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Abstract: We consider the following chemotaxis-growth system with an acceleration assumption,

u=Au—-V-uw)+yw—-u*), xeQ, t>0,
vi=Av—v+u, xeQ, t>0,

w, = Aw —w + yVvy, xeQ, >0,

under the homogeneous Neumann boundary condition for u«, v and the homogeneous Dirichlet bound-
ary condition for w in a smooth bounded domain Q c R” (n > 1) with given parameters y > 0,
v > 0and @ > 1. It is proved that for reasonable initial data with eithern < 3,y > 0, @ > 1 or
n>4,v>0, a> % + 4, the system admits global bounded solutions, which significantly differs from
the classical chemotaxis model that may have blow-up solutions in two and three dimensions. For
given y and «, the obtained global bounded solutions are shown to convergence exponentially to the
spatially homogeneous steady state (m, m,0) in the large time limit for appropriately small y, where
m = Ilﬁl fg up(x)if y = 0and m = 1 if y > 0. Outside the stable parameter regime, we conduct linear
analysis to specify possible patterning regimes. In weakly nonlinear parameter regimes, with a stan-
dard perturbation expansion approach, we show that the above asymmetric model can generate pitch-
fork bifurcations which occur generically in symmetric systems. Moreover, our numerical simulations
demonstrate that the model can generate rich aggregation patterns, including stationary, single merging
aggregation, merging and emerging chaotic, and spatially inhomogeneous time-periodic. Some open
questions for further research are discussed.
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1. Introduction

This study considers the system
u=Au—-V-uw)+ywu—-u*), xeQ, t>0,
vi=Av—v+u, xeQ, >0, (1.1)

ToW, = AW — w + yVv, xeQ, t>0,

in a bounded domain Q C R" (n > 1) with smooth boundary, where the parameters y > 0, > 1,y >0
and 7y € {0, 1}. The functions u(x, t) and v(x, t) denote the organism density and the concentration of the
signal emitted by the organism itself respectively, the vector function w(x, ) = (Wi, wa, -+ , w,)(X, 1)
represents the velocity of u. The system (1.1) is a generalized version of the classical Keller-Segel
model (cf. [1])

u; = Au—V - (uVv),
ToVi = Av—v +u,

which was used to describe the aggregation movement of cells. For half a century, this model and its
variants have attracted a lot of attention and yielded rich results. (cf. the surveys [2-5] for instance).

In the classical chemotaxis model or other models containing taxis mechanisms such as the prey-
taxis model (cf. [6]), it is generally assumed that the advective velocity of the organism is proportional
to the concentration gradient of the stimulus/resource. However, this kind of assumption would ne-
glect some details of the movement and is sometimes inappropriate to describe some observations,
such as schooling fish (cf. [7, 8]), swarms of flying insects (cf. [9]) and flea-beetles (cf. [10]), where
the advective velocity variation (i.e., acceleration) rather than the velocity itself of the organism is
supposed to be proportional to the gradient of stimuli/resources. This acceleration assumption was
used in mathematical modeling of some predator-prey models, such as [11, 12], where the model ad-
mits Spatio-temporal patterns consistent with experimental observations, while classical predator-prey
models can not (cf. [13, 14]). By introducing the acceleration assumption into chemotaxis models, [15]
considered (1.1) with 79 = y = 0 under the boundary condition

0 0
—u:—vzw-n:O, ohwxn=0, xeodQ,
on  On
where n is the outward normal vector on Q2 and d,w := (Oywi,OaW2, -+ ,0hw,). It is proved

in [15] that for reasonable initial data, the system (1.1) with the above boundary condition admits
global bounded solutions for n < 3. This result is significantly different from classical parabolic-
parabolic/parabolic-elliptic chemotaxis models, which have the well-known critical mass phenomenon
in the two-dimensional case (cf. [16-20]) and admits blow-up solutions in three-dimensional case
(cf. [18,21]). For critical mass phenomena in generalized versions of chemotaxis models, we refer the
reader to [22—-33] and the references therein.

Our main purpose is to study whether the fully parabolic (1o = 1) system (1.1) can preclude blow-up

solutions (and has no critical mass phenomena for n < 3) under the boundary condition

ou Ov
a—n_a—n_o,w—ﬂ, x € 0Q. (1.2)
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Specifically, we shall consider two cases: with/without the logistic source term. In the case of y = 0,
the main task focuses on whether there exist global bounded solutions for all reasonable initial data
in two/three dimensions. When y > 0, motivated by the works of the classical chemotaxis growth
system (see Remark 1.1), our goal is to find the condition on @ such that the model precludes blow-up
solutions in high dimensions (n > 4). Moreover, for global bounded solutions, we shall investigate the
large time behavior.

We assume that initial data (uq, vy, Wo)(x) := (1, v, w)(x, 0) conforms to

0 < uy e CUQ), 0<vye WH(Q), wo e W(Q:R") and ug, vy 2 0. (1.3)

The first result is about the global boundedness of solutions, as follows.
Theorem 1.1. Suppose that 9 = 1 and (1.3) holds with

1
eitherr (H1):n<3,v>0,a>1, or (H2):n24,y>0,a>§+g,

then the system (1.1)-(1.2) possesses a unique classical solution (u, v, w) satisfying
u,v € COUQ % [0,00)) N C>H(Q X (0,00)), weCUQX[0,00);R") N C>(Qx(0,c0);RY),
and u,v > 0 in Q X (0, o). Moreover, the solution is uniformly bounded in time, i.e.,

sup (||M(', Dlz=@) + IV, Dllwis@) + W, t)”Wl"”(Q)) <C( +)()ﬁ ) (1.4)
t€[0,00)

where 8 > 1 and C > 0 are two constants independent of y and t.

Remark 1.1. Recall the classical chemotaxis growth system

(1.5)
Tov; = Av — v + U, xeQ, t>0,

{ u, = Au—xV-WwVv)+hu —uu®, xe€Q, t>0,
with the homogeneous Neumann boundary condition and reasonable initial data. The parameters
heR, y,aoa>0and 7y €{0,1}, and Q C R" is a smooth bounded domain. In the case of @ = 2, (1.5)
admits global bounded solutions for any u > 0 if n = 2 and for u > py(Q) with some positive number
Uo(Q) if n > 3 (cf. [34-38]). In the case of Ty = 0, it is proved in [39] that there exist initial data such
that solutions blow up in finite time if

o {g | zfn € (3,4},
1+ ) ifn>35.
From this point of view, Theorem 1.1 shows that the introduction of the acceleration assumption into
chemotaxis models can improve the condition for « in some sense, such as (1.1) admits global bounded
solutions for a > 1 (ory = 0) in three dimensions. Indeed, the condition for a in Theorem 1.1 is more
correlated with that in the indirect chemotaxis model, see Remark 1.2 for a detailed reason.
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Remark 1.2. Assume 19 = 1. Now we consider a special case: W is a conservative vector field
with w = xV¢ for some scalar potential function ¢ € C'(Q). Then the system (1.1) is related to the
chemotaxis model with indirect signal production

u,=Au—xV-uVed)+ywu—-u*), xeQ, t>0,
O =Ap— o+, xeQ, t>0, (1.6)
vi=Av—v+u, xeQ, t>0.

If y = 0, [40] shows that n = 4 is the critical dimension for (1.6) with the homogenzeous Neumann
boundary condition or a mixed boundary condition: no blow-up occurs if fg uy < (SXL) (the radially
symmetric setting is needed if the boundary condition is of the Neumann type). When n > 2, v > 0

and a > % + %, [41] proved that (1.6) admits global bounded solutions which convergence to (1,1, 1)
in L*(Q) under the homogeneous Neumann boundary condition. For the system (1.1)-(1.2), Theorem
1.1 has the same restriction for « when n > 4, but when n = 2,3, the restriction can be improved to
a > 1 (ory = 0). When ignore the random diffusion of v in (1.6) (i.e., the third equation turns into
v, = =V + u), assuming n > 2 and a > 5, [42] obtained global bounded solutions to (1.6) under the

boundary condition g—l‘: = g—ﬁ = 0 on 0L

The global boundedness of solutions is given in Theorem 1.1. Next, we are dedicated to investigat-
ing the large time behavior of the obtained solution. The system (1.1)-(1.2) has a non-trivial constant
equilibrium (m, m, 0) with

1, ify>0.
We have the following asymptotic dynamics of the system (1.1)-(1.2).

- {lgg—lfguo(x) >0, ify=0, a7

Theorem 1.2. Suppose that the conditions in Theorem 1.1 hold, then there exists a number y > 0 such
that for all y € (0, ), the solution (u,v,w) of the system (1.1)-(1.2) obtained in Theorem 1.1 satisfies

(-, 1) — mllyroo () + [IVC, 1) — ml[yreoq) + [[WE, D) < Ce™™ ast— oo, (1.8)

where C, o are two positive constants independent of t. Moreover, if y > 0 and @ > 2, then we can
take y = +/y.

The above theorem gives the global stability of the equilibrium (m, m,0) under the condition that
x 1s small. However, outside the stable parameter regime, the behavior of solutions is unknown. It is
well-known that the one-dimensional classical chemotaxis growth model can generate rich patterns,
such as stationary, periodic, and chaotic (cf. [43]). To investigate whether the system (1.1)-(1.2) can
generate similar patterns, we shall conduct linear analysis, weakly nonlinear analysis, and perform
numerical simulations to see possible patterns.

Remark 1.3. The weakly nonlinear analysis in Sect. 4.2 shows that the asymmetric system (1.1)-(1.2)
admits pitchfork bifurcations (which occur generically in symmetric systems).

Notations. For brevity, we shall use C or C; (i = 1,2,3,---) denote a generic positive constant
which may vary from line to line in the context, and use Cp to denote the well-known Poincaré constant

Cpi= {iCIlEC llgllzzc@ < CliVellz for all € WA(Q) with @ Jpg= 0}. (1.9)
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The rest of this paper is organized as follows. Sect. 2 is devoted to establishing global bounded
solutions to (1.1) and the proof of Theorem 1.1. By constructing appropriate Lyapunov functionals,
the global stability stated in Theorem 1.2 is proved in Sect. 3. Outside the stable parameters regime,
in Sect. 4, we first conduct linear analysis to specify the condition on parameters that allow pattern
formation, then use a standard perturbation expansion approach (cf. [44, Sect. 6]) to conduct weakly
nonlinear analysis to show pitchfork bifurcations, and finally perform numerical simulations for fully
nonlinear parameter regimes to show that stationary patterns, spatially inhomogeneous time-periodic
patterns, merging and emerging chaotic patterns are all possible. Moreover, we discussed some open
questions for further research.

2. Global boundedness

This section contributes to the proof of Theorem 1.1. To begin with, we give the existence of local
solutions.

Lemma 2.1. Suppose that the conditions in Theorem 1.1 hold. Then there exists T, € (0, o] such
that the system (1.1) has a unique classical solution (u, v, w) satisfying

1, v € COUQ X [0, Tpar)) N C2H(Q X (0, Typar))s
W e COQ X [0, Tar); R") N C2HQ X (0, Tyar); RY),
and u,v > 0in Q X (0, T,,..). Moreover,

if Thax <oo, then  lim |lu(, Dlli~q) = 0.
12

Tmax

Proof. This proof is based on standard arguments involving the contraction mapping principle. We
omit the detailed proof here and refer the reader to [15] (the main difference here is that w satisfies a
parabolic equation, however, the homogeneous Dirichlet boundary for w will provide sufficient regu-
larities in the proof, see Lemma 2.4 below). O

The following facts are basic but crucial.

Lemma 2.2. Suppose that the conditions in Theorem 1.1 hold. If y = 0,

e, Dl @) = lluollpiy  for all t € (0, Tyay). (2.1)
Ify >0,
G-, Dl < max {lluollray 1) for all t € (0, Tar) (22)
and
t+s
f f u* < C forallte 0,Tux— 5), (2.3)
‘ Q

where s := min {1, TT}
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Proof. Integrating the first equation of (1.1) with respect to x € €2, one has

d (04
7 Quzyfg;(u—u). 2.4)

If y = 0, (2.1) follows immediately. If y > 0, by Holder’s inequality |[u|,1q) < |Q|1‘$||u|| Lo thanks to
a > 1, we obtain

d - -
Tl < Yl g (Illi, = 12").
which proves (2.2). Integrating (2.4) in time and using (2.2), one has (2.3). |

To derive a priori estimates for v, we shall need the following property (cf. [46, Lemma4.1] and [49,
Lemma 1]), which is derived based on smooth properties of the Neumann heat semigroup.

Lemma 2.3. Let Q be a bounded domain in R", n > 1, with smooth boundary. Let T € (0, ] and
suppose that 7 € C°(Q x [0,T)) N C>'(Q x (0, T)) is a solution of

z=MAz—-z+g, x€Q, te(0,7),
{3—5,:0, x€dQ, 1e(0,7),
where g € L* ((0,T); L1(Q)) with some q > 1. Then there exists a constant C > 0 such that
[1,;2) ifqg<n,
[1,00] ifg>n.

In addition to the well-known smooth properties of the Neumann heat semigroup [63, Lemma 1.3],
we will use the LP-L7-estimates of the Dirichlet heat semigroup (cf. [55, Lemma 2.4 (i)], where the

proof is based on [58, Proposition 48.4*, 48.5 and 48.7*] and similar arguments as in the proof of [63,
Lemma 1.3]).

Lemma 2.4 ( [55, Lemma 2.4 (i)]). Let e’ be the Dirichlet heat semigroup in Q C R" (n > 1),
Ay > 0 denote the first nonzero eigenvalue of —A in  under the Dirichlet boundary condition. If
1 < g < p < oo, then for any z € L1(Q), it holds that

lz(, Dllwirq < C  with 1€ {

1

le*dlr@ < CA+ 2 Ne ™ idqy  forall >0,
and
Cloml_1yy _
Ve 2@ < C(1+278 D) e dlyq, forallt> 0.
We are in a position to derive the following boundedness criterion.
Lemma 2.5. Suppose thatn > 1, y > 0 and a > 1. If there exists p > n such that

sup |IW(:, Dllr < o (2.5)

1€(0,Tmax)

for some positive constant c,, then there exist two constants 3 > 1 and C > 0 independent of y and t
such that

luC-, Dz + VG, Dllwrs@y + IIWE Dllwroy < € (1 + x) (2.6)
forallt € (0, T,y
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Proof. This proof can follow similar arguments developed in [59, Lemma 4.2] (see also [2, Lemma
3.2], [47, Lemma 3.1] and [48, Lemma 3.2] for instance). However, in order to give a clear dependency
between the boundedness of sup,. o7 [lu(-, H)ll~ and y, we shall sketch the proof here. Now for each
T € (0, Thax), define
M(T) := sup [lu(:, Dllr~,
te(0,T)

which is finite thanks to the local existence results in Lemma 2.1. Since p > n, for any ¢ € (n, p), it
holds that

pP—4q

<l<n<gqg and 6:=1-

P € (0,1). (2.7)

Then by Holder’s inequality, the interpolation inequality, Lemma 2.2, (2.5) and (2.7), we have

<
€, OWC, Dllzaey < MG DN e

< CO(I +X)||u(7t)|| w(Q)”u( t)l LI(Q)
< Ci(1 + x)M’(T) forallte (0,T).

IWC, Dl

For ty := (t — 1), and each ¢ € (0, T), the variation-of-constants formula for u(-, ) gives

u(-, 1) = ey 1) + f eI - (u(-, )W, 5)) + f ey (u(-, 8) — u?(-, 5)) . (2.8)

fo To

Since @ > 1, we have y (u — u®) < vy, then using (2. 8) the maximum principle, LP-L? estimates of the
Neumann heat semigroup (cf. [63, Lemma 1.3]) and + 3, < 1, one has

|lae(-, t)||L°°(Q)<||u0”L°°(Q)+f ||€(l 9AY . (-, YW, )= @ds

f ||€([ A 7’||L°°(Q)ds

<G+ G f (1 + (1 = )75 e Iul, YW, $)llaayds + Yt = 1o)
0
< C3(1+x) (M(T) + 1) forallte (0,7), (2.9)

where (¢’*),5¢ is the Neumann heat semigroup in Q and A, denotes the first nonzero eigenvalue of —A
in Q under the homogeneous Neumann boundary condition. In view of (2.9), we arrived at

M(T) < C3(1 +x) (M°(T)+ 1) forall T € (0, T ),
which along with ¢ € (0, 1) gives

M(T) < max {1, 2C3(1 + x) ™} forall T € (0, T,yq).
Since the above C; (i = 1, 2, 3) is independent of 7', we have

-, )l < max {1, 2C3(1 +x) ™} forall £ € (0, Tya). (2.10)
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With (2.10), we can apply Lemma 2.3 to prove

V(s Dllwreoiey < Ca (1 + )™ forall £ € (0, Tynay), Q2.11)
which together with Lemma 2.4 shows that

[lwW(, Dllwre@ < Cs (1 +)()ﬁ for all 7 € (0, Tnax)- (2.12)
The combination of (2.10)—(2.12) proves (2.6) by letting 5 = ﬁs. O

The following conclusion follows from Lemma 2.2 and Lemma 2.5 immediately.

Corollary 2.6. If (H1) holds, then there exist two constants 8 > 1 and C > 0 independent of x and t
such that (2.6) holds.

Proof. It holds that - > % thanks to n < 3. This along with Lemma 2.2 and Lemma 2.3 indicates that
IIVIIWL%(Q) <C, forallte (0, ). (2.13)

The variation-of-constants formula for w yields
!
w(-, 1) = e Vwy + y f AV 5)ds  forall t € (0, Than), (2.14)
0

where (e"),5o is the Dirichlet heat semigroup in Q. Using Lemma 2.4, (2.13) and the fact that

2 (% - }‘) < 1forn <3, forall t € (0, T,,,), we have

!
||W(, l)||L4(Q) S Cz + CzXf (1 + (l' - S)_%(%_% )e—/lllllvv” ; < C3(1 +X) (215)
0

L2(Q)

In view of Lemma 2.5 and n < 3 < 4, the proof is obtained immediately from (2.15). |

Lemma 2.7. Suppose thatn > 2,y > 0, a > 1 + 1> then there exist two constants 3 > 1 and C > 0

2
independent of y and t such that (2.6) holds.
Proof. For € > 0, multiplying (2.4) by ¢* yields

d
— (e‘” f u(-, t)) + ye® f u“(-, 1) = (g +y)e” f u(-,t) forallt€ (0, T,
dt Q Q Q

For 1y € (0, T,..x), integrating the above equation in time and using (2.2), we have

t
yf e f u®(-, s)ds < max{lluollu(a), IQI} (1 + Z)(egt — ™)+ f u(, to)
. 5 & 0

< max { ol 2] (1 + Z)eS’ for all £ € (fo, Tonax)
&

which implies that
' —&(t—s) a 1 1
e u (-, s)ds < max {|luglly - 12} 5t for all 7 € (g, Tanax) - (2.16)
o Q
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Based on (2.16) and the smoothing properties of the Neumann heat semigroup, we can use similar

arguments as in [41, Lemma 3.4] to find some p; > 5 with @ > % such that

IVl < C forall £ € (0, Tpay). (2.17)

Letting p, := (an11>+ > n, then using (2.14), (2.17) and Lemma 2.4, we have

4 1 _n/1 1
g
W, D2 ) < Cllwollz=@) + C)(f (1 +(t—s) 22~ )e N || o1 ds
0

<C(+y) forallze (0, T

This alongside Lemma 2.5 completes the proof. m|

Proof of Theorem 1.1. If (H1) holds, then by Corollary 2.6 we arrive at (2.6). If (H2) holds, then an
application of Lemma 2.7 also gives (2.6). In view of Lemma 2.1 and (2.6), we obtain 7,,,, = co. Then
(1.4) follows from (2.6) immediately, which completes the proof. |

3. Global stability

In this section, we shall construct appropriate Lyapunov functionals to prove the large time behavior
of solutions stated in Theorem 1.2. In the following, we suppose that the conditions in Theorem 1.1
hold and (u,v,w) is the solution of the system (1.1)-(1.2) obtained in Theorem 1.1. The proof of
Theorem 1.2 is mainly divided into two cases: with/without the logistic source term. We first give the
following higher order regularities of the solution.

Lemma 3.1. For any 6 € (0, 1), there exists a positive constant C(0) depending on 0 such that

— — — <
”ullczm,ng(gx[l’w)) + ||V||C2+H’Hg(ﬂ><[l,00)) + ”W”C%‘“*g(ﬂx[l,w)) < C(@).

Proof. The conclusion can be proved by standard bootstrap arguments based on (1.4), the L” estimate
and the Schauder estimate (cf. [51]). We omit the details here for brevity and refer the reader to [60,
Theorem 2.1] for instance. O

The following auxiliary lemma will be used to prove global stability.

Lemma 3.2. ( [61, Lemma 1.1]) Let a > 0 and b > 0 be two constants, F(t) > 0, f:o H(r)dt < oo.
Assume that E € C'([a, ©)), E is bounded from below and satisfies

E'(t) < —bF(t) + H{) in[a,).

If either F € C'([a,)) and F'(t) < k in [a, ) for some k > 0, or F € C%([a, ©)) and ||F||coacoy < k
for some constants 0 < 0 < 1 and k > 0, then

lim F(¢) = 0.

t—o00

With the aid of the Poincaré inequality (1.9), we can construct the following Lyapunov functional
in the case of y = 0.
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Lemma 3.3. Suppose that (H1) holds with y = O, then there exists a positive constant i, > 0 such that
for all y € (0, ¥1), the function

E1(1) ::cpf(u—m)2+f(v—m)2+izf|w|2 forallt>0
Q Q X~ Ja

satisfies

d
T80 < ~m&(0) forallt >0, (3.1)

1 1

where 1; := min {E’ 5}, m and Cp are given by (1.7) and (1.9) respectively.

Proof. Integrating the equations in (1.1) by parts, using (1.9) and Young’s inequality, for all > 0, we

obtain
d 2 2
— | (u-—m)y"==-2 | |Vul"+2 | uw-Vu
dt Jo Q Q
1 1
< —= f Vul> - — f (u—m)*+2 f u?’|w)? (3.2)
2 Jo Cpr Jo Q
and
d 2 2 2
— | v=-m)y ==21 |VW+2 | u-myv-m -2 | (v—m)
dr Jo Q Q Q
2 1
< —2f Vv + = f (u—m)* — = f(v - m), (3.3)
Q 3 Ja 2 Ja
as well as

d n
d—f|w|2:—2 f|VW,-|2—2f|w|2+2Xfw-Vvs—f|w|2+)(2f|Vv|2. (3.4)
tJa —' Jo Q Q Q Q

1

The combination of (3.2)—(3.4) implies that

d 1 1 1
d—t&(t)ﬁ—gfg;(u—m)z—ifg;(v—m)z—fg;(;—2Cpu2)|W|2 forall ¢ > 0.

According to (1.4), we know there exists j; > 0 such that

1

1
- = 2CPM2
X

1
2 ~
> ﬁ + ﬁ —2Cpu” > ﬁ for all)( € (O,)(l),

which indicates that

d 1 , 1 ) 1 5
d—t&(t)s—gfg(u—m) _EL(V_m —W‘[Qlwl forall r > 0.

This proves (3.1). O

In the presence of logistics sources, i.e., ¥ > 0, we can construct the following Lyapunov functional.
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Lemma 3.4. Suppose that y > 0 and either (H1) or (H2) holds, then there exists a positive constant
X2 > 0 such that for all y € (0, ¥2), the function

Ex(1) := f(u—l—lnu)+)(2f(v—l)2+flwlz forallt>0
Q Q Q
satisfies

2
diaz(t)< mm{); ;}T(t) forallt> 0, (3.5)

F(1) := f(u—1)2+f(v—1)2+f|w|2 forallt > 0.
Q Q Q

Proof. Multiplying the first equation in (1.1) by 1 — 5, integrating the result by parts and using Young’s
inequality, for all # > 0, we obtain

2
—f(u—l—ln )_—flwl fw @—yf(u“-l—l)(u—l)
u Q
V 2
f AL f w2 —y f o, @) — 1), (3.6)

for s > 0 and @ > 1 with ¢(1, @) := lim,_,; ¢(s,@) = @ — 1. Similarly, as in

where

a—1
where ¢(s, @) = £

deriving (3.3), we have

jtf(v—l) < ZfIVvl +3f( - 1) —EL(v—l)z for all > 0. (3.7)

For all # > 0, the combination of (3.4), (3.6) and (3.7) implies that

d X’ 1
ESZ(I)S_L(W(M a)—— )(u 1) - 5 L(V—l)z—ELIWIZ- (3.8)

Casel: 1 < a < 2. It holds that p(u, @) = (@ — l)s‘o"2 with some sy between u and 1. By (1.4)
we know that there exists a constant C; > 1 independent of y € (0, 1) such that u(x,#) < C; for all
(x,1) € Q X (0, o). Therefore, if we take y, = min {l, (y(a — 1)C‘1’*2)%}, then

2 2 2
yowa) =2 = Ha - DO -G+ = L forally e 0.7

which along with (3.8) proves (3.5).
Case2: a > 2. We first note that ¢(0,@) = 1 and ¢(1,@) = @ — 1 > 1. Since —go(s ) = ﬁ >0
for s # 0, 1, we have

o(s,a) > ¢(s,2)=1 forall s>0anda > 2. 3.9
Let y» = 4/y, then
2 2 2
yo(u, @) — 5)(2 >y — 5)(2 > % for all y € (0, {2), (3.10)
which alongside (3.8) also arrives at (3.5). O
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We are now in a position to prove the convergence rate of solutions stated in Theorem 1.2.

Proof of Theorem 1.2. If (H1) holds with y = 0, then it follows from Lemma 3.3 that (3.1) holds for
0 < x¥ <X := ¥1, hence we have

Ei1(H) £ &(0)e™" forallt> 0. (3.11)
We have from (3.11) that
lu(-, 1) = mll2q) + V(1) = mll2q) + W2 ) < Ce™™" forall £ > 0,
which along with Lemma 3.1 and the Gagliardo-Nirenberg inequality

IBllwre) < ClIgIIE: o 9117, forall ¢ € W>()

W22(Q) L2(Q)

2m
proves (1.8) with o := =L

We next assume that v > 0 and either (H1) or (H2) holds, then Lemma 3.4 indicates that (3.5) holds
for 0 < y < ¥ := ¥»2. Noting that &;(t) > 0 forall > 0 dueto s — 1 —Ins > 0 for s > 0. Using Lemma
3.2, Lemma 3.1 and Lemma 3.4, we obtain ¥ (f) — 0 as t — co, which implies that

lluC-, 1) = Tlra@ + IVC 1) = Uz +IWE Dl — 0 as 7 — oo

The L’Hopital’s rule shows that 111111 ” ® 1_ ll)“z” = hnl1 = %, hence we can find #; > 1 such that
u— u—

1
—f(u—l)zS‘f(u—l—lnu)s‘[(u—l)2 for all £ > £.
4 Jo Q Q

This together with Lemma 3.4 shows that there exists a constant 17, > 0 such that

d
ESZ(I) < -nE, forallt > 1.

We are now at the same position as in (3.11), which also proves (1.8) with o := %. Moreover, the

proof of Lemma (3.4) (see (3.9) and (3.10)) implies that if y > 0 and @ > 2, then ¥ can be taken as
X = . O

4. Linear stability analysis and spatio-temporal patterns

A variety of patterns (including stationary, periodic, and chaotic) are observed in the one-
dimensional classical Keller-Segel model with the logistic term (cf. [43]). Theorem 1.2 shows that
the equilibrium (m, m, 0) of (1.1) is globally asymptotic stable for appropriately small y > 0. This
raises a natural question, whether the considered system (1.1) with the acceleration assumption can
generate aggregated patterns for large y? To this end, we shall first conduct linear analysis outside the
stable parameters regime to specify the condition on parameters such that the equilibrium (m, m, 0) is
linearly unstable, and then perform numerical simulations to see possible patterns. Throughout this
section, we assume that n = 1, Q = (0, L) is an interval of length L > 0 and 7y = 1 in (1.1).
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4.1. Linear stability analysis

It is well known that the Neumann and Dirichlet eigenvalue problems

{Ago +p™Mp =0, in(0,L), ; {Alﬁ +pPy =0, in(0,L),
an

2]
%=, on {0,L}, =0, on {0,L},

have eigenvalues 0 = pgv ) < p(lN ) ()

Sp(ZN) < --- Sp,((N) <---and 0 < p;

(D)
sz S...Spk

< ...

with corresponding eigenvectors {¢;},., and {y},-, respectively, where {¢;},-, and {;},, respectively

form an orthonormal basis of L*(Q), and ¢y = \/% . Moreover,

o) = \[2 cos().
U(0) = 2 sin(wyx).

and p" =p® = w! forall ke N*,

where wy = kfﬂ for all k € N. Then a solution of (1.1)-(1.2) can be written as

u(x,t) m ar(Her(x)
voon) [=[ m [+ | e |,
w(x, 1) 0) "\ doux

where m is given by (1.7), and we have supplemented the definition

Wo(x) := sin(wpx) =0 forall x € (0, L)

4.1

(4.2)

so that the forms of three component solutions are uniform (noting that ., di(Dyi(x) =

Yiey Ay (x) for any function dy(f) of 7).

For linear stability, we assume |a|, |bxl, |di+1] << 1 for each mode k € N to represent (u, v, w) has
a small perturbation to the equilibrium (m, m, 0) and substitute (4.1) into (1.1) to obtain the following

ODE

a (1) a(1)

% b(t) | =Ti| b [+0O (llu —mll2q) + IV — mll2) + ||W||L2(Q)) )

di(t) di(1)

where
—a)i -1 0 —mwy,
Ji = 1 —w? -1 0 with I, := y(em®' - 1) > 0.
0 —ywi  —w;—1

Clearly, by (1.7) we have

=0 ify=0 and I, >0 ify>0.

4.3)

4.4)
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The matrix 7} has three eigenvalues, denoted by A (i = 1,2, 3), then
L+ Dyl + Dy +Dy =0, keN,
where D; = D;(k?), i = 0, 1,2, are given by
Dy(k*) :=3w; + 2+ 11,
Di(k*) :=3w; +2Q+ ) w; + 21, + 1, k € N. 4.5)
Dy(k*) = w,f + (I + 2)a);<L + Q2L —my + l)wi + 1,
Define
Ds(K*) := D\Dy - Do = 8§ + 8(I1 + 2w + (217 + 121, + my + 10)wp +2(I, + 12, ke N. (4.6)

If the real parts Re(4;) < O for all k£ € N, then the equilibrium (2, m, 0) is linearly stable. It follows
from (4.4) that I; > 0, which alongside (4.5) and (4.6) implies that

Di(k3) >0 forie{l,2,3}, keN. 4.7)

Therefore, by the Routh-Hurwitz criterion (cf. [56, Appendix B]) we know that (m,m,0) is linearly
stable if and only if Dy(k?) > O for all k € N. If there exist some k, € N such that Do(k(z)) < 0, then
(m,m, 0) is linearly unstable. Specifically, we have the following linear stability.

Lemma 4.1. For the system (1.1)-(1.2) with y > 0, ¥ > 0, @« > 1 and m given by (1.7), the constant
solution (m, m, 0) is linearly unstable if and only if

2
(a)i + 1) (11 + w%)
x >x":=inf x; with y;:= 5 , (4.8)
keN+ mw?

where I is given by (4.3).

Proof. By (4.7) and the Routh-Hurwitz criterion, we see that (i, m, 0) is linearly unstable if and only
if Do(k*) < 0 for some k € N* (noting that Dy(k?) |y—o= I; > 0). The proof is completed by noting that
Dy(k*) < 0 if and only if y > y} for k € N*. i

4.2. Weakly nonlinear analysis
In this subsection, we assume that
yv=lLa=2,m=1, y=x"+¢ 4.9)
with 0 < &£ < 1 (the simpler case y = 0 can be discussed similarly), then the system (1.1) becomes

u=Au—-V-uw)+u—-u*, xe(,L), >0,

vi=Av—v+u, xe(,L), t>0,

(4.10)
w, = Aw —w + xVy, xe(,L), t>0,
===, x€{0,L}.
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Our goal is to perform nonlinear analysis in a weak sense under the condition 0 < € <« 1. In this
respect, we shall derive the amplitude equations for (4.10) by following a standard perturbation expan-
sion approach (cf. [44, Sect. 6]), see also [50, Sect. 3.2] for an application in a symmetric two-species
competition chemotaxis model).

2 3
We have from (4.3) and Lemma 4.1 that I, = 1 and hence (4.8) gives y* = infyay+ (wi:z]) . Since
k
e1(s) := (51;21)3 is a convex function in s > 0, and migl e1(s) = 901(%5) = 24—7. Therefore, for any L > 0,
3 5>

*

Y= kng X, attains its infimum at either one or two modes. Without loss of generality, we assume there
€ +

is only one mode k* € N* such that y* = x;. = kirg X;- Furthermore, for brevity (see Remark 4.2), we
€ +
assume

L < V2r, 4.11)

then kf” > g for all k € N*, which indicates that k* = 1 and

3

. (a)f + 1)

X' =—F (4.12)
wy

Moreover, the following result is a direct consequence of Lemma 4.1.

Corollary 4.2. J; is invertible with three eigenvalues have negative real parts for all k € N except at
k =1, where J; has an eigenvalue 0 with the corresponding eigenvector

T
w1 w1

_ 1
(1+wh)?

b

£=(.6.86) ::( (4.13)

1+ w?
Proof. Using (4.3) with k = 1, y = x* and (4.9), one can obtain three eigenvalues of J7: 0 and

w? +i . . . . .
—w, and the corresponding eigenvector of the eigenvalue O is & given by (4.13). The rest

of the proof follows from the proof of Lemma 4.1 immediately. m|

For 0 < ¢ < 1 and y = xy* + &, we define the slow time variable 7 := &f and (U, V, W)(x, 1) :=
(u, v, w)(x, 1), then by (4.10) we know that (U, V, W)(x, 1) satisfies

g0.U =0,,U—-0,(UW)+U - U?, xe(0,L), >0,

gd,V=0,V-V+U, xe€(,L), >0,
0. W =0 W — W + (" + )0, V, x€(O,L), T> 0, (19
0,U=0,V=W=0, xe{0,L}.
We shall use the following asymptotic expansions of (U, V, W) for 0 < ¢ <« 1:
U(x,7) 1 N UY(x,7)
Veen) =1 [+ e VO |. (4.15)
W(x,7) o) 7 Lwoun

The reason the expansion to be powers of &? is that a pitchfork bifurcation can be expected although
there is no symmetry of the system, see Remark 4.1 for a detailed reason.
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Remark 4.1. Pitchfork bifurcations occur generally for symmetric models, such as symmetric chemo-
taxis models as in [50, 52]. Here, for the asymmetric system (4.14), a pitchfork bifurcation may also
occur at € = 0. To see this, we denote

U Li(U,W)
LIV |:= 0,V-V+U
w 0 W —-W+ (" +¢&)0,V

with L,(U, W) := 0,,U —0,(UW)+ U - U?, and_assgme_that for small 0 < & < 1, there exists a steady
state which can be appropriately expressed as (U, V,, W) := (1 + f(x), 1 + g(x), h(x)) for some small
frghie, L(T; Ve, W)T) = (0(2), O(e), O(e)). We claim that if

—f"(x)+ f(x)+ h'(x) =0, (4.16)
then
L ((Uf, ‘_/g, Wh)T) = .E ((U_f, ‘_/_g, W_],)T) .

which suggests a pitchfork bifurcation. By linearity we only need to verify £1(ﬁf,Wh) =
Li(U_¢, W_p). In fact, it follows from (4.16) that

LiUp, W) = Li(U_;, W) = =2(=f"(x) + f(x) + K (x)) = 0,
which confirms our claim. There is (f(x), g(x), h(x)) satisfies (4.16), for example,

(f(), 800, h(x)) = 87 py | - f’j”; COS(p3x), s COS(p3x), pa Sin(p; ) (4.17)
3

with positive constants pj, j = 0,1,2,3,4. The above analysis suggests the possible existence of a
pitchfork bifurcation, and we shall see that it indeed exists (see (4.37)).

As in deriving (4.1), we have the extension

U9 (x,7) a(7)
VO, |= Y M| b0() | for jeN?, (4.18)
wo ) T LdPw
where
COS Wi X 0 0
M, = 0 COS Wi X 0 for k € N. (4.19)
0 0 Sin wy x

Noting that there is no need to specify d(()j )(T) for all j € N* due to (4.2). Substituting (4.18) into (4.14),

then we can collect the terms of order &7 for j € N* (noting that there are no terms of order &°). To
begin with, we consider the case of j = 1.

Mathematical Biosciences and Engineering Volume 20, Issue 2, 2011-2038.



2027

e Order & terms: collecting the terms of order &2, one has

0=0,UY-owh_yh,
0=0,VY-vD 4 yhd, (4.20)
0=0,WH-WwWh 4,79 VD,

Substituting (4.18) with j = 1 into (4.20), one has

N a,(cl)(T) 0
Y TIM| @ |=] 0 |, 4.21)
. d"@ ) Lo

where M; is defined by (4.19) and J; := Ji |y=, in (4.3) with x* given by (4.12). It follows from
Corollary 4.2 and the orthogonality of sine and cosine series that

a0 =b'(1)=d’(r)=0 forallieN/{1}, jeN*/{l}. (4.22)

For k = 1, (a\"(7),b{"(7),d\"(1))" is a multiple of £ given in (4.13), this along with (4.2), (4.18) and
(4.22) indicates that

u® cos(w X)&
VO | = P()OME = P(1)| cos(wix)é |, (4.23)
W(l) Sil’l((})]X)é‘B

where P(7) is the unknown amplitude function of 7. Our goal is to find the differential equation that
P(7) satisfies. To this end, we shall derive the equations that higher order ¢ terms satisfy.

e Order ¢ terms: the order € terms satisfy the following equations
0= axxU(2) _ axw(2) — U _ ax(U(l)W(l)) _ (U(l))2,
0=0,V?P-V?4+U®, (4.24)
0=0,W?»—-W? 4,9, VP,

As in deriving (4.21), substituting (4.18) with j = 2 into (4.24) and using (4.23), we have

) d2(1)\ ([ SUOWD) + (U ¢ coswyx) —
> TIM| bR | = 0 = —P(7)? 0 , (425
0 d?(0) 0 0

where (£, &, &3) is given by (4.13) and

o 6Q&w +£) @i +20)
a 2 21 + w?)?
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Again by Corollary 4.2 and the orthogonality of sine and cosine series, one has
(@), b (@), 47 () = Qg e
a?(@)=bP(1)=d?(x)=0 forallieN/{0,1,2}, je N*/{1,2},

where Q(7) is some unknown function. For k = 0 and k = 2, (4.25) turns into the following two
equations

aéz)(r) ) 1 a(zz)(r) 1
Tl b5 | = %P(T)Z 0| and J5| bY(0) |=-cP@)?| O |, (4.27)
0 0 d?(z) 0

respectively. Using (4.3) with y = y* given in (4.12), one can easily obtain (7, 3)—1 and (. 5‘)‘1, which
alongside (4.2), (4.18), (4.26) and (4.27) gives

u® -1
é<;2
V@ | = P(1) 31 ~1 [=eiMapp + Q(OIME, (4.28)
w® 0
where &€ and M, (k € N) are given by (4.13) and (4.19) respectively, and
m 1 - (w% + 1)2
1
= (7' 0 |= (2 . 4.29
= | =) o Er o) Bl C-Al) (429)
3 0 wx*

e Order £2 terms: we are now in a position to collect the terms of order 2 which provides %P(T)
and allows us to establish an ODE for P(7). As before, we have

5TU(1) — axxUG) _ 3xw(3) —U® 2Oy — 8x(U(2)W(1) + U(I)W(z)),
0.V =9, VS —y® L yd,
WD =9, WO - W 4 9.V + 9. vD,

which along with similar procedures as in deriving (4.21) and (4.25) implies

a§{3>(T) —2UDy® — 5 (UPWD + yOW)
POME= ) TiM| bJ@) |+ 0 . (4.30)
0 d¥(r) B,V

Substituting the expressions (4.23) and (4.28) for the lower oder terms into the above equation, and
using w, = 2w, and the orthogonality of sine and cosine series, we can collect the cos(w;x) terms for
the first two components of (4.30) and the sin(w;x) terms for the third component of (4.30) to arrive at

a(13)(‘1') c) 0
P@E=IM| 0@ |+P@*| 0 |[+P@| 0 |, (4.31)
d{ (1) 0 —wié
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where
- ci(=mwiés + 2mér + mswié) + E(wiés + 261)
2 - ’
2
and &, i are given by (4.13) and (4.29) respectively. Let

2
L (L2 + 7r2)
= ) SR —|
B (ﬁlaﬁl?ﬁ?’) [ 7T L’ 7TL3 2 2
then B is in the left kernel of J7. Multiplying (4.31) from left by 8 and using 8 - £ = 3, one has
P'(1) = c3P(1) + ¢4 P(7) (4.32)
with
_ B _ (I +152 L0+ 167* L +66n0 L7 +1487° )
G T 36(L2+12) (L5-127412-2070) <0, 433)
o _wEf _ a2 '
=T T Sy O
where c; < 0 use the fact that L% — 1224L* — 207° < 0 due to (4.11).
By introducing A(¢) = 8%P(T), (4.32) leads to
d
EA(Z) = c4A(t) + c3A(F)°, (4.34)

where c3, ¢4 are given by (4.33). Since ¢3 < 0 and ¢4 > 0, we know that (4.34) has a supercritical
pitchfork bifurcation at € = 0 and (4.34) has three steady states:

=

& (stable). (4.35)

O (unstable) and =&

Now plugging (4.23) into (4.15) and using A(¢) = &2 P(7), we can obtain the appropriated solution for
O<ex1:

U(x,71) 1 cos(wx)é
Vix,t) |=| 1 |+A@)]| cos(wix)é& |+ O(e), (4.36)
W(x, 1) 0 sin(w; x)&;

where A(¢) solves (4.34). For 0 < € < 1, we have from ,I_EBOT = +oo (due to T = &1), (4.35) and (4.36)

that besides the unstable equilibrium (1, 1, 0), the system (4.10) also has two other stable steady states
with very small amplitude in the form of

us(x) 1 cos(w1x)é

v [=] 1 |+ /c—;‘ cos(wi0)é |+ 0e). (4.37)
—C3

wi(X) 0 sin(w;x)&3

This shows that a pitchfork bifurcation indeed occurs for the asymmetric (4.10) at & = 0. Moreover, it
is easy to verify that (4.17) is satisfied thanks to
&3 _ W
l+w? 1+o?

= =£1.
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Remark 4.2. In this subsection, we have only discussed the case L < \2r in (4.11) which is devoted
to letting k* = 1 and giving a brevity discussion. For a general L > 0, xy* in (4.12) is instead by

(w D) ~t- 2 for some k* € N* (which can be specified according to the given L > 0). Then the rest of
the dlscusswn is similar to the above.

4.3. Numerical simulations for the fully nonlinear regime

In this subsection, we shall perform numerical simulations to demonstrate possible patterns gener-
ated by the system (1.1)-(1.2) for large y > x*. We shall consider two cases: with/without the logistic
source term. To begin with, we consider the case of y = 0.

e Case 1: y = 0. With Q = (0, L), Lemma 4.1 shows that patterns can be expected for y > y. =

0)2 2 . o e, .
% with w; = 7. We let L = 50 and the initial data (uo, vo, o) be a small random perturbation of
the equilibrium (m, m, 0) (without loss of generality, the species mass m is assumed to be 1):

(ug,vo,wo) =(m+R,m+R,0) withm=1, (4.38)

where R € (—0.01,0.01) is a random number generated by MATLAB, then we have from (4.8) that

X' =xi=(F+ 1)2‘  ~ 1.008.
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0 50
X
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Figure 1. Spatio-temporal patterns generated by the system (1.1)-(1.2) in the interval Q =
(0,50) with y = 0 and (a) xy = 2; (b) x = 20. The initial data is given by (4.38).

We observe two kinds of patterns generating from the equilibrium (1, 1,0) for y > y., as shown in
Figure 1, where (a) shows that stationary patterns appear for y = 2 (not too large than y* ~ 1.008),
while single merging aggregation patterns appear for y = 20. Moreover, the later kind of patterns
typically appear for large y, such as y = 50, we omit the pattern here since it is similar to Figure 1 (b)
(and the difference is that the larger y is, the more aggregation of (u, v, w)). Similar stationary patterns
as shown in Figure 1 (a) are observed for (1.1) with 79 = ¥ = 0 in one-dimensional case (cf. [15]).
Actually, these two kinds of patterns shown in Figure 1 have been also observed in classical chemotaxis
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models with/without the logistic source term such as [43,57,62], where the works indicate that besides
the above two kinds, more patterns will appear in the existence of the logistic source term. From this
point of view, we shall next consider the case ¥ = 1 and numerically investigate whether other types of
patterns (such as periodic and chaotic) can arise for the system (1.1)-(1.2).

(@) ;
u(x,t v(x,t w(x,t) Spatial profile at t=1000
1000 (.9 s 1000 (< 12 1000 6 PAa’p
‘ 1 . u(x,1000)
1 - = v(x,1000)
= 500 1 = 500 g oS0 0 2 =T W 1000)
. O,I\Il\/\./"".
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0 0.5 0 0 2 v
0 50 0 50 0 50 0 50
X X X X
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1000 (< s .9 , g Spatial p
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1 2 " -
0.5 0 et
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ie 5 15 u(x,1000)
§ 10 — — V(x,1000)
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0.5
-5
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X X X X

Figure 2. Spatio-temporal patterns generated by the system (1.1)-(1.2) in the interval Q =
(0,50) withy = 1, @ = 2 and (a) y = 8; (b) y = 10; (c¢1) y = 12; (d) y = 30. The subplot
in (c2) shows the temporal profile of (u, v, w) at x = 25 for ¢t € [1000, 1500] corresponding to
the spatio-temporal patterns in (c1). The initial data is given by (4.38).

e Case 2: y > 0. Without loss of generality, we take y = m = 1 and @ = 2 as in (4.9). We first take
L = 50, then we have from (4.12) that

X =x1, = 6.755.
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Figure 2 shows four kinds of patterns generated from (1, 1,0) of the system (1.1)-(1.2) for y =
8,10, 12, 30 respectively. Figure 2 (a) shows stationary patterns for y = 8, while the case of y = 10
gives single merging aggregation patterns in Figure 2 (b). These two patterns are similar as that shown
in Figure 1 for the case of ¥y = 0. As y goes on increasing, other kinds of patterns are observed as
desired. When y = 12, Figure 2 (c1) shows the spatially inhomogeneous periodic patterns which are
“almost” strip patterns (as the strip patterns shown in Figure 2 (a)) with the eventual time periodicity
(at a fixed position x = 25) shown explicitly in Figure 2 (c2). Figure 2 (d) considers the case of y = 30
and shows chaotic patterns corresponding to merging (two local maxima join together if they are close
to each other) and emerging (a new maximum form in the space between two local maxima separated
from each other, cf. [45]). The persistent pattern formation process (for large domain) of merging and
emerging as shown in Figure 2 (d) is called “coarsening process” in [34].

We then let L = 20, then (4.12) implies

X =xs = 6.852.

In the supercritical case y = 30, Figure 3 (a) shows a spatially inhomogeneous time-periodic pattern
which is more obvious than that shown in Figure 2 (c1). Although these patterns are spatially inhomo-
geneous, however, at a fixed time, say t = 600, we see that the organism u prefers to cluster in places
where the signal is highly concentrated, see Figure 3 (b). Furthermore, when x is fixed, e.g., x = 10, it
is clear that Figure 3 (c) shows that the solution is eventually periodic in time.
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Figure 3. Spatially inhomogeneous time-periodic patterns generated by the system (1.1)-
(1.2) in the interval Q = (0,20) with y = 1, @ = 2 and y = 30. The initial data is given by
(4.38).

S
[

00 600

Remark 4.3. The above numerical simulations show that for the chemotaxis system (1.1)-(1.2) which
is considered under acceleration assumption, large y would not destroy the aggregation patterns (two
kinds of patterns shown in Figure 1) generated from the nontrivial constant steady state, and can also
not produce spatially inhomogeneous periodic patterns or chaotic patterns without the logistic source
term. While the introduction of the logistic source term can largely enrich the diversity of patterns
as shown in Figure 2 and Figure 3. These observations are consistent with the results on pattern
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formation for classical chemotaxis models with/without logistic source terms (or volume-filling effect),
see [43,53,54,57,62] for instance.

4.4. Discussion

The above numerical simulations show that a variety of patterns are observed for the system (1.1)-
(1.2). The rich dynamics of solutions leave many interesting questions to be explored, below we discuss
some of them.

1. Fully parabolic systems with nonclassical boundary conditions. This paper consider the fully
parabolic system (1.1) (for n > 1) under the boundary condition (1.2), however, the global well-
posedness (for n < 3) is unknown if the boundary condition instead by

@:ﬂ:w-nzo, OaWwxn=0, xe€odQ.

on On
This is also one of the unsolved questions proposed in [15], where the key is the lack of parabolic
regularity with the above boundary condition.

2. Stationary problems. Theorem 1.2 asserts that the constant equilibrium (m, m, 0) is exponen-
tially asymptotic stable for small y > 0, and hence no patterns can be expected in this stable
parameter regime. In one-dimensional case Q = (0, L) with given L > 0, for fixedy > 0, @ > 1,
our linear analysis has specified the critical number y* and patterns can possibly arise for the
supercritical case y > x*. The numerical simulations suggest that the system (1.1)-(1.2) has non-
constant steady states whether or not y = 0. The existence and stability of non-constant steady
states is an interesting and challenging question. In this paper, we only take a very small step in
this direction: still in the one-dimensional case, for the weakly nonlinear case y = y* + € with
0 < € < 1, the solutions of the stable non-constant steady states are expressed approximately
and the occurrence of pitchfork bifurcations at € = 0 are confirmed for the asymmetric system
(1.1)-(1.2). However, for the fully nonlinear case or for n > 2, a rigorous analysis of the existence
and stability of non-constant steady states is blank.

3. Eventually periodic solutions. For y* < y and y > 0, the above numerical simulations indicate
that the dynamics of solutions will be more complex, the spatially inhomogeneous time-periodic
patterns and chaotic patterns corresponding to merging and emerging are both observed. For the
former case, how to give a comprehensive mathematical explanation of the spatially inhomoge-
neous time-periodic patterns (at least in the one-dimensional case) is a challenging problem.
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