, apVs _
that M+ l+aru+azv, + l+aru+azv, 0, we find

L = f P (Aw =1V - (wVi) — 2V - (W)
f( _asi+dey
w—w,) |-
p 1+a2u+a3v
f|Vw|2 fVqu vaVw
=—w. o T X1Ws + X2Ws
Q W Q W Q W
+ .+ agv.
+f(w—w*)( asu +agy  dsits + deV ) @21)
Q l+au+av 1+ au, +azv,
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Further, we simplify the numerator in the integrand of the third integral on the R.H.S. of (4.21), one has that

(asu + agv)(1 + ayu, + azv,) — (asu, + agv,)(1 + aru + azv)
:a5(u - M*) + a6(v - V*) + a3a5[v*(u - M*) - M*(V - V*)] + azaﬁ[u*(v - V*) - V*(I/t - I/t*)]

=[as + (azas — arae)v.|(u — u.) + [as + (ara6 — azas)u. (v — v.).

Now, we rewrite the fourth term in the R.H.S of (4.21) using the above estimate, we obtain

f( asu + agv asu, + deVs f [as + (azas — araeg)v. (4 — u,)(w — w,)
w — — =

l+au+av 1+ au, +azv, o (T +au+av)(1 +au, +azv,.)
N f las + (arae — azas)u.]J(v —v.)(w — w.)
o)

. (4.22
(1 + apu + azv)(1 + aru, + azv,) ( )

Substituting (4.22) into (4.21), we have

f [Vw|? f Vu-Vw f Vv-Vw f las + (azas — arag)v. (4 — u,)(w — w,)
L=—w, — tX1w. + YoWs +
Q W Q w Q Q

w (1 + ayu + azv)(1 + aru, + azv,)

N f las + (aza6 — azas)u.J(v — v.)(w — w*). (4.23)
o (I +au+av)l+ au, + azv,)

Furthermore, inserting (4.17), (4.20) and (4.23) into (4.12) and let p(u,v) = 1 we

(1+ayu+azv)(1+au.+azv,)’

arrive at

d&(t Vul? Vvl Vwl? Vu-V Vv .V
—() =—u.dl f l u| - Vﬂ]cﬂ“z f ﬂ — W, f | Wl + X1 W f " id + X oW f 4 id
dr o) l/l2 Q V2 Q W2 Q w Q w

+11 f (alazw* - 1)(u - u*)2 + w*(F]a1a3 + F2a2a4)f (I/l _ M*)(V _ V*)W*
Q Q

p(u,v) p(u,v)
i1 f (“4“3W* - r)(v - 4.24)
a\pu,v)
Applying the Cauchy’s inequality, we get
_ _ a2 Y
(u—u)v—w) <lf(u Us) lf(v v*). (4.25)
Q p(u,v) 2Ja pu,v)y 2 Jq p(u,v)
Inserting the last inequality (4.25) into (4.24), and letting Z —( ”' IVW') we obtain

d&(t Vul? Vv Vw? Vu-V Vv.-V
() drlfl ul v*ndefl Zl _W*f| vzl +X1W*f - W+X2W*f Y
oV Q W Q w Q w

Iy

+T f(“wlzw* - 1)(u —u,)* + wilranas + oanay) (- )

pu,v) 2 o p,v)
+ w*(F1a1a3 + F2a2a4) (V - V*)z +T f (613614W* _ r)(v _ v*)z
2 o p(u,v) o \pu,v)
<L+ f (Zl“lalazw* +w.(laias + Dhazas) Fl)(u .
o 2p(u,v)
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2I° « Fw (I +I
. f( 2azasw, + wilhaia; + Daray) rl“z)(v WA (4.26)
Q 2p(u,v)
where
I =- f Z'BZ,
Q
and the symmetric matrix is denoted by
dlu, o X lg*”
<V
B=| 0  pary, X 4.27)
XIWll  YoW.V
—_ — W,
2 2
The above matrix B is positive definite if (4.8) holds. Therefore, we check that
ddrll/l* 0 )
= I u.v, 4.2
0 ndTyy. ‘ dnTuv, >0 (4.28)
and
dw. 2 2 2 2
|B| = ) [4dT \ Tonu,v, — T ouwv = yinhu v.w,] > 0. (4.29)
Hence, there exists a positive constant «, such that
dé&(r) <— af (IVM|2 . |VV|2 . |VW|2) N f (2F1a1a2w* +w.aias + Taray) B Fl)(u B u*)z
dr o\ u? v? w? Q 2p(u,v)
2I « +w. (T +T
+f( wrazw, + w.(l'ajaz 20204) —rl"z)(v—v*)z. (4.30)
Q 217(”, V)
Noting the facts that 1 — u, — % =0and r(l1 —v,) — % = 0, one has that
I+ 2F]a1a2w* + w*(Flalag + F2a2a4) < 2F1a1a2w* + w*(F1a1a3 + F2a2a4)
_ < -T

2(1 + aru, + azv,)
Daaor(1 —v,) N [as(1 —uw.)

! 2(1 + aru + azv)(1 + aru., + asv,)

= —F1 + F1a2(1 — u*) +

2 2
<0,
and
2aa3w., + w.(Tyayas + Tasray) 2aa3w., + w.(lyayas + Tasray)
—rF2 + < -rly +

2(1 + au, + azv.)
[as(1 - u,) N Dyapr(1 —v,)
2 2

2p(u,v)

=—rl) + Iyazr(1 —v,) +
<0,

where we used the assumptions (4.6) and (4.7). Hence, we can conclude that

VUl VR VP
ia(z)s—cf(l uf WP Vvl ) (4.31)
dr 0

u? V2 w?
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which yields that %S(I) < O for all u, v, w and the equality holds if Vu = Vv = Vw = 0. Therefore by
applying LaSalle’s invariance principle ( cf. [43], Theorem 3) we can say that the solutions of (1.3)
converges to the coexistence steady state (u., v., w.) as time t — oo. ]

Proof of Theorem 1.2. Theorem 1.2 is a consequence of Lemma 4.1 and Lemma 4.2.

Remark 4.1. We note that the condition (4.8) is a strong requirement, which implies that y; and y, have
to be small enough.
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