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Abstract: This paper focuses on the adaptive reinforcement learning-based optimal control problem
for standard nonstrict-feedback nonlinear systems with the actuator fault and an unknown dead zone.
To simultaneously reduce the computational complexity and eliminate the local optimal problem, a
novel neural network weight updated algorithm is presented to replace the classic gradient descent
method. By utilizing the backstepping technique, the actor critic-based reinforcement learning control
strategy is developed for high-order nonlinear nonstrict-feedback systems. In addition, two auxiliary
parameters are presented to deal with the input dead zone and actuator fault respectively. All signals in
the system are proven to be semi-globally uniformly ultimately bounded by Lyapunov theory analysis.
At the end of the paper, some simulation results are shown to illustrate the remarkable effect of the
proposed approach.
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1. Introduction

Optimal control theory originated in the 1960s and has become an important part of automatic
control theory primarily owing to its spirit of seeking the optimal solution from all possible control
schemes [1,2]. Optimal control problems for linear systems can generally be settled by solving Ricatti
equations. However, when it comes to nonlinear systems, there are quite a few effective methods since
the Hamilton-Jacobi-Bellman (HJB) equation should be addressed. The HJB equation is generally
difficult to solve analytically. To overcome this bottleneck, a lot of remarkable approaches have been
developed, such as adaptive dynamic [3, 4], the use of actor-critic neural networks (ACNNSs) [5, 6],
policy iteration, and so on. Reinforcement learning (RL), as a method that can solve optimal control
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problems in nonlinear systems to avoid solving the HIB equation, has received widespread attention
in the past decades. In 1974, Werbos first applied the idea of RL to optimal control theory [7]. Since
then, many outstanding outcomes have been subsequently discovered [8—10]. At present, RL theory
is usually implemented by using ACNNs, where the critic neural network (CNN) provides policy
evaluation and the actor neural network (ANN) updates the present policy. The RL algorithm can
reduce energy consumption beyond that of other algorithms under the premise of achieving system
stability; it became a significant method of modern control theory. In recent years, more and more
approaches to RL have been presented in various fields, including online RL [11, 12], integral RL
[13,14], oft-policy RL [15,16], etc.

1.1. Motivation

General RL strategies utilize the gradient descent method to obtain the ideal weights of neural net-
works, which often fall into the local optimal problem [17], resulting in neural network estimation
errors that cannot easily meet the requirements. To overcome this bottleneck, Bai et al. proposed the
multigradient recursive (MGR) algorithm in [17] to obtain the global optimum solution. By updating
pseudo-gradients, this state-of-the-art technique can settle down the local optimal problem and accel-
erate the convergence rate of the neural network weight. However, the MGR algorithm suffers because
of a heavy computational burden. Thus, it is necessary to mention the minimal learning parameter
(MLP) scheme. It can reduce the number of updated laws without prominently reducing the estimation
accuracy. Many studies have been proposed to validate the effectiveness of the MLP. Nevertheless, the
aforementioned papers adopt only one of the two algorithms and fail to combine both the MLP and
MGR algorithms to combine their advantages.

The optimal control problem of strict-feedback nonlinear systems has been widely studied. How-
ever, none of these strategies can be extended into the field of nonstrict-feedback systems [18, 19]. For
this sake, some scholars have proposed their studies to overcome the bottleneck. For example, Tong et
al. [20], presented a novel fuzzy tracking control design for a nonstrict-feedback SISO system. Bai et
al. [21] utilized MLP-based RL theory to overcome optimal control problems for a class of nonstrict-
feedback systems. However, all of the above results omitted the influence of actuator fault and dead
zone input. These are common factors that affect the stability of the system. This negligence can lead
to severe damage and must be taken seriously. Thus, many works are presented to offset their influence.
However, no one has considered the situation that the dead zones and the actuator fault occur simulta-
neously. Thus, how to obtain an optimal controller for a nonstrict-feedback system with actuator faults
and input dead zone with minimal computation and enough accuracy will be an important task, and it
is the motivation for the current investigation.

1.2. Related work

Combining with the back-stepping technique, the authors made a thorough investigation of the
tracking control problem of the strict-feedback nonlinear systems [14—16]. At present, the back-
stepping approach is introduced into the analysis for the high-order nonlinear systems. Li et al. [22],
investigated the optimal control problem of a class of SISO strict-feedback systems via the fuzzy con-
trol method. Modares et al. [23] have developed an integral RL approach for the strict-feedback system
with input constraints. Wang et al. [24] proposed an optimal fault-tolerant control strategy for a non-
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linear strict-feedback system via adaptive critic design.

Besides, many papers have been proposed to study novel neural network weight updated algorithms.
Li et al. [25] utilized the MLP technique to overcome the fault-tolerant problem of a class of multiagent
systems. Liu et al. [26] designed an RL controller by applying a MLP scheme for classic MIMO
systems with external disturbance. Bai et al. [27] developed an event trigger control scheme for the
multiagent system based on the MLP technique.

Furthermore, many scholars are committed to investigating a tolerance strategy for the input dead
zone and actuator fault. For instance, Wang and Yang [28] studied the fault detection problem for
linear systems with disturbance. Tan et al. [29] developed a compensation control scheme for a class
of discrete-time systems that has actuator failure. In addition, Na et al. [30] provided an adaptive
dynamic control approach for a system with an unknown dead zone.

1.3. Paper contribution and organization

Based on the above discussion, an RL optimal controller is built in this paper to deal with the fault
tolerant control problem for a class of nonstrict-feedback nonlinear systems in discrete time with an
unknown dead zone input and actuator fault. To deal with the dead zone and actuator fault issues, we
propose two auxiliary systems to offset the influence. The ANN and CNN are utilized to approximate
the unknown terms and long-time utility functions, respectively. We propose a novel approach to
update the neural networks’ weight. The stability of all signals in the closed-loop is rigorously proved
and tracking errors are converged to a small compact set. The novelties of this paper can be concluded
to be as follows

1) We propose a novel neural networks weigh-updated algorithm to eliminate the local optimal prob-
lem and reduce computational burden. Besides, compared with the ordinary gradient descent algo-
rithm [11,26], the proposed approach can achieve a faster weight convergence rate.

2) We formulate a modified backstepping method with additional parameters to offset the influence
of input dead zone, the actuator fault, and the algebraic loop problem. Besides that, the unified
fault-tolerant control algorithms are developed based on the RL strategy.

The organization of this paper is given below. In Section 2, descriptions of the system and radial
basis function neural network (RBF NN) theory are given. In Subsection 3.1, the CNN and our novel
update law are presented. In Subsection 3.2, the design procedure of the adaptive RL controller is
provided. In Section 4, we propose some simulation results to show the contributions of the scheme
presented in this paper. The conclusion is provided in Section 5.

2. Problem formulation and preliminaries

2.1. Model description

The dynamics of a standard n-order strict-feedback nonlinear system [31-34] can be described as
follows:

xi(k + 1) = @i(xi(k)) + ¢i(Xi(k))xis1 (k)
Xk + 1) = @u(X, (k) + ¢p(X, (k) U (k) + d(k) (2.1)
y(k) = x,(k)
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where x;(k) € R for i = 1,...,n represents the state variable of the system. The notation X,(k) =
[x1(k), x2(k), ..., x,(k)]" € R" denotes the vectors of the states. The notations U(k) € R and y(k) € R are
the input and output signals, respectively. Notation d(k) stands for the external disturbance. Notations
©i(+) and ¢;(-) represent unknown smooth nonlinear functions.

Motivated by the transformation proposed in [18, 19], the nonstrict-feedback system (2.1) can be
further expressed as

Xitk+n—i+1)=¢i(x,(k+n—-10)+ ¢;(xX,(k+n—10)xi1(k+n—1)
Xu(k + 1) = @u(X,(k)) + Gu(Xn(K))U (k) + d(k) (2.2)
y(k) = x1 (k).

To proceed smoothly, an assumption is introduced in the following sequel.

Assumption I: According to the contributions in [34,35], the functions ¢;(X(k)) and ¢;(x(k)) satisfy
0 < ¢ < @i(xk) <pand 0 < ¢ < ¢;(x(k)) < ¢, where @ and ¢ are the unknown upper bound and
the unknown lower bound of cpi(}(k)) and ¢ and ¢ are the unknown upper bound and unknown lower
bound of ¢;(%(k)), respectively. The external disturbance is bounded and satisfies |d(k)| < d with d
being an unknown positive constant.

The control signal with the actuator fault and input dead zone can be described as U(k) = ¥ (k)u(k)+
o(k), where y(k) and 6(k) denote the efficiency factor and the unknown drift fault of the actuator,
respectively. We assume that (k) is a positive constant with (k) < ¢ < 1, where ¢ is an unknown
constant. Further, §(k) satisfies (k) < 6 with ¢ being the upper bound. The dead zone can be defined
as u(k) = D(v(k)), where v(k) represents the input of the dead zone and D(-) is a function of v(k) which
represents the output of the dead zone. According to propositions in [31], the dead zone is expressed
as

b,(v(k) - f,), v(k) > f,
D((k)) =4 0, —fi < k) < f, (2.3)
bi(v(k) + f1), v(k) < —f;

where b, and b; denote the right slope of the dead zone and the left slope of the dead zone, respectively.
The notations f, and f; are breakpoints of the input. For the purpose of simplifying the following
calculation, the expression D(v(k)) can be converted into a new form, as follows

D(v(k)) = b(k)v(k) + f (k) (2.4)
where b(k) and f(k) can be described as

b, v(k) > b,
b(k) = { brs V>0 L o), —b, < vik) < by 2.5)
b vk <0 bif, (k) < by.

We suppose that b(k) and f(k) satisfy 0 < b < |b(k)| < band 0 < ]_‘ < |f(k)| < f, respectively. The
control signal U(k) can be reorganized as
Uk) = y(k)(bkyv(k) + £(k)) + 6(k). (2.6)

In this paper, the RL controller is developed for the nonstrict-feedback nonlinear system (2.2),
ensuring the semi-globally uniformly ultimately bounded (SGUUB) capability of all signals in the
closed-loop system. Based on the ACNNSs, the tracking error &;(k) is required to converge to the
neighborhood of zero it will be specified subsequently.
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2.2. RBF NN

Note that, the RBF NN can approximate any smooth nonlinear functions over a compact set. That is
to say, considering an unknown nonlinear function F(N), there exists an RBF NN W*'S (N) such that
F(N) = w*Ts (N)+0(N), where W* = [wy, ..., w;]" € R denotes the ideal weight vector, [ represents the
node number in the hidden layer and o-(N) is the estimation error. Both W* and o(N) satisfy | W*|| < W

and ||o"(N)|| < & with W and & as unknown upper bounds. The notation S(N) = [s;(N), ..., s;(N)]" is

—eNT(N—c:
_w ,)niz(N i)
where c¢; represents the kernel of the receptive field, n;(k) denotes the width of the function. Because
0 < s;(N) < 1, we can further derive that 0 < Zle si(N)si(N) = S(N)TS(N) < L.

b

the vector of the basis function and s;(N) is applied as Gaussian form s;(N) = exp[

3. Design of adaptive RL controller

3.1. CNN

The utility function [35] can be chosen as

(k) = { 0, E1(0)] = @

I, &1 (k)| < @ (3.1

where @ is a positive constant that denotes the threshold value of tracking performance. The tracking
error is written as &;(k) = y(k) — x,(k) x4(k) indicates the reference signal. The long term strategic
utility function [21,27] is given by

M) = pk + 1) + ap(k + 2) + a’p(k + 3)+, ......, (3.2)

where a is a predefined positive parameter satisfying a < 1. According to RBF NN theory, the long
term utility function M(k) is defined below

M(K) = Wy,S 31(k) + 63,(k) (3.3)

where W), and 6,,(k) indicate the ideal weight vector and the error of the approximation, respectively.
Let S 5;(k) be the RBF NN basis function. We define M(k) = VAVL(k)S u(k); it denotes the estimation of
function M (k) with W, (k) being the estimation of the ideal weight Wy,.

On the basis of the MLP scheme, M(k) can be written in the form

M(k) = ¥y (OIS ()l (3.4)

where || - || indicates the Euclidean norm, li’M(k) = ||[Wy(k)|| is true for Y <¥Pand¥Pisa positive
unknown constant.
According to the scheme in [36], the equation of the Bellman error is designed as

Ey(k) = al(k) - [M(k —1y- p(k)]. 3.5)

Adopting the cost function in its quadratic form By (k) = (1/2)(Ep(k))?, the gradient of Wy is
obtained

AWy (k) = ansM(k)n[aM(k> ~ M- 1)+ p(k)]. (3.6)
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Defining wy(k— j+ 1) = ‘i’M(k)llSM(k — j + 1)||, we can further get

L

8 Bulk) = . allSwtk = j+ Dl awowtk = j+ 1) = oulk = p+ptk = j+ D] 37)

=1

where ¢ > 1 is a positive predefined constant that indicates the step length of the gradient.
Together with (3.7), the updated law of ¥, can be obtained

Ptk + 1) = Pulh) = g . allS e = j+ Dl awontk = j + 1) = outk = )+ plk = j+ D] 38)

J=1

where p, is the selected learning rate. The structure of the CNN is shown in Figure 1.

M (k)

Figure 1. Structure of the CNN.

Remark I: The neural networks in this paper are updated by our weight-updated algorithm. As
compare to the classic gradient descent method, our updated algorithm has the following advantages:
1) Reduces the computational complexity; 2) Eliminates the local optimal problem; 3) Accelerates
neural networks weight convergence speed;

3.2. Design of n-step adaptive neural network controller

In this section, an ANN will be utilized to implement the n-step backstepping RL control strategy.
Specifically, two auxiliary signals are introduced in the # step to eliminate the impact of the dead zone
and actuator fault.

Step 1: The tracking error can be defined as &(k + n) = x;(k+n) — xy(k + n) and &;(k+n—-1) =
xo(k+n—1)—a(k). According to System (2.2), the tracking error &;(k + n) can be further deduced as

ik +n-1)  xik+n)
P1(X(k+n—1))  ¢1(Xu(k+n-1))
+a(k) —xgk+n)+&EKk+n—-1)

1k + n) =g (it + n = 1) + e+ )
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where (k) denotes the virtual controller. Let

@1(Xn(k +n—1)) xq(k + n) ) (3.9)

k) = _(qblo-cn(k P e N E N CET IT)

With the universal approximation capability of the RBF NN, y,(k) = WITS 1(N1(k)) + o1(k) can be
approximated, where W, represents the ideal weight vector. We define Ny (k) = [X,(k + n — 1), x,(k +
n)] and o (k) indicates the approximation error. Suppose that W, and o (k) satisfy ||W,|| < W, and
llo1 (k)|| < &, respectively. Both W, and & are corresponding upper bounds.

Combining (3.9) and y,(k), &;(k + n) can be further expressed as

&1(k+n) = gi(Rak +n = 1)| = WIS | (N1(K) = 07y (k) + a1 (k) + x(k +n = 1) = xy(k + )| (3.10)

For the purpose of solving the algebraic loop problem which will be mentioned later, the term o, is
proposed

01(k) = ¥ilIS 1 (e ()l (3.11)

where 61(k) = [)_Cl(k +n— 1), Xd(k + l’l)] and lPl = ||W1(k)||
Adding and subtracting (3.11) into (3.10), one can easily derive

&1k +n) =1 (Xy(k +n = 1)| = WIS (N1 (k) = 07y (k) + a1 (k)

A2
+ &k +n—1) = xq(k + n) + WilIS 1 (e ()N = FilIS 1 (e () |- o
In order to further simplify (3.12), the virtual controller is designed as
a1(k) = =1 (RIS 1 (@RIl + xalk + n) (3.13)
where W, (k) = ||[W,(%)|| and W, is the estimation of W;.
Substituting (3.13) into (3.12), we gets
&1k +n) =¢1(Fu(k +n = 1) = WIS 1 (Ni(k) = 01(k) + Ex(k + .~ 1) i

= PLBS 1 (e DI =P 11S 1 (& ()]

where ¥, (k) = ¥, (k) - P,.
Transforming (3.14) with the k£ + 1 time instant, one has

&1k + 1) = ¢1(%, ()| = WIS 1(Ni(k1)) = a1 (ky) + & (k) = Prkn)IIS 1 (& (k) = 1l 1 (e (k)|

(3.15)
where k; = k + n — 1 represents the time instant.
On the basis of the RL control scheme, the strategic utility function can be defined as
E\(k) = W1 (k)IIS (e (k)| + (M (k) — My(k)) (3.16)
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where M (k) represents the ideal strategic utility function and it is usually defined as 0 [37].
The cost function is derived as 5, (k) = (1/2)(E,(k))* and the gradient of ‘i’l(k) is deduced as
. 0B (k N .
SACEE gl( )) = 115 (e Gk I F1 S sCen )| + M) (3.17)

1\

The multigradient can be further obtained as

8Bi0) = Y IS (el = j+ D)l wnths = j+ 1)+ wue = j+ D] (3.18)

j=1
Define wi(k; — j+ 1) = B EDIS 1 (61 (ky - Jj+ 1))|I. Similar to step (3.8), the MGR updated law of
¥, (k) is derived
P+ 1) = P1(k) - g, 51 (k)

R : 3.19
= k) = DS = o+ Dotk =+ D v+ ] O

j=1
where (1 stands for the chosen learning rate. The structure of the ANN is proposed in Figure 2.

Figure 2. Structure of the ANN.

Remark 2: 1t is necessary to emphasize that previous works usually designed the ANN basis function
to have the form §(N;(k)), which is not the function of x;(k). According to this design, a;(k) and
¥, (k + 1) are all built up as functions of N;(k) = [X,(k +n— 1), x;(k +n)]". This results in the algebraic
loop problem proposed in [38]. To settle this conundrum, the term o, (k) is presented in this paper and
we adapt (k) and ‘i’](k + 1) as functions of € (k) = [X;(k + n — 1), x,(k + n))]".

Step i: Define the tracking error &k +n—i+ 1) =xik+n—-i+1)—a;,_1(k) and &1(k +n — 1) =
Xit1(k + n — i) — a;(k). Notation a;_(k) and «;(k) indicate the virtual controller at Step i — 1 and Step i,
respectively. Similar to the process in (3.9), one has

¢i(X,(k + n—1)) a;_ (k)
_ 1k
¢i(x,(k+n—1) ¢i(X,(k+n—1i)) + eiail )) (3.20)

+ai(k) + &k +n—10) — a1 (k).

Ek+n—i+ 1) =@,k +n— i))[(
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According (o the definition of y1(k), one has yi(k) = —( ZEAA + 001 () - 58], The

unknown function can be approximated by the RBF NN which is given as y;(k) = WiTS (Ni(k) + oi(k),
where W; and o;(k) are defined as the ideal weight vector and the approximation error, respectively.
Futhermore, we let N;(k) = [x;(k + n — i), ..., x,(k + n — i), x,(k + n)]".

Substituting y;(k) into (3.20), one has

Eitk+n—i+1)=¢(x(k+n-1)| - W,-TSi(Ni(k)) —oi(k) + aj(k) + &k +n— i) — a1 (k)| (3.21)
The term o;(k) is given in the form below
oi(k) = FillS (k)| (3.22)

where €(k) = [X(x + n — i), x,(k + n)]" and \P; denotes the Euclidean norm of the weight vector W;.
Substituting (3.22) into (3.21) yields

itk +n =i+ 1) =gi(Fy(k +n = )| = WS (Ni(k)) — i) + (k)

(3.23)
+ &k +n—1) — a1 (k) + WillS (k)| — WillS (k) |-
The same as the previous process, the virtual controller is designed as
(k) = =FiRIIS () + @iy (k) (3.24)
where W;(k) is the estimation of W; and (k) = ||Wi(k)||.
Substituting (3.24) into (3.23), &;(k + n — i + 1) expresses
Gk +n—i+1) =%k + n — )| — WS (Ni(k)) — oi(k)
(3.25)

+ &k +n = 1) = Fi(k)lIS (k)| - ‘PillSi(ei(k))Il]-
Resembling Step (3.15), (3.25) can be further described as

&k + 1) = (T (k)| = WIS i(Nikp) = ki) + &1 (k) = FiklIS ekl = PillS i(ei(ki))”] (3.26)

where k; = k—n +1.

Let the prediction error E;(k) = ‘ifi(k)llS (&) + M (k). According to E;(k), the cost function is
described in its quadratic form g;(k) = (1/2)(E;(k))*>. The gradient of ‘i’,» is obtained according to the
derivation:

9Bi(k)

A (k) = —=
® ¥k

- ||S,-<e,~(ki>)||[‘?,~(k>||si<el~<kl~>|| " M(k)]. (3.27)

On the basis of the MGR algorithm definition, the multigradient is expressed as

80B0) = Y ISiatki = j + D)l itk = j+ 1)+ wue - j+ D] (3.28)

J=1
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The updated law of ‘i’,-(k) is deduced according to (3.28):

Pk + 1) = Wiky) — pig(e, Bi(k))

n ! 3.29
= U - Y IS etk =+ Dotk = j+ D+ ouk—j+ 1| O

=1

where y; is the i step learning rate.
Step n: The tracking error in the n-th subsystem can be described as &,(k+ 1) = x,(k+ 1) — a,_1 (k).
Substitute (2.2) and (2.6) into the n-th tracking error equation:

Ex(k+ 1) = u(5a(0) + BuEu N WD) + F10) + 66)) + ) = 1K) (3.30)
For the purpose of simplifying 3.30, m(k) is defined
1 -
M) =~ s £ ) — a6 (3.31)

Using the theory of the RBF NN to approximate (3.31), one gets
(k) = W, S (N, (k)) + 0,(k) (3.32)

where the definitions of W, and o-,(k) are the same as those for the steps from 1 to n — 1 and N, (k) =
[%.(k), xqa(k + m)]".

Combining (3.32) and (3.29) we derive

_ (k) (k)
Ex(k+ 1) = Bu(E (W) X (v + 22 + - 7)) + d), (3.33)
b(k) — y(k)b(k)

From (3.33) we can acquire the dynamics of the actuator fault and dead-zone shown in (2.3) and

(2.6), separately. It is easy to deduce that they have the following properties

f& _f_
_SE_T

b(k)

stky _ o _
wkb(k) ~ yb

(3.34)
where ¢ and 7 are bqth unknown parameters. Define the estimation of both parameters as & and 7; so
the estimation error ¢ and 7 are given by
(k) = dk) -0 T(k) = 7(k) — 1. (3.35)
Based on estimation errors of (3.35), the actual controller is designed as
v(k) = Wu(k)lIS w(Nu k)| + 2(k) + (k) (3.36)

where ‘i’n(k) = ||W,.(k)|| and W, (k) stands for the estimation of W,,. The time index k, = k.
With (3.35) and (3.36), the estimation fault (3.33) can be further written as

Enlk + 1) = (Zn ()W )b ) P (IS W (N, e DI (T ()W (YD)

fl 6k ]
bk w(k)b(k)) + Gu(E (W (k)b(K)q(k,) + d(k)

(3.37)

x(ﬁ(k)+ﬂ+%(k)+1+
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where ¥, (k) = ¥, (k) — ¥, and g(k) = W,|IS u(Nu(k )| = WIS (N, (k)) — (k). Similar to Step i, the
strategic utility function is defined

Ey(k) = Pu(k)lIS n(Nu (k)| + M (k). (3.38)

Further define the cost function as 8,(k) = (1/2)(E,(k))?; the gradient of ¥.(k) yields

) 0B, (k ) .
AW, (k) = g (k) = 1.4, G [ GOSN, + M1 | (3.39)
The multigradient yields
8B 0) = DI Nk =+ Dty = 4 1) + otk =+ 1) (3.40)
=1

where w,(k, = j+ 1) = Wu(k)IIS w(Nu(ky = j + D).
The weight updated law for ¥, (k) can be further obtained as

Pk + 1) =P, (k,) — g(t, B.(5))

; \ . . . 3.41
=Bk =t ) IS Nk = j + DI @nkn = j+ 1D+ pelk = j+ 1) (34D
=1
where y, is a chosen positive learning rate. Let
Eg(k) = 0(k) + M(k)  E.(k) = #(k) + M(k). (3.42)

The cost functions of two auxiliary signals are chosen to have a form that is the same as 3;(k) form
Bo(k) = (1/2)(Ep(k))*  Be(k) = (1/2)(E<(K))*. (3.43)
The gradients are deduced

OBy (k)

ADR) a@gég dk) + ]Al/[(k) "
A () = G0 = 70 + (0,
Two MGR updated laws are obtained
Bk + 1) = 19(k)—/1,92(19(k—j+ 1)+ Mk - j + 1))
= (3.45)

L

B+ 1) = #0) - e Y (20— j+ D+ MGk - j+ 1)

J=1

where py and p, are positive learning factors.
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Figure 3 shows the structure of the proposed control strategy. The analysis of the stability and
tracking performance are mentioned in the following theorem.

Theorem I: Consider the nonstrict feedback nonlinear system (2.2). The adaptive RL strategy
includes the updated laws (3.8), (3.19), (3.29) and (3.41), the virtual controllers (3.13) and (3.24) and
the actual controller (3.36). If the selected parameters that

0<puy <1/(Ia®), 0 <p; <1/l, 0 <pg <1/t, 0<pr <1/t (3.46)

and Assumption 1 holds, our control strategy can ensure that all signals are SGUUB and the tracking
error is tolerated. The proof of Theorem 1 is shown in the appendix.

x,(k)
z v(k)
Cor}ﬁ‘oller Auxiliary systems System [ x (k)
7
7
)/ Updated
)/ algorithm

Figure 3. Control system structure for the proposed strategy.

4. Simulation

In this section, some simulation results are presented to illustrate the effectiveness of the proposed
approach.
The nonstrict-feedback nonlinear discrete time system is chosen as

xi1(k + 1) = @1(X2(k)) + ¢1(%2(k))x2 (k)
x(k + 1) = @2(X2(k)) + o (X2(k) U (k) + d(k) (4.1
y(k) = x1(k)

where x;(k) and x, (k) are the states, U (k) is the input and y(k) is the output. The functions ¢, (X,(k)) and
©a2(X,(k)) are chosen as x;(k) and x,(k), respectively. We choose ¢;(X,(k)) and ¢,(x,(k)) as [—x;(k) +
0.019(1.5—x1(k))exp(4x,(k)/(3.4+x,(k)))]/20 and [—x,(k)+3.1(0.4—x;(k))exp(1.5x,(k)/(3.4+x,(k)))—
4(x,(k) — U(k))], respectively. The external disturbance d(k) is chosen as 0.1cos(0.05k)cos(x;(k)). The
desired signal x,(k) can be described as x,(k) = 0.013sin(xr/8 + 0.6km/38).

The parameters can be selected as follows: W,(0) = 0.001, wy, = 0.005, y; = 0.008, u, = 0.006,
U = 0.05, uy = 0.05, a = 0.00001, 7(0) = 0.2 and 19(0) = 0.3. The hidden layer node numbers of the
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ACNNSs have been set as [y, = 10, Iy, = 10 and ly,, = 10. The pace of the multigradient is chosen as
¢ =10.

0.1 T T T T T T T T
X Reference signal
0.08 P, SEnbat '
= \
0.06
0'04 1 1 1 1 1 1 1 1 1

100 200 300 400 500 600 700 800 900 1000
k

Figure 4. Tracking trajectory for the proposed scheme when b, = 0.5, b; = 0.5, f, = 0.3,
and f; = -0.3.
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0.03F |
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\
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k

Figure 5. Tracking error for the proposed scheme when b, = 0.5, b; = -0.5, f, = 0.3, and
fi=-03.

Figures 4 and 5 illustrate the trajectories of signals and the tracking error when b, = 0.5, b; = 0.5,
fr = 0.3, and f; = —0.3, respectively. The control output achieved precise tracking of the reference
signal and the tracking error was close to zero (almost 0.001). Figures 6 and 7 illustrate the trajectories
of signals and the tracking error when b, = 0.4, b, = —0.4, f, = 0.25 and f; = —0.25, respectively. The
tracking performance in this scenario was also great (the tracking error was almost 0.002). According
to our results, it is true that our fault-tolerant approach can offset the influence of dead zones with
different parameters.

Figure 8 describes the trajectories of the ANN weight, the CNN weight, and the control input.
We make a comparison between the proposed scheme and the MLP-based strategy. According to
the results, it is clear that the proposed scheme achieved a faster convergence rate with the weight
parameters than the ordinary MLP scheme. Figures 9 and 10 show the tracking trajectory and the
tracking error without utilizing two auxiliary systems. Affected by the input dead zone and the actuator
fault, tracking became extremely inaccurate and the tracking error was up to 0.01. Comparing Figures
4 and 9, it is obvious that our the approach can successfully offset the influence of the input dead zone
and the actuator fault.

To verify our novel updated algorithm can reduce the computational burden, an experiment was
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Figure 6. Tracking trajectory for the proposed scheme when b, = 0.4, b, = -0.4, f, = 0.25,
and f; = -0.25.
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Figure 7. Tracking error utilizing proposed scheme when b, = 0.4, b, = -0.4, f, = 0.25, and
fi=-0.25.
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Figure 8. Comparison of the MLP-based control strategy and the proposed scheme.
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Figure 9. Tracking performance for the scheme proposed in [21].
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Figure 10. Tracking error for the scheme proposed in [21].

conducted as follows. We consider that the longer the computation the greater the computational

burden. The total sample number was 1000. All of results were derived in the same environment by a
computer with a 3.6 GHz CPU and 16 GB RAM.

Table 1. Simulation results.

approach computational time/s
Gradient descent algorithm in [17] 0.5445
The proposed approach 0.2862

From Table 1, we can derive that the computational time of the ordinary gradient descent algorithm
15 0.5445 s but the proposed updated algorithm only needs 0.2862 s. The computational time is reduced
by 47.44%. Combined with the previous analysis, our approach not only alleviates the computational
burden of the MGR algorithm but it also achieves a faster convergence rate for the weight parameters.

5. Conclusions

The aim of this paper was to build up a fault-tolerant controller for a class of nonstrict feedback
systems with input dead zone. We proposed a novel neural network-updated algorithm to achieve a
faster computational speed and eliminate the local optimal problem. Two auxiliary parameters were
presented to offset the influence of the dead zone and actuator fault. To eliminate the occurrence of the
algebraic loop problem, an auxiliary term was introduced to overcome this difficulty. According to the
Lyapunov theory, all signals in the closed-loop system were proven to be SGUUB and the tracking error

Mathematical Biosciences and Engineering Volume 20, Issue 4, 6334-6357.



6349

converged to the neighborhood of zero. Finally, some simulation results were presented to illustrate
the effectiveness of our approach.

There are still some other difficulties in the control area; for instance, the tracking control for
stochastic systems via RL will be our future topic based on our current investigation.
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Appendix
Step 1: Defining 6, 6, and 6, as positive constants. The Lyapunov function is chosen as
Vi(k) = Vii(k) + Via(k) + Vis(k) + Via(k) (A.1)

where Vi1(k) = (61 /HELK), Via(k) = (B /p1) Sico i (ki + i), Via(k) = O/ pn)Paa(k)* and Vig(k) =

- 2
20 3y [PuGOlIS uk — | -
The Cauchy-Schwarz inequality is expressed as

(a; +ar+, ..., +a,)? < n(a% + a§+, - +aﬁ). (A.2)
Young’s inequality is also given below
a'b<1/a'a+1/2)b"b (A.3)

where & and b are arbitrary vectors.
By utilizing the inequality (A.3) and property that 0 < S(N)'S(N) < I, the two terms shown in
(3.12) have the following quality

— WS (Ni(ky)) = ilIS (&Ko)l
<IWTS {Ni(k)| + PillS i(eik))|

1 1 1 1 A4
SEW,-TWi + ESi(Ni(ki))TSi(Ni(ki)) + E\Plz + §||Si(€i(ki))||2 ( )

<P +1

wherei=1,...,n-1.
According to (A.2) and (3.15), the first order difference of V;,(k) is described as

o~ = - _ 1
AV (k) <0:87(P1(kDIIS 161 (k) + 05187 CPT + 1) + 0:1$762(k)* + 0514757 — Zgglfi(k)- (A.5)

Based on (A.2) and (3.19), the first order difference of AV,(k) can be derived

L 2
AVia(k) < = 0un(1 = dun) Y [nlhr = j+ 1)+ otk = j+ D] +200e(F + Ty
= (A.6)

L L 2

#20 Y [tk ke~ + DI = Y [Frthols et — -+ D]

Jj=1 j=1
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Similar to the processes in (A.6), the first order difference of AVi;(k) is calculated as

t 2
AVis(B) < = (1 = dya®) )" [awul = j+ 1+ plk = j+ 1) = o= 1|

J=1
L

e Y [Tl j+ DI + 200 D [Ethis -l AD

= =

2
+ ZGML[‘T’M(I +a)+ 1] .

Then, consider AVy4(k); we can obtain

Lol 2 Lorl 2
AV = 203 " | POl ulk = j+ DIl| =200 " | PutlS k= l| . (A8)
J=1 j=1
Combining (A.5)—(A.8), the first-order difference of AV (k) is derived
L 2
AVIK) <= 0311 = dyu) Y |tk = j+ 1) + otk = j+ 1]
j=1
L 2
= On(1 = dya®) ). [awM(k —j+ D+plk=j+1) = wylk - 1)]
j=1
2
— (B1 - egl&%)[%(kl)ns l(el(kl»u] + Op1 3185k (A.9)
12 y 2
— (6w = 2001 = 200) Y [ Bl stk = j + 1|
j=1
- 3 . 2 0{?1 )
— O Y [FaeOIS e =+ DI = &0+ By
=2
where By = 20¢1t(W) + Wy)* + 05 P25 + 05167 (P2 + D)* + 20,u(P (1 + a) + 1)
Step i: The Lyapunov function in Steps 2 to n — 1 is designed as
Vi(k) = Via(k) + Via (k) (A.10)

where Vi1 (k) = (0 /$EXK), Via(k) = (Bwi/ui) "2 Pi(k; + s)* and 0 and y; are both positive constants.
According to (3.26), the first order difference of V;; can be deduced

N 2 _ _ = 1
AV, (k) < eg@?[%(k,-)nsi<ei(ki>)||] + B + 0107 + 6B+ I - J0aE (P (ALD)
Similar to (A.6), one deduces AV (k) as

L 2
AVa(k) = 0ui(1 =) ) il =+ 1D+ wul = 4 D+ 205a(T; + Fy)°
=1

(A.12)

L

#20 Y [ stk 5 DI 6, D [Eka1S et~ + DI

J=1 J=1

L
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Combining (A.11) and (A.12), AV;(k) is derived, which shows that

- 21 _
AVi) < = 01 = di) Y |l = 4 1D+ wull =+ D] = 20:06K + 0,528,

=1
200 Y [0St~ -+ D]~ (6~ 027 )18 et

J=1

2

Lor 2
~ O | kIS e = -+ DI + B
=2
where B; = 95,&712(\1112 + 1)2 + 29\}5[(‘1”,‘ + l?M)2 + Qgi_iza_'?.
Step n: The Lyapunov function in the n-th step is

Vn(k) = Vu(k) + VnZ(k) + Vn3(k) + Viua(k)

(A.13)

(A.14)

where Vn](k) = (an/z)‘f;%(k), Vn2(k) = (G‘Pn/,un)\ili(k)a Vn%(k) = (eﬂ/ﬂﬂ)ﬁz(k) and Vn4(k) = (97'/:“7)%2(]{)

Using the above inequality, (3.37) follows
16 _,_,- -
AV, (k) S?an(bﬁlﬁzbz[z‘rz + 20 + 297 + Dk)

N 2 2
+ (‘Pn(k)||sn(zv,,(kn)>||) + 51] + SO0 = O/ DK

where g(k,)* < (&, + 2['*¥,) = g.
Based on (3.41) and (A.2), AV (k) is given as

L 2
AVia(K) < = Oun(1 = ) Yl =+ 1)+ otk = j+ D] + 20Ty + P
=1

2, 3 (a8 ke~ DI = o D [Bk 1 et~ -+ D]

J=1 J=1

L

Obviously, similar to (A.6), the first order difference of V,3(k) and V,4(k) is:

L 2 L
AVis(h) < = 051 = ) Y| Dk = j+ 1)+ outk = j+ D| =05 ) k= j+ 17
J=1 j=1

L

2
+20) )" [PuthlIS s = j+ DI| + 2008 + P)?

=1
L 2 L
AVialh) < = 01 =) |2 = j+ D+ ol = j+ D] =0 ) 7k = j+ 1)
Jj=1 j=1
L B 2 _
+20, ) [l s =+ DI| +20a(r + T
=1

(A.15)

(A.16)

(A.17)
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Combining (A.15)—(A.17), one has

AV, (k) =V (k) + Vip(k) + Viz(k) + Via(k)

< — Oy, (1 = tl,) Zl |l =+ 1)+ =+ 1)]2
£
—0,(1 - W)ZL; [ﬁ(k it Dt wytk—j+ 1)]2
— 6.1 —uTL)Zl |k = i+ D)+ outh = j + 1)]2
~ (6 - 13—69&&,%&2132)[%(@||Sn(enacn))ur (A.18)

L

2

by Y [T RIS el =+ D] = e/ 0

=2

! 5 2
+ (29%1 + 20, + 29,)[\PM(k)||SM(k i+ 1)||]

16 22727219 2 16 22 7272\~ 2

~ (00 = FOFTT )W (0~ 0B F )
— 0y y Bl j+17 =0, ) Fk—j+17+B,

Jj=2 Jj=2

where B, = 20,8207 b*(27% + 207 + §) + 30z,d> + 20:1(7 + Wpr)* + 200, (¥ + P)* + 2009 + Pu).

Combining the Lyapunov function from Step 1 to Step n, we can obtain

Vik) = Z Vilk)
G\Ill = 1 2 1 2 GM ~ 2
Z Z Bilhi+ 57+ 3 1061 (K) + 30aa(K) + P (A.19)
i=1

+ 20 Z Wik = ) + O/pp)DK) + 6/ pr)T(k).

=1

Combining (A.9), (A.13) and (A.18), we finially get
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Os; _
AV(k) < - <§ — Ou1y B2 En(K)?

- Zn: Ogi(1 — tlu;) ZL: [wi(ki —Jj+ D+ouk—j+ 1)]2
i=1

J=1

~ 001 = ptgt) Y (Blk =+ 1) = otk = j+ 1]

=1
01 =) ) |2 = o 1+ =+ D)
=1
! 2
01— ddpya®) Y [awM(k i D pl— i+ 1) — wylk - 1)]
=1

- (0 - 13—69@&3&252)&@)2 - (e~ 13—60@&3&2132)%(1«)2

n L 2
~ (owa® =200 =2 ) 0 = 20, - 260,) 3" [ ParlSuth = j + 1|
i=1

Jj=1
n—1 n L
-2, (ezf - esafn&?_l)&(kf - ieflfl WD [‘Pi(ki))usxei(ki —j+ 1))||]2
i=2 =1 =
n—1
- ;(9% - Hwié?)[‘i’i(ki)llsi(e,-<k,-))ll]2 - (0% - 1?69@(5,21&2[72)[\?”(](")”5,,(6,,(/(,,))”]2 +B
(A.20)

where B = ", B;.
Selecting the parameters as 0 < uy < 1/(la*),0 < y; < 1/11,0 < g < 1/t and 0 < p, < 1/c. Thus,
the first order difference of V(k) can be simplified as

AV(K) < — (a - 13—60&&,%&262)3&)2 - (eT - gﬁegn&i&zl‘oz)ﬂk)z

n L 2
~ (0w =20~ 2 )" 001 =20y = 26.) " [PuliSwlh — j + Dl
i=1 =1
1 & (i
- nglfl(k)z +B- ; (Z’ - 95(i—l)¢?_1)§i(k)2 (A.21)

L

_ (9_f = O B2 el = Slon Y] | B kIS etk -+ 1))||]2
i=1

3 £
2

n—1 B . 2 16 o .
= D Owi = 0G| BRI (k| = o — = 0aB20°5)| kIS el |
i=1

In this paper, the parameters Oy;, Oo,, b, Oz, Ou, 09 and O, are respectively designed as 6y >
20,, 2070, 0. > L0520 0%, Oy > 520y + 2 X1, Oy + 209 + 26,), Og; > Ogi?, Oy > 20,6207 b7,
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Ogi > 40gi_1y@7 | and Oz, > 36s,-1y@>_,. On the basis of the method, we have that AV(k) < 0 if the
following inequalities hold

~ B B
B0 > B s VB
Vb — 50, 520°D N
- B
|l k= j+ D] > VB ,
j=1 \/QMCIZ - 29M -2 Zi:l 9\{11' - 2919 - 297-
VB VB
Gl > —==,  l0l> ,
\/ %Hfl \/ % - 9,5(1'—1)45?_1
VB c VB (A.22)
01> — s etk - ool > 2=
\/ 5~ O, 02 v
o B
[kl ek > VB
\/Owi — Owip?
\/E

P (k)lIS w(ea )| >

\/0‘{—% - 13—695@,2,92’252
In this way, all signals in the closed-loop system are proven to be SGUUB.
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