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Abstract: In this paper, we investigate a tridiagonal three-species competition model with seasonal
succession. The Floquet multipliers of all nonnegative periodic solutions of such a time-periodic
system are estimated via the stability analysis of equilibria. Together with the Brouwer degree theory,
sufficient conditions for existence and uniqueness of the positive periodic solution are given. We
further obtain the global dynamics of coexistence and extinction for three competing species in this
periodically forced environment. Finally, some numerical examples are presented to illustrate the
effectiveness of our theoretical results.
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1. Introduction

The far-reaching consequences of ecological interactions in the dynamics of biological
communities remain an intriguing subject. The interaction between two species can basically be of
three different kinds: competition, mutualism and predator-prey. Competition and predator-prey are,
perhaps, the most well-known types of interactions. They embody the natural dispute for resources in
ecology. Competition is characterized by a decrease of the growth rate as the density of the other
species increases, which has been extensively studied (see [1-4]). One special competition example
occurs in the water column of an ocean or on a steep mountain side or on island groups, where each
species dominates a species zone (depth, altitude or different island) but is obliged to interact with
other species in the narrow overlap of their zones of dominance. Taking three species as an example,
one can think of a hierarchy of species x;, x, and x3, where x; is the density or biomass of the i-th
species. In this hierarchy, x; only competes with x;, x3 only with x,, and x, competes with x; and x;.
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The concrete form is as follows,

dxi
dt

d

% = X2(ry — @21 X1 — AxnXx; — axsx;), (1.1)
; .
= x3(r3 — anxy — azxz),

(x1(0), x2(0), x3(0)) = x° € R,

= x1(r1 — anx; — anx),

where r; and a;; are all positive real numbers. Such system is called tridiagonal competitive system and
there have also been a number of theoretical works (see [5-8]).

As we know, interactive species often live in a fluctuating environment. Due to seasonal or daily
variations, species experience a periodic dynamical environment such as temperature, rainfall,
humidity, wind, and other resources. A typical example here is the phytoplankton and zooplankton of
the temperate lakes, where the species grow during the warmer months and die off or form resting
stages in winter. The phenomenon is described as seasonal succession. It has been a fascinating
subject for ecologists and mathematicians to explore the dynamics of periodic models by means of
seasonal succession numerically and analytically. Recently, Klausmeier [9] proposed a novel
approach, called successional state dynamics (SSD), to modeling seasonally forced food webs. The
SSD approach treats succession as a series of state transitions driven by both the internal dynamics of
species interactions and external forcing, and can uncover unexpected phenomena such as multiple
stable annual trajectories and year-to-year irregularity in successional trajectories (chaos). Steiner et
al. [10] later validated the utility of the SSD approach as a framework for predicting the effects of
altered seasonality on the structure and dynamics of multitrophic communities by using controlled
laboratory experiments.

However, there are few analytic results on these ecological models with seasonal succession. One
of the major reasons is that the vector fields of these models are discontinuous and periodic in time
t. Hsu and Zhao [11] first studied the global dynamics of a Lotka-Volterra two-species competition
model with seasonal succession and obtained a complete classification for the global dynamics and
the effects of season succession on the competition outcomes via the theory of monotone dynamical
systems. Recently, Niu et al. [12] were concerned with an n-dimensional Lotka-Volterra competition
model with seasonal succession and obtained the existence of a carrying simplex. Based on this,
they reconsidered the two-dimensional model proposed by Hsu and Zhao [11] and simplified their
approach to acquire the complete classification of global dynamics. In [13], Xie and Niu analyzed a
three-dimensional Lotka-Volterra cooperation model with seasonal succession and derived a completed
dynamics of global coexistence and extinction, which extends previous results with respect to three-
dimensional cooperation models. There are other works on seasonal succession, such as [14—18] and
references therein.

Yet, to our knowledge, there are few works on the global stability for high dimensional competitive
systems with seasonal succession due to such obstacles as the estimates for the Floquet multipliers,
the existence and uniqueness of the positive periodic solutions, etc. Therefore, it is interesting for us
to introduce the seasonal succession into the three-speices tridiagonal competition model and study
the global stability for such a periodically forced system. Motivated by the modelling methods in
Klausmeier [9], we propose a tridiagonal three-species competition model with seasonal succession as
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follows:
%:_/lixia mw<t<mow+{-9uw, =123
%] = x1(ry —anx; — apx), mw+(1-@w<t<(m+ 1w,
%2 = X2(r, — ap1 X1 — apnxy; — axpx;z), mw+ (1 —pw <t < (m+ 1w, (1.2)
3 = x3(r3 — anxs — apxs), mw+ (1 —pw <t < (m+ o,
(x1(0), x2(0), x3(0)) = x° € R, m=0,1,2...,

where m € Z,, ¢ € [0, 1] and w, A;, r;, a;; (i, j = 1,2, 3) are all positive constants.
In particular, if ¢ = 0, then the system (1.2) become the linear system

dt

= i, i=1,2,3, 3
(x1(0), x2(0), x3(0)) = x° € R3. '

While, if ¢ = 1, system (1.2) turns out to be the tridiagonal competitive system (1.1).

Obviously, system (1.2) is a time periodic system in a season alternate environment. Overall period
is w, and ¢ stands for the switching proportion of a period between two subsystems (1.1) and (1.3).
Biologically, ¢ is used to describe the proportion of the period in the good season in which the species
follow system (1.1), while (1 — ¢) represents the proportion of the period in the bad season in which
the species die exponentially according to system (1.3).

In addition, when we write

A = -, [mw,mw + (1 — p)w), A= 0, [mw,mw+(1-epw),
ri(H) = b;, [mw+ (1 —-pw,(m+ 1)w], ai(t) = ajj, [mw+ (1 -9, (m+ Hw],

where i, j = 1,2, 3, system (1.2) can be expressed as a three-dimensional time w-periodic tridiagonal
competitive system with discontinuous w-periodic coefficients,

d
XIt(t) = x1(O)(r1(t) — an(Hx1 (1) — an(t)x (1)),
d
xzt(t) = x()(r2(1) — a2 (N x1(1) — an(Dx2(1) — axs(1)x3(D)), (1.4)
; .
)St(t) = x3(D(r3(1) — az(D)x2(t) — az3 (1) x3(1)),
(x1(0), x2(0), x3(0)) = x° € RY.

From system (1.2), it can easily be seen that system (1.2) admits a unique nonnegative global
solution x(¢, x°) on [0, +o0) for any e Ri. Since the system is w-periodic, it suffices to consider the
Poincaré map S on R2, that is,

S(x%) = x(w, x%), vaile Ri.

Let us first define a linear map L by

L(x1, Xp, X3) = (e M9y o blIm0oy) o bl-0)oy V(x1, X2, x3) € R3. (%)

Mathematical Biosciences and Engineering Volume 20, Issue 3, 6062—-6083.



6065

We also let {Q;},50 represent the solution flow associated with the tridiagonal competitive system (1.1).
Then, Q,(x°) is the unique global solution of the system (1.1) on [0, +c0). Thus, we have

SO = Quu(Lx®),  Vx"eR}, ie, S=Qu0L.

We only need to focus on the dynamics of the discrete-time system {S"},o.

The purpose of this paper is to investigate the global stability for system (1.2). Firstly, the Floquet
multipliers of all non-negative periodic solutions, including trivial periodic solution, semi-trivial
periodic solutions and the positive periodic solutions, are estimated via the stability analysis of
equilibria (see Lemmas 3.1-3.8). To obtain the existence and uniqueness for the positive periodic
solution, we provide the index theory of the fixed points for the Poincaré map S (see Lemma 4.1).
Compared to the proof of the existence and uniqueness for the positive periodic solution in Xie and
Niu [13] and [Lemmas 4.1 and 4.2], our approach is much more general which avoids Brouwer fixed
point theorem and the connecting orbits theorem and can be applied to more mappings, such as the
the Poincaré maps associated with competition and cooperation models with seasonal succession.
Together with the existence of carrying simplex, we obtain that system (1.2) has a unique positive
periodic solution under appropriate conditions, and moreover the positive periodic solution is globally
asymptotically stable in IntR? (see Theorem 4.4). In addition, sufficient conditions for two-species
coexistence, two-species extinction and global extinction are given (see Theorems 4.5-4.9). Some
numerical examples are provided to illustrate our theoretical results (see Figures 1-5).

The paper is organized as follows. In Section 2, we introduce some notations, relevant definitions
and preliminaries. Section 3 is devoted to analyzing the local dynamics of all nonnegative periodic
solutions of system (1.2). In Section 4, the global dynamics of coexistence and extinction for three
competing species in terms of system (1.2) are obtained. In Section 5, we present some numerical
simulations to illustrate our analytic results. The paper ends with a discussion in Section 6.

2. Notations and preliminaries

In this section, we first introduce some definitions and describe some results which are essential
tools for the later sections.

Define Z, to be the set of nonnegative integers. Let Ri ={xeR :x, >0VieA}and
IntR? = {x e R® : x; > 0,V i € A}, where A := {1,2,3}. Let® # L ¢ Aand L = A\ L be its
complementary set in A. We define the sets H, = {x e R* : x; = 0 for j € L}, H =R} nH,, and
IntH; = {x € H} : x; > 0 forall i € L}. For two vectors x,y € R?, we write x <y if x; < y; for all
ieA andx < yifx; <y forallie A. If x < ybut x # y, we write x < y. If x,y € R*and x < y, let
[x,y] = {z € R?: x <z < y} be a closed order interval, and if x < y, let [[x,y]] = {z € R} : x < z < y}
be a open order interval. For an n X n matrix A, we write A > 0 iff A is a nonnegative matrix (i.e., all
the entries are nonnegative) and A > 0 iff A is a positive matrix (i.e., all the entries are positive).

Let X € R and S : X — X be the Poincaré (period) map. The orbit of a state x for S is y(x) =
{S"(x), n € Z,}. A fixed point x of S is a point x € X such that S(x) = x. A pointy € X is
called a k-periodic point of S if there exists some positive integer k > 1, such that S¥(y) = y and
S™(y) # y for every positive integer m < k. The k-periodic orbit of the k-periodic point y, y(y) = {y,
S©»), S2(), ..., S¥1(y)}, is often called a periodic orbit for short. The w-limit set of x is defined by
w(x) = {y € R3 : §"x — y (k - o0) for some sequence n;, — +o0 in Z,}. A set V C X is positively
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invariant under S if SV C V, and invariant if SV = V. Note that if the orbit y(x) of x has compact
closure, w(x) is nonempty, compact and invariant. If § is a differentiable map, we write DS (x) as the
Jacobian matrix of § at the point x, and (DS (x)) stands for the spectral radius of DS (x).

A continuous map § : Ri - Ri is said to be monotone if S(x) < S(y) whenever x < y with
x,y € R3; S is called strictly monotone if x < y, then S(x) < S(y); strongly monotone if x < y, then
S) < S©Y).

A carrying simplex for the periodic map S is a subset £ C R’} \{0} with the following properties [26]:
(P1) X is compact, invariant and unordered;

(P2) T is homeomorphic via radial projection to the (n — 1)-dim standard probability simplex A"~! :=
(x e RY T = 1)
(P3) V x € R} \{0}, there exists some y € X such that lim [S"x — S§"y| = 0.

n—oo

Lemma 2.1. ([11, Lemma 2.1]) Let x(¢, xo) be the unique solution of the following system

%:—/lx, mo<t<mow+{1-¢, m=0,1,2...,
% =x(r—ax), mw+(-pw<t<(m+ o, 2.1
x(0) = x" e R,,

where A, r, a are all positive constants. Then the following two statements are valid:
(1) If ro — A(1 — ) <0, then lim x(¢, xo) = 0 for all xy € R,;
[—0o0

(1) If ro — A(1 — ¢) > 0, then system (2.1) admits a unique positive w-periodic solution x*(t), and
lim (x(z, xo) — x*(¢)) = O for all xy € R, \{0}.
>0

Lemma 2.2. (Boundness) The Poincaré map S associated with system (1.2) is bounded in R3.
Moreover; every forward orbit of S is precompact in R3.

Proof. Firstly, we rewrite system (1.1) as

50 = Fo,  i=1,2,3,
(x1(0), x2(0), x3(0)) = x° € R,

where
Fi(x) = x;(ry —anx) — appxa),

Fr(x) = xo(rp — az1x1 — axnx; — asxs),

F3(x) = x3(r3 — asnx; — aszzxsz).

Let b = max{a% +1, a% + l,a% + 1}, we have B := (b,b,b) > 0. For any positive number [ > 1,
whenever x := (xq, xp, x3) € [0, [B] satisfies x; = [b, then

xl(l) = Fl(X) = lb(l"] - Cl]]lb - a12X2) < lb(l"] - Cllllb) < 0.
Similarly, for any x € [0, [B] satisfies x, = [b, then

sz(l) = Fz(x) = lb(rz — azzlb —da x| — (123)63) < lb(rz — azzlb) <0.
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while, for any x € [0, [B] satisfies x3 = [b, we also have
x::,(l) = F3(X) < lb(l"3 - Cl33lb — 6132)(2) < lb(l’:; - a33lb) < 0.

Thus, [0, [B] is positive invariant for system (1.1).

For any x° € R3, there exists some positive number [, > 1 such that 0 < x° < [yB. The positive
invariance of [0, [oB] implies that 0 < x(t, x°) < [yB for all ¢+ > 0 where x(¢, x°) = (x,(2), x2(1), x3(2))
stands for the solution of system (1.1) with initial value x° in Ri. Note that {Q;}~¢ 1S the solution
flow of system (1.1), it follows that 0 < Q,(x°) < [yB for any t > 0. By the expression () of

L(x1, x5, x3), we have Lx® < x°, and then, 0 < Q,(Lx°) < [yB for any t > 0. This implies that

0< QW(LxO) = §S(x°) < [yB, that is, S is bounded. Based on this, we easily see that every forward
orbit of S is precompact. The proof is completed. O

Lemma 2.3. (Monotonicity) If x,y € R3 and S (x) < S(y), then x < y. In particular, if x,y € IntR? and
S(x) <S(y), then x < y.

Proof. For x,y € R3, if §(x) < S(y), then Opw(Lx) < Quu(Ly). Define u(t) := Quu—(Lx) and v(1) :=
Qpw—(Ly). It is clear that u(f) and v(¢) are two solutions of a three dimensional cooperative system
for t € [0, pw]. Since u(0) = Qu,(Lx) < Q,(Ly) = v(0), it follows from the comparison theorem of
cooperative systems that Lx = u(¢w) < v(pw) = Ly. By the expression of the linear map L, we have
x < y. For the strong monotonicity of S, see Smith [24, Chapter 3]. O

Remark 2.1. By the expression of system (1.4), Hy, H] and IntH] are positively invariant under the
map S. So we can rewrite the Poincaré map S as:

S (x1, X2, X3) = (x;G1(x), %,G1(x), x3G3(x)), x € R}

where
Si(x) .
S0 fy 0,
G,‘(x) = GS; )
a0 ifx =0.

Moreover, G;(x) are continuous functions with G;(x) > 0 for x € Ri,i =1,2,3.
3. Local dynamics

In this section, we will analyze the local stabilities of all nonnegative fixed points of § in R3.
Clearly, O := (0,0, 0) is a trivial fixed point of S. Let h; := (r;o—A;,(1-¢))w,i = 1,2,3. By Lemma 2.1,
if h; > 0 (i = 1,2, 3), then system (1.2) has three axial fixed points, say R; := (x},0,0), R, := (0, x3,0)
and R; := (0,0, x3). By the second and fourth equations of system (1.2), it is not difficult to see that
there admits a unique interior fixed point in coordinate planar {x, = 0}, say E, = (X}, 0, X3). Noticing
that Hsu and Zhao [11, Theorems 2.3 and 2.4], system (1.2) has interior fixed points in coordinate
planar {x; = 0} and {x3 = O} under certain conditions. If exist, we write them as E; = (X, X,,0) and
E, = (0, X,, X3), respectively.

Lemma 3.1. (Stability of the fixed point O)
(1) Ifh; <0 (@ =1,2,3), then O is an asymptotically stable fixed point of S .
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(i1) If one of hi, hy and hs is greater than 0, then O is an unstable fixed point of S. In particular, if
h; >0 (i =1,2,3), then O is a hyperbolic repeller.

Proof. Let F(x) = (Fy, F,, F3)", where
Fi=rx - allx% — apXix,

_ 2
Fr=rx; —axnxix; — axX, — dr3X3X3,
2
F3 = r3x3 — aznxxz — asx;.

Then, DF(x) =
r—2anx; — apx; —danX 0
—az X2 ) — A1X) — 202X — A23X3 —axXp
0 —dzX3 r3 — az;Xxy — 2a33x3

For simplicity, we denote u(t, x) := Q(x) and V (¢, x) := D,u(t, x) = D,Q(x). Then S (x) = Qu(Lx) =
u(pw, Lx). Thus,

DS (x) = D(Qy(Lx)) - D(Lx) = V(¢w, Lx) - D(Lx) (3.1
= V(pw, Lx) - diag{e 1179 =0 o~bl=p)wy (3.2)

Note that V(z, x) satisfies
% = DF(u(t, x))V(t), V() =1. (3.3)

Taking x = O, we have u(¢t, LO) = (0,0, 0), which implies that DF(O) = diag{r,, r,, r3}. Then,

oW oW

. pw
V(SDC(), LO) = dlag{ef() rldt’ ef() r2dt, ej(‘) F3d[},
and hence, one has
DS (0) = diag{e¢111-9)e pre=bli=gle rse-(-¢De) = djag(e", e, ).

Consequently, the matrix DS (O) has three positive eigenvalues u, i, and p3 given by

hl hz

U =e, W =e" and pz=é".

Then, the conclusion is immediate. O

By Lemma 3.1, we assume that #; > 0 (i = 1,2, 3) in following Lemmas 3.2-3.8.

Lemma 3.2. (Stability of the axial fixed point R;)

) If :721 > :ﬁ, then R, is a saddle point with one-dimensional stable manifold.

(i) If ;’721 < ;’—111, then R, is a saddle point with two-dimensional stable manifold.
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Proof. Let u(t, LR;) := (u(2),0,0). By the proof of Lemma 3.1, it is not difficult to see that

—2anuj(t) —apuj® 0

DF(u(t,LR))) = 0 ry —ayuy(t) Of.
0 0 r3
Then,
el ri=2anuj(ndr « «
V(ew, LR)) = 0 el i s .
0 0 ef(f’” r3dt

Note that u(¢) satisfies the equation 1() u;(H)(ry — apuj (1)), it follows that

ow h
0 6111

and then,
e_hl * *
DS(R)=| 0 P i |,
0 0 e

where * stands for unknown algebraic expression. Therefore, the matrix DS (R;) has three positive
eigenvalues yu;, up and u3 given by

(ho—2Lhy)

w=em<1, Uy =e * and pz =e" > 1.

Therefore, the conclusion is immediate. O
Similarly, we have the Lemmas 3.3 and 3.4.
Lemma 3.3. (Stability of the axial fixed point R;)
(1) If h2 > max{j” i =1 then R, is an asymptotically stable fixed point of S

(i1) If hz < min{_ - h‘ h3 } then R, is a saddle point with one-dimensional stable manifold.

(i) If :le <ol b S s then Ry is a saddle point with two-dimensional stable

an2 asz a2 azz asz

manifold.
Lemma 3.4. (Stability of the axial fixed point R3)

1 If :223 > h3 , then Rj is a saddle point with one-dimensional stable manifold.

(i1) If hz < -%, then R; is a saddle point with two-dimensional stable manifold.

Lemma 3.5. (Stability of the planar fixed point E3) If 2= > (<)L, & > (<)22, then there admits a

17 a2
unique interior fixed point, say E5 := (X1, X»,0), for S in the coordinate plane {x; = 0}. Moreover,

Q) Ifle > b byl ppg s o Manchaw ypey Eyois an asymptotically stable fixed point of .

az) ay)’ apn axn an apay —anax’
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(i) If e <« L I o lo ypghs o manhan e Boois g saddle point with two-dimensional stable

axn " oan’an an as anazi-aiaxn’
manifold.
(i) If 2 < L b ol gpglo s Manthan ypen Eyis a saddle point with one-dimensional stable
a21‘ ap” ap ar asn ajpdaz1—daiaz2
manifold.
Proof. By Remark 2.1, we can see that all coordinate axes and planes are positively invariant under the
map S. Theorem 3.6 in [12] implies that if :Tzl > (<)£’—|11, :le > (<)¢%, then system (1.2) admits a unique

interior fixed point in the coordinate planar {x; = 0}, say E; := (X;, X»,0). Let F(x), u(t, x) and V(¢, x)
be denoted as in the proof of Lemma 3.1. We also define u(t, LE3) := (i1,(?), iiz(t), 0). Then,

ry = 2aniy — apily —ai 0
DF (u(t, LE5)) = —ayy ry = 2axi, — axily  —ayi
0 0 r3 — azliy
. . Al Bl
For convenience, we write DF (u(t, LE3)) := _ , where
0 13— azni(t)
0 ri = 2aniu (1) — api(t) —apit (1) )
B, = _ and A; = X _ _ .
: (—Clzsuz(f)) ! ( —a (1) ra = 2axnis(t) — az i ()

Since DS (x) = V(pw, Lx) - D(Lx), it follows that DS (E3) has a positive eigenvalue u3 given by

pw
U3 = exp (f ry — axni(t)dt — A3(1 - ‘P)w)-
0

Note that iz, (¢) and i, (¢) satisfy the following equations

{ % — ﬁ](t)(bl — allﬁl(l) - al2ﬁ2(t))’ (34)

B0 = 3y(1)(by — ania(t) — axni(1)).
Integrating the equation (3.4) for 7 from O to ¢w, one has
f iy (dt = 2272 ang f i (f)dt = —21 A
0 0

appd — adpda dappdy —dandan

Then,

(hiay — hzau)a32)

H3 = exp (h3 -
appds — apdax

On the other hand, the other two eigenvalues u; and u, are determined by A;. Together with Lemma 2.4
in [11], the conclusion is immediate. O

Similarly, we also have the following Lemmas 3.6 and 3.7.

Lemma 3.6. (Stability of the planar fixed point E,) There admits a unique interior fixed point, say
E> :=(%1,0, X3), for S in the coordinate plane {x, = 0}. Moreover,

(1) Ifhy < % + }%, then E, is an asymptotically stable fixed point of S .
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(1) If hy > % + }% then E, is a saddle point with two-dimensional stable manifold.

Lemma 3.7. (Stability of the planar fixed point Ey) If 22 > (<), & > ()22, then there admits a

asz’ daszp
unique interior fixed point, say E| := (0, X,, X3), for S in the coordinate plane {x, = 0}. Moreover,

. h hy  h3 hy hy ayshz—azzhy . . .
—_— > —_ > —_— —_— < —_—0 I £ .
(1) I‘fa23 233’ am = and a1 RY—— then El s an as Vn’t[)lOllCClllV stable ﬁxed pOl”lt Of‘S

.. o h ha—aah . . . . .
(i) I[f 22 <« s 1s ol ypg b o ashscashe ypop B s g saddle point with two-dimensional stable
ans asz’” asz an a2 az3az2—adn2dsz3

manifold.

h o h h h ha—assh . . . . .
(ii) If 2 < =2, B < 2 gpd L > 28BN thepn E| is a saddle point with one-dimensional stable
ans asz” asz ann ann a3azp—az2dass

manifold.

Assume that S has a positive fixed point, say P := (¥, X,, X3), we will discuss the dynamics of P in
the following. For simplicity, we write

—dapy a4 0
A= ay -—-axn ax
0 azxp —as

Lemma 3.8. (Stability of the positive fixed point P)
(i) IfdetA < 0, then P is an asymptotically stable fixed point of S .
(ii) If detA > 0, then P is an unstable fixed point of S .
Proof. By the expression of L, it follows that
LP = (ehm0g) emhl-vog, o~hll-pog)

Define Q,(LP) := (it,(2), it2(2), it3(2)) = (), and V(¢, x) := Dii(t). Note that

DF(u(t, LP)) =
ri —2aniy — anii —aypiy 0
—dy iy 1y = 2anily — ax iy — asils —ay3iiy ,
0 —aziis r3 — 2as3ii3 — asiip

the matrix function V(r) = V(z, LP) satisfies

@ = DF@u@)V(), V(0) = 1.

Let w(t) = P(1)V(t), where P(t) = diag{ 1 L__L_\ Then, one has

()’ w0’ B0

dw(t)
e A(Ow(r) 3.5
where
—ay iy (1) —api(t) 0
A) = | —axin () —axis(t) —axpis(t)|.
0 —asir (1) —aszis(t)
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Let W(¢) be the monodromy matrix of the above Eq (3.5), then W(z) satisfies

dw(t)
dt
and hence W(¢) = P(t)V(t)P~'(0). Thus V(¢) = P~ () W(t)P(0). In view of

=AW, W(QO) =1,

A(l-po  L,h(1-pw  ,A4(1-gw
. e e e
P(0) = diag{———,
X1

~ 2 ~

X2 X3
and 1 1 1 1 1 1
P( (L)):dia ~ s~ s~ :dla ~ s < s~ [
4 g{ul((Pw) i (pw) M3(90w)} g{xl X X%}
we have
V(gw) = P~ (ew)W(pw)P(0).
Then,
DS (P) = V(ew, LP) - D(LP)
= P! (¢w)W(gw)P(0) - D(LP)
1 1
= diag{il’ )~C2a )~C3} * W(QO(L)) : dlag{,.,_a ~ s~ J»
X1 X2 X3

and hence, DS (P) ~ W(pw) , that is, r(DS (P)) = r(W(pw)).

Let
Z(t) = diag{—1, 1, -1} - W(¢) - diag{—1, 1, -1},
then iz
_dit) = A0z, 20 =1, (3.6)
where
) —an it (1) api(t) 0
A@) = | axnin(t) —axis(t) axnis() |.
0 axnix () —assiis(t)

Note that Z(¢pw) ~ W(pw) implies that DS (P) ~ Z(¢w), then,
r(DS (P)) = r(Z(pw)).

Since the matrix A(¢) is cooperative and irreducible, it follows that Z(f) > Z(0) for each ¢t > 0, and
then Z(¢) is a positive matrix (see [25, Theorem B.3]). By Perron-Frobenius theorem, p3 := r(Z(pw))
is a simple eigenvalue of Z(¢w) with a positive eigenvector e = (ey, €2, e3)”. If p; and p, represent the
other two eigenvalues of Z(pw), then |p;| < p3, i = 1,2. By Liouville’s formula, we also obtain that
0 < p1p2p3 = det Z(pw) = el traceA)s 1

Let z(2) = Z()e = (21(2), 22(2), 23(2)), then z(pw) = Z(pw)e = ps(ei, ez, e3) and z(0) = Z(0)e =
(e1, ez, e3) > 0. Noticing that z() satisfies the equation

dz(1)

el A(0)z(1),
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it follows that
21(t) = —an i ()z1(2) + aniia(Hz2(),
22(0) = a1l ()z1(1) — axniin()z2(8) + axitz(1)z3(2),
23(8) = axniix(1)22(1) — assis(1)z3(2).

Using the method of elimination, we have
ax1a3321 (1) + ap1azz(t) + axanza(t) = (ass(anay — anaz) + ana;az)in(t)z(1).

Integrating the above equation for 7 from 0 to ¢w, we then obtain
pw pw pw
a2 a33 f dzi(t) + anas; f dzy(t) + axnai f dz3(1)
0 0 0

pw
= (as3(ana — apan) + 611161236132)f i (1)za()dt.
0

Note that
azz(apas — ayax) + ajjaxpaz, = detA,

it follows that
(az]a33€] + ajaszzer + a1]a23e3) X (pg, — 1) =detA - f flz(l)Zz(l)dl‘.
0

Based on the fact that fo(’ow i, (Hzo()dt > 0, we have
(i) If detA > 0, then p3 > 1.
(ii) If detA < 0, then p3 < 1.

This implies that the proof is completed. m|
4. Global stability

To obtain the existence and uniqueness of the positive fixed point for the Poincaré map S, we first
give a lemma with respect to the index of fixed points. For the reader’s convenience, we recall some
known results on the fixed point index of a continuous map (see Amann [19] for a more detailed
discussion).

Let U C R} beopenand S : U — R’ be a continuous map such that Fix(S, U) is compact, where
Fix(S, U) is defined by the set of all fixed points of S in the subset U. The fixed point index of S is
denoted by

i(S,U,R"}) :=deg(id - S, U,0),

where id is the identity map and deg(id — S, U, 0) is the Brouwer degree for id — S. The fixed point
index of S at an isolated fixed point 8 € U is defined by

i(S,0) :=i(S, Bs(0),R") = deg(id — S, Bs(0),0),
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where Bs(6) := {x € R" : ||x — 6| < ¢} is an open ball in U such that Fix(S$, Bs(d)) = {6}. In particular,
if § is differentiable at 6 € Fix(S, U) and 1 is not an eigenvalue of DS (6), then

i(S,6) = (=1,

where S is the sum of the multiplicities of all the eigenvalues of DS (6) which are greater than one.
When § has only finitely many fixed points in U, one has

iS,URD = > i(S,0).

OeFix(S,U)

Lemma 4.1. Assume that each fixed point 0 of the Poincaré map S deduced by system (1.2) is
hyperbolic, then

(i) i(S,RLR) =1;
(1) If DS (0) has no eigenvalue whose modulus is larger than 1, then i(S,0) = 1;

(i) If6 € IntH;, L # A = {1,2, 3}, then DS (0) has at least one eigenvalue with modulus larger than

1 is,0) =0.
Proof. (i) Since R? is nonempty closed convex set, it follows from Dugundjis theorem that i(S, R, R?)
is well-defined. Let xy € R? be arbitrary and define a compact map

g:[0,11xR} - R? by g(d,x) := (1 — D)xp + A5 (x).

Then g maps the product space into R? and has no fixed points on the boundary of R? (relative to R?)
because this boundary is empty. By the homotopy invariance and the normalization property, we have

i(S,R3,RY) = i(xo, R}, R¥) = 1.
(i1), (i11) See the proof of Lemma 4.2 forn = 3 and U = Ri in Liang and Jiang [20]. |

Arguing as the proof of Theorem 2.3 in Niu et al. [12], it can easily be proved that the Poincaré map
S also has a carrying simplex.

Lemma 4.2. (The existence of the carrying simplex) Assume that h; > 0,i = 1,2, 3, then the Poincaré
map S admits a carrying simplex £ which attracts every nontrivial orbit in R

Proof. See the proof of Theorem 2.3 for n = 3 in Niu et al. [12]. O

For each coordinate plane, we write Il; = {x € Ri :x; = 0},i = 1,2,3. We denote by S|y,
the restriction of § to Il;. To obtain the global stability of the positive fixed point, we also need the
following lemma which is a special version of Theorem 2.4 in Balreira et al. [21] for maps defined
onR3.

Lemma 4.3. ( [21, Theorem 2.4]) Consider the map S = (x,G(x), x2G2(x), x3G3(x)) defined on Ri
with Gi(x) > 0, i = 1,2, 3, which has a carrying simplex. Assume that

(a) det DS (x) > 0 forall x € R3;
(b) DS(x)™' > 0 forall x € IntR3;
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(c) foreachi=1,2,3, S|y, has a unique interior fixed point Ey; that is globally asymptotically stable
in IntIl;, but a saddle for S ;
(d) S has a unique positive fixed point p € IntR3.

Then P is globally asymptotically stable in IntR> for S.

Next, we will analyze the global dynamics of system (1.2). Applying Lemma 4.1 to Lemma 3.1-
3.7, it is not difficult to calculate the index of each of axial and planar fixed points. If S has a positive
fixed point, it follows from Lemma 3.8 that i(S, P) = 1 under the condition detA < 0. By using the
index of each boundary fixed point and i(S,R3,R?) = 1, we can choose appropriate parameter values
to ascertain whether the positive fixed point exists. We can further obtain the global dynamics for
system (1.2).

Theorem 4.4. (Three species Coexistence) Suppose that system (1.2) satisfies
() h; >0 =1,2,3), detA < 0;

Y b L sy a1 asg .
(11) ap > an’ axp > an’ hy > allhl + 033h3’

(i) hi(axnasz — axazy) > aplaszhy — axshs);
(v) hs(ayiaxn — anaz) > an(aihy — axh);

then there admits a unique positive fixed point, say P = (Xy, X», X3), for the Poincaré map S. Moreover,
P is globally asymptotically stable in IntR3.

Proof. By Lemma 2.1, S|+ has a unique interior fixed point R; that is globally asymptotically stable in
IntH; for each i = 1,2, 3 because &; > 0. And yet, R; is a saddle point for S due to the assumption (ii)
and Lemmas 3.2-3.4. Under the assumptions (ii)—(iv), by Lemmas 3.5-3.7 and Theorem 3.6 in [12],
S|, has a unique interior fixed point Ey; for i = 1,2, 3 that is globally asymptotically stable in IntII;,
but a saddle point for . Using Lemma 4.1(iii), one has

i(S,0)=1i(S,R) =i(S,E)=0, i=1,2,3.
Since i(S,R3,R3) = 1 (Lemma 4.1(1)), it is easy to see that there exists at least a positive fixed point
for S, say P. Note that det A < 0 and Lemma 3.8(i), so P is an asymptotically stable fixed point for S .
Lemma 4.1(i1) implies that i(S, P) = 1. If there also exists another positive fixed point, say P*, that is,
P* # P, then P~ is also asymptotically stable, and hence i(S, P*) = 1, which contradicts the fact that
i(S,R3,R?) = 1. Consequently, the positive fixed point P is unique. By the expression (3.1) of DS (x)

and the Eq (3.3), we can obtain that for any x € R?,
det DS (x) = det V(gw, Lx) - exp( = (4 + L + L)1 - p)w)

= exp f § trace{DF (u(, Lx))}dt} - exp ( = (A, + A + 3)(1 = @)w) > 0.

Besides, it follows from the proof of Theorem 2.3 in [12] that DS(x)™! > 0, V x € IntRi. So far,
the conditions (a),(b),(c) and (d) of Lemma 4.3 are satisfied for §, which implies that P is globally
asymptotically stable in IntR?. We have completed the proof. O
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Theorem 4.5. (Two species Coexistence) Suppose that system (1.2) satisfies
(1) h;>0(@(=1,2,3), detA < 0;

.. h h h h h h h h
() 2 <o & < a5~ o a ~ ol <ayh+ Ths

then there is no positive fixed point for the Poincaré map S. Moreover, the planar fixed point E, is
globally asymptotically stable in IntR?.

Proof. By Lemma 2.1 and Theorem 3.6 in [12], there exist three axial fixed points R; (i = 1,2, 3) and
one planar fixed point £, under the assumptions (i) and (ii). Moreover, R; is a saddle point for S and
E, is an asymptotically stable fixed point of S. In view of Lemma 4.1(ii) and (iii), one has

i(5,0)=1i(S,R)=0,i=1,2,3 and i(S,E») = 1.

If there exists a positive fixed point for S, say P, it follows from det A < 0 and Lemma 3.8(i) that P is
an asymptotically stable fixed point of S. Lemma 4.1(i1) implies that i(S, P) = 1. This contradicts the
fact that i(S,R3,R3) = 1. So there is no positive fixed point for S. Lemma 4.2 states that the Poincaré
map S has a carrying simplex X by which is homeomorphic to the probability simplex A%. We further
get that X is a topological disk and S|z is an orientation preserving homeomorphism from X onto X
(see [22]). By Corollary 2.1 in [23], every trajectory on X converges to some fixed point. In particular,
R, and R; are saddle points, R, is an unstable node point, while E, is an asymptotically stable node
point on X. Since § [y is an orientation preserving homeomorphism, every trajectory on X converges to
E,. By using the property (P3) of the carrying simplex, one has
lim S"(x) = E,, V x € IntR?.

n—+oo
Thus, E, is globally asymptotically stable in IntR3. The proof is completed. O

By suitable modification to the proof of Theorem 4.5, we can also obtain the following Theorems
4.6 and 4.7.

Theorem 4.6. (Two species Coexistence) Suppose that system (1.2) satisfies
() h; >0(i=1,2,3), detA < 0;
s R hy . h hy . a a .
(i) 2 <225 2b> 25 hy > 2hy + 22hs;

(i) h3(ayaxn — anas) < aslanhy — axhy);

then there is no positive fixed point for the Poincaré map S. Moreover, the planar fixed point E; is
globally asymptotically stable in IntR3.

Theorem 4.7. (Two species Extinction) Suppose that system (1.2) satisfies
(1) h; >0 =1,2,3), detA < 0;
o h hy. b _ . a app, .
(i) 7= < 25 22 <25 hy > 2hy + 253

then there is no positive fixed point for the Poincaré map S. Moreover, the axial fixed point R, is
globally asymptotically stable in IntR?.
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Remark 4.1. By using our analytical approach in Theorems 4.5-4.7, we also take different sufficient
conditions to obtain the global dynamics of system (1.2).

Next, we will investigate the global extinction for system (1.2). For simplicity, we introduce the
following notations

_ ay ap 0 B hy V1
A=lay axn axn|, B=|hy| and y=|y2].
0 azx axp h 2

Lemma 4.8. If S has a positive fixed point, say P, then y := fow Q.(LP)dt is a positive solution of the
linear algebraic system Ay = B. In other words, if the linear system Ay = B has no positive solution,
then S has no positive fixed point in IntR3.

Proof. We write the positive fixed point P := (X, X, X3) as Lemma 3.8. Let Q,(LP) = u(t,LP) :=
(it1(2), it2 (1), it3(2)), then (i1, (1), itx (1), it3(1)) satisfies the following equations

it} (1) ~ ~
nw = 1~ ani () — aniix (1),

Zig ry — aniip(1) — ax i (1) — axiis (1), 4.1)
Zzg; ry — as3itz(t) — azis(1).
Integrating the above equations of (4.1) for 7 from 0 to ¢w, it follows that
an [ im@dt + ar [ i(t)dt = (g — 41(1 - @))w,
a [ @dt + ax [ fo(0dt + ax [ (0t = (rp = (1 = @),
as J(‘)sow i (t)dt + as; fow i3(0dt = (r3p — A3(1 — @))w.
Note that y; = [ #()dt and h; = (rip — (1 = @))w, i = 1,2,3, we have

anyi +apy: = hy,
anyy + any, + ax;ys = hy, 4.2)
asxy, + azys = hs.

From the above equations, it is clear that Ay = B with y; > 0 (i = 1,2,3). Therefore, the conclusion is
immediate. The proof is completed. m|

Theorem 4.9. (Global Extinction) Suppose that h; < 0 (i = 1,2,3). Then the trivial fixed point O is
globally asymptotically stable in R3.

Proof. Since h; < 0 (i = 1,2,3), it follows that S has no interior fixed points on the coordinate axes
of R? due to Lemma 2.1(i). By appealing to Lemma 2.4 in [11], there are also no interior fixed points
on the coordinate plane of R?. Lemma 4.8 implies that there is no positive fixed point in IntR? for S.

Therefore, O is a unique fixed point for S in R?. By the equations of system (1.4), one has
dx;(1)
t

i < xi(O)(ri(0) — a;i(Dxi(1), i=1,2,3.

Since h; < 0, by differential inequality theorem and Lemma 2.1(1), it follows that
lim xi(t,x0)) =0, YxeR), i=1,23.
t—+00

Note that Lemma 3.1(i), O is an asymptotically stable fixed point of S, and hence, O is globally
asymptotically stable in R3. We have completed the proof. O
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5. Numerical simulation

In this section, we provide some numerical examples to illustrate our analytic results.

Example 1. (Three species Coexistence) Taking parameter values w = 10, ¢ = 0.5, 4 = 0.1, 1, = 0.1,
/13 = 01, r = 03, rh = 03, r3 = 03, a = 04, app = 02, ay = 01, ajry = 05, ary = 01, aszy = 02,
ay; = 0.5, and initial values x° = (0.8,0.9,0.8), system (1.2) satisfies the conditions of Theorem 4.4.
The numerical simulations for the solution of system (1.2) and the orbit of the Poincaré map S are
shown in Figure 1 , which imply that three species will be coexistence.
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Figure 1. Three species will be coexistence.
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Figure 2. Species 1 and Species 3 will be coexistence.

Example 2. (Two species coexistence) Taking parameter values w = 10, ¢ = 0.5, 4; = 0.1, 4, = 0.1,
/13 = 01, ry = 03, rh = 03, rs = 03, apn = 02, dap = 02, ar = 03, adxy = 1, ary = 022, asy = 01,
ay; = 0.2, and initial values x° = (0.8,0.9,0.8), system (1.2) satisfies the conditions of Theorem 4.5.
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The numerical simulations for the solution of system (1.2) and the orbit of the Poincaré map S are
shown in Figure 2 , which imply that Species 1 and Species 3 will be coexistence, and Species 2 will go
to extinction.

Example 3. (Two species coexistence) Taking parameter values w = 10, ¢ = 0.5, 1; = 0.1, 1, = 0.1,
/13 = 01, r = 03, rh = 03, r3 = 03, a = 06, app = 01, ay = 01, ajry = 02, ary = 02, aszy = 03,
as; = 0.5, and initial values x° = (0.8,0.9,0.8), system (1.2) satisfies the conditions of Theorem 4.6.
The numerical simulations for the solution of system (1.2) and the orbit of the Poincaré map S are
shown in Figure 3 , which imply that Species 1 and 2 will be coexistence, and Species 3 will go to
extinction.
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Figure 3. Species 1 and Species 2 will be coexistence.
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Figure 4. Species 2 will win the competition.

Example 4. (Two species extinction) Taking parameter values w = 10, ¢ = 0.5, 4; = 0.1, 4, = 0.1,

/13 = 01, rt
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ay; = 0.5, and initial values x° = (0.8,0.9,0.8), system (1.2) satisfies the conditions of Theorem 4.7.
The numerical simulations for the solution of system (1.2) and the orbit of the Poincaré map S are
shown in Figure 4 , which imply that Species 2 will win the competition and Species 1 and Species 3
will go to extinction.

Example 5. (Global extinction) Taking parameter values w = 10, ¢ = 0.5, 1; = 0.3, 1, = 0.3,
/13 = 03, r = 01, rh = 01, r3 = 01, an = 06, app = 01, ay = 01, ary = 02, ary = 02, aszy = 03,
ay; = 0.5, and initial values x° = (0.8,0.9,0.8), system (1.2) satisfies the conditions of Theorem 4.9.
The numerical simulations for the solution of system (1.2) and the orbit of the Poincaré map S are
shown in Figure 5, which imply that three species will go to extinction.
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Figure 5. Three species will be extinction.

6. Discussion

In this paper, we focus on a tridiagonal three-species competition model with time w-periodic
coefficients (called Seasonal Succession). By the stability analysis of equilibria, we estimate the
Floquet multipliers of all nonnegative periodic solutions of system (1.2), and get the local dynamics
of these periodic solutions. By using the Brouwer degree theory, we present an index result of the
fixed points for the Poincaré map S. Based on this, we can verify the existence and uniqueness of the
positive fixed point under appropriate conditions. Sufficient conditions of the global stability for
coexistence and extinction of system (1.2) are provided via the local dynamics of all nonnegative
fixed points. More precisely, three species will be existence under the assumptions of Theorem 4.4;
Species 1 and 3 will be coexistence and Species 2 will go to extinction in the competition under the
assumptions of Theorem 4.5; Species 1 and 2 will be coexistence and Species 3 will go to extinction
in the competition under the assumptions of Theorem 4.6; Species 2 will win the competition and
Species 1 and 3 will go to extinction under the assumptions of Theorem 4.7; three species will go to
extinction under the assumptions of Theorem 4.9. From above analytic results, it is not difficult to see
that the introduction of seasonal succession may lead to species’ extinction.

On the other hand, there is no explicit expression of the Poincaré map S for the time-periodic
differential equations, even for the simplest form as system (1.2). This makes the researches on the
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dynamics the Poincaré map of the time-periodic Kolmogorov competitive systems become much more
difficult and complicated. In future work, we will try to give a complete classification for the dynamics
of system (1.2) and explore the influence of parameter values ¢ and 4;,i = 1, 2, 3 related to the seasonal
succession on the dynamics of the system (1.2).
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