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Abstract: Effect of external-recycle operations on the heat-transfer efficiency, specifically for the 
power-law fluid flowing in double-pass concentric circular heat exchanger under sinusoidal wall 
fluxes, is investigated theoretically in the developed countries. Given that the fluid is heated twice 
on both sides of the impermeable sheet, four flow patterns proposed in recycling double-pass 
operations are expected to make substantial improvements in the performance of heat exchanger 
device in this study. Theoretical predictions point out that the heat-transfer efficiency increases with 
the ratio of channel thickness of double-pass concentric circular heat exchanger for all new designs 
under the same working dimension and the operational condition. The fluid velocity within the 
double-pass heat exchanger is increased by the fluids flowing through divided subchannels, which 
contributed to the higher convective heat-transfer efficiency. A simplified mathematical formulation 
was derived for double-pass concentric circular heat exchangers and would be a significant 
contribution to analyze heat transfer problems with sinusoidal wall fluxes at boundaries. The results 
deliver the optimal performance for the proposed four configurations with the use of external recycle 
compared to those conducted in single-pass, where an impermeable sheet is not inserted. The 
influences of power-law index and impermeable-sheet position on average Nusselt numbers under 
various flow patterns are also delineated. The distribution of dimensionless wall temperature was 
lower at the level of relative smaller thickness of annular channel, and the average Nusselt numbers 
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for four external-recycle configurations and single-pass device were more suitable for operating 
under same condition. The ratio of the power consumption increment to heat-transfer efficiency 
enhancement demonstrates the economic feasibility among various configurations of double-pass 
concentric circular heat exchanger. The results also show that the external-recycle configuration (say 
Type B in the present study) serves as an important economic advantage in designing concentric 
circular heat exchangers for heating power-law fluids due to the smaller volumetric flow rate in 
annular channel with exiting outlet temperature. 

Keywords: heat-transfer efficiency; power-law fluids; sinusoidal wall fluxes; conjugated graetz 
problem; external recycle 
 

1. Introduction  

The studies on heat-transfer problems applied to Newtonian fluids flow in bounded conduits play 
an important role to design the more efficient heat-transfer module, especially for cylindrical or 
parallel-plate geometries. The theoretical modeling coupled with negligible axial conduction has been 
successfully reduced to the simple case of single-pass operations, which is known as the classical 
Graetz problem [1,2]. However, more flowing streams devices (say multi-stream or multiphase 
systems), analogous to heat exchangers, are fundamentally different due to conjugating boundary 
conditions at the boundaries, referred to as conjugated Graetz problems [3,4]. It was widely used in 
evaporators [5], condensers [6], distillation [7], and extraction [8]. And a general formalism of 
temperature profiles was developed [9] through the technique of orthogonal expansion [2,3]. Many 
industrial products such as food processing, polymeric systems, biological process, pulp and paper 
suspensions [10] display non-Newtonian fluid characteristics including shear-thinning or shear-
thickening behavior [11,12]. Such features had been studied on sedimentation [13] and flows over 
various shapes [14] including a heated cylinder [15], an inclined square [16], and C-shaped cavity [17]. 
Moreover, it was commonly used in the single-screw extruder for polymer processing [18] and for 
multiphase fluids [19]. Those non-Newtonian fluids may be treated as the laminar flow conditions with 
negligible viscoelastic effects in the applicable range of shear rate [20] to pursue analytical solutions. 
This is analogous to dealing with Newtonian fluids and to investigating the influence of shear-thinning 
or shear-thickening on the convective heat transfer. The aspects of non-Newtonian fluids have 
miscellaneous and complicated manners including both viscosity and shear rate changing [21], which 
were used widely in various applications [22]. The non-Newtonian fluid was studied using the power-
law model [23] due to its simplicity [24]. A large body of literature has shown the practicability and 
feasibility of the power-law model for non-Newtonian flows by using LBM (Lattice Boltzmann 
Method); it was simulated by Aharonov and Rothman [25] for the first time. Delouei et al. [26] used 
the immersed boundary- LBM to investigate non-Newtonian fluid flow over a heated cylinder. 

Utilizing a suspension of MEPCMs as a coolant [27] to explore the effect of MEPCM-
suspensions [28] proves improve the heat transfer of a microchannel heatsink [29]. Dispersing the 
Nano-Encapsulated Phase Change Materials (NEPCMs) [30,31] in a liquid leads to a higher surface 
of heat transfer between the liquid and nanoparticle. Metal foams of PCMs (phase change materials) 
and nanoparticles of NEPCMs (nano-encapsulated phase change materials) were used recently to 
augment the heat-transfer characteristics under several applications in thermal and energy storage 
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managements, such as variable heat loads [32] and non-uniform magnetic sources [33]. They consider 
forced convection [34] and natural convection flow [35] of NEPCMs nanoparticles in microchannels 
as well as under wall vibrations [36]. The effect of using NEPCM materials as water base working-
fluids to enhance the heat transfer in microchannels was studied theoretically [37]. It validated the 
improvement of the natural [38] or mixed convection [39] of heat transfer with the presence of 
NEPCMs particles. A power-law fluid flowing through a laminar countercurrent-flow double-pass 
concentric-tube heat exchanger, which inserts an impermeable sheet in parallel with sinusoidal wall 
fluxes, was investigated theoretically. Furthermore, it was devoted to investigating the device 
performance in applying to the engineering field concerning the distributions of the conduit wall and 
fluid temperature under the uniform wall temperature (Dirichlet problem) [40,41], uniform heat flux 
(Neumann problem) [42,43], as well as the non-uniform of sinusoidal wall heat flux [44] in both 
periodic [45] and circumferential [46] heating systems. 

The heat-transfer efficiency and temperature distributions were solved analytically through the 
resultant conjugated partial differential equations by the superposition technique using the Frobenius 
method. Comparisons proposed for four external-recycle configurations entail the advantageous effect 
in promoting the enhancement in convective heat-transfer coefficient within concentric circular heat 
exchangers. While the disadvantageous effect falls on operating double-pass devices with remixing at 
the entrance. The introduction of various external-recycle configurations offers an appropriate 
selection to outweigh the disadvantage of remixing effect and to secure the advantage of the velocity 
profile of shear-thinning fluid in the conventional circular-tube heat exchanger. Providing economic 
considerations for recycling operations through a series of comparison of flow patterns using the 
recycle ratio and impermeable-sheet position is the main contribution of this work. It is believed that 
the accessibility of such a simplified mathematical formulation achieved here for double-pass 
concentric circular heat exchangers is valuable and would be a significant contribution to analyze heat 
transfer problems with sinusoidal wall fluxes at boundaries. The same mathematical statement 
undoubtedly occurs in dealing with many other possible geometric designs and boundary conditions. 
An analytical solution of the heat transfer problem for a countercurrent flow in double-pass operations 
with external fluxes is given in Section 2, which was solved in a straightforward bearing by utilizing 
the Frobenius method. The external-recycle configurations investigated in our earlier study [47] 
showed that a considerable enhancement on the device performance was made by providing an 
economic and technical feasibility. The present design has some practical modes of recycling double-
pass heat exchangers in industrial engineering processes. The purpose of the present study is to develop 
the suitable design strategy theoretically and classify the optimal operation conditions such as recycle 
ratio and volumetric flow rate, which allows, from economic standpoints, the specification setting to 
achieve the higher level of the heat transfer efficiency relative to the power consumption increment. 

2. Flow patterns and mathematical formulations 

An impermeable sheet was inserted into a circular tube of inside diameter 2R and length L to 
separate the conduit into two channels, which conducts a double-pass concentric circular heat 
exchanger with external recycle. The thickness of the inner (subchannel a) and annular tube 
(subchannel b) are κR and (1-κ)R, respectively. Comparing with the radius of outer circular tube R, the 
thickness of the impermeable barrier δ is negligible and thermal resistant (δ << R). The various flow 
configurations with the external recycle were illustrated by the schematic view for both recycling 
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concurrent- and countercurrent-flow operations, as shown in Figures 1−4. It is obvious that those 
external-recycle designs can enhance the heat-transfer efficiency due to the enlargement in convective 
heat-transfer coefficient on both sides of the impermeable sheet to the power-law fluid. Moreover, 
various external-recycle types were compared by the Nusselt number to find the optimal device 
performance to consider the heat-transfer improvement and the rise in power consumption. 

Type A: Equal flow rate of both channels 

The fluid with volumetric flow rate V and temperature Ti is well mixed for the fluid exiting from 
the lumen channel with the volumetric flow rate MV and Tb,0 before entering the inner channel for the 
second time, as illustrated in Figure 1 of Flow pattern A in this study. A conventional pump situated at 
the beginning of the lumen channel to regulate the recycling volumetric flow rate. The purpose of this 
recycling loop was to heat the fluid flowing twice through both channels of the concentric circular heat 
exchanger under sinusoidal heat fluxes 𝑞௪″ (𝑧) = 𝑞଴″ሾ1 + 𝑠𝑖𝑛( 𝛽 𝑧)ሿ on the outer wall, and thus, the 
double-pass operation is then repeated. Various external-recycle types designed in this study are 
illustrated by Type A in Figure 1. 

 

Figure 1. A schematic drawing of recycling double-pass concentric circular heat exchanger 
(Type A). 

The problem of laminar heat transfer at steady state with negligible axial conduction, known as 
the Graetz problem, was studied theoretically by applying the Navier-Stokes relations to generate the 
hydro-dynamical equation and making energy balance with the energy-flow diagram. By following 
the same procedure performed in our previous work [47] and rearranging with 𝜉 = 𝑧/𝐿, one obtains 
the energy balance equations of fluid flowing in the inner channel and annular channel in dimensional 
form with specified velocities as follows: 

ቆ𝑣௔(𝜂)𝑅ଶ𝛼𝐺𝑧𝐿 ቇ 𝜕𝜑௔(𝜂, 𝜉)𝜕𝜉 = 1𝜂 𝜕𝜕𝜂 ቆ𝜂 𝜕𝜑௔(𝜂, 𝜉)𝜕𝜂 ቇ (1)
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ቆ𝑣௕(𝜂)𝑅ଶ𝛼𝐺𝑧𝐿 ቇ 𝜕𝜑௕(𝜂, 𝜉)𝜕𝜉 = 1𝜂 𝜕𝜕𝜂 ቆ𝜂 𝜕𝜑௕(𝜂, 𝜉)𝜕𝜂 ቇ (2)

The explanations of two or more contiguous streams of multi-channel problems with coupling 
mutual boundary conditions [48,49] becomes 𝜕𝜑௔(0, 𝜉)𝜕𝜂 = 0 (3)

𝜕𝜑௕(1, 𝜉)𝜕𝜂 = 1 + 𝑠𝑖𝑛(𝐵𝜉) (4)

𝜕𝜑௔(𝜅, 𝜉)𝜕𝜂 = 𝜕𝜑௕(𝜅, 𝜉)𝜕𝜂  (5)

𝜑௔(𝜅, 𝜉) = 𝜑௕(𝜅, 𝜉) (6)

in which 𝜂 = ௥ோ, 𝜅 = ோభோ , 𝜉 = ௭௅ீ௭, 𝜑௔ = ௞(்ೌ ି்೔)௤బ″ ோ ,𝜑௕ = ௞(்್ି்೔)௤బ″ ோ , 𝐵 = 𝛽𝐺𝑧𝐿 = 2𝜋𝐺𝑧, 𝐺𝑧 = ସ௏ఈగ௅ (7)

For the case of our previous work [47] with 𝑀 = 0 of Type A in Figure 1. Now, the velocity 
distributions of Type A in subchannels a and b, say 𝑣௔ and 𝑣௕, are shown as follows: 

𝑣௔ = ቀଷఠାଵఠାଵ ቁ ொೌగ(఑ோ)మ ቈ1 − ቀఎ఑ቁഘశభഘ ቉ = 𝐺 ቈ1 − ቀఎ఑ቁഘశభഘ ቉, 0 ≤ 𝜂 ≤ 𝜅 (8)

𝑣௕ = − ቀଷା భഘቁொ್గோమቈ(ଵିఉమ)భశ భഘି఑భష భഘ(ఉమି఑మ)భశ భഘ቉ ׬ ቀ𝛽ଶ ଵఎ − 𝜂ቁభഘ 𝑑𝜂ఎ఑ = −𝐻 ׬ ቀ𝛽ଶ ଵఎ − 𝜂ቁభഘ 𝑑𝜂ఎ఑ , 𝜅 ≤ 𝜂 ≤
𝛽 

(9)

𝑣௕ = − ቀଷା భഘቁொ್గோమቈ(ଵିఉమ)భశ భഘି఑భష భഘ(ఉమି఑మ)భశ భഘ቉ ׬ ቀ𝜂 − 𝛽ଶ ଵఎቁభഘ 𝑑𝜂ଵఎ = −𝐻 ׬ ቀ𝜂 − 𝛽ଶ ଵఎቁభഘ 𝑑𝜂ଵఎ , 𝛽 ≤
𝜂 ≤ 1 

(10)

where, the values of β  (𝑣௕(𝛽) = 𝑣௕,௠௔௫) in Eqs (9) and (10) for Type A were obtained [50] with 𝜔 
and 𝜅  as parameters. The general form of dimensionless temperature distributions of the laminar 
double-pass concentric circular heat exchangers with sinusoidal wall fluxes can be expressed as 
follows [51]: 
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𝜑௔(𝜂, 𝜉) = 𝜃଴௔𝜉 + 𝜃ଵ௔(𝜂) + 𝜃ଶ௔(𝜂) 𝑠𝑖𝑛(𝐵𝜉) + 𝜃ଷ௔(𝜂) 𝑐𝑜𝑠(𝐵𝜉) (11)

𝜑௕(𝜂, 𝜉) = 𝜃଴௕ ൬ 1𝐺𝑧 − 𝜉൰ + 𝜃ଵ௕(𝜂) + 𝜃ଶ௕(𝜂) 𝑠𝑖𝑛( 𝐵𝜉) + 𝜃ଷ௕(𝜂) 𝑐𝑜𝑠( 𝐵𝜉) (12)

in which the 𝜃0a and 𝜃0b are the constants and the 𝜃1a(𝜂), 𝜃ଶ௔(𝜂), 𝜃ଷ௔(𝜂), 𝜃1b(𝜂), 𝜃ଶ௕(𝜂) and 𝜃ଷ௕(𝜂) are the functions of 𝜂 yet to be determined. Substituting Eqs (11) and (12) into the governing 
equations, Eqs (1) and (2), and the boundary conditions, Eqs (3)−(6), yields 𝜃଴௔𝜉 + 𝜃ଵ௔(𝜅) + 𝜃ଶ௔(𝜅) 𝑠𝑖𝑛(𝐵𝜉) + 𝜃ଷ௔(𝜅) 𝑐𝑜𝑠(𝐵𝜉) = 𝜃଴௕ ൬ 1𝐺𝑧 − 𝜉൰ + 𝜃ଵ௕(𝜅) + 𝜃ଶ௕(𝜅) 𝑠𝑖𝑛( 𝐵𝜉) + 𝜃ଷ௕(𝜅) 𝑐𝑜𝑠( 𝐵𝜉) 

(13)

We can apply the Frobenius method which enables one to create a power series solution to solve 𝜃ଶ௔(𝜂) , 𝜃ଷ௔(𝜂) , 𝜃ଶ௕(𝜂)  and 𝜃ଷ௕(𝜂)  by introducing the complex functions 𝜓௔(𝜂) = 𝜃ଶ௔(𝜂) +𝜃ଷ௔(𝜂)𝑖 and 𝜓௕(𝜂) = 𝜃ଶ௕(𝜂) + 𝜃ଷ௕(𝜂)𝑖 according to the prior mathematical treatment [51] while 
solving 𝜃଴௔, 𝜃ଵ௔(𝜂), 𝜃଴௕, and 𝜃ଵ௕(𝜂) with double integrations with respect to ξ  in the interval [0, 
2π//B]. However, the additional equation of the overall energy balance is required to obtain the average 
outlet dimensionless temperature 𝜑ி as follows: 

𝜌𝐶௣𝑉(𝑇ி − 𝑇௜) = න 𝑞″ (𝑧)2𝜋𝑅 𝑑𝑧௅
଴  (14)

or 𝜑ி = − ଵொ್ ׬ 𝑣௕2𝜋𝑅ଶ𝜂𝜑௕(𝜂, 0)𝑑𝜂ଵ఑         (15) 

Meanwhile, the inlet dimensionless temperature 𝜑௔(𝜂, 0) is defined as 𝜑௔(𝜂, 0) = ௞(்ೌ (௥,଴)ି்೔)௤బ″ ோ = ଵொೌ ׬ 𝑣௔2𝜋𝑅ଶ𝜂𝜑௔(𝜂, 0)𝑑𝜂఑଴      (16) 

Now, Type A and other external-recycle configurations are demonstrated and explained using the 
boundary condition and volumetric flow rate, as summarized in Table 1. The heat-transfer coefficient 

h is determined from 𝑞௪″ (𝑧) = ℎ൫𝑇௝(𝑅, 𝑧) − 𝑇௜൯ and obtained in the dimensionless form as 

ℎ = 𝑘𝑅 𝑞௪″ (𝜉)𝑞଴″ 𝜑௝(1, 𝜉) = 𝑘𝑅 1 + 𝑠𝑖𝑛( 𝐵𝜉)𝜑௝(1, 𝜉)  
(17)

 

The local Nusselt number is defined as 

𝑁𝑢(𝜉) = ℎ𝐷𝑒𝑘  (18)
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and where k is the heat conductivity coefficient of the fluid, 𝐷𝑒 is the equivalent diameter of the 
conduit, 𝐷𝑒 = 2𝑅. Substituting Eq (17) into Eq (18) yields 

𝑁𝑢 (𝜉) = 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑௝(1, 𝜉)  (19)

Similarly, the local Nusselt number of single-pass heat exchangers is defined as 𝑁𝑢଴(𝜉) = 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑଴(1, 𝜉)  (20)

where the wall temperature distribution, 𝜑଴(1, 𝜉), of single-pass heat exchangers can be determined, 
according to the reference [51]. Moreover, the average Nusselt numbers of single- and double-pass 
concentric circular heat exchangers, respectively, were represented by: 

𝑁𝑢 = 𝐺𝑧 න 𝑁𝑢(𝜉)ଵ/ீ௭
଴ 𝑑𝜉 = 𝐺𝑧 න 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑௝(1, 𝜉)ଵ/ீ௭

଴ 𝑑𝜉, j = a,b (21)

and 

𝑁𝑢଴ = 𝐺𝑧 න 𝑁𝑢଴(𝜉)ଵ/ீ௭
଴ 𝑑𝜉 = 𝐺𝑧 න 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑଴(1, 𝜉)ଵ/ீ௭

଴ 𝑑𝜉 (22)

The heat-transfer efficiency improvement was illustrated by evaluating the percentage increase 
in the operation under a double-pass device, which is based on single-pass device with the same 
working dimensions and operating parameters 

𝐼ℎ = 𝑁𝑢 − 𝑁𝑢଴𝑁𝑢଴ (%) (23)

Table 1. Volumetric flow rates and boundary conditions for flow Types A−D. 

Flow 
type Inner channel 𝑄௔ Annular channel 𝑄௕ Boundary Condition, 𝜉 = 0 Boundary Condition, 𝜉 = 1/𝐺𝑧
A 𝑉(1 + 𝑀) 𝑉(1 + 𝑀) 𝜑௔(𝜂, 0) = 𝑀(𝑀 + 1) 𝜑௕(𝜂, 0) 𝜑௔,௅ = 𝜑௕,௅ 

B 𝑉(1 + 𝑀) 𝑉 
𝜑௔(𝜂, 0)= 𝑀(𝑀 + 1) 𝜑௔ ൬𝜂, 1𝐺𝑧൰ 𝜑௔,௅ = 𝜑௕,௅ 

C 𝑉 𝑉(1 + 𝑀) 𝜑௔(𝜂, 0) = 0 𝜑௕,௅ = 𝜑௔,௅ + 𝑀𝜑௕,଴1 + 𝑀  

D 𝑉(1 + 𝑀) 𝑀𝑉 𝜑௔(𝜂, 0) = 𝑀(𝑀 + 1) 𝜑௕(𝜂, 0) 𝜑ி = 𝜑௔,௅ = 𝜑௕,௅ 
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Type B: External recycling at the outlet 

 

Figure 2. A schematic drawing of recycling double-pass concentric circular heat 
exchanger (Type B). 

Type C: External recycling at the inlet 

 

Figure 3. A schematic drawing of recycling double-pass concentric circular heat exchanger 
(Type C). 
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Type D: Internal recycling at the outlet 

 

Figure 4. A schematic drawing of recycling double-pass concentric circular heat 
exchanger (Type D). 

3. Results and discussion 

The theoretical development of the present study enhances the comprehensive understanding of 
the heat-transfer behaviors by comparing among double-pass heat exchangers with various external-
recycle types, as referred to conjugated Graetz problems. And the wall temperature distributions were 
determined by solving the mathematical formulations analytically. The mass balance equations of 
laminar countercurrent-flow double-pass concentric circular heat exchangers with sinusoidal wall 
fluxes were solved using the linear superposition of Eqs (11) and (12). The dimensionless temperature 
distributions of power-law fluids in the recycling double-pass device with sinusoidal wall flux can be 
obtained theoretically by separating the original boundary value problem into a partial differential 
equation, which can be solved by Frobenius method. The theoretical results of heat-transfer designs 
enable an engineer to select the appropriate materials and to carefully consider both technical and 
economic feasibility. The qualitative and quantitative graphs are presented to examine the optimal 
heat-transfer efficient among various external-recycle types. In this study, the concept of designing the 
concentric circular double-pass heat exchangers with external recycle is the non-Newtonian fluid to be 
heated twice in both subchannels before exiting the device. This demonstrates the substantial 
improvement in the proposed recycling double-pass devices and its heat-transfer efficiency. 

It is of critical importance for engineers to evaluate wall temperature distributions beforehand 
in designing a heat exchanger for cost considerations and practical applicability. The theoretical 
predictions are demonstrated in Figures 5−7 for various 𝜅 values. A larger Graetz number (higher 
volumetric flow rate) is followed by a shorter residence time of power-law fluids in conduit, which 
results in the decrease in dimensionless wall temperature and the flatter profiles in all external-
recycle configurations. Moreover, the convective heat-transfer coefficient increases with the 𝜅 
value, and thus, wall temperature oscillations decrease due to a higher average velocity in the annular 
channel compared to the counterpart in the single-pass operation. The results illustrate the influence 
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of 𝜅 value (impermeable-sheet position) for four flow patterns with external recycle and the 
dimensionless wall temperature distributions decreasing with 𝜅 (relative narrower lumen channel), 
as shown in Figures 5−7. The temperature of dimensionless wall is lower at the downstream on the 
outer wall, where the dimensionless wall temperature could reach an extremely low value, particularly 
for significantly high volumetric flow rate, say 𝐺𝑧 = 100. On the contrary, the dimensionless wall 
temperature of the flow pattern D is the highest one and the magnitude stays at the downstream on the 
outer wall. The dimensionless wall temperature profiles are monotonically decreasing along the heat-
exchanger device toward the end downstream with the same trend for all four external-recycle 
configurations as well as the single-pass device regardless of the 𝐺𝑧 values. 

 

Figure 5. Dimensionless wall temperature distribution with and as parameters with 𝜅 = 0.3. 

 

Figure 6. Dimensionless wall temperature distribution with and as parameters with 𝜅 = 0.5. 



8658 

Mathematical Biosciences and Engineering  Volume 19, Issue 9, 8648−8670. 

 

Figure 7. Dimensionless wall temperature distribution with and as parameters with 𝜅 = 0.7. 

The theoretical predictions of the average Nusselt number and dimensionless outlet temperature 
developed by this study are listed in Table 2. Similar to the distribution of dimensionless wall 
temperature, the simulated average Nusselt numbers of four external-recycle types were presented in 
Figures 8−10 with 𝜅 = 0.3, 𝜅 = 0.5, and 𝜅 = 0.7, respectively. Four flow types of the double-pass 
concentric circular heat exchanger show the Nu number is larger than that in the single-pass device 
with respect to the heat-transfer efficiency. The device performance also improves with increasing 𝐺𝑧 
and 𝜅. 

Table 2. Theoretical predictions of the average Nusselt numbers and outlet temperature for all types. 

Flow type Average Nusselt numbers Outlet temperature

A 
𝑁𝑢஺ = 𝐺𝑧 න 𝑁𝑢(𝜉)ଵ/ீ௭

଴ 𝑑𝜉= 𝐺𝑧 න 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑௕(1, 𝜉)ଵ/ீ௭
଴ 𝑑𝜉 

𝜑ி = − 1(𝑀 + 1)𝑉 න 𝑣௕2𝜋𝑅ଶ𝜂𝜑௕(𝜂, 0)𝑑𝜂ଵ
఑  

B 
𝑁𝑢஺ = 𝐺𝑧 න 𝑁𝑢(𝜉)ଵ/ீ௭

଴ 𝑑𝜉= 𝐺𝑧 න 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑௕(1, 𝜉)ଵ/ீ௭
଴ 𝑑𝜉 

𝜑ி = −1𝑉 න 𝑣௕2𝜋𝑅ଶ𝜂𝜑௕(𝜂, 0)𝑑𝜂ଵ
఑  

C 
𝑁𝑢஺ = 𝐺𝑧 න 𝑁𝑢(𝜉)ଵ/ீ௭

଴ 𝑑𝜉= 𝐺𝑧 න 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑௕(1, 𝜉)ଵ/ீ௭
଴ 𝑑𝜉 

𝜑ி = −1𝑉(𝑀 + 1) න 𝑣௕2𝜋𝑅ଶ𝜂𝜑௕(𝜂, 0)𝑑𝜂ଵ
఑  

D 
𝑁𝑢஺ = 𝐺𝑧 න 𝑁𝑢(𝜉)ଵ/ீ௭

଴ 𝑑𝜉= 𝐺𝑧 න 2ሾ1 + 𝑠𝑖𝑛( 𝐵𝜉)ሿ𝜑௕(1, 𝜉)ଵ/ீ௭
଴ 𝑑𝜉 

𝜑ி = 1𝑉(𝑀 + 1) න 𝑣௔2𝜋𝑅ଶ𝜂𝜑௔ ൬𝜂, 1𝐺𝑧൰ 𝑑𝜂఑
଴  
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Figure 8. Average Nusselt numbers for four flow patterns and single-pass device with 𝜅 = 0.3. 

 

Figure 9. Average Nusselt numbers for four flow patterns and single-pass device with 𝜅 = 0.5. 
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Figure 10. Average Nusselt numbers for four flow patterns and single-pass device with 𝜅 = 0.7. 

The comparison of theoretical predictions of Nusselt number Nu was conducted for the double-
pass heat exchanger with external-recycle operations, as shown by Figures 8−10 to investigate the 
effect of the channel thickness ratio on heat-transfer efficiency. It is found that the Nusselt number Nu 
of the present double-pass heat exchanger is sensitive to the values of parameter 𝜅. It indicates that 
recycling double-pass devices with a lumen channel of less thickness could achieve a higher heat-
transfer efficiency. In general, the heat-transfer efficiency augmented by employing the double-pass 
device with external recycle of Type B is better than those in other external-recycle types. It can also 
be observed from Figures 8−10 that the order of the Nusselt numbers Nu under the setting of double-
pass heat exchanger with external-recycle operation goes as the following: Type B > Type A > Type 
C > Type D. The external-recycle fluid remixing enters into the lumen channel of Type B with a larger 
amount of the volumetric flow rate of recycle V and exiting outlet temperature TF. The function of 
design proves to be more beneficial compared to those of other external-recycle types. 

As expected, the increase in volumetric flow rate due to the external recycle could result in greater 
improvement in heat-transfer efficiency. Meanwhile, employing recycling double-pass configuration 
for heating power-law fluids (say Type B in the present study) contributes to smaller volumetric flow 
rate (say V) in annular channel as well as exiting outlet temperature, and thus the heat-transfer 
efficiency improvement is achieved. Overall, incorporating the external recycle into concentric circular 
heat exchangers instead of using the circular single-pass device shows a favorable potential to enhance 
the heat-transfer efficiency in designing the heat exchanger module. A higher 𝜅 value indicated that 
the impermeable sheet was closer to outer wall, the power-law fluid flowed faster in the region adjacent 
to the wall as compared to the power-law fluid flowing in smaller 𝜅 values. Therefore, the power-law 
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fluids with a larger convective heat-transfer coefficient may transport heat more efficiently from the 
outer wall under the sinusoidal wall flux, generating a higher Nusselt number, especially for the higher 𝐺𝑧 region. 

Furthermore, the Fanning friction factor of the recycling double-pass heat exchanger would 
increase due to inserting an impermeable sheet into a circular single-pass device to conduct double-
pass operations. The degree of power consumptions for the single-pass and double-pass operations that 
only incurs the friction losses to walls is not negligible. It could be obtained by using generalized 
Bernoulli equation [52] with Fanning friction factor 𝑓ி [53]: 

ℓ𝑤௙,௜ = 2𝑓ி,௜𝑣̄௜ଶ𝐿𝐷𝑒௜ , 𝑖 = 𝑎, 𝑏 (21)

 𝑃double = 𝑉𝜌ℓ𝑤௙,௔ + 𝑉𝜌ℓ𝑤௙,௕, 𝑃single = 𝑉𝜌ℓ𝑤௙,଴    (22)

The relative extents PI of power consumption increment calculates the percentage increment in 
the double-pass operation, based on the single-pass device as 𝐼௉ = ௉doubleି௉single௉single × 100%    (23)

Operations of recycling concentric circular double-pass heat exchangers include considering 
heat-transfer efficiency with the average Nusselt number (Eqs 18−20) and the Fanning friction factor 
(Eqs 21−23), where both heat-transfer efficiency improvement and power consumption increment 
for all four types of flow behaviors have been calculated. The economic benefit was evaluated by 
considering the ratio of both heat-transfer improvement enhancement 𝐼ℎ  and power consumption 
increment 𝐼௣, say 𝐼ℎ/𝐼௣, which was plotted against Graetz number 𝐺𝑧 in Figures 11−13. The power-
law fluid was heated twice in operating the double-pass heat exchanger but only once under a single-
pass operation. This was because the power-law fluid in the inner channel was heated by the power-
law fluid in the annular channel through the impermeable sheet. The heat-transfer efficiency 
enhancement 𝐼ℎ was calculated with a higher value (𝐼ℎ > 0) for the double-pass device, excluding 
lower 𝐺𝑧 values (𝐼ℎ < 0), where the residence time in the single-pass operating was sufficiently longer 
than that in operating double-pass configurations. Thus, the ratio of 𝐼ℎ/𝐼௣ in Figures 11−13 indicates 
that the single-pass device is preferred to using double-pass devices. 

The energy gain at the expense of the increasing friction loss due to external recycling must be 
taken into consideration while the power consumption increases due to pumping the non-Newtonian 
fluid circulation through the two divided subchannels. Thus, a suitable selection was determined by 
the operating parameters for the recycling double-pass heat exchanger in practical and advantageous 
applications. The results indicated the convective heat-transfer coefficient enhancement from the 
recycling concentric circular double-pass heat exchanger could compensate for the power consumption 
increment under the consideration of the economic feasibility. By comparing the ratio of 𝐼ℎ/𝐼௣ to 
those of recycling double-pass devices with 𝜅 and 𝐺𝑧 value as parameters, the effects of the external 
recycle and channel thickness ratio enhance the heat-transfer efficiency in this study, represented by 
Figures 11−13 for various Graetz number 𝐺𝑧 . The ratio of 𝐼ℎ/𝐼௣  rapidly increases with 𝐺𝑧  and 
quickly flattens out at a higher 𝐺𝑧 number. The power consumption increment of all external-recycle 
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configurations is not much different from each other except for Type A due to equal volumetric flow 
rate (M + 1)V in both channels. The trend of power consumption increment for Type A shows no big 
discrepancy among various 𝜅  values, while the profile of Type B and Type C reveals significant 
variation with the 𝜅 value except for Type D (say 𝜅 = 0.7) due to the smaller 𝐼௣ at a higher 𝜅 value. 
It implies that Type D is better than those of various external-recycle configurations (say Types A, B 
and C) in improving the heat-transfer efficiency at a higher κ value, as shown in Figure 13. 

 

Figure 11. The ratio of 𝐼ℎ/𝐼௣ vs. Graetz number 𝐺𝑧. 
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Figure 12. The ratio of 𝐼ℎ/𝐼௣ vs. Graetz number 𝐺𝑧. 

 

Figure 13. The ratio of 𝐼ℎ/𝐼௣ vs. Graetz number 𝐺𝑧. 
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4. Conclusions 

A mathematical formulation for a concentric circular double-pass heat exchanger of power-law 
fluids with sinusoidal wall flux has been developed under the conjugated Graetz problems. The 
analytical solution is obtained using a general solution to transform the boundary value problem into 
a partial differential equation, which can be solved by Frobenius method. Theoretical studies on 
designing heat-transfer devices of four proposed recycling double-pass configurations are introduced 
to increase heat-transfer efficiency along with the consideration of the hydraulic dissipated energy 
increment. Those recycling designs with various thickness ratios and recycle ratios of the channel 
were operated to enlarge the convective heat-transfer coefficient, which would enhance heat-transfer 
efficiency compared to the performance under circular single-pass device, as shown in Figures 8−10. 
By comparing with the circular single-pass device, the present study validates the thermal 
performance of the various external-recycle configurations of concentric circular double-pass heat 
exchangers as proposed. These four external-recycle types result in a better device performance due 
to the augmented convective heat-transfer coefficient and enlarged heat-transfer area coupled with a 
relatively smaller power consumption increment. Also, the three graphical illustrations, on the ratio 
of 𝐼ℎ/𝐼௣ vs. Graetz number 𝐺𝑧, showcase economic potential of the operation where there is rise 
in the ratio of the heat-transfer efficiency improvement over power consumption increment, as 
indicated in Figures 11−13. 

In this theoretical study, recycling concentric circular double-pass heat exchangers were 
examined across four configurations with external recycle under various operational conditions. The 
conclusive findings are summarized as follow: 
1) A simplified mathematical formulation was obtained for double-pass concentric circular heat 
exchangers to analyze heat transfer problems with sinusoidal wall fluxes at boundaries. 
2) The improvement in heat-transfer efficiency of concentric circular double-pass heat exchangers 
increases with M, 𝐺𝑧 and 𝜅. 
3) The external-recycle configuration (say Type B in the present study) serves as an important 
economic advantage in designing concentric circular heat exchangers for the heating of power-law 
fluids associated with the smaller volumetric flow rate in annular channel with exit outlet temperature. 
4) The dimensionless wall temperature distributions decrease as 𝜅  increases (relative narrower 
lumen channel). 
5) Under economic consideration, Type D is better than those of various external-recycle 
configurations (say Types A, B and C) in improving the heat-transfer efficiency at higher 𝜅 values, 
while the single-pass device is preferred to the double-pass devices at lower 𝐺𝑧 values. 
6) The economic feasibility in designing recycling double-pass devices is demonstrated by the 
optimal operating condition at higher 𝜅 value that reasonably compensates for a relative lower power 
consumption increment. 
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Appendix 

Nomenclature 

De [m] hydraulic diameter 𝑓ி  [-] Fanning friction factor gc [-] gravity factor 𝐺  [-] constant 𝐺𝑧  [-] Graetz number 𝐻  [-] constant ℎ  [kW/mK] heat transfer coefficient 
Continued on next page
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Nomenclature 𝐼௛  [-] heat-transfer improvement enhancement 𝐼௣  [-] power consumption increment 𝑘  [kW/mK] thermal conductivity of the fluid 𝐿  [m] conduit length ℓ𝑤௙  [kJ/kg] friction loss in conduit 𝑁𝑢  [-] the average Nusselt number P [(Nm)/s] power consumption 𝑞″  [kW] wall heat flux r [m] radius coordinate  R [m] outer tube radius 

R1 [m] inter tube radius T  [K] temperature of fluid in conduit 𝑉  [m3/s] inlet volumetric flow rate 𝑣  [m/s] velocity distribution of fluid 

z [m] longitudinal coordinate α [m2/s] thermal diffusivity of fluid 

β [1/m] constant  𝛾ሶ   [1/s] shear rate δ [m] impermeable sheet thickness 

θ  [-] coefficients 𝜂  [-] dimensionless radius coordinate, = r/R 

κ [-] channel thickness ratio 𝜆  [-] constant 𝜉  [-] dimensionless longitudinal coordinate = z/LGz 𝜌  [kg/m3] density of the fluid 𝜏  [Pa] shear stress 𝜑  [-] dimensionless temperature ( ) RqTTk i 0/ ′′−  𝜔  [-] power-law index 𝜓  [-] complex functions of dimensionless temperature  
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Subscripts 

0 [-] = at the inlet or for the single-pass device 

a [-] = the inner flow channel 

b [-] = the outer flow channel 

F [-] = at the outlet of a double-pass device 

i [-] = at the inlet of a double-pass device 

L [-] = at the end of the channel 

w [-] = at the wall surface 
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