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Abstract: The rapid development of modern industrial technology has led to the increase of machinery 
precision. Laser tracking measurement systems represent a novel type of coordinate measurement 
method, which was developed on the basis of metrology. In this paper, we aim to define a single-station 
3D coordinate rotating laser tracking measurement system based on the principle of the space 
coordinate method. In view of the current architecture and optical path of the system, we establish the 
ideal mathematical model of the system and derive the coordinate expression for arbitrary measured 
points in the measurement space. The output response of the photoelectric position detector to the 
rotating laser and the linearity of the position signal in the detection circuit have been detected via a 
concrete experiment. A laser tracking system was used to track the target mirror mounted on the 
coordinate measuring machine measuring spindle. It is shown that stable tracking is possible during 
the 3D movement of a cat's eye retroreflector if its velocity is 0.2 m/s and the distance to the moving 
object is 1–2 m. The corresponding velocity of the object must be 0.4 m/s. Our system provides a 
feasible implementation method for the tracking of the moving target space position. 

Keywords: photoelectric position sensor; spatial coordinate method; rotating laser; coordinate 
measurement; track 
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1. Introduction 

There exist many measurement requirements for geometric features, which are hardly satisfied 
by traditional measurement methods. For example, measurements of three-dimensional objects are 
achieved through a series of iterations. 

The accuracy requirements for the measurement have increased from micron to nanometer, and 
the measured size range has also expanded from several micrometers to large dimensions of tens of 
meters or even hundreds of meters. The requirements for the suitability of measurement systems are 
increasing. The measurement of various geometric parameters and on-site online measurements have 
become major developmental trends in modern quality control engineering and other measurement 
control fields. The requirements for automation, intelligence, networking and measurement speed of 
measurement systems are also increasing [1–4]. 

Position-sensitive detectors (PSDs) use the photoelectric effect to detect the relative position of 
spots on the photosensitive surface of the detector. Compared with the traditional charge coupled 
device sensor, PSDs have the advantages of a wide spectral response range, high resolution, high 
positioning accuracy and quick computation. It is widely used in laser collimation, laser tracking, spot 
position detection and other fields [5–8]. At present, the way to achieve laser tracking measurement is 
mainly to use laser trackers, on the basis of traditional laser interferometer ranging measurement, 
tracking mirrors are introduced to track spatially moving targets. In order to achieve good tracking 
characteristics for the laser beam, one must improve the aiming accuracy of the tracking system; the 
rotating laser tracking system based on the space coordinate method is designed in this paper [9–11]. 
The output response of the photoelectric PSD to the rotating laser and the linearity of the sensing 
position signal of the detection circuit are analyzed. Engineering-based three-dimensional coordinate 
measurement technology is mainly used in the acceptance measurement of the geometric parameters 
of parts, active measurements in the production process, tracking measurements for the moving target 
space position, assembly and debugging of large engineering structures, data acquisition of reverse 
engineering and engineering experimental analysis [12–15]. It is one of the most significant 
technologies. 

2. Three-dimensional coordinate measurements 

The coordinate measurement system based on the space coordinate method determines the three-
dimensional coordinates of the measured point by measuring a length value and two angle values; the 
mathematical model principle is shown in Figure 1. 

The three-dimensional coordinates of the iP  point can be determined by measuring the yaw 
angle i  , the pitch angle i   and the length iL  . The space coordinate method-based laser tracking 

measurement system does not need to calibrate the system with external standard parts, which is its 
main advantage. However, the point coordinates are still determined by the angle measurement method 
in two directions perpendicular to the beam (i.e., the line connecting the measured base point and the 
measured point). The measurement error increases with the distance between the measurement base 
point and the measured point linearly [16,17]. 
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Figure 1. Schematic representation of the coordinate measurement. 

2.1. Systematic mathematical modeling 

Let us consider the ideal case of the laser tracking measurement system combined with the actual 
architecture (see Figure 2). Here, the z axis is appointed as the laser beam projection direction, the y-
axis direction is outward perpendicular to the paper surface and x-axis direction is determined 
according to the right-hand rule. The following coordinate systems have been established: the laser 
coordinate system { LHO : LHX , LHY , LHZ }, reflector coordinate system { RO : RX , RY , RZ }, tracking 
mirror coordinate system { TMO : TMX , TMY , TMZ } and world reference coordinate system { WO : WX ,

WY , WZ }. 
In addition, the target mirror iP   spherical coordinate system { : , , }P i i iO L     has also been 

established, and its origin PO  was set at the measurement base point BO  (at this time, the two-axis 
rotation base point O, the measurement base point BO  and the reflection base point TMO  coincide at 
three points). The specific coordinate axis direction setting is shown in Figure 1. In the laser tracking 
measurement system based on the space coordinate method, in order to establish the complete and 
accurate mathematical model shown in Figure 2, the following two factors must be considered. 

First, the laser tracking measurement system can only measure the relative distance of the target 
mirror. In the measurement, a known point must be used as a reference point. (If the absolute distance 

iL  of the base point BO  to the space point 𝑃𝑖 needs to be measured, a known reference distance 𝐿𝐵 
must be given for system calibration.) 

Second, the intersection of the pitch rotation axis 𝐿𝑥 and the yaw rotation axis 𝐿𝑦 is O. The 
reflection base point TMO  of the tracking mirror in the laser tracking measurement system and the 
measurement base point BO  of the system were both set at the O point. Therefore, both the reflection 
base point TMO   and the measurement base point BO   coincides at the point O. It is theoretically 
guaranteed that the position of the reflection base point TMO  remains stable during the rotation. The 
relative position of the reflection base point TMO   and the measurement base point BO   remains 
unchanged during the rotation. 
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Figure 2. Mathematical model of laser tracking measurement system. 

3. Materials and methods 

3.1. Measurement coordinate derivation 

As shown in Figure 2, it is assumed that the origin 𝑂LHof the laser head coordinate system { }LHO  
is represented as 𝑂LH  (𝑋0 , 𝑌0 , 𝑍0 ) in the world reference coordinate system {𝑂𝑊 }, the distance 
between the point 𝑂LH and the point 𝑂𝑅 is represented as 𝑑1 and the distance between the point 
𝑂𝑅  and the point 𝑂TM is expressed as 𝑑2 . The coordinate representation of a target point 
{ : , , }P i i iO L     in the measurement space coordinate system { }PO   has been derived in the world 
reference coordinate system {𝑂𝑊}. According to the conversion relationship of the space coordinate 
system and the Cartesian coordinate system, the coordinates {𝑃TM :𝑋TM ,𝑌TM ,𝑍TM } in the tracking 
mirror coordinate system {𝑂TM} of the target point { : , , }P i i iO L    in the target spherical coordinate 
system { }PO  can be expressed as 

൞

TMX = 𝐿 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙

TMY = 𝐿 𝑠𝑖𝑛 𝜃 𝑠𝑖𝑛 𝜙

TMZ = 𝐿 𝑐𝑜𝑠 𝜃

                             (1) 

where 𝐿  is the absolute distance from the base point 𝑂𝐵  to the target point iP  . 𝜃  and 𝜙  are, 
respectively, the horizontal pitch angle and the vertical yaw angle of the tracking mirror. 

The conversion process from the tracking mirror coordinate system {𝑂TM } to the mirror 
coordinate system {𝑂𝑅} has the following stages. 

1) Rotate the 𝑍TM axis in the coordinate system {𝑂TM} around the 𝑌𝑅 axis in the coordinate 
system {𝑂𝑅} by 180° or −180° (the counterclockwise direction is the positive direction of the rotating 
axis, and the clockwise direction is negative) so that the 𝑍TM axis coincides with the 𝑍𝑅 axis (the 
other two axes also coincide). 



576 

Mathematical Biosciences and Engineering  Volume 20, Issue 1, 572–586. 

2) Move the coordinate system {𝑂TM} along the 𝑍𝑅 axis in the coordinate system {𝑂𝑅} by 𝑑2 
distance in such a way that the two coordinate system origins 𝑂TM and 𝑂𝑅 coincide. At this time, 
the two coordinate systems coincide. The conversion matrix 𝐴𝑅 ← 𝑇𝑀  of the tracking mirror 
coordinate system {𝑂TM} to the mirror coordinate system {𝑂𝑅} reads as follows: 

)180(),0,0( ,2 TMTMR ZRotdTransA                           (2) 

The conversion process from the mirror coordinate system {𝑂𝑅 }to the laser head coordinate 
system {𝑂LH} is as follows: first, the 𝑍𝑅 axis is rotated by 90° around the 𝑌LH-axis (the direction of 
rotation is the same as the above steps) so that the 𝑍𝑅-axis and the 𝑍LH-axis directions of the two 
coordinate systems coincide (the other two axes also coincide). Then, shift the coordinate system {𝑂𝑅} 
along the 𝑍LH axis by 𝑑1 distance so that the two coordinate system origins 𝑂𝑅 and 𝑂LHcoincide, 
and the two coordinate systems coincide. The transformation matrix 𝐴LH ← 𝑅 of the mirror coordinate 
system {𝑂𝑅} to the laser head coordinate system {𝑂LH} can be expressed as 

)90(),0,0( ,1 RRLH ZRotdTransA                              (3) 

The conversion process from the laser head coordinate system {𝑂LH } to the world reference 
coordinate system {𝑂𝑤} is as follows: first, the 𝑍LH axis is rotated by 90°around the 𝑋𝑤 axis (the 
positive and negative rotation directions are the same as the above-mentioned directions) so that the 
𝑍LH-axis and the 𝑍𝑤-axis directions coincide. Then, rotate the 𝑌LH axis by 90°around the 𝑍𝑤 axis 
(the positive and negative rotation directions are the same as above) so that the 𝑌LH-axis and the 𝑌𝑤-
axis directions coincide (the 𝑋LH -axis and the 𝑋𝑤 -axis directions also coincide). Finally, the 
coordinate system {𝑂LH} origin 𝑂LHis translated to the coordinate system {𝑂𝑤} origin 𝑂𝑤 so that 
the two coordinate system origins 𝑂LHand 𝑂𝑤 coincide, and the two coordinate systems coincide. 
The conversion matrix 𝐴𝑊 ← LH of the laser head coordinate system {𝑂LH} to the world reference 
coordinate system {𝑂𝑤} can be expressed as 

)90()90(),,( ,,000 LHLHLHW ZRotYRotZYXTransA                  (4) 

The conversion process for the tracking mirror coordinate system {𝑂TM} to the world reference 
coordinate {𝑂𝑤} can be obtained from Eqs (2)–(4), and the transformation matrix 𝐴𝑊 ← TMtakes the 
following form: 

TMRRLHLHWTMW AAAA                            (5) 

In view of Eqs (2)–(4), we can calculate the rotation matrix R and the translation matrix S between 
the coordinate systems: 
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According to the conversion relationship between the coordinate systems [18], it can be known 
that the relationships between the tracking mirror coordinate system {𝑂TM }, each intermediate 
coordinate system and the world reference coordinate system {𝑂𝑤} can be expressed as follows: 

TMRTMTMRR SPRP                             (9) 

RLHRRLHLH SPRP                            (10) 

LHWLHLHWW SPRP                           (11) 

By substituting Eqs (6)–(8) into Eqs (9)–(11), the coordinate representations in the tracking mirror 
coordinate system {𝑂TM}{𝑃TM:𝑋TM,𝑌TM,𝑍TM} in each intermediate coordinate system and the world 
reference coordinate system {𝑂𝑤}can be expressed as 
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Combining Eqs (1) and (14), the target point in the target space coordinate system { }PO   is 
{ : , , }P i i iO L    . Its coordinate {𝑃𝑊 :𝑋𝑊 ,𝑌𝑊 ,𝑍𝑊 } in the world reference coordinate system {𝑂𝑤 } is 
expressed as follows: 
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Here, 𝐿 represents the absolute distance from the measurement base point BO  to the target point 
PO  . L is determined from the known reference distance BL  , which must be calibrated before the 

measurement. The tracking mirror horizontal pitch angle 𝜃  and the vertical yaw angle 𝜙  are 
respectively given by corresponding grating reading systems. 𝑑1  and 𝑑2  and the coordinates 

0, 0 0( , )X Y Z  are system parameters that have been determined before measurement. 

4. Measurement principle 

Based on the distance measurement principle of the Michelson interferometer, according to the 
interference signal generated by the reflected light and the reference light on the surface of the detector, 
the number of interference fringe changes is calculated to obtain the displacement of the target, and 
the tracking and ranging of the target is realized. The beam emitted by the rotating laser is split into 
two beams by the polarizing beam-splitting prism. One of the two beams returns from the original path 
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after reflection of the corner cube reflector as the reference beam. Another beam (the probe) goes 
through the tracking mirror to the cat’s eye retroreflector at the target point. 

After collecting the position information on the measured target point, the measurement beam 
returns from the original way and interferes with the reference beam to obtain the amount of change 
in the length of the measured target point and the measurement base point. Figure 3 shows a schematic 
diagram of the laser tracking measurement system via the stereo coordinate system method.  

The returned measurement beam is split by the beam-splitting prism and directed toward the PSD 
(photoelectric position-detecting device) to detect the positional change of the cat’s eye retroreflector. 
When the cat’s eye retro mirror moves, the position of the spot on the PSD changes. The signal 
acquisition processing circuit detects this change and sends the change information to the tracking 
control circuit. The tracking control circuit adjusts its speed by adjusting the voltage input to the servo 
motor to rotate the tracking mirror through a certain angle, thereby automatically adjusting the 
projection direction of the measurement beam so that it is always aligned with the cat's eye 
retroreflector. The yaw angle in the horizontal direction of the tracking mirror and the pitch angle in 
the vertical direction are respectively detected by the optical grating ruler mounted on the two motor 
shafts. 

 

Figure 3. System measurement schematic. 

5. System design 

5.1. Interference light path for length detection 

In order to obtain the position change of the target mirror, a splitting prism is used to split the 
returned measurement beam. A conventional beam-splitter plate has a typical thickness of 3 mm. The 
beam is reflected on both its front and back surfaces, producing two close-spaced spots (about 2.27 
mm apart), one of which is the spot to be tested, as shown in Figure 4. The two spots may 
simultaneously enter the photosensitive surface of the PSD so that the position of the spot detected by 
the PSD is different from the actual position of the spot to be tested, causing an incorrect sensing signal. 
The use of a beam-splitting prism avoids the generation of double reflection spots. 
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Figure 4. Double reflection spot of ordinary spectroscopic film. 

Another aspect, which this study tackles, is the influence of external stray light on the shape of 
the PSD spot. In this respect, certain treatment measures must be considered. An effective treatment 
method is to add components, such as interference filters and mechanical sleeves. Thus, the laser beam 
entering the PSD is almost immune to external stray light. After the above-mentioned processing, the 
spot shape on the PSD was a very regular circle. The detected spot motion accurately reflects the 
motion of the target and ensures smooth tracking. 

3.2. Target tracking process of photoelectric position sensor 

The target-tracking test system using the PSD photoelectric position sensor is shown in Figure 5. 
The whole system is a rough and precise double closed-loop tracking structure [19,20]. Among them, 
the coarse tracking system with a PSD as the main sensor completes the pointing function of the initial 
target. The fine tracking system uses a CMOS camera as the main sensor to perform precise position 
feedback. The purpose of the final tracking is to complete real-time alignment function between the 
motion beacon and the fixed tracking system. The calibration of the moving position of the beacon is 
obtained through real time data capture via GPS receiver carried by the moving target when the range 
of motion is large and the distance is long. 

 

Figure 5. Schematic representation of the PSD photoelectric position tracking system. 

Regarding the system shown in Figure 5, it consists mainly of a PSD measurement optical path, 
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a CMOS imaging optical path, a one-dimensional turntable and a beacon system. Among them, the 
PSD measurement optical path realizes the coarse tracking function; the PSD sensor was an S5991-01 
from Hamamatsu of Japan; the nominal position error was ±0.15 mm, and the resolution was ±1.5 μm. 
The CMOS imaging optical path completes the fine tracking function. The experiment was carried out 
with a BFLY-PGE-13E4C camera, which had a cell size of 5.3 μm, pixel size of 1280 × 1024 and 
refresh rate of (60 frames/s). The one-dimensional tracking turntable realizes the target tracking 
function and completes the real-time output function of the following position (only considering the 
azimuth direction). The rotation range was 360°, the step accuracy was 0. 015°, the highest angular 
velocity was 10°/s and the angular acceleration was 2°/s2. The focal length of the PSD front lens in the 
system was 50 mm. The optical path structure of the test host and beacon light hitting the PSD target 
surface is shown in Figure 6. 

 

Figure 6. PSD target surface optical path structure equivalent position optical path diagram. 

After the beacon light enters the PSD observation field of view (±6°), the position of the beacon 
light image projected onto the PSD surface is calculated using the optical imaging relationship. The 
spot detected by the PSD photosensitive surface changes in displacement, and the position information 
is solved in the controller through data acquisition. The target horizontal (or pitch) position information 
is obtained and passed to the one-dimensional tracking turntable, deflecting the tracking mirror by a 
certain angle and adjusting the direction of the measurement beam until the spot offset detected by the 
PSD is 0 to complete coarse tracking pointing of the system. By coarse tracking pointing, it is ensured 
that the beacon light can fall into the CMOS fine tracking field of view (±1°) for a more accurate 
tracking process. In this process, the PSD sensor’s fast position acquisition capability and high-speed 
dynamic response characteristics are fully utilized. After filtering, the output stable and accurate 
position information is used for the subsequent fine tracking process. 

6. Experiment 

6.1. PSD position detection and nonlinear correction 

First, we set up an optical path to measure the fixed point and repeated the measurement for each 
point 100 times (0.004~0.4 ms, sampling once every 0.004 ms; here, 20 sets of data were taken), 
obtaining its X and Y coordinate values and corresponding voltage values. We then fit the test data for 
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the fixed point in the X and Y directions, as shown in Figure 7. It can be seen from the figure that the 
X and Y coordinates were unstable due to the existence of some external factors and internal factors of 
the PSD, such as the irregular shape of the PSD detector electrode, the uneven distribution of the 
junction resistance in the P zone, the nonlinearity of the PSD caused by interference light in the 
laboratory and temperature drift. 

 
(a) (b) 

Figure 7. Fixed point XY test data fitting. (a) X direction test data fitting; (b) Y direction 
test data fitting. 

The ideal PSD device has a good linear relationship between the output current value and the 
spot-center coordinate value. Due to the influence of background light, external noise and uneven 
distribution of its own surface resistance, the output of PSD devices often has errors, so an effective 
means is needed to solve the PSD nonlinearity problem. There are many correction methods for PSDs, 
such as neural network algorithms, linear interpolation methods, conjugate gradient algorithms, etc. 
This study uses a Bayesian regularization L-MBP (Levenberg-Marquardt) algorithm to correct the 
nonlinearity of the PSD. According to the measurement principle, we built a measurement system, 
analyzed the measured value and performed the steps mentioned in the previous section to complete 
the nonlinear correction of the PSD measurement system. The measuring experimental device is shown 
in Figure 8. The method developed in this study involves the following experimental steps: 

(1) Control the three-dimensional CNC (computerised numerical control machine) module to 
make the laser beam pass through the filter and establish a coarse focus on the geometric center of the 
PSD photosensitive surface; 

(2) By adjusting the precision XY stage, adjust the position of the PSD photosensitive surface for 
fine focus until the coordinates are displayed (0.000x, 0.000y) (mm). Here, because the vibration of 
the platform cannot be avoided during the experimental operation, the coordinates were accurate to 1 
μm during data collection, which also means that x and y were between 0–5 mm; 

(3) Control the three-dimensional CNC module, adjust the position of the laser beam and scan the 
PSD photosensitive surface in a “back” shape with a step length of 1 mm, as shown in Figure 9. At the 
same time, the coordinate points should be sampled and recorded at a sampling frequency of 100 Hz; 

(4) Process the PSD location information data set and train the neural network model with the 
Bayesian regularized L-MBP algorithm; 

(5) Train the neural network model, use the model to apply the nonlinear correction to the PSD 
and analyze the experimental results. 
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Figure 8. PSD nonlinear measurement device. 

The PSD nonlinear correction experiment used FUYU’s FSL40XYZ-L three-dimensional CNC 
module as the platform, and the test used the C10443-02 two-dimensional quadrilateral PSD and 
C10443 signal processing system. The effective photosensitive area of the PSD was 9 mm × 9 mm; 
the spectral response was 320–1100 nm, the peak sensitivity wavelength was 960 nm, the saturated 
incident light power was 167 μW; the resolution was 150 μm; the laboratory laser light source was a 
spot laser with a wavelength of 850 nm and a power of 1 mW. The laser transmitter was fixed on the 
three-dimensional CNC module. 

 

Figure 9. “Back” scanning PSD photosensitive surface. 

In order to reduce the power of the light source to the measurable range, the output power of the 
light source was reduced by the filter. 

Figure 10 shows the results of the test and the results after linear correction. 

 
(a) (b) 

Figure 10. Test result without linear correction and the result after linear correction. (a) 
Location data when not optimized; (b) Optimized location data. 
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It follows from Figure 10 that the test results after the Bayesian regularization correction method 
were obviously biased toward linearization in the edge area. Before the correction, the distribution of 
points was more scattered. Compared with that before the correction, the result after the correction had 
a smaller error and higher accuracy. The data display accuracy reached 0.2 um. 

6.2. Experimental setup of 3D laser tracking system 

By Uusing the STM32 serial port to communicate with the PC serial debugging assistant, 
controlling a stepper motor drive can realize relative position movement and absolute position 
movement. One can set the number of sent pulses (position), the pulse frequency (speed) and the 
rotation direction. Here, we employed 20 hollow shaft stepping motors with 8- and 5-mm couplings. 
The rotating laser scanner is depicted in Figure 11. 

 

Figure 11. Photograph of the rotating laser scanner. 

We placed the rotating laser very close to the front of the PSD and adjusted the two-dimensional 
displacement platform to position the PSD at the (0,0) point. Then, we rotated the laser one circle 
clockwise in 0.5-mm steps to capture the PSD output value of 25 points with the PSD light surface in 
the range of 1 mm2. When the laser rotated at each collection point, the output voltage of the PSD 
electrode was mapped to the incident light intensity. Figure 12 below shows the least-squares circle 
fitting for each trajectory. 

As it can be seen in Figure 12, the circle is the center of gravity of the laser rotation and the 
circumference was the movement of the spot position (the position of the center of gravity of the spot 
measured by the PSD). When the beam emitted by the rotating laser was reflected by the mirror to the 
tracking mirror, it was then emitted from the tracking mirror to the target mirror. The target was fixed 
on the spindle of the CMM and moved along with the CMM spindle. When the CMM spindle moved, 
the tracking mechanism changed the direction of the laser beam exiting so that the beam always pointed 
toward the center of the target. After many experimental tests, the system achieved stable tracking 
when the cat’s eye retroreflector moved in the X, Y and Z directions at a speed of 0.2 m/s within the 
range of 1800 mm × 4000 mm × 1200 mm. The tracking speed of 0.4 m/s was achieved within the 
range of 1~2 m; consequently, the tracking effect was better. 
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Figure 12. Spatial distribution of the rotating laser PSD output. 

7. Conclusions 

The rotating laser tracking measurement is based on the space coordinate method, where the 
actual structure and optical path of the space coordinate laser tracking measurement system. In this 
study, we developed the ideal mathematical model of the system and the coordinate expression of any 
measured point in the world reference coordinate system. We achieved further optimization of the laser 
tracking mechanism and improvement of the tracking control system. Our system ensures the 
reliability of tracking and good static and dynamic characteristics. A Bayesian regularized L-MBP 
algorithm was used to solve the PSD nonlinearity problem. The output response of the PSD to the laser 
rotation and the linearity of the sensing position signal of the detection circuit were analyzed. The 
target mirror was installed on the CMM measuring spindle to test the tracking ability of the system. 
The laser tracking measurement system established by this measurement method satisfies the new 
requirements of large-scale, high-precision, flexible measurement without rails, on-site measurement 
and dynamic real-time tracking measurement. This has become an irreplaceable measurement tool in 
many fields, and it has very broad application prospects. In the future, we may advance to research 
stochastic prediction of PSDs [21,22]. 
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