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Abstract: Since the outbreak of COVID-19, there has been widespread concern in the community,
especially on the recent heated debate about when to get the booster vaccination. In order to explore the
optimal time for receiving booster shots, here we construct an § VIR model with two time delays based
on temporary immunity. Second, we theoretically analyze the existence and stability of equilibrium
and further study the dynamic properties of Hopf bifurcation. Then, the statistical analysis is conducted
to obtain two groups of parameters based on the official data, and numerical simulations are carried
out to verify the theoretical analysis. As a result, we find that the equilibrium is locally asymptotically
stable when the booster vaccination time is within the critical value. Moreover, the results of the
simulations also exhibit globally stable properties, which might be more beneficial for controlling the
outbreak. Finally, we propose the optimal time of booster vaccination and predict when the outbreak
can be effectively controlled.

Keywords: COVID-19; booster vaccination; antibody failure; two time delays; Hopf bifurcation;
normal form

1. Introduction

The COVID-19 has been the most serious outbreak worldwide since 2000, and it is currently in
the prevention and control phase. The novel coronavirus is in lineage B of the genus S-coronavirus of
the coronavirus family, in which severe acute respiratory syndrome-related coronavirus (SARS-CoV)
and Middle East respiratory syndrome-related coronavirus (MERS-CoV) are also included. These
pathogens are enveloped positive-sense RNA viruses that are widespread in mammals, including hu-
mans, and they can destroy the respiratory systems of humans and cause severe acute respiratory syn-
drome [1-3]. Despite global vaccination efforts, the epidemic situation is still critical for two main
reasons. One reason is that the COVID-19 vaccination proportion remains low in some countries, such
as low-income countries in Africa [4], leading to a lack of global immune barriers. Another issue
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that cannot be ignored is that the antibodies produced in the body do not fully defeat variable strains,
and the effectiveness of antibodies decreases as the virus mutates [5]. According to data published by
the Israeli Ministry of Health, the protective effect of the Pfizer COVID-19 vaccine decreases after 6
months of vaccination. Based on available statistics, it has been confirmed that some people who have
been vaccinated against COVID-19 have been diagnosed, and this number is increasing. Therefore,
there has been a global consensus to implement the booster vaccinations. By receiving the booster
vaccine, a strong immune response can be rapidly produced in the body, and the level of neutraliz-
ing antibodies can significantly increase, thereby improving the overall immunity level and achieving
outbreak control.

In 1927, Kermack and McKendrick first used dynamic research methods to study the spread of
infectious diseases [6]. Since then, an increasing number of researchers have engaged in mathematical
modeling of infectious diseases considering their transmission mechanisms and control measures [7—
10]. Vaccination and even booster shots were added to the model to study the dynamic behaviors
of the corresponding infectious diseases [11-13]. In particular, since the outbreak of COVID-19,
researchers worldwide have been very concerned, and corresponding infectious disease models have
been developed to simulate epidemic trends to provide policy recommendations [14—19]. The models
are not limited to ordinary differential equations (ODESs), and the use of partial differential equations
(PDE?) is also a good way to study such problems [20-22].

During the early stage of the outbreak, the treatment process was difficult because people had never
been exposed to this disease. Although we have better research on treatments and have continued
to learn about the disease, studies have shown that COVID-19 drugs have side effects on our bodies
[23,24]. Therefore, vaccination is considered an effective strategy to prevent COVID-19 and control
the outbreak. Thus, as vaccines gradually enter clinical trials and continue to spread worldwide, an
increasing number of scholars have added vaccination to their models [25,26]. Given the current
situation, most people have been vaccinated, but the mutations may lead to the failure of original
antibodies. To maintain sustained immunity, it is feasible and meaningful to vaccinate with booster
shots [27].

Adding the necessary “time delay” to the model tends to make it more realistic. Sometimes, the
model is sufficient to describe facts and phenomena accurately even with only one time delay [28-31].
However, sometimes, one time delay is not enough to describe complex phenomena fully, and double
time delays or even multiple time delays are necessary [32—-38]. When we add the effect of booster
vaccination to the epidemic model, there are two periods of time that we cannot ignore: the time of
antibody failure and the time of booster vaccination. Therefore, we introduce two time delays into the
model to describe the problem better.

For differential equation models, stability and Hopf bifurcation analysis have always been popu-
lar research topics. Mahata et al. [39] studied a fractional-order dynamical system of Susceptible-
Exposed-Infected-Recovered-Vaccinated (S E/RV) in the infectious population. The stability of all
equilibria was analyzed with respect to the delay parameter, and threshold values of delay were found,
beyond which the system exhibited Hopf bifurcation and the solutions were no longer periodic. Zhang
et al. [40] studied an epidemic model involving nonlinear birth in population and vertical transmis-
sion. They discussed the existence of Hopf bifurcation and obtained the stability and direction of
Hopf bifurcation by using normal form theory and center manifold theorem. References [41-47] dis-
cussed different dynamic properties of Hopf bifurcation in different systems. We hope that we can also
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analyze the dynamic properties after establishing the model and use the results to make reasonable
recommendations for vaccination.

The motivations of our study are as follows. First, although COVID-19 vaccines have shown good
protective efficacy and great safety in both clinical trials and real-life applications, there are some
cases of infection in people who have been vaccinated, suggesting that vaccine-induced immunity is
not permanent. Therefore, booster vaccination is necessary and we need to take this into account in our
model. Second, there is a time delay between booster vaccination and initial vaccination, which has
a profound impact on the development of the epidemic. Different booster vaccination time will cause
different phenomena in the model, which is essential to understand the development of epidemic and to
formulate the effective policies. Third, when is the booster vaccination most beneficial for the develop-
ment of the epidemic when taking into account the economy, national power and medical level? What
measures should we take to minimize the impact of the epidemic on human life? Finally, COVID-19
exhibits a constantly and dynamically evolving mutational landscape, with relatively abundant genetic
diversity and a high evolutionary capability over time [48—50]. As the virus continues to mutate, what
effect will this have on the time of booster vaccination?

Through the study of this paper, we have a more accurate grasp of when to carry out booster vac-
cination. By simulating the current epidemic state, a reasonable time range for booster vaccination is
proposed, which can ensure that the epidemic can reach a stable state instead of getting out of control.
This is meaningful to the formulation of epidemic prevention and control policies.

This paper is organized as follows. In Section 2, we establish a delayed differential system with two
time delays to study the impact of vaccination on the epidemic and determine the optimal time for the
booster vaccination. In Section 3, we analyze the conditions for the existence and stability of equilibria
and the existence of Hopf bifurcation. Next, the normal form of Hopf bifurcation is deduced by using
the multiple time scales method in Section 4. In Section 5, numerical simulations are carried out to
verify the theoretical analysis based on the parameters through statistical analysis. Finally, we draw
conclusions about the optimal time range of booster vaccination by combining all aspects and provide
some reasonable suggestions in Section 6.

2. Mathematical modeling

2.1. Proposing mathematical model

In the traditional model of infectious disease, susceptible people (S) can be infected through con-
tact with a source of infection, which converts them into infected people (/). With treatment, those
infected people can be cured and then become recovered people (R) with antibodies. Considering the
characteristics of COVID-19, vaccination has become the global trend, and vaccinated people have
become a large group that cannot be ignored. Therefore, we need to represent them as a separate
compartment denoted as vaccinated people (V), which is a more accurate representation of the current
outbreak. However, it is important to note that vaccinated people (V) are those who have completed
the vaccination but have not fully developed antibodies. This group of people is still at risk of being
infected. For those who have fully developed antibodies, we classify them as recovered people (R)
since the process of producing antibodies is similar to the mechanism of cure after infection. This
can be understood as recovering from the risk of infection. Combined with the above considerations,
we choose the Susceptible-Vaccinated-Infective-Recovered (S VIR) model for our study of COVID-19
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with booster vaccination.
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Figure 1. Schematic diagram of the S VIR model for COVID-19.

Similar to the traditional S /R model, susceptible people (S) will be transformed into infected people
(1) when they effectively contact /. Infected people (I) will be transformed into recovered people (R)
after healing through treatment. As schematically shown in Figure 1, after vaccination, susceptible
people (S) can be transformed into vaccinated people (V). However, not all vaccinated people are
able to complete the immune response and further produce antibodies. For those who are able to
produce the immune response (mV), we also classify them as recovered people (R) since they share
the same characteristics as those who are cured after infection. By contrast, those who cannot produce
antibodies due to individual variability ((1 — m)V) are clearly at risk of infection with an infection
rate of k. Therefore, the term to transfer from V to I is k(1 — m)VI. In the case of COVID-19, even
though antibodies have been produced in the body, this immunity is temporary. After a period of time,
recovered people (R) are faced with losing immunity, thus returning to susceptible people. We call
this “antibody failure”. However, if the booster vaccination is given before antibody failure, there is a
return to vaccinated people (V) and thus a chance to reproduce the immune response.

In our model, we consider antibody failure in two main ways, partly because antibody levels de-
crease significantly over time and partly because the efficiency of existing antibodies against mutated
strains is greatly reduced due to virus mutations. Both of these conditions increase the risk of infec-
tion. At the time of booster vaccination, the antibody level decreases compared to before and mutated
strains are produced. Therefore, we believe that the current antibodies are much less efficient at the
time of booster vaccination. For different mutated strains, booster shots are developed for their specific
characteristics. Due to individual differences, it may occur that some people produce antibodies com-
pletely with the first vaccination but do not complete the immune response after booster vaccination,
increasing the risk of infection. The specific definitions of variables and parameters are given in Table
1, and the rates are all expressed as the average over a year.

Since we want to know when the booster vaccination is necessary and when it is most effective,
we let T, represent the time delay between R and V for booster vaccination and simulate different
vaccination time by changing the size of 7,. However, in the case of COVID-19 vaccines, the vaccines
are nonpermanent, that is, antibodies produced by the vaccines have a problem of failure. The failure
time is not negligible relative to 7,, so we use 7; to express the time for antibody failure. In order
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to improve herd immunity and control the epidemic better, booster vaccination usually occurs before
antibody failure, so we assume 7, < 7.

Table 1. Descriptions of parameters and variables.

v

<
=
>3
3
S

Descriptions

Unit

T RE D OIRZFTT™MO USRI~ O

Number of suspected people
Number of vaccinated people
Number of infected people
Number of recovered people
Population nature growth
Population natural mortality rate
COVID-19 mortality rate of /
Infection rate from S to /
Proportional coefficient of transmission
Vaccination rate

Transmission rate from V to R
Booster vaccination rate
Vaccine failure rate

Cure rate

10° persons
10° persons
10° persons
10° persons

10° persons

Therefore, the S VIR epidemic model is constructed to explore the optimal booster vaccination time.
The equation is presented as follows:

S —A+uR(t—1))—aS -BSI-ds,
=aS +pR({t—-1)—-mV —-dV-k(1-m)VI,
d — ST —dl —ul —cl+ k(1 —=m) VI,
L =mV+ul —uR(t—11)— pR(t —15) —dR,

2.1)

where 7 is the time delay of antibody failure, 7, is the time delay of booster vaccination and the
specific definitions of variables and parameters are given in Table 1.

For convenience of calculation, we let y £ k(1 — m) in the following text.

2.2. Positivity and boundedness of the solutions

The initial condition of system (2.1) is given by S(0) = ¢,(0), V(0) = ¢.(0),1(0) = ¢3(6),R(0) =
04(0), 6 € [-7,0], T = max {1y, 7}, with ¢ = [}, 2, P3,¢4] € C such that ¢; > 0,i = 1,2,3,4 for
0 € [—,0] where C denotes the Banach space of continuous functions mapping the interval [—7, 0] into
R, ={(S,V,I,RIS >0,V >0,I>0,R>0}.
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When ¢ € [0, 7], the solution of system (2.1) is as follows:
!
S(ﬂ=:e‘kw**ﬁ”ﬁ[S(O)+‘jA(A-+uR07—71Deﬁm”dw”@dn],
0

vm=€WMWWP@+fWMmuwmme%MW%¢
0 (2.2)

() =e Jo (=BS —yV+d+u+c)de 1(0),
R(t) = e [R(O) + ﬁ (mV() + ul(n) — uR( — 71) — pR(n — Tz))e‘d”dn] :

Obviously, I(r) > 0. In the current state, the open policy leads to an increase in the number of
infected people. The mutation of the virus makes many people choose booster vaccination when they
face body failure. Therefore, the numbers of V and I might be higher. Although R(?) is large, R(¢t — 1)
and R(t — 7,) will not be large compared to the current values since the time delays are in years as a
unit. Therefore, it is reasonable to assume that mV + ul — uR(t — 1) — pR(t — 73) > 0. Thus, R(¢) > 0
based on the expression of R(¢) in Eq (2.2). Furthermore, we can get R(t — 1) > 0, R(t — 7,) > 0 when
t € [0,7]. Thus, S(¢) > 0,V(r) > 0.

Overall, when ¢ € [0, 7], all the solutions of system (2.1) are positive after we consider the realistic
situation and make some assumptions. Through the similar approach, it can be shown that all solutions
of system (2.1) are also positive on [, 27] under some restrictions. This conclusion can be extended to
the interval [n7, (n + 1)7] (n € N). Therefore, for any ¢ > 0, all solutions of system (2.1) are positive
with the restrictions.

Although the positivity of our model is conditional, our analysis of the epidemic shows that the
present state satisfies the conditions for the existence of positivity, therefore our model is reasonable
and meaningful.

Let N(r) = S (1) + V(¢) + I(t) + R(¢), and N(¢) represents the total number of people at time 7. Adding
four equations of system (2.1), we obtain N'(t) = A —dN(t) — cI(t). According to the discussion on the
positivity of solutions, we can find that /() > 0. Thus, N'(t) = A —dN(¢t) — cl(t) < A — dN(t). Based
on the comparison theorem, we can obtain:

0<N@) <e [N(O) +A f ed”dn] = e [N(0) - %] + %.
0

Therefore, lim sup N(¢) < % and the solutions S (¢), A(¢), I(t), R(t) of system (2.1) are bounded when
t>0. Hm

The boundedness of the solutions of system (2.1) must hold. Its practical significance is that the
number of people in each cabin can be stabilized within a specific range regardless of the current
epidemic situation, which is optimistic for controlling the epidemic.

Under the positivity and boundedness of solutions discussed above, we mark the feasible region of
the system (2.1) as:

Q={S@),A@®),I®), ROIN() =S@) + 1(t) + Q@) + R(t) < %, S >0,A()2>0,1(t) 20, 2.3)

R(t) > 0,mV 4+ ul — uR(t — 1) — pR(t — 73) > 0.}
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3. Stability of equilibria and existence of Hopf bifurcation

Next, we will analyze system (2.1). It has three equilibria,

El = (ST$VT51T5RT)’ E2 = (S;9 V;7I;$R;)9 E3 = (Sza V;alékaR;)’ (3'1)
with
A +d)+du+d+ +p+d)aA . A
g2 Almprd)rdurd+pll e Wrprdad o e @mA
IT 11 IT
, d+u+c vy_, . —-A+JA2-4ypB . . mVy+ul;
Sy=——F—-2Vo,V; = I =pVy +q, Ry = ———
B B 2yp p+p+d
S*_d+u+c Yy V*_—A—\/A2—4ypB r—— R*_mV;"+uI;k
B B 2yp TP o d

[AB—d(d+u+c)l(u+p+d)
—Bu(u+p)+pd+u+c)u+p+d’
_Bu+pm-—pm+du+p+d+dy+p+d

—Bu(p+p)+pd+u+c)u+p+d)
ay om pup ad+u+c) puq
F_,u+p+d_/,t+p+d+m+d+yq’B:_ B Cp+p+d

N=amu+da+d)(m+u+d+p)+mdu,q=

b

A =

Then, we show the following assumptions:

(H1) V; = SN0 0,55 = dise _2ye s 0,13 = pV +q > 0,

B
(H2) V§:+— W>()’S§:%—%V§>O,]§:pV§+q>O,

where A, B, p are given in Eq (3.1). We can easily find that there is always an equilibrium E;. If
equilibrium E; is stable, there are no infected people in the final stable state, that is, the virus can
finally be eliminated, which is called the disease-free equilibrium. Then, equilibrium E, makes sense
under (H1) and equilibrium Ej5 is meaningful under (H2). If equilibrium E, or Ej is stable, the final
state is always accompanied by some infected people, which means that the virus will always coexist
with humans and we have no way to eliminate it. We call it the endemic equilibrium.

Without loss of generality, we assume that the system (2.1) has three equilibria E; (k = 1,2,3).
Then, we transfer the equilibrium Ej into the original point: § =S - S;, V=V -V, I =1-1I,
R =R - R} and re-denote S, V,I,R as S, V, I, R. We obtain the following model:

dS
dt
dv

=A+uR(t—1)) - aS - pSI-pSI - BSI; —dS,

=aS +pR(t—1) —mV —dV —yVI—yV I -yVI,
(3.2)

dr
dI
— SBST+ S+ BSI; —dl —ul = cl +yVI+yVil +yVI,,
dR
dt

=mV +ul — uR(t —7) — pR(t — 73) — dR.
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For the equilibrium E; = (S7, V}, I{, R}), we can obtain the characteristic equation of system (3.2)

as follows:

A=-BST—-yVi+d+u+c)A+dA+m+d)(A+a+d)

_A ) (3.3)
+A+m+a+due™™ +(A+a+d)pe "] =0.

Similar to the equilibrium E;, we can also obtain the characteristic equation at the equilibrium
E; (k=2,3):

/14 + Ql,k/l3 + g'z,k/lz + Q3’k/l + Q4,k+ue_h' (/l3 + 0'1,](/12 + O'Z,k/l + 0'3,1{) (3 4)

+pe '™ (/13 + oAt + §opd + §3,k) =0,

where

01k =d + O, 024 = dDop + Py, 034 = dP1x + Doy, Ok = dDog, 014 = Doy,
02k =Q1p + Wik, 031 = Pox + Yoro Sk = Pog —m, 24 = Orp — Qi 63 = Pog — Qo
Doy =m+d+yl, —pS;—yV, +d+u+c+a+d+pI,
Oy =m+d+yl[[ -BS;—vVi+d+u+c)a+d+BL)+(m+d+y[)(=BS;, —yV,+d+u+c)
+ Y Vi + B8
Doy =(a +d +BI[(m+d+y=L[)N—BS; —yVi +d+u+c)+yLVi]+BS;layl; - BI;(m + d + yI})],
Vi, =—am—upl;,
Yor =ml—a(=BS; —yVy +d +u+c)+ByVL] —uleyl + Bl(m + d + yI))],
Qp=m(a+d+BIl; =S, —yV; +d+u+c)+uyl,
Qox =ml(a +d +BL)N—BS; —yVi +d +u+c)+ ST +uyli(a+d+ L), k=2,3.

3.1. The case forty =0,7, =0
When 7; = 7, = 0, (3.3) becomes:

A=BST—yVi+d+u+c)A+d) [ +(m+a+2d+pu+p)

3.5)
+(m+d)a+d)+um+a+d)+pla+d)]=0.

Clearly, Equation (3.5) has the roots 4, = S| + yV| — (d + u + ¢), 1, = —d, and the remaining roots
A3, A4 are given by the following equation:

/12+(m+a+2d+u+p)/l+(m+a’)(a/+d)+,u(m+a/+d)+p(cx+d):0. 3.6)

According to Vieta’s theorem, we can obtain A3 + 44 = —-(m+a+2d + u+p) < 0 and 344 =
(m+d)a+d)+um+a+d) +pla+d) > 0, thus, Re(13) < 0 and Re(44) < 0. Then, we show the
following assumption:

(H3) BS:+yVi—(d+u+c)<O0.

Under (H3), we can find that all the characteristic roots of Eq (3.5) are negative, so the equilibrium E;
is locally asymptotically stable when 7, = 7, = 0. If (H3) does not hold, 4; = gS]+yV{—(d+u+c) > 0,
the equilibrium E| is unstable when 7, = 7, = 0.
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For the equilibrium E; (k = 2, 3), Equation (3.4) is transformed to the following form when 7, =
Ty = 0:

/14 + Cll,k/13 + az,k/lz + a3,k/1 +asr = 0, (37)
where a1, = Q1+ U+ P, Aok = 02k T UO 1k + PS1ks A3k = O34 + U2k +PS2 ks sk = Oak + M3k + PS3 i

with 014, 024, O3k> O4ks T1k> T2k> O3ks Siks S2.k> S34 glven in Eq (3.4). According to Routh-Hurwitz
stability criterion, we propose the following hypothesis:

2
(H4)  aipazp — azp > 0, azy (a1 razx — azp) > aj Aa g, sy > 0.

If (H4) is satisfied, all eigenvalues of Eq (3.7) have negative real parts, the equilibrium E (k = 2, 3) of
model (2.1) is locally asymptotically stable when 7, = 7, = 0.

Theorem 3.1. For system (2.1) with 1\ = 0,7, = 0, the stability results for equilibrium E; (k =
1,2,3) are given as follows.

1) Equilibrium E, always exists. If (H3) holds, equilibrium E is locally asymptotically stable. On
the contrary, if (H3) does not hold, equilibrium E/ is unstable;

2) When the assumption (H1) or (H2) holds, the equilibrium E, or E5 is meaningful respectively.
Further, if (H4) holds, equilibrium E, or Ej is locally asymptotically stable. If (H4) does not hold,
equilibrium E, and E5 are unstable.

3.2. The case for ty > 0,7, =0
For the equilibrium E,, when 7, = 0, 7; > 0, the characteristic equation of system (3.3) becomes:
A=-BSt—yVi+d+u+c)A+dD[(A+m+d+p)A+a+d) +A+m+a+due '] =0. (3.8)

If (H3) holds, 4; = BS]+yV; —(d+u+c) <0, 1, = —d < 0. We only need to consider the remaining
part of Eq (3.8):

A+m+d+p)A+a+d)+A+m+a+due™™ =0. (3.9)

Substituting A = iw (w > 0) into Eq (3.9) and separating the real and imaginary parts, we obtain:

pow sin (wty) + u(m + a + d) cos (wty) = w* — (m+d+p)(a+d), (3.10)
u(m+a+d)sin(wty) — uwcos (wty) = w(@+m+2d + p). '
Thus,
. W -mra+d)(a+dw+@+m+2d+p)(m+a+d)w
sin (wTy) = > ,
u(m+a+d” + pw? G.11)
~w*d+p)—-(m+a+d)(m+d+p)(a+d) '
cos (wTty) = > .
u(m+a+d” + pw?
Adding the square of the two equations in Eq (3.11) and letting z = w?, we obtain:
h(z) = + K12 + Ko, (3.12)
where k; = —2(m+d +p)(a+d) + (@ +m+2d +p)* — 1%, ko = (m+d + p)*(a + d)* — mu*(m + a + d)*.

Therefore, we show the following assumptions:

Mathematical Biosciences and Engineering Volume 20, Issue 4, 6030-6061.
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(HS) ¢ <0,
(H6) K% - 4K() > O, K1 < 0, Ko > 0.

If (HS) and (H6) do not hold, the equilibrium E| is always locally asymptotically stable for any 7; > 0.
If (HS) holds, Equation (3.12) has the unique positive root z;, #’(z;) > 0. Under (H6), Equation (3.12)
has two positive roots: z, and zz. Assuming z, > z3, we get h'(z2) > 0, ' (z3) < 0. By substituting
wiiy = Vz (I =1,2,3) into Eq (3.11), we can obtain:

0 _ ﬁ [arccos (Py1,) + 2jn], Q11,2 0, 3.13)

1L ﬁ [27 — arccos (Pyy;) + 2jn], Qs <0, '
where Qy; = Sin(wﬁ)lw:w“ ey Py = cos(wﬁ)lw:w“ - sin(wt;) and cos(wty) are given in Eq
(3.11). ’ ’

Then the following transversality condition holds:
-1 dr n UJZ .
Re(&) | | =Re(®) =l Enﬁlw £0(j=0,1,2,---).
TI=Ty TI=T /“'[ 11t )]

For the equilibrium E; (k = 2,3), Equation (3.4) becomes the following form when 7; > 0 and
Ty = 0.

/14 + Ul’k/l3 + Uz’k/lz + U3,k/l + Uy + ,ue_m (/13 + 0'1’](/7.2 + 0'2’](/1 + 0'3’/() = 0, (314)

where vy = 014 + 0, U2k = 024 +PS 1k Vs k = O3k T PS24s Vak = Oak + PS3 4k With 014, 0245 0345 Qs O 1 ks
T2k O34 S1ks S24s S34 glven in Eq (3.4).

Assuming that 4 = iw (w > 0) is a pure imaginary root of Eq (3.14), we substitute it into Eq (3.14)
and separate the real and imaginary parts, and we have:

wt — vz,kw2 +ug=—U (—Ul,sz + 0'3,;() cos (wty) — (—w3 + O'z,kw) sin (wTty),
(3.15)
—vl,sz’ + U3 =l (—O'I,sz + 0'3,;() sin (wty) — u (—w3 + az,kw) cos (wty).
Thus,
_ 3 _ 2 (4 _ 2 .3
( Uy + U37k0))( 0w + 0'3,]{) ((,U Up )~ + U4,k) ( w” + 0'2,]((1))
sin (wTty) = 5 3 ,
U (=01 w* + 034)" + p (W + 0 w) (3.16)
((1)4 - Uz,k(,c)2 + U4,k) (—O'l,k(,()2 + 0'3,]() + (—U],k(u3 + U3’k(,l)) (—(,t)3 + O'z,ka))
cos (wty) = — 3 5
U (=0 jw* + 034)" + p (—w? + 0 w)
Adding the square of the two equations in Eq (3.16) and letting z = w?, we get:
h(Z) = Z4 + Rl,kz3 + I~(2’kZ2 + 7(3,](2 + I~(4’k, (317)

~ _ 2 2~ — 5,2 2 2 ~ _ 2
where Kig = —21}2’]( + Ul,k K, Kop = Uy, + 2U4,k — 2v1,kv3,k —-u (O-l,k — 20’2’/{) , K3 = —2v2,kv4,k + U3,k -

,u2 (—20’1,/{0'3,/( + O-%,k) , I~<4’k = U421,k — “20-§J< with O1ks 024> O3k given in Eq (34) and Ulks U2,k U3 ks Uk
given in Eq (3.14). We hypothesize that Eq (3.17) has (Il = 1,2, 3,4) positive roots marked as z; >
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22> >7,10=1,2,3,4), so h'(z;) # 0. Substituting wix; = +/z; into Eq (3.16), we can get the

expression of T(ljk) .

(3.18)

Wik,
Tiks =

G —L_Tarccos (Pyy)) + 2jn], Qi =0,
#H [27 — arccos (Pyiy) + 2jn], Qs <O,

where Qi = sin(wT)| o > Pixs = cos(wty)| o , sin(wTt) and cos(wt;) are given in Eq
1kl 1k,1

W=W1k,[,T=T W=W1k,[,T=T

(3.16).
Thus, we obtain the transversality condition:
-1 h’(wz, ) .
Re (& o =Re(&) . = ~ #£0(j=0,1,2,---).
(dTl ) TIIT({QJ ( d/l ) 71:7(1'/13.1 '“2[(_‘71*“’%&/”'3”‘)2+(_“‘?k,t+0'2,k‘“1k~’)2] (] :

Theorem 3.2. For system (2.1) with 7, = 0,7, > 0, the following conclusions hold when the
stability conditions of Theorem 3.1 hold.
1) Equilibrium E,
(a) If (HS) and (H6) do not hold, the equilibrium E is locally asymptotically stable when | > 0.
(b) If (HS) holds, h(z) has only one positive root z;, the system (2.1) undergoes Hopf bifurcation at

E, when 7, = 7(101),1’ where 7(101),1 is given by Eq (3.13). If t; € [0, 7(101),1)’ the equilibrium E; is locally
asymptotically stable. When 1, € [7(101),1’ +00), the equilibrium E is unstable.

(c) If (H6) holds, h(z) has two positive roots z, and z3, and system (2.1) undergoes Hopf bifurcation
at Ey when 7| = T(]Ol)’Z,T(l(?’y where T(l(?’z and T(](i)ﬁ are given by Eq (3.18). Supposing z, > z3, we get
hW(z) > 0,k (z3) < 0. Then, A m € N, which can make 0 < ‘r(lol)’2 < 7(101)3 < T(lll)’z < 7(111)53 < e <
Ti"f?z < Ti"f}l). When 1, € (0, T(lol)’z) uyUr, (T(li;é), 7(1?,2)» the equilibrium E; of the model (2.1) is locally
asymptotically stable. When 1, € U?z)l (T(l? 2 T(l? DU (T(I';")z, +00), the equilibrium E, is unstable.

2) Equilibrium E; (k = 2,3)
(a) If h(z) has no positive root, the equilibrium E; is locally asymptotically stable when T, > 0.

(b) If h(z) only has one positive root z,, the system (2.1) undergoes Hopf bifurcation at E; when

T = T(lj]:’l and W(z;) > 0. WegetV 0 <1 < T(l(;()’l, the equilibrium E) is asymptotically stable, and

(1(21, the equilibrium E} is unstable.
(c) If h(z) has two positive roots 7y, z,, the system (2.1) undergoes Hopf bifurcation at E; when
T = T(ljk),l and T = T(ljk),Z' Assuming zp < zj, we can get h'(z;) > 0,h'(z20) < 0. Thus, assuming
©0) ©) ) ©0) ) ) . A

whent) > 1

Tiy < Tigo there exists m, whlch makes 0 <7y < Tpo < Ty < Ty <0 < Ty < Ty
When 1, € [Q, T(l(;{)zl) U Ur, (T(ll]; é),‘r(l'lll), the equilibrium E is locally asymptotically stable. When
e U (7(1’,2 b Tﬁ’,i ,) U (T(l'z)l, +00), the equilibrium E; is unstable.

(d) If h(z) has three positive roots z1, 2o, 23, the system (2.1) undergoes Hopf bifurcation at E; when
T = Tﬁjk)’l(l =1,2,3). We assume 73 < z, < z1, so we have h'(z;) > 0,h'(z2) < 0,h'(z3) > 0. Similar
to the analysis of (c), the equilibrium E; switches between stability and instability with increasing ;.
Finally, the equilibrium E;, is unstable.

(e) If h(z) has four positive roots z, 7o, 73 and zy, the system (2.1) undergoes Hopf bifurcation at
E, when Tt = T(ljlzl(l = 1,2,3,4). Assuming that 7, < 73 < 25 < 71, we can obtain h'(z;) > 0,h'(z) <
0,h'(z3) > 0,h'(z4) < 0. Similar to the analysis of (c), the equilibrium E; switches between stability
and instability with increasing t,. Ultimately, the equilibrium E; is unstable.
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3.3. The case forty > 0,7, >0

In this subsection, we suppose 71 = 7] € (0, Ti0), Tixo = Hzlin T(]’k)J (k=1,2,3;1=1,2,3,4;j =
1,2,---) which means that the antibody failure time is 7. Then, we choose 7, as the bifurcation
parameter, which is the booster vaccination time. Similar to the situation of 7; > 0,7, = 0, we have

the following conclusions. The calculation details are presented in Appendix A.

Theorem 3.3. For system (2.1) with 7, > 0,7, > 0, when the stability conditions of Theorems 3.1
and 3.2 hold, the following conclusions hold.

1) For equilibrium E,, under (H7) and (H8), the equilibrium E, of system (2.1) is locally asymptot-
ically stable when T € [0, 721 ) for the chosen T7.

2) For equilibrium E; (k = 2,3), under (H9) and (H10), the equilibrium E, or E5 of system (2.1) is
locally asymptotically stable when T, € [0, Ty p) for the chosen 7.

4. Normal form and bifurcation analysis

In this section, we derive the normal form of Hopf bifurcation about system (2.1) by using multiple
time scales method. When 7| = 77,7, = 7319 (k = 1,2, 3), we assume that the characteristic equation
(3.3) or (3.4) has a pair of pure imaginary roots 4 = #iw" at which system (2.1) undergoes Hopf
bifurcation at equilibrium E; = (S}, V;, I}, R}) (k = 1,2, 3). For convenience, we let §* = S}, V* = V/,
I" = I}, R* = R;. Since we are more concerned about the effect of booster vaccination time on the
epidemic, we select 7, as the bifurcation parameter. We can obtain the normal form as follows. The

calculation details can be referred to Appendix B.
G = M7.G + HG*G,

where G is the coordinate projected on the center manifold and M, H are given in Eqs (B9) and (B14).
Let G = re' and substitute it into Eq (B15), we can obtain the normal form of Hopf bifurcation in
polar coordinates:

4.1)

i =Re(M)t.r+Re(H)r,
0 =Im(M) 7. +Im(H)r*.

Then, we have the theorem as follows.

Theorem 4.1. If % < 0 holds, the system (2.1) exists periodic solution around the equilibrium.
1) If Re(M)t, < 0, the periodic solution of system (2.1) is unstable.

2) If Re(M)t, > O, the periodic solution of system (2.1) is stable.

Proof. Although system (4.1) is two-dimensional, we find that the first equation is independent of
6, which represents the argument component in polar coordinates, so we only need to consider the

first equation of system (4.1). If % < 0, i = Re (M) t.r + Re (H) r* has a nontrivial fixed point
rt = —%. At this equilibrium r*, the eigenvalue is 4 = —2Re(M)71.. According to Lyapunov

indirect method, if Re(M)7,. < 0, the equilibrium r* is unstable. On the contrary, if Re(M)7. > 0, the
equilibrium r* is stable. Therefore, the periodic solution of system (2.1) is unstable if Re(M)7r, < 0
and is stable if Re(M)t, > O.
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5. Numerical simulations

In this section, we first analyze the official data for rationalization and select the parameter values
that are realistic. Second, the accuracy of the theoretical analysis is verified by simulating under these
parameters. According to the results, we select the most suitable booster vaccination time and provide
some reasonable suggestions to control the epidemic.

5.1. Determination of parameter values

In this section, we use statistical methods to analyze the values of parameters, and on this basis, we
select two groups of parameters most consistent with reality.
1) Cure rate: u

We obtain the average annual cure rates in different countries from the World Health Organization
website (https://www.who.int/). By eliminating the missing values and outliers, we get the cure rates
for 65 countries and plot the histogram in Figure 2.

We can clearly find that the cure rates of these countries are primarily concentrated in two cate-
gories: one is countries with cure rates greater than 0.8, which are mainly concentrated at approxi-
mately 0.95. We call it the first echelon. The other group is countries with cure rates between 0.6 and
0.8. We call it the second echelon, typically represented by the United States, with a cure rate of 0.66.
Clearly, the higher the cure rate is in a country, the easier it is to control the outbreak. However, since
we want to control the epidemic as effectively as possible, we focus on countries in the second echelon,
choosing the cure rate u = 0.7 € (0.6, 0.8).

Il Frequency
—Curve of distribution

»

Curerate: u
N

0.4 0.5 0.6 0.7 0.8 0.9 1
Different countries

Figure 2. Histogram of cure rates u« in 65 countries.

2) Vaccination rates: «

By visiting the official website of Our World in Data (https://ourworldindata.org/covid-
vaccinations), we get different vaccination amounts from different countries around the world. Fol-
lowing data collation, the global intercontinental distribution of vaccination was obtained, as shown
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in Figure 3. According to the law of large numbers, the more experiments there are, the closer the
frequency is to the probability, that is, the more accurately and reliably we can approximate the prob-
ability with frequency. Based on this, after obtaining the vaccination rates of each continent, we use
them as the weights of the vaccination rates of each continent so that the coverage rate is more reliable.

Based on the intercontinental distribution of global vaccination, we can easily see that although 4.4
billion doses have been vaccinated worldwide, the distribution is very uneven. At the intercontinental
level, Asia accounts for 65% of global vaccinations with more than 2.8 billion doses, followed by
Europe with 15%, North America with 12%, and South America with 6%, while Africa, with nearly
20% of global population, accounts for less than 2% of global vaccinations. Therefore, we need to find
a vaccination rate that reflects the global vaccination situation. Our approach is a weighted average of
cure rates across continents. Europe and North America are the continents with the highest vaccination
rates per 100 people, and Europe has recently surpassed North America with nearly 90 doses per 100
people. South America is at the same level as Asia, with an average of 55 doses per 100 people.
Oceania ranks fifth with 32 doses per 100 people, and Africa has only five doses per 100 people, which
is much lower than others. Based on the above information, we weight the vaccination rates of each
continent and finally obtain the average annual vaccination rate o = 0.63.

W Asia
Africa
South America
Antarctica
I Furope

5533 (0. 4%) Bl Oceania

1
66579 (15. 3%

50782 (11.6%)

27785 (6. 4%)

7475 (1. 7% 281722 (64. 6%)

Figure 3. Intercontinental distribution of vaccination worldwide (Unit: ten thousands).

3) Natural mortality rate: d

Since 2019, the outbreak of the COVID-19 epidemic has caused thousands of deaths and a new in-
crease in mortality. However, for the natural mortality rate of the population, we no longer have access
to data from official statistics due to the interference of deaths from infection. Here, our approach is to
count the official population mortality rates (https://databank.worldbank.org/) before the outbreak and
obtain an estimate of the natural mortality rate after the COVID-19 outbreak through fitting. With the
95% confidence interval, we select the following fit results based on the merits of the best fit, which
are shown in Table 2. We find that the error sum of squares SSE is small, indicating that the error is
small and the fit is great.

Based on the fitting results, we predict the natural mortality rates of the population after the out-
break, and the results for the next five years are shown in Figure 4.
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Table 2. Results of fitting.

Country Function SSE
Australia yi = 0.006549 + 4.366e 7> cos(0.3491¢) + 8.852e7> sin(0.3491¢) 1.724e78
Canada v, = 0.007141 + 7.21e73 cos(0.6981¢) + 2.463e 7% sin(0.6981¢) 1.09¢’
Switzerland  y; = 0.008143 — 0.0002755 cos(0.2715¢) + 5.128e 7> sin(0.2715¢) 4.291e”’
China y4 = 0.006841 — 0.0002921 cos(0.2853¢) + 0.0002776 5in(0.28531)  1.352e~7
103
9 . Australia Trend
o AustraliaDate
x % Canada Trend
85r * % v CanadaDate
Switzerland Trend
* * Switzerland Date
gl Twra av I
* i *

<
T

the natural mortality rate
~ o

o
a1

6 L L L L
2000 2005 2010 2015 2020 2025
years

Figure 4. Dates and trends of natural mortality rate ¢ of Australia, Canada, Switzerland and China.

N
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—Curve of distribution
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T
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Figure 5. Probability distribution of COVID-19 mortality rate ¢ in 160 countries.
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We find that the natural population mortality rate is distributed between 0.0065 and 0.0085 for
the four representative countries in 2019-2025, so we choose d = 0.00714 as the natural population
mortality rate.

4) COVID-19 mortality rate: ¢

We also obtain the average annual COVID-19 mortality data of different countries from the official
website of the World Health Organization (https://www.who.int/). After data processing, we select the
rates from 160 countries and draw the corresponding histogram with the beta distribution density curve,
as shown in Figure 5. We find that the frequency of the distribution of COVID-19 mortality rates peaks
at approximately ¢ = 0.01 and ¢ = 0.02. To simulate the real situation because of the different medical
capacities in different regions and the different characteristics of mutated virus at different time, we
finally choose ¢ = 0.01 and ¢ = 0.02 as the COVID-19 mortality rates.

5) Booster vaccination rates: p

For the booster vaccination every year on average, we use the analytical estimation method. Since
the booster vaccination is for people who already have antibodies, that is, the booster vaccination rate
is relative to R and a large portion of R comes from vaccination, the initial vaccination has already
screened out those who could not be vaccinated due to individual reasons. Therefore, R has a stronger
desire to be vaccinated than S, so we believe that the rate of booster vaccination is higher than that of
initial vaccination. With the above considerations, we choose the average annual booster vaccination
rate p = 0.7.

6) Infection rate: 3, y

Since the global COVID-19 outbreak, countries have paid great attention to the infection and have
adopted policies to stop the spread of the epidemic. One of the most important parts is wearing masks
in public, which has led to a significant reduction in the infection rate. However, since the epidemic
differs in its ability to spread in different countries, the infection rate also varies. Here, we take S to
be 0.0009 and 0.00015 respectively. In addition, the immune barrier of V has not been fully formed
although these individuals are vaccinated. Therefore, there is also a specific transmission rate for them,
but this rate is significantly smaller than that of susceptible people. Therefore, we take y = 0.0002 and
v = 0.00008.

Based on the above discussion and estimating the reality of the situation, we take the following two
groups of parameters:

M: A=10,u =0.7,a = 0.63, 5 = 0.0009, y = 0.0002, d = 0.00714, p = 0.7, u = 0.7, ¢ = 0.02,
m = 0.9;
I): A = 80, u = 0.8, @ = 0.63, B = 0.00015, y = 0.00008, d = 0.00714, p = 0.7, u = 0.7, ¢ = 0.01,
m=0.9.

5.2. Simulations and verification

For the group of parameters (I): A = 10, u = 0.7, a = 0.63, g = 0.0009, y = 0.0002, d = 0.00714,
p=0.7 u=0.7, c=0.02, m=0.9, we calculate the disease-free equilibrium E; = [431,591, 0, 378].
We find that the assumptions (H1) and (H2) are not valid, so equilibria E, and E3 do not exist. Under
the group of parameters, (H3) holds, so E; = [431,591,0,378] is locally asymptotically stable when
71 = 17, = 0. When 7; > 0,7, = 0, we can obtain (H4) holds and A(z) only has one positive root,
wiry = 0.2073, sin(wi,7y),) = 0.3039, cos(w117y) ) = —0.9527, 7119 = 7)), = 13.66. We choose
7 = 7} = 4.5 and substitute it into Eqs (A1)—(A4), we have wy;; = 0.61, sin(wy1175,,) = 0.5821,
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cos(wii17y) ) = —0.8131, 1319 = 75, = 1.57. If (H7) and (H8) hold, the equilibrium E is locally
asymptotically stable when 7, € [0, 721 ).

When 74 = 1, = 0, the equilibrium FE; is locally asymptotically stable according
to Theorem 3.1. This means that the antibody expires instantaneously, and people main-
tain the effectiveness of the antibodies through uninterrupted booster shots. First, we choose
[S (1), V(©),I(t), R()]T = [500, 600, 100,500]" for t € [-7,,0] as the initial function, which rep-
resents the initial state of the epidemic and then draw a time history graph in Figure 6(b). We
can see that in this case, the epidemic basically reaches stability in 5 years and is eliminated af-
ter 10 years. This result is very optimistic. Next, we select three sets of initial functions 1)
[S (), V(1), 1(£), R()]T = [500, 600, 100, 500]%, 2) [S (1), V(1), I(2), R(H]" = [5000, 6000, 1000, 5000]7,
3) [S(@), V@), I(t), R(1)]" = [10, 000,20, 000, 10,000, 10,000]" for ¢ € [-7,, 0], which represent differ-
ent initial states of the epidemic. We find that when the initial functions are far from equilibrium, the
fluctuations are large during the initial years, and the time taken to reach stability is long, as shown in
Figure 6(a). However, the epidemic eventually reaches stability regardless of the initial functions, so
we conjecture that the equilibrium is not only locally asymptotically stable, but may also be globally
stable. This finding suggests that under this set of parameters, even if the epidemic is severe in a given
region, the epidemic will eventually reach a manageable level and will be eliminated through uninter-
rupted booster vaccination. However, as far as reality is concerned, the vaccines we have developed
cannot be immediate and uninterrupted, so this situation does not exist.

(a) Initial value 1 (b)
10000 I value 2 1000 ‘ ‘
v 5000 TREYee " 500
0 0 : : : :
0 50 100 150 200 0 10 20 30 40 50
X 104
2 1000
>1 > 500°
0 0 : : : :
0 50 100 150 200 0 10 20 30 40 50
X 104
4 1000
- 2f\ — 500+
0 0
0 50 100 150 200 0 10 20 30 40 50
A
2 <10 1000
o ﬂ\ @@ 500
0} 0 : : ‘ :
0 50 100 150 200 0 10 20 30 40 50
t(years) t(years)

Figure 6. When 7, = 7, = 0, equilibrium E,; of system (2.1) is locally asymptotically stable.

When 7, = 4.5 € (0,7110) = (0,13.66), 7, = 1 € (0,1210) = (0, 1.57), the equilibrium E| is locally
asymptotically stable according to Theorem 3.3. 7; = 4.5 means the vaccine will fail 4.5 years after
individuals acquires antibodies, and 7, = 1 means that people begin the booster vaccination after 1
year to cope with the decline in antibodies.

First, we still choose the initial function [S(¢), V(¢), I(t), R@®)]" = [500, 600, 100,500]" for ¢ €
[-72,0] and show the variation in the number of people in different compartments over time in
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Figure 7(b). This figure suggests that receiving the booster vaccinations after one year will lead
to a stable epidemic in 10 years and the society will persist in this state consistently. In ad-
dition, the number of infected people would eventually approach 0, meaning that the epidemic
can eventually be eliminated. That is the most desirable outcome. After that, we choose 1)
[S (1), V(2), (1), R(O]" = [500, 600, 100, 500]%, 2) [S(2), V(1), I(t), R(®)]T = [5000, 6000, 1000, 500017,
3) [S(®), V(©), I(), R(H]T = [10,000, 20,000, 10,000, 10,000]" for ¢ € [-1,, 0] as three sets of initial
functions that are same as 7; = 7, = 0, and the results are shown in Figure 7(a). Although the ampli-
tude of fluctuation and the time taken to reach stability increase gradually as the initial function moves
away from equilibrium, it will eventually stabilize. Thus, if we carry out booster vaccination after one
year, the outbreak will be controlled. However, the time needed to contain the outbreak depends on the
current situation. The more severe the epidemic is, the more difficult it will be to control. According
to the above results, we guess that the equilibrium £, is not only locally asymptotically stable but also
globally stable under this group of parameters.

10000 @ i valu 3 2000 ‘ - ®
wn 5000 — | Nitial value 3 wn 1000 L
0 0 ‘ ‘ ‘ ‘
0 50 100 150 200 0 10 20 30 40 50
x10%
2 1000
>1 > 500F
0 0 ‘ ‘ ‘ ‘
0 50 100 150 200 0] 10 20 30 40 50
A
410 100
- 2#"\-\ — 50|
0] 0 :
0 50 100 150 200 0] 10 20 30 40 50
A
x 10
4 2000
x 2 {\ ~ 0 1000
0 0 ‘ ‘ ‘ ‘
0 50 100 150 200 0] 10 20 30 40 50
t(years) t(years)

Figure 7. When 7, = 4.5, 7, = 1, equilibrium E| of system (2.1) is locally asymptotically stable.

For the group of parameters (II): A = 90, u = 0.8, @ = 0.63, g = 0.00015, vy = 0.00008, d =
0.00714,p = 0.7, u = 0.7, ¢ = 0.02, m = 0.9, we find that (H1) holds, so equilibrium E, makes sense
and is [2817, 3683, 875, 2605]. (H2) and (H3) do not hold, equilibrium E| is unstable and equilibrium
E5 is meaningless. Substituting this group of parameters into Eq (3.7), (H4) is satisfied, so equilibrium
E, is locally asymptotically stable when 7 = 7, = 0. When 71 > 0,7, = 0, we can get that h(z) has
three roots and z; = 0.0004 < z, = 0.0206 < z; = 0.1458, wip; = 0.38 sin(wi217}y,) = 0.4150,
cos(wiz1Tyy ) = —0.9098, 7159 = 7\, = 7.11. Choosing 7| = 4, we obtain that (H9) and (H10) hold
and wy; = 0.66, sin(wxn, 75,) = 0.5738, cos(wy 17ey,) = —0.8190, 7229 = 750, = 0.92. Substitute
the parameters (II) into Egs. (B9) and (B14), we have Re(M ) > 0,Re(H) < 0. We can deduce 7. >0,
Re(M;)t. > 0, the periodic solution is stable based on Theorem 4.1.

When 7, = 1, = 0, we choose 1) [S(2),V(1), (1), R(t)|"=[3000, 4000, 1000, 3000]T, 2)
[S (1), V(2), I(t), R(1)]"=[5000, 8000, 2000, 500017, 3) [S (2), V(1), I (), R(t)]*=[10, 000, 20, 000, 5000, 10, 000]*
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for t € [-7,,0] as the initial functions separately. We draw a plot of the epidemic over time for the
three sets of initial functions and a separate time history graph with initial function 1) in Figure 8.
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Figure 8. When 7, = 7, = 0, equilibrium E, of system (2.1) is locally asymptotically stable.

It is easy to observe from Figure 8(b) that the epidemic reaches stability rapidly within 8 years.
However, it cannot be eradicated and coexists with humans for a long time. In Figure 8(a), the initial
function 3) takes longer to reach the steady state, and the stabilization effect is not as good as that
of 1) and 2), but it eventually reaches stability. Therefore, we conjecture that the equilibrium E; is
globally stable. Thus, we can get the following results: it is effective to control the epidemic through
uninterrupted booster vaccination, but the time needed to control the epidemic mainly depends on the
current state. The more severe the epidemic, the more difficult it will be. This finding shows that
booster vaccination is of great significance, but considering that the vaccines developed at present are
not instantaneous failures and vaccines cannot be administered in a short period of time, 7, = 7, = 0 is
basically impossible.

When 71 = 4 € (0,7120) = (0,7.11), 7, = 0.8 € (0,7220) = (0,0.92), the antibody expires after 4
years and we re-inject booster shots after 0.8 years. We also choose the three sets of initial functions: 1)
[S (1), V(2), (1), R(D]" = [500, 600, 100, 500]%, 2) [S(2), V(1), I(t), R@®)]T = [5000, 6000, 1000, 500017,
3) [S (D), V(), I(£), R(H)]T = [10,000, 20,000, 10,000, 10,000]" for ¢ € [-7,,0] and make figures re-
spectively similar to the above situation. The results are shown in Figure 9.

With antibody failure after 4 years and booster vaccination after 0.8 years, the system quickly
becomes stable when the initial function is chosen near equilibrium according to (b) in Figure 9. From
the figure, we also find that although the epidemic cannot be eliminated, it can always stay in a stable
state. In Figure 9(a), as the initial function moves away from equilibrium, the epidemic worsens. It
fluctuates dramatically in a short period of time and will take decades to stabilize. But no matter what
initial function is chosen, the epidemic will eventually be controlled. Therefore, we hypothesize that
this stability is global. Even if the current epidemic is not optimistic in some countries, the trend will
be better with the booster vaccination in time.
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Figure 9. When 7, = 4, 7, = 0.8, equilibrium E, of system (2.1) is locally asymptotically stable.

When 71 = 4, 7, = 1.11 > 150 = 0.92, which means that the antibody will expire after 3.9
years and booster vaccination will be carried out after 1.11 years, the equilibrium E; of system (2.1)
is unstable. According to Theorem 4.1, system (2.1) has a forward Hopf bifurcation near T(ZOZ)J = 0.92

and the periodic solution is stable. We choose [S(7), V(?), I(t), R(t)]T = [3000, 4000, 1000, 3000]" for
t € [-7,,0] as the initial function, and the epidemic situation is shown in Figure 10.
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Figure 10. When 7, = 4,7, = 1.1, equilibrium E, of system (2.1) is unstable.

In this case, the epidemic will continue to fluctuate, which is not promising for controlling the
epidemic.

Based on the above simulations, we know that the only way to avoid out-of-control epidemic is to
carry out booster vaccinations within the critical time. However, when is the best time to vaccinate?

Mathematical Biosciences and Engineering Volume 20, Issue 4, 6030-6061.



6050

Next, we will analyze the optimal time of booster vaccination. First, we take the first set of parameters
as the study object given 7, = 0.1,0.4,0.7, 1.0, 1.3 respectively, and then we draw the images of the
infected people (/) with time as shown in Figure 11.

In Figure 11(a), we find that the time to eventual stabilization is essentially the same regardless of
the booster vaccination time we select, but when we focus on the case near the peak in Figure 11(b), we
find that the smaller the booster vaccination time is, the smaller the number of infections will be. This
finding reveals that the earlier the booster vaccination is performed, the fewer people will be infected
with COVID-19. However, considering human and material resources and financial resources, it is not
an easy task to complete community-wide vaccination, so we need to implement booster vaccinations
as soon as possible according to the local reality and within the scope of ensuring the normal operation
of the community.

From a medical point of view, it is generally believed that the immune effect weakens after six
months of vaccination, so 6 months after the completion of the initial vaccine is the critical period
for booster vaccination [51,52]. For the optimal strategy of vaccine distribution, researchers solve the
optimal scheduling of the mixed vaccination strategy by using different optimization methods [53-55].
From the point of view of completing one round of vaccination, we need to allow sufficient time for
booster vaccination [56]. Taking these considerations into account, we can obtain the optimal booster
vaccination time.

7000

i3 7000 | 7,213

~

&

6000

[ =07 | =07
2 6500 | 1

k 7,204 r=04

5000 | =01 | o1
| A\ 6000 [ 4

— 4000

Ny 5500 [ §§

| I

3000 - N 1 |
N~ 5000

2000 T~

NN

5

4500 ||
‘

1000 . . . . . . . . . . .
0 10 20 30 40 50 60 2 4 6 8 10 12
t(years) t(years)

(a) (b)

Figure 11. Variation trends of / with different 7,.

5.3. Comments and suggestions

Based on the above simulations and analysis, we have the following results.

1) When the time of antibody expiration is determined, the epidemic will become increasingly not
controllable as the time of booster vaccination increases, and when the time of booster vaccination
exceeds the critical value, the system (2.1) will be unstable, and the epidemic will be out of control.
However, the time of booster vaccination is not as small as possible. In reality, we need to consider the
comprehensive capacity of the country to ensure that booster vaccination time is minimized within the
capacity.
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2) After simulating the changes in epidemic development under three different sets of initial func-
tions, we find that the epidemic will eventually be controlled, so we assume that the stability of equi-
librium E; (k = 1,2, 3) is not only locally asymptotically stable, but may also be globally stable. That
is, even if the current epidemic is not optimistic in a certain region, the possible global stability ensures
that the epidemic can eventually reach effective control after timely booster vaccination.

3) When the equilibrium E; satisfies the condition of locally asymptotical stability, the epidemic
can eventually be eliminated. If the selected parameters meet the existence and stability of equilibrium
E, or E3, it can reach a stable state. Although the epidemic cannot be eliminated, to some extent, it can
be considered to be effectively controlled.

4) Our model is flexible. The current state of the epidemic varies from country to country, and
we can simulate the epidemic of different countries by changing the parameters. For example, when
a mutant strain is found in a country and has been confirmed to spread widely around the country,
we can simulate this situation by increasing the infection rate @ and determine the population size by
natural population growth A. If the current vaccine is found to be less resistant to the mutant strain,
we can simultaneously increase y, 4 and determine population size by natural population growth A.
After determining the parameters, we can calculate the critical booster vaccination time. When the
booster vaccination time is less than the critical value, the system can reach stability, that is, the current
outbreak can be controlled. Based on the above analysis, we can develop a policy applicable to this
region that allows to control the epidemic as much as possible within the capacity of the region.

Based on the above conclusions, we give the following recommendations.

1) The time of the booster vaccination should be kept within the threshold so that the epidemic can
be controlled eventually. However, the overall strength of the area, such as economic development,
medical level, etc., also needs to be assessed. For example, in the second group of parameters, 72,0 =
0.92. If this is a well-developed country, we would suggest that the booster shot is needed after 0.5—
0.92 years. As the epidemic continues to evolve, we are concerned about more than just one booster
shot. Our model can apply to more than one booster shot, gradually developing a presence similar
to that of the annual influenza vaccination. So we need booster vaccinations every 0.5-0.92 years to
ensure the continued effectiveness of the antibodies.

2) Even if the development of the epidemic in a given country is not promising, it should not be
taken lightly. Although providing booster vaccination at an appropriate time cannot guarantee that the
epidemic will reach control within a short period of time, it has a positive effect on the development
of the epidemic. Because the possible global stability ensures that the epidemic will eventually be
effectively controlled.

3) It is necessary to detect changes in the epidemic continuously, such as the emergence of new
mutant strains and changes in the time of antibody expiration. We can regain a critical booster vacci-
nation time through calculation and then change the booster vaccination strategy in time to cope with
the variable COVID-19.

6. Conclusions
In this paper, we have constructed an S VIR model with two time delays to study the suitable time
for booster vaccination. We have considered the existence and stability of equilibria in our model.

Then, we have also analyzed the existence and dynamic properties of Hopf bifurcation. In Section 5,
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we chose two groups of parameters by analyzing the data from official websites. Then, we have carried
out numerical simulations to verify the analytical results and provide some reasonable suggestions to
control the development of the epidemic.

According to the results of numerical simulations, we found that the epidemic would become in-
creasingly difficult to control as the booster vaccination time 7, increased. Considering the factors of
all aspects, we suggest that it is suitable to vaccine with the booster shots approximately 6-11 months
later for the group of parameters (II). We also found that the equilibrium of system (2.1) might be
globally stable when 7, is within the threshold value. That means, the booster vaccination is effective
for outbreak control, so it is crucial to provide booster vaccination in time even if the current epidemic
is serious. In addition, considering that the selection of parameters might change due to virus mutation
or other factors, we need to continuously monitor the status of the epidemic in real time and adjust the
strategy to ensure that the epidemic can be effectively controlled.
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Appendix A

For equilibrium E;, we let 4 = iw (w > 0) be a pure imaginary root of Eq (3.3) and substitute it into
Eq (3.3). Then separating the real part and imaginary part, we have:

(AL)

— W + by + pwsin (wT)) + pey cos (wt}) = —pcy cos (wWT7) — pw sin (W),
biw + pw cos (wt}) — pcy sin (wt]) = pc; sin (WT3) — pw cos (wT,) ,

where by =m+a +2d,b, =(m+d)a+d),cy =m+a+d,c; =a+d. Eq(Al) leads to:

—w [—w2 + by + pw sin (wr’[) + ucy cos (wr*{)] Ch [bla) + uw cos (a)r*l‘) — ucy sin (w'r*[)]
sin (wt,) = )
0 (c% + wz) o (c% + wz)
cos (ery) = —C> [—w2 + by + uw sin (wﬂ‘) + ucy cos (wr“[)] -—w [blw + [w cos (wr’{) — pcy sin (wr*{)]
o (c% + a)z) P (c% + wz)
(A2)
Adding the square of the two equations in Eq (A2), we get:
Fi(w) =w* + (—2b2 + bt~ pz) w* + APt — p*c3 + 2sin (wt?)) [—,ua)3 + bouw — bl,uwcl] A3)

+ 2 cos (wt]) [—uclwz + ubycy + bl,uwz] ,
where by, by, ¢y, ¢, are given in Eq (A1). We suppose:
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H7) w@c? - p*ch + 2ubye; < 0.

Under (H7), we have F(0) = pct — pc3 + 2ubye; < 0, Fi(o0) > 0. Therefore, there is at least one
positive root of Fj(w) = 0. We assume there are [ positive roots of Fi(w) = 0, hence, there is the

expression of ‘r(zjfl,j =0,1,2,---.

—L_Tarccos (P +2jm >0,
0 _{ ! (P21y) + 2jn], Qa1 (Ad)
w21,

Ta1y L [27 — arccos (Py1,) + 2jr],  Q1, <0,

where 0y, = sin(wty)|
(A2).

Let 7510 = min T(zjl)l = T(Zol)l,j =0,1,2,---. When 1, = 121, Equation (3.5) has a pair of purely
imaginary roots +iw,; o. Assume:

o, P21y = cos(wty)|

R v , sin(wT,) and cos(wt,) are given in Eq
SWLLT=T 211

W=w21,[,T=T.

# 0.

T=721,0

(H8) Re(L)"

Under (H8), the equilibrium E is locally asymptotically stable when 7, € [0, 72;).

For equilibrium E; (k = 2,3), similar to the above analysis, we let 4 = iw(w > 0) be a pure
imaginary root of characteristic equation (3.4) and substitute it into Eq (3.4). Then, separating the real
part and imaginary part, we have:

w* — 024W* + 04y + prcos (wT}) (—O'I,sz + 0'3,;() + wsin (wty) (—w3 + a’z,kw)

= —p (=140 + §34) €08 (WT2) = p (~w* + G24w) sin (wT2) ,

3 ‘ 3 : ‘ 2 (A3)
— 014w + 034w + pcos (wty) (—w + az,kw) — usin (wty) (—omka) + 0'3,;()
= p(~6140” + 634) sin (wT2) — p (~w* + G24w) cos (W) .
Then, we can obtain:
sin (wry) = —(W* = 004 + 040)(—W* + 24W) + (=01 W’ + 03W)(—G14W* + G34)
pl(=s140? + 630)° + (—0* + §2,w)’]
N pcos(WTH[—(—014w* + 03 )(—0* + §24w) + (—w* + T2W) (=61 W + §34)]
Pl(=s1* + 630)° + (-0 + &, kw)z]
N psin(wt)[=(-w® + W) (~w + §2pw) — (=01 W” + T3)(=§1 W + S‘sk)]
) X pl(=6140 + 634)" + (-0 + 62,0)°] 3 (A6)
cos (wT) = — (" = 0240 + 04 )(=6140° + §34) + (=014W° + 03,W) (=0 + 62,40)
Pl(=s140? + 630)° + (—w* + §2,w)’]
M cos(WTH[(—014w?* + 03 )(=614W* + 63) + (W + T2W)(—W* + §2W)]
Pl(=s1xw?* + &3 k)2 +(-w’+ o kw)z]
,usm(wT = (—w + T2 W) (=514 + 635) + (=01 4W* + T3,)(-w’ + §2kw)]
Pl(=s140? + 63)° + (—0* + §2,w)’]
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Adding the square of the two equations in (A6), we have:

_ (. 4 2 2 3 2 9 2 2 9 3 2
Fi(w) = (0" = 004w” + 04 ) +(—0140” + 034w) +p” (=01 0° +03) +p (—w” + 0w

+ 2u cos (wt}) [(—O'I,sz + 0'3,;() (w4 - Qz,sz + Q4,k) + (—w3 + Uz,kw) (_Ql,kw3 + Q3,kw)]
(A7)
+ 2u sin (wty) [(—w3 + 0-2’]((1)) (w4 — 04 Q4,k) - (—O'I,sz + 0'3,;() (—Ql,kaﬁ + Q3,ka))]

2 2
-0’ (_gl,sz + S‘3,k) -p’ (—w3 + S‘z,kw) =0, k=2,3.
Then we give the following assumption:
(H9) Qik + pio §,k + 2003 104 — ngik <0.

Under (H9), we can deduce F(0) < 0 and Fy(c0) > 0. Thus, Fy(w) = 0 has at least one positive root.
We assume that there are [ positive roots of Fy(w) = 0 and denote them as wyy.

0 _ { ﬁ [arccos (P ) + 2jn], Qa1 2 0, AS)

T2k’l - ﬁ [27’[ — arccos (PZk,l) + 2]71'] , Qz](,] < 0,

where Qy; = sin(wT)|
(A6).

Let 1240 = min T(zjk)’l, j=0,1,2,--- k= 2,3. When 7, = 75, Equation (3.5) has a pair of purely
imaginary roots +iwy . Assume

o > Paxy = cos(wty)| o , sin(wTt,) and cos(wt,) are given in Eq
2k, 2k,1

W=W [, T=T. W=W3,1,T=T,

# 0.

T=T2k,0

(H10) Re (&)

Under (H10), the equilibrium E; (k = 2, 3) is locally asymptotically stable if 7, € [0, 7o 0).
Appendix B
The system (2.1) can be written as follows:
XO)=AX@®)+BX(t—-1)+CX(t-1)+F[X(®),X(t-1}),Xt-1)], (B1)
where

X0 =@, VLR, Xt-7)=(S@t—-1), Vit -1),1(t -7, Rt —1))",
X(t—12) = (S(t—12), V(t — 12),I(t — T2), R(t — 12))",

—a—-pl'-d 0 —BS* 0
A= a -m—vyl*—d -yV* 0
B BI* yI* BS* +rVi—d—-u-c 0|
0 m u —d
000 u 000 O Fg —BS1
B:O 00 O ,C:O 00 p F= Fy _ —-yVI
000 O 000 O F, BSI+yVI
000 —u 000 —p Fr 0
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Let h = (hy, hy, hs, hy)" be the eigenvector of the linear operator corresponding to the eigenvalue
iw*, and let h* = (h}, hj, h;, ;)" be the normalized eigenvector of the adjoint operator of the linear
operator corresponding to the eigenvalues —iw* satisfying the inner product < h*,h >= 1. By a simple
calculation, we can obtain:

~uhs + (iw* +d+pe T 4 pe‘i‘“*”) h

h] :1,h2 =

2

m
mpe @ I — myl* (iw + d + pe T + peT ™) (iw* + a + BI° + d)

(i’ —BS*—yV*+d+u+c)m+ uyl*lue " + yI*BS* (ia)* +d+pe T + pe‘i“’*ﬁ)’
_Gwtatpl'+d)+pShy -, _ (o' +a+ Bl + )l - B

hy ;
pe™ T @ (B2)
- 1
hj :dhj’d = = = = =
W + holis + hsh + bl
i B[+ (-iw* +m+d+yI") + yV'] —a(-iw" - BS* —yV* +d+u+c+ -yl")
e afS* + [-L (=iw* + m+d + yI*) + yV*](-iw* + @ + BI* + d) ’
N . (Hw +m+d+yl) R - yI'R:
o=t = L oY

m
The solution of Eq (B1) X(#) can be written as:

[e9)

X(6) = X(To, Ty, To,-++) = ) &' Xy(To, Ty, Ta, ), (B3)
n=1
where X(To, T1,Ta,-++) = [S(To,T1, T2, ), V(To, T1, Ta, ), I(To, T1, Ty - -+ ), R(To, T1, Tay )],
Xo(To, T1, Tos-+) = [Sa(To, T1,To, e+ ), VaTo, Tr, Tos -+ ), 1n(To, T1, T, -+ - ), Ru(To, T, T, -+ i,
T;=€1i=0,1,2,--- and T; is the scaling transform in the time direction.
X' () can be written as:

dX(t)  dX,  ,dX, ,dXs

X'(t) = 7 _Sdt+g dt+g dt+
_ 8X1 8X1 2(9X1 2 0X2 8X2 3(9X3 (B4)
_8(8TO +88T1 +¢& 8T2)+8 ((9T0 +86T1)+8 9T, +

=eDoX| + D\ X, + D2X; + &2DoXo + D1 Xs + Do X5 + -+ -,

where D; = a‘—?Ti(i =1,2,3,--+) is differential operator.

Since we are more concerned about the influence of booster vaccination time, we take 7, as the
bifurcation parameter. We let 7, = 7. + €7, where 7, is the critical time delay given in Eqs (A4)
or (A8), 7. is the disturbance parameter and ¢ is the dimensionless scale parameter. Using Taylor
expansion of X(7 — 77) and X(7 — ;) respectively, we have:

Xt —1)) =eXi + Ez(Xz,rT - DiXi)+ 83(X3,‘r’1‘ —~DiXor: —DoXip) 4o,
X(t—12) =eXi7, + & Xor, + & Xs1, — €7D X1, — £ 1:DoXor, — €7.D1 X1 1, (B5)

3 3 3
— & Tngxl,TC — & TCD2X1’TC — & TCD1X2’TC + e
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where XJ?T’{ =X;(To—7,T\,T5,-+), Xjr, = Xj(To — 7, T\, T>,---), j= 1,2,3---. Then we substitute
Eqgs (B3)—(B5) into Eq (B1). For the g-order terms, we have:

DoS1+aS1+BS" I +BI'S1+dS1 — uRy - =0,

DoV, —aS,+mV, +yV' Iy +yI'Vy +dV, —pR, ., = 0, (B6)
Do, —BS°L = BI'S +dl, +ul, +cl, —yV'l, —yI'V, =0,

DoRy —mVy —uly + dRy + iR+ + pRy ;. = 0.

Since +iw* are the eigenvalues of the linear part of Eq (B1), the solution of Eq (B6) can be expressed
in the following form:

Xl(Tb T2’ T3a o ) = G(Tla T2a T3a e )eiw*Toh + G(Tla TZa T37 e )e_iw*Toil9 (B7)
where £ is given in Eq (B2).

For the &*-order terms, we obtain:

DoS2+aSy+BS L+ PI'Sy+dSy—uRyr: = =D1S1 —BS15 — uD1R1 +,

DoVy —aS, +mVy + ’)/V*Iz + ’)/I*Vz +dV, —pRz’Tf =-DV, - ’)/Vlll —pTgDoRl,TC _pTcDORl,‘rc’
D012 —ﬁS*Iz —ﬁI*SZ + d12 + Lt]z + Clz - ’)/V*Iz - ’)/]*Vz = _Dlll + ’}/Vlll +IBS111,
DoRy —mVy —uly + dRy + iRy o+ + pRy .z, = =DiRy + UD\Ry 11 + pTeDoR1 1 + pTDoR) 1, .

(B3)
Then, we substitute Eq (B7) into the right side of Eq (B8) and mark the coefficient before e'“ 0 as

vector m;. In accordance with the solvability condition < A*, m; >= 0, we can obtain the expression of
G .
ﬁ .

oG
— = MG, B9
o7, T (B9)
where M = ___ plor(hahihil;) :
1—pe™ 1 (haly=hal )—pree=ioTe (hah—hal}
We assume that the solution of Eq (B8) will take the following form:

S2 :gIGZiw*T(,TOGZ + gle—Ziw*‘rcToGZ + llGG,
A2 :g2€2ia)*TCT0G2 + gze—Ziw*‘rchGZ + lzGG,

2iw* 1. To 2 =2iw*t.To A2 = (BlO)
I, =gse WrloGE + g3€ TGS ¢ GG,

R2 :g462iw TcToGZ + g4e—21w*T¢.TOGZ + l4GG

Substituting them into Eq (B8), we can solve the expression of g1,¢2,23,84./1,l2,/3,/4 from the following
equations:

Qiw* + &) 0 BS* —ue n [ g —Bhihs
—a (Qiw* + &) yv: —pe et | g | _ —yhah; B11)
—ﬁl* —’yl* (21(,()* + 63) 0 g3 ’)/hzl’l3 +ﬂh1]’l3 ’
0 -m —u Qiw* + )] g4 0
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e 0 pS* —u I, ~Bhihs — Bhih

— () ’)/V* —pP lz _ _ —’)ihgl’l3 - yh2_h3 _ (Blz)
—ﬁl* —’)/I* € 0 I ’}/hzl’l3 +ﬁh1h3 + )/hzh3 +ﬁh1]’l3 ’

0 -m —u d+u+p)ll L 0

where ey =a+BI' +d, e =m+d+yl', &= —BS*  —yV' +d+u+c,e =d+ ue ' + pe @™,
For & -term, we have:

DySs +aSs+BS°Iy + BI'Ss +dSs — iRy = —DaSy = BS 11> = uD1Roz: — D15
—BS2li — uD:R 1,

DyV3 —aS3 +mVs +yV' I +yI'V3 + dV3 — pRs ;. = =D,V — yVal; — p1.D\R, -,
—pTeDiRyz, = D1V = yVilh = pT:DoRo . = pTcDoR) 1,

Dol; —BS*I; —BI'S 5 + dI; + uly + cl; — yV*I; — yI"'V3 = =Dy 1) + yVi 1, + 8BS 1,
= DL +yValy + S L,

DoRs — mV5 — ulz + dR3 + ,uR37Tf{ +pR3.. = —DyR; + ,UDle,r’; + p1:DoRy 1,

(B13)

+ pTCD1R2,‘r( — DR, + #DZRI,TT + pTngRl,‘rC + PTchRl,rE-

We substitute Eqs (B7), (B9) and (B10) into the right expression of Eq (B13) and note the coefficient
of e“’T0 as vector m,. According to solvability condition < h*, m, >= 0, we have the expression of 59762'
Since Ti has less impact on the normal form, we can ignore the TﬁG term. Thus, we can obtain:

oG _
— = HG?G, Bl4
o7, (B14)

,8(/11[3+/711g3+h311 +E3g1)(—ﬁT+E§) 7(h213+/_12g3+h312+}_l3g2)(—l_1’2‘+ﬁ§)
V(e —hah)e ™ T tproeior e (halit—haRs)  Vbp(hahi—haf))e ™ 1 +pree=io’te (hyhi—hahy) "
Then, we let G — G/e&. Therefore, we obtain the normal form of Hopf bifurcation for system (2.1):

where H =

G = M7.G + HG*G, (B15)

where M, H are given in Eqs (B9) and (B14).
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