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Abstract: The transient electromagnetic inversion of detection signals mainly depends on fast 
inversion in the half-space state. However, the interpretation results have a certain degree of 
uncertainty and blindness, so the accuracy and applicability of the three-dimensional full-space 
inversion need to be investigated. Two different three-dimensional full-space inversions were carried 
out. First, the numerical characteristic parameters of the response signals were extracted. Then, the 
correlations between the numerical characteristic parameters and physical parameters of the water-
bearing abnormal bodies were judged, and the judgment criterion of the iterative direction was 
proposed. Finally, the inversion methods of the iterative algorithm and the BP neural network were 
utilized based on the virtual example samples. The results illustrate that the proposed numerical 
characteristic parameters can accurately reflect the response curve of the full-space surrounding rock. 
The difference in the numerical characteristic parameters was used to determine the update direction 
and correction value. Both inversion methods have their advantages and disadvantages. A single 
inversion method cannot realize the three-dimensional inversion of the physical parameters of water-
bearing abnormal bodies quickly, effectively and intelligently. Therefore, the benefits of different 
inversion methods need to be considered to comprehensively select a reasonable inversion method. 
The results can provide essential ideas for the subsequent interpretation of the three-dimensional 
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spatial response signals of water-bearing abnormal bodies. 

Keywords: water-bearing abnormal bodies; transient electromagnetic method; response signals; three-
dimensional inversion; iterative algorithm; neural network 
 

1. Introduction  

The transient electromagnetic inversion method solves the physical parameters of the geoelectric 
section from the measured electromagnetic field on site and forwards modeling results, and it also 
transforms from a simple resistivity method to a modern and intelligent technology [1,2]. In recent 
years, tunnel defects have become increasingly prominent, and they are largely linked to underground 
water. Transient electromagnetic methods for tunnel defect detection are being proposed and 
continuously verified [3,4]. Due to the different tunnel environments, the problem of transient 
electromagnetic inversion is also different from that of other application fields. It is essential to carry 
out the inversion investigation in the three-dimensional full-space field. 

In the field of transient electromagnetic inversion, a large number of geophysicists have carried 
out relevant investigations. Many methods are used for inversions, such as the Occam inversion, 
damped least squares method, fastest descent method, Newton method [5–10] and conjugate gradient 
method [11–15]. Christiansen et al. performed a nonlinear 1-dimensional inversion based on synthetic 
aviation data and field data [6]. Chang et al. researched the influence of the initial value on the one-
dimensional inversion of experimental data [7]. Yogeshwar et al. reviewed the structural characteristics 
of two-dimensional conductivity cross-sections through the inversion of data on site [8]. Haber et al. 
proposed a modified Gauss-Newton strategy to recover a 3-dimensional distribution of electrical 
conductivity [9]. Zhao et al. adopted the nonlinear conjugate gradient inversion in magnetotelluric 
applications to predict the resistivity distribution based on original measurement data [10]. Zhou et al. 
studied the three-dimensional forward and inverse problems of transient electromagnetic data in full 
space [11]. Li et al. predicted the water-bearing cave in tunnels based on the inversion method of three 
physical parameter iteration [12]. Sun et al. investigated the 3-dimensional inversion data of geological 
anomalies based on the optimal transport of different parameters of the research target [13]. Wang et 
al. proposed a 3-D parallel inversion algorithm for mine transient electromagnetic method data based 
on the nonlinear conjugate gradient method and the moving footprint technique based on a large 
number of survey data [14]. Liu et al. adopted TEM data with distances of 50 and 200 m to carry out 
single inversion based on the Gauss-Newton method, and the inversion result realized the detection of 
geological bodies with complex terrain and geological structure [15]. In recent years, artificial 
intelligence has developed rapidly, and intelligent algorithms are also being used in transient 
electromagnetic inversion. Tan et al. used the database inversion expert system, neural network expert 
system and LSSVM expert system to predict the locations of the abnormal bodies in front of the tunnel 
face [16]. Ertan et al. used the particle swarm algorithm of a global search to quantitatively explain the 
potential transient electromagnetic data [17]. Wang et al. used the artificial bee colony algorithm to 
calculate the optimal global solution of the multi-layer geoelectric model inversion [18]. Liang et al. 
applied the PSO algorithm to the LSSVM model, and this method effectively improved the accuracy 
of tunnel detection inversion. Based on the above investigations, the inversion dimension of transient 
electromagnetic data has gradually developed from one-dimensional to three-dimensional, and the 
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method has progressively changed from a single method to a joint inversion of multiple forms [19]. In 
terms of tunnel defect detection, favorable detection results have been achieved, and this will also 
provide an essential basis for transient electromagnetic three-dimensional inversion. 

Based on the numerical characteristic parameters, a three-dimensional iterative inversion method 
is proposed in this paper. The correlation coefficients between characteristic parameters and inversion 
targets were fully investigated. Meanwhile, BP neural network inversion was also added. According to 
the inversion results of the two inversion methods, the advantages and disadvantages were analyzed. 
The results provide an essential idea for the subsequent interpretation of the three-dimensional spatial 
response signal of water-bearing abnormal bodies. 

2. Extraction and correlation analysis of numerical characteristic parameters 

2.1. Extraction of numerical characteristic parameters 

The transient electromagnetic response curves of the numerical models were calculated by 
COMSOL Multiphysics (Version 5.4, AC/DC module). The physics parameters of the surrounding 
rock medium and the coils can be referenced in previously published literature [3,12,21]. Therefore, 
the transient electromagnetic response signals can be obtained by the numerical simulation model, and 
the results are demonstrated in Figure 1. 

 

Figure 1. Response curves of the models. 

As illustrated in Figure 1, the response signals of the full-space surrounding rock in the case of 
double logarithmic coordinates are generally linear, and the variation law is consistent with the 
calculation results in many application fields of TEM [12,20]. The detailed physics parameters of the water-
bearing abnormal bodies are as follows: The distance between the water body and the coils equals 4 m, the 
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radius of the water body equals 4 m, the thickness of the water body equals 3 m, and the resistivity of 
the water body equals 5.0 Ω·m. The induced voltage response curve of the water-bearing abnormal 
bodies has a sudden change in the middle stage, as shown in Figure 1. In addition, this curve has 
distinct characteristic points, including the uplift point, the peak point and the regression point. 

Based on the above comparison, the response processes of the two models are different. To study 
the difference quantitatively, Li et al. extracted characteristic parameters using an experience equation, 
but the method has a certain degree of randomness [12]. The response curve of the full-space 
surrounding rock model in Figure 1 shows a linear variation. To better investigate the response of the 
water-bearing abnormal bodies, a mathematical approach is applied, and the mathematical method of 
the water-bearing abnormal bodies is obtained as Eq (1): 

                                 𝑁𝐶ሺ𝑡ሻ ൌ
ெሺ௧ሻ

ேሺ௧ሻ
                                  (1) 

where t means the transient electromagnetic response time, 𝑁𝐶ሺ𝑡ሻ represents the ratio of 𝑀ሺ𝑡ሻ to 
𝑁ሺtሻ, 𝑀ሺ𝑡ሻ denotes the induced voltage of the water-bearing abnormal bodies at a certain moment, 
and 𝑁ሺ𝑡ሻ is the induced voltage of the full-space surrounding rock at a certain moment. 

The linear transformation result is exhibited in Figure 2. Through the linear transformation of Eq (1), 
seven parameters can be extracted, and the extraction process is obtained as Eq (2): 

                ሾUT, RT, MT, MV, LTS, RTS, TTSሿ=𝑀𝐸𝑀ሺ𝑁𝐶ሺtሻሻ=𝑀𝐸𝑀(
ெሺ௧ሻ

ேሺ௧ሻ
)                  (2) 

where 𝑀𝐸𝑀 represents the extraction equation of the seven typical parameters, UT means the uplift 
time, MV represents the maximum peak value, MT denotes the time corresponding to the maximum 
peak value, RT represents the regression time, LTS represents the time span on the left, RTS means 
the time span on the right, and TTS denotes the time span overall.  

 

Figure 2. Characteristic parameters of the models. 
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Equation (3) shows the mathematical extraction equation of the characteristic parameters. Seven 
numerical characteristic parameters are used, and four key points can reflect the entire response curve 

well. The detailed explanation of the numerical characteristic parameters can be found in the work by 
Qian et al. [21]. 

                

⎩
⎪
⎪
⎨

⎪
⎪
⎧

UT ൌ logሺ𝑡ଵሻ ,                𝑁𝐶ሺ𝑡ଵሻ ൐ 𝛳,

MV ൌ log൫𝑁𝐶ሺ𝑡ଶሻ൯,          ൫𝑁𝐶ሺ𝑡ଶሻ൯
ᇱ

ൌ 0,

MT ൌ logሺ𝑡ଶሻ,                ൫𝑁𝐶ሺ𝑡ଶሻ൯
ᇱ

ൌ 0,
RT ൌ logሺ𝑡ଷሻ,                 𝑁𝐶ሺ𝑡ଷሻ ൏ 𝛹,
LTS ൌ logሺ𝑡ଶሻ െ logሺ𝑡ଵሻ,       𝑡ଶ ൐ 𝑡ଵ,
RTS ൌ logሺ𝑡ଷሻ െ logሺ𝑡ଶሻ,       𝑡ଷ ൐ 𝑡ଶ,
TTS ൌ logሺ𝑡ଷሻ െ logሺ𝑡ଵሻ,       𝑡ଷ ൐ 𝑡ଵ,

                 (3) 

where 𝛳 represents the condition for estimating UT, 𝛹 means the condition for judging RT of the 
characteristic parameter curve, 𝑡ଵ  denotes the time of UT , 𝑡ଶ  means the time to reach MV , 𝑡ଷ 
represents the time of RT, and log means the logarithm of the time with 10 as the base. 

2.2. Introduction of Pearson’s correlation coefficient 

Pearson’s correlation coefficient reflects the similarity degree between two variables, and it is 
also introduced to judge the correlations between numerical characteristic parameters and physical 
parameters of the water-bearing abnormal bodies in the transient electromagnetic detection [13]. The 
calculation of the correlation coefficient is obtained as Eq (4). 

                                𝜌(𝑋,𝑌)ൌ
௖௢௩ሺ௑,௒ሻ

ఙ೉∙ఙೊ
                                  (4) 

where 𝑋 and 𝑌 are defined as two random variables, 𝜌ሺ𝑋, 𝑌ሻ is the correlation coefficient between 
the random variables, 𝑐𝑜𝑣ሺ𝑋, 𝑌ሻ is the covariance between the random variables, and 𝜎௑ and 𝜎௒ 
are the standard deviations of random variables 𝑋 and 𝑌, respectively. 

Based on the statistical analysis module in MATLAB software (Version 2021b), three parameters 
are selected as the variable objects. Data samples are shown in Table 1, and calculation results are 
shown in Table 2. 

Table 1. Numerical characteristic parameters of the water-bearing abnormal bodies. 

Item UT RT MT MV LTS  RTS  TTS 

L = 2 m -7.30  -4.10  -5.05  3.83  2.25  0.95  3.20  

L = 6 m -6.65  -4.25  -5.00  2.50  1.65  0.75  2.40  

L = 10 m -6.35  -4.35  -4.95  1.54  1.40  0.60  2.00  

R = 2 m -6.80  -4.65  -5.45  0.92  1.35  0.80  2.15  

R = 6 m -6.65  -4.25  -5.00  2.50  1.65  0.75  2.40  

R = 10 m -6.50  -3.95  -4.75  2.95  1.75  0.80  2.55  

H = 0.1 m -6.75  -4.80  -5.45  1.88  1.30  0.65  1.95  

H = 0.3 m -6.70  -4.25  -5.00  2.50  1.70  0.75  2.45  

H = 0.5 m -6.65  -4.00  -4.80  2.79  1.85  0.80  2.65  
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Table 2. Pearson’s correlation coefficient for different investigation objectives. 

Correlation coefficient L R H 

UT 0.893 0.318 0.119 

RT -0.214 0.659 0.676 

MT 0.0613 0.694 0.674 

MV -0.693 0.586 0.270 

LTS -0.738 0.316 0.474 

RTS -0.776 0.155 0.259 

TTS -0.788 0.290 0.442 

2.3. Correlation analysis of multifactor parameters 

The greater the absolute value of the correlation coefficient is, the stronger the relationship 
between the two variables. Among the characteristic parameters, UT has a very strong correlation 
with 𝐿, a weak correlation with 𝑅 and a very weak correlation with 𝐻. RT has a weak correlation 
with 𝐿, a strong correlation with 𝑅 and a strong correlation with 𝐻. MT has a very weak correlation 
with 𝐿 , a strong correlation with 𝑅  and a strong correlation with 𝐻 . MV  has a strong correlation 
with 𝐿 , a medium correlation with 𝑅  and a weak correlation with 𝐻 . LTS  has a strong correlation 
with 𝐿, a weak correlation with 𝑅 and a medium correlation with 𝐻. RTS has a strong correlation 
with 𝐿, a very weak correlation with 𝑅 and a weak correlation with 𝐻. TTS has a strong correlation 
with 𝐿, a weak correlation with 𝑅 and a medium correlation with 𝐻. 

3. Three-dimensional inversion based on the iterative principle 

3.1. Proposal of the iterative direction algorithm 

Based on the theory of iterative inversion [12], the iterative inversion of transient 
electromagnetic data obtains the physical parameters of water-bearing abnormal bodies based on 
the response curve of the water-bearing abnormal bodies. First, an initial transient electromagnetic 
physical model is determined, and the response curve of the model is calculated. Then, the 
difference between the calculated value and the observed value is used to modify the initial model, 
and the modified model is run again. Furthermore, the model is modified based on the comparison 
result, and the iterative process is repeated until the difference (or mean square error) reaches the 
preset accuracy. Finally, the inversion result of the water-bearing abnormal bodies is obtained when 
the difference meets the requirement of accuracy. 

The critical issue of iterative inversion is the choice of model modification method, which will 
directly affect the speed of iterative convergence and the correctness of the results. In this paper, 
numerical characteristic parameters of the water-bearing abnormal bodies are taken as the comparison 
object. The differences between the numerical characteristic parameters of different models are used 
to determine the update directions and correction values of the following iteration parameters and to 
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make the next iteration closer to the actual calculated values.  
Among the seven numerical characteristic parameters, the first four parameters independently 

describe the rule of the response curve of water-bearing abnormal bodies, and the last three parameters 
can be converted from the first three parameters. Simultaneously, the order of correlations between the 
numerical characteristic parameter UT and physical parameters of the water-bearing abnormal bodies 
is as follows: L >> R > H. The order of correlations between the numerical characteristic parameter 
MV and physical parameters of the water-bearing abnormal bodies is as follows: L > R > H. The 
order of correlations between the numerical characteristic parameter RT and physical parameters of 
the water-bearing abnormal bodies is as follows: H = R > L. The order of correlations between the 
numerical characteristic parameter MT  and physical parameters of the water-bearing abnormal 
bodies is as follows:  R  = H  >>  L  (>>, > and =, respectively, represent that the correlation 
distribution interval between the two variables is very large, generally large and none). Therefore, the 
numerical characteristic parameter UT can be used to invert parameter 𝐿, the numerical characteristic 
parameter MV can be used to invert parameter 𝑅, and the numerical characteristic parameters RT 
and MT can be used to invert parameter 𝐻. 

Based on this, an approximate linear recurrence equation is used to solve L , R  and H . The 
iterative algorithms are obtained as Eqs (5)–(7). 

                    𝐿௜ ൌ 𝐿௜ିଵ ൅ 𝑗ሺUT୧୬୮୳୲ െ UT୧ିଵ)                        (5) 

             𝑅௜ ൌ 𝑅௜ିଵ ൅ 𝑘𝑙ሺMV୧୬୮୳୲ െ MV୧ିଵሻ                       (6) 

            𝐻௜ ൌ 𝐻௜ିଵ ൅ 𝑚ଵ𝑙ሺRT୧୬୮୳୲ െ RT୧ିଵሻ ൅ 𝑚ଶ𝑙ሺMT୧୬୮୳୲ െ MT୧ିଵሻ          (7) 

where 𝐿௜, 𝑅௜ and 𝐻௜ are the distance, radius and thickness of the water-bearing abnormal bodies 
of the i-th iteration, respectively. UT௜௡௣௨௧, MT௜௡௣௨௧, RT௜௡௣௨௧ and MV௜௡௣௨௧ are input parameters 
of the iterative inversion. 𝑗  and 𝑘  are the step length control parameters of distance 𝐿  and 
radius R, respectively. 𝑚ଵ and 𝑚ଶ are the step length control parameters of thickness 𝐻. 𝑙 is 
the lag factor. 

The step length control parameters affect the computational efficiency of the whole iterative 
process. When the step length control parameter is too large, the optimal solution is easily missed. 
When the step control parameter is too small, the iteration speed is very slow, and the number of 
iteration steps is too large. The lag factor 𝑙 mainly controls the iterative process of radius R and 
thickness 𝐻  to ensure that the distance 𝐿  can meet the iterative accuracy first, and its value 
depends on the difference between UT௜௡௣௨௧ and UT୧ିଵ. The larger the difference is, the closer the 
lag factor is to 0. The smaller the difference is, the closer the lag factor is to 1. After trial 
calculations of a large number of sample data, the step length control parameter of distance 𝐿 is 
determined to be 2, the step length control parameter of radius R is to be 2 under the inversion 
model and parameter conditions, and the two step length control parameters of thickness 𝐻 are 0.2. 
The value range of lag factor 𝑙 is from 0 to 1, which is similar to the activation function of the 
𝑠𝑖𝑔𝑚𝑜𝑖𝑑 function or 𝑡𝑎𝑛ℎ function. The value of the lag factor can be selected by referring to the 
relevant literature [12]. The relative error of the inverted numerical characteristic parameters also 
affects the iterative process. Through multiple trial calculations of sample data, it is determined 
that the allowable relative error of the numerical characteristic parameters of the transient 
electromagnetic inversion is 5%. To facilitate the iteration of different inversion objects, the lag 
factor 𝑙 is assumed to be 0 before the distance 𝐿 meets the accuracy. After the distance 𝐿 meets 
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the accuracy, the value is considered to be 1. 

3.2. Inversion process and code implementation 

In the process of transient electromagnetic iteration, partial iteration is used for inversion iteration. 
According to the correlation relationship, distance 𝐿  and numerical characteristic parameter UT 
have the greatest correlation, so the distance 𝐿 is first iterated according to Eq (2). Combined with 
the lag factor 𝑙, the radius R and thickness 𝐻 are simultaneously iterated according to Eqs (3) and (4) 
after the relative error of the iteration of the distance 𝐿 reaches the accuracy requirement. After the 
iteration parameter meets the relative error, the iteration process of the corresponding parameter can 
be stopped, and the iteration process of the following iteration parameter can be carried out by analogy. 
The flow chart of the transient electromagnetic iteration process is shown in Figure 3. The main logic 
flow used in the three-dimensional iterative inversion program is represented in Table 3. 

 

Figure 3. Flow chart of the transient electromagnetic iterative inversion process. 
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Table 3. Iterative inversion program logic flow. 

Iterative inversion algorithm code Detailed description  

[UT୧୬୮୳୲, MV୧୬୮୳୲, RT୧୬୮୳୲, MT୧୬୮୳୲] = 𝑀𝐸𝑀ሺ𝑁𝐶ሺtሻ௜௡௣௨௧); 
Extract the characteristic parameters from the 

response curve data 

𝑁𝐶ሺtሻ଴ = COMSOL-MATLAB (6.00,6.00,0.30); Initial COMSOL-MATLAB Model calculation 

[UT଴, MV଴, RT଴, MT଴] = 𝑀𝐸𝑀ሺ𝑁𝐶ሺtሻ଴); 
Extract the characteristic parameters of the initial 

iteration step 

For I = 1:30  

𝐿௜ ൌ 𝐿௜ିଵ ൅ 𝑗ሺUT୧୬୮୳୲ െ UT୧ିଵ);                           
Update of direction, Eqs (5)–(7) of iterative 

algorithm 

𝑅௜ ൌ 𝑅௜ିଵ ൅ 𝑘𝑙ሺMV୧୬୮୳୲ െ MV୧ିଵሻ;     

  𝐻௜ ൌ 𝐻௜ିଵ ൅ 𝑚ଵ𝑙(RT୧୬୮୳୲ െ RT୧ିଵ)൅𝑚ଶ𝑙(MT୧୬୮୳୲ െ MT୧ିଵ);  

𝑗 = 2; 𝑘 = 2.0; 𝑙 = 0; 𝑚ଵ = 0.2; 𝑚ଶ = 0.2; Step control parameters and lag factor 

If ฬ
୙୘౟౤౦౫౪ି୙୘౟షభ

୙୘౟౤౦౫౪
ฬ < 0.05 Judgment of the tolerance conditions 

𝐿௜ ൌ 𝐿௜ିଵ; 𝑙 = 1;  

end  

If ฬ
୑୚౟౤౦౫౪ି୑୚౟షభ

୑୚౟౤౦౫౪
ฬ< 0.05 and l > 0 Judgment of the tolerance conditions 

𝑅௜ ൌ 𝑅௜ିଵ;  

end  

If ฬ
ୖ୘౟౤౦౫౪ିୖ୘౟షభ

ୖ୘౟౤౦౫౪
ฬ< 0.05 and ฬ

୑୘౟౤౦౫౪ି୑୘౟షభ

୑୘౟౤౦౫౪
ฬ< 0.05 and l > 0 Judgment of the tolerance conditions 

𝐻௜ ൌ 𝐻௜ିଵ;  

end  

If ฬ
୙୘౟౤౦౫౪ି୙୘౟షభ

୙୘౟౤౦౫౪
ฬ< 0.05 and ฬ

୑୚౟౤౦౫౪ି୑୚౟షభ

୑୚౟౤౦౫౪
ฬ< 0.05  

and ฬ
ୖ୘౟౤౦౫౪ିୖ୘౟షభ

ୖ୘౟౤౦౫౪
ฬ< 0.05 and ฬ

୑୘౟౤౦౫౪ି୑୘౟షభ

୑୘౟౤౦౫౪
ฬ< 0.05 and l > 0 

Judgment of the tolerance conditions 

𝐿௜ ൌ 𝐿௜ିଵ; 𝑅௜ ൌ 𝑅௜ିଵ; 𝐻௜ ൌ 𝐻௜ିଵ;  

Break;  

end  

𝑁𝐶ሺtሻ௜ାଵ = COMSOL-MATLAB (𝐿௜, 𝑅௜, 𝐻௜); New COMSOL-MATLAB model calculation step 

[UT୧ାଵ, MV୧ାଵ, RT୧ାଵ, MT୧ାଵ] = 𝑀𝐸𝑀ሺ𝑁𝐶ሺtሻ௜ାଵ); 
Extract the characteristic parameters from the next 

iteration step 

end  

Distance = 𝐿௜; Radius = 𝑅௜; Thickness = 𝐻௜; Output the final last inversion result 

4. Inversion analysis of transient electromagnetic response signals 

4.1. Selection of virtual examples based on numerical simulation 

Based on the distribution ranges of L , R  and H , five groups of virtual data were regularly 
selected. The five groups of virtual example samples are shown in Table 4. At the same time, the transient 
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electromagnetic response signals under different physical parameters can be calculated [21–23]. The 
numerical characteristic parameters of the water-bearing abnormal bodies are extracted according to 
Eqs (2) and (3), and the corresponding results are described in Table 4. 

Table 4. Virtual example samples and corresponding simulation results. 

Project Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 

Investigation 

object 

L  2.23 5.81 13.83 1.76 9.61 

R  1.84 6.35 12.72 5.82 4.62 

H  0.128 0.323 0.487 0.524 0.082 

Characteristic 

Parameters 

UT -7.45  -6.65  -5.95  -7.40  -6.65  

RT -5.20  -4.20  -3.75  -3.90  -4.95  

MT -5.90  -4.95  -4.45  -4.80  -5.65  

MV 2.35  2.65  2.19  4.15  0.59  

LTS 1.55  1.70  1.50  2.60  1.00  

RTS 0.70  0.75  0.70  0.90  0.70  

TTS 2.25  2.45  2.20  3.50  1.70  

4.2. Inversion result of response signals 

Based on the virtual example sample in Table 4, the final inversion result is obtained by iterative 
inversion of numerical characteristic parameters, as shown in Table 5. According to the iterative 
inversion results, different types of relative error can be obtained by comparing the theoretical value 
and the inversion value. For the inversion of distance, the minimum relative error can reach 1.35%, 
the maximum relative error can reach 4.34%, and the average relative error is 2.55%. For the inversion 
of the radius, the minimum relative error is 3.31%, the maximum relative error is 13.04%, and the 
average relative error is 9.08%. For the thickness inversion, the minimum relative error can reach 1.23%, 
the maximum relative error can reach 9.76%, and the average relative error is 6.38%. In general, the 
relative error of the iterative inversion results is relatively small, and the accuracy of the prediction 
results is relatively high, so the accuracy of the iterative inversion results is very high. 

Table 5. Comparative analysis of inversion results and theoretical results. 

Target parameter Target content Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 

L 

Inversion value 2.20 5.89 13.23 1.70 9.40 

Theoretical value 2.23 5.81 13.83 1.76 9.61 

Error (%) 1.35 1.48 4.34 3.41 2.18 

R 

Inversion value 2.08 6.14 13.41 6.39 5.26 

Theoretical value 1.84 6.35 12.72 5.82 4.62 

Error (%) 13.04 3.31 5.42 9.79 13.85 

H 

Inversion value 0.135 0.294 0.481 0.490 0.090 

Theoretical value 0.128 0.323 0.487 0.524 0.082 

Error (%) 5.46 8.98 1.23 6.49 9.76 

Taking virtual sample 4 as an example, the iterative process is analyzed, and the results are shown 



1116 

Mathematical Biosciences and Engineering  Volume 20, Issue 1, 1106–1121. 

in Table 6. The variation process of the response curves of the iterative parameters in different iteration 
steps is shown in Figure 4. 

Table 6. Iterative inversion process of virtual sample 4. 

Iterative step L R H UT RT MT MV 

Initial value 6.00 6.00 0.300 -6.65 -4.30 -5.00 2.50 

Numerical characteristic 

parameters of the target value 
/ / / -7.40 -3.90 -4.80 4.15 

Step 1 4.50 6.00 0.300 -6.75 -4.25 -5.00 2.96 

Step 2 3.20 6.00 0.300 -6.95 -4.20 -5.00 3.40 

Step 3 2.30 6.00 0.300 -7.20 -4.20 -5.05 3.74 

Step 4 1.90 6.00 0.300 -7.30 -4.15 -5.05 3.87 

Step 5 1.70 6.00 0.300 -7.40 -4.15 -5.10 3.95 

Step 6 1.70 6.15 0.412 -7.40 -4.00 -4.90 4.15 

Step 7 1.70 6.27 0.448 -7.40 -3.95 -4.90 4.18 

Step 8 1.70 6.31 0.477 -7.40 -3.90 -4.85 4.22 

Step 9 1.70 6.39 0.493 -7.40 -3.90 -4.85 4.22 

Output value 1.70 6.39 0.493 / / / / 

 

Figure 4. Schematic diagram of the transient electromagnetic response curve variation 
process of the iteration parameters in different iteration steps. 

As illustrated in Table 6 and Figure 4, each iteration gradually approaches the target value (the 
known transient electromagnetic response curve). When the iteration process reaches Step 9, the 
relative error between the numerical characteristic parameters of this step and the numerical 
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characteristic parameters of the target value is lower than the accuracy tolerance value, so the iteration 
parameters of Step 9 are taken as the final inversion result. 

4.3. Inversion method of neural network 

A neural network is a modeling technology for abstracting a model, from data, that is suitable for 
solving problems involving intelligent learning [24,25]. The neural network can study the internal laws 
of problems through learning and realize an approximation of the issues through repeated iteration. 
These characteristics give it unique advantages for solving nonlinear problems and complex 
influencing factors [21,25]. This paper will combine neural network theory to carry out inversion 
analysis of transient electromagnetic detection data. 

A BP neural network is a kind of mapping relationship that can learn and store many input-output 
patterns without establishing a mathematical model of the system [24]. Its learning rule is to adopt the 
fastest descent method. The weight and threshold of the network are constantly adjusted by comparing 
the predicted value with the target value after repeated back propagation, so as to minimize the sum of 
squares of error of the network. The corresponding topological structure of this model includes an 
input layer, a hidden layer and an output layer. The characteristic mathematical parameters of the water-
bearing abnormal bodies are selected as input values, and the physical parameters of the water-bearing 
abnormal bodies are chosen as output values. The transient electromagnetic BP neural network 
structure is in the form of one input layer, one hidden layer and one output layer. A schematic diagram 
of the structure is shown in Figure 5. The number of neurons in the input layer is seven, the number of 
neurons in the output layer is four and the number of neurons in the hidden layer is fifteen. 

 

Figure 5. Schematic diagram of the transient electromagnetic BP neural network structure. 

Using the self-learning mathematical method of the BP neural network, 125 groups of data 
results are used as samples, the output value is repeatedly compared with the ideal value until the 
accuracy reaches a specific range, and then a trained data system is obtained. The transient 
electromagnetic response curve under the characteristic condition of unknown water-bearing 
abnormal bodies can be obtained through on-site, actual indoor measurement or virtual data. The 
numerical characteristic parameters of the response curve can also be obtained through 
normalization processing, and they are used as input values and put into the successfully trained 
data system. Furthermore, the physical parameters of the water-bearing abnormal bodies can be 
obtained, including the distance, radius and thickness. 

Similarly, based on the virtual example samples in Table 4, the trained data system is used, seven 
numerical characteristic parameters are input and then the corresponding three physical parameters can 
be obtained. Meanwhile, the correlation error between the theoretical value and the predicted inversion 
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value is calculated, and the results are represented in Table 7. 

Table 7. Comparative analysis of inversion results and theoretical results. 

Target parameter Target content Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 

L 

Inversion value 2.33  5.79  12.73  1.86  8.74  

Theoretical value 2.23 5.81 13.83 1.76 9.61 

Error (%) 4.62  0.32  7.95  5.44  9.09  

R 

Inversion value 2.08  7.10  11.66  5.12  4.51  

Theoretical value 1.84 6.35 12.72 5.82 4.62 

Error (%) 12.96  11.84  8.33  12.05  2.47  

H 

Inversion value 0.120  0.350  0.510  0.501  0.091  

Theoretical value 0.128 0.323 0.487 0.524 0.082 

Error (%) 6.25  8.34  4.72  4.39  10.98  

According to the BP neural network inversion results of the five calculation examples in Table 7, 
the minimum relative error can reach 0.32%, the maximum relative error can reach 9.09%, and the 
average relative error is 5.48% for the inversion of distance. For the inversion of the radius, the 
minimum relative error is 2.47%, the maximum relative error is 12.96%, and the average relative error 
is 9.53%. For the thickness inversion, the minimum relative error can reach 4.39%, the maximum 
relative error can reach 10.98%, and the average relative error is 6.94%. In general, the relative error 
of the BP neural network inversion result is minor, and the accuracy of the prediction result is relatively 
high, so the accuracy of the three-dimensional inversion result based on this method is better. 

4.4. Comparison of the two methods 

Based on the calculation processes and results of the above two inversion methods, the advantages 
and disadvantages of different inversion methods are comprehensively evaluated with algorithm 
complexity, calculation speed, inversion accuracy, updated sample data and hardware requirements as 
the analysis objects. The inversion comparison results are shown in Table 8. 

Table 8. Comparative analysis of different inversion methods. 

Inversion method 
Algorithm 

complexity 

Calculation 

speed 

Inversion 

accuracy 

Updated sample 

data 

Hardware 

requirements 

Iterative inversion Complicated Slow High Not updated High 

BP inversion Uncomplicated Quick Low Not updated Low 

As shown in Table 8, the two inversion methods have advantages and disadvantages in different 
performances. In terms of algorithm complexity, the iterative inversion algorithm is more complicated. 
In contrast, the BP inversion is relatively uncomplicated. In terms of calculation speed, iterative 
inversion requires multistep iteration, so the calculation speed of iterative inversion is slow. However, 
the BP inversion is based on prediction or query parameter inversion, so the calculation speed of BP 
inversion is faster. In terms of inversion accuracy, the iterative inversion accuracy is relatively higher 
by comparing the average relative errors of the two methods, and the BP inversion accuracy is 
relatively lower under the condition of a simple neural network structure. In terms of updated sample 
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data, the iterative inversion and the BP inversion cannot update database samples automatically. For 
hardware requirements, the iterative inversion needs to use the COMSOL simulation software for the 
forward calculation in the subsequent iterations and the MATLAB software to obtain the numerical 
characteristic parameters, so the iterative inversion has high hardware requirements. BP inversion only 
uses MATLAB software to realize parameter inversion based on intelligent parameter learning, so the 
BP inversion has relatively low hardware requirements. 

In summary, both inversion methods can realize the inversion of physical parameters of water-
bearing abnormal bodies, and each method has advantages and disadvantages. Therefore, it is 
necessary to fully utilize the benefits of different inversion methods and use multiple inversion 
methods to realize the three-dimensional inversion of water-bearing abnormal bodies. 

5. Conclusions and discussion 

This paper mainly investigates the three-dimensional inversion of water-bearing abnormal bodies 
by two different inversion methods. The main work carried out in this paper is as follows: 

1) Among the seven numerical characteristic parameters, the first four parameters describe the 
rule of the response curve of the water-bearing abnormal bodies independently. The last three 
parameters can be converted from the first three parameters, so only the first four parameters are 
independent. Therefore, these four parameters are mainly selected as inversion calculation values in 
the iterative inversion method. 

2) The inversion results of the physical parameters of the water-bearing abnormal bodies are 
obtained using two inversion methods, and the advantages and disadvantages are analyzed. Both 
inversion methods can obtain the inversion results of the physical parameters of the water-bearing 
abnormal bodies. However, different inversion methods have various errors in the inversion results of 
various physical parameters.  

3) A single inversion method cannot realize the three-dimensional inversion of the physical 
parameters of water-bearing abnormal bodies quickly, effectively and intelligently. Therefore, it is 
necessary to evaluate the three-dimensional inversion of water-bearing abnormal bodies jointly by 
integrating multiple inversion methods. 

In this paper, two different three-dimensional inversion methods were mainly carried out based 
on virtual data, and the two methods have certain inversion abilities. In future work, the judgment 
criterion of the iterative inversion and the structural form of the BP inversion need to be further 
investigated. Meanwhile, the response signal data from the laboratory test and the actual field test will 
be applied to the joint inversion, which can further improve the accuracy and applicability of the three-
dimensional inversion of transient electromagnetic response signals of water-bearing abnormal bodies 
of tunnel defects. 
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