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Abstract: This paper examines a diffusive toxic-producing plankton system with delay. We first show
the global attractivity of the positive equilibrium of the system without time-delay. We further consider
the effect of delay on asymptotic behavior of the positive equilibrium: when the system undergoes Hopf
bifurcation at some points of delay by the normal form and center manifold theory for partial functional
differential equations. Global existence of periodic solutions is established by applying the global Hopf
bifurcation theory.
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1. Introduction

In aquatic systems such as rivers, lakes and oceans, harmful algal blooms (HABs) have attracted
considerable scientific attention in recent years. The effect of toxin-producing phytoplankton (TPP) on
zooplankton is one reason for such attention. Researchers have made great progress in mathematical
modeling in this field [1-6]. To fully understand the mechanism of planktonic blooms and to formu-
late reasonable control measures, Chattopadhyay et al. [3] build a ODE phytoplankton-zooplankton
model with toxin effect, using data gathered from the coastal region of West Bengal and part of Orissa,
India. These researchers investigated plankton models with different predational response functions
and toxin liberation processes to obtain rich dynamics. They also considered the diffusivity of plank-
ton influenced by ocean currents and tides, and the time delay effect of the phytoplankton toxin on
zooplankton. Wang et al. [7] consider a ODE plankton system with Holling II response function and
linear toxin processes. These authors concluded that the system undergoes Hopf bifurcation at posi-
tive equilibrium and Hopf-transcritical bifurcation when the parameters satisfy a particular condition.
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In spatial plankton models, for example, Chaudhuri et al. [4] consider that the system includes both
non-toxic and toxic phytoplankton and the system shows toxic phytoplankton-induced spatiotemporal
patterns when one phytoplankton releases toxin. Further, to describe the reduction of zooplankton
due to toxin-producing phytoplankton, plankton systems with discrete delay are presented in Refer-
ences [2, 8] to show the effect of delay. There is o large body of literatures describing the dynamics of
aquatic models [6,9-11].

In fact, the problem we analyze is based on Chen et al. [1], which considers a model as follows:

du(®) B B av(t)u(r)
(1 — u(®)u(r) T+ )

dr
— Bu()v(t) — rv(t), t> 0.

t> 0,

dv(t)  Bultv(n) (a.D

dt 1+ cu(
They conclude that the plankton model (1.1) occurs as a bistable phenomenon.

In real-world conditions, plankton affected by tides and turbulence may move and diffuse across
lakes and seas. Thus, such diffusion should be considered in studying the dynamics of plankton models.
Meanwhile, the effect of phytoplankton toxin on zooplankton is in the form of a time-delay. We
assume that no plankton species enter or leave at the boundaries of their environments. Based on these
considerations, we present the plankton model as follows:

a”f;’ D _ AuCe, 1) + (1 = uCe, ), ) — %
ov(x, 1) Bv(x, Hu(x, t) ’ (1.2)
Frane Av(x,t) + TM(XJ) —Ou(x,t —T)v(x,t) — rv(x, 1),

fort > 0,x € Q = [0, In]. u represents the TPP population, and v represents the zooplankton popula-
tion. Here, parameters S, r, @ and ¢ are positive. S denotes the conversion ratio,  denotes the mortality
rate of zooplankton due to natural death and higher predation, 6 denotes the rate of toxin liberation by
TPP population, and ¢ denotes the half-saturation constant, here, we consider the case ¢ > 1. d, and d,
represent the diffusion coefficients of phytoplankton and zooplankton, respectively.

Here, the initial conditions of system (1.2) are considered as

up(x) = 1(x, ) 20, vo(x) = pa(x,%) 20, xe€Q, ¥e€[-10] (1.3)

where ¢ = (¢, ¢,) is uniformly continuous, and the homogeneous Neumann boundary conditions are

imposed as
@:@:O, t>0, x€0Q, (1.4)
ov  ov
0 o
where o denotes the outward normal derivative on 9.

This paper proceeds as follows. Section 2 gives the uniform boundedness of solutions. Section 3, by
constructing the upper and lower solutions, establishes the global attractivity of positive equilibrium of
the system without time-delay. Further, taking time delay as a branch parameter, we give the sufficient
condition for which the system undergoes Hopf bifurcation at the interior equilibrium. In Section 4,
under the assumption condition, we analyze the existence of Hopf bifurcation. Section 5 considers the
global existence of these bifurcating periodic solutions. Finally, in Section 6 presents several numerical
simulations.
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2. Basic properties of solutions

This section shows the boundedness of the solutions of system (1.2).

Lemma 2.1. Under the initial boundary conditions (1.3)—(1.4), all nontrivial solutions of system (1.2)
are positive and uniformly bounded.

Proof. For v(x, 1) note that,on 0 < ¢ < 7, v(x,t — T) = @,(x, t — 7) and u(x, f) is bounded on x € Q. For
further proof, we consider the following auxiliary system

Pum
1+cu
m, =0, xe€edQ, t>0,

m(x,0) = ¢2(x,0), x € Q.

m, = Am + —-OMm-rm, xeQ, t>0,

where M| = max g (-0 U(X, 7). By comparison principle, we know v(x,?) > m(x,t) > 0 for x €
Q, t > 0. To proceed in this way, for x € Q,t € [7,27], we have v(x,f) > m(x,t) > 0. Then, by
mathematical induction, we obtain the positivity of v(x,?) in x € Q, ¢ > 0. Similarly, we can prove the
positivity of u(x,t).

Let

u(-xl’ tl) = max u(xa t)a ﬁu(XZa t2) + v(x29 t2) = max M(X, t)
x€Q,t>0 x€Q,1>0

Then, in view of the Hopf boundary lemma and the boundary condition, it follows that

,t ,1
uCxr. 1)(1 = u(xp.1y)) — ”(lxjr Ci(v;xlt )1) >0 forx € Q.
15 L1

This implies

u(xy, 1) < 1.
By adding the two equations in system (1.2) with the form Su + v, it follows that
0, — NPBu+v) =Bu(l —u)—rv—0uy

= Bu(l —u) + rBu — r(Bu +v) — Ou,v
< Bu(l —u) + rBu — r(Bu +v).

By the maximum principle in Reference [12], this implies that

B+ 4rB
Pu+v< PR

This completes the proof. O
Clearly, system (1.2) has two boundary equilibria, Ey = (0,0) and E; = (1,0).
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3. Stability of the positive equilibrium
Let us now analyze the stability of plankton system (1.2) at the interior equilibrium. By refer-

ring to [1, Lemma 2.3], we know system (1.2) has a unique positive equilibrium E*(u_,v_) when the
parameters satisfy the following condition

H1) c¢>1, \/§> I, and 8 > (c + 1)(r + 6).

When 7 = 0, system (1.2) becomes

aug, D - Aute 1)+ (1 = ulx, ), 1) — %
ov(x, 1) Bv(x, Hu(x, t) ’ (3.1)
Frant Av(x, 1) + m — Bu(x, tH)yv(x, 1) — rv(x, t).

Applying the upper and lower solutions method, we show that the interior equilibrium E*(u_,v_)
for system (3.1) is globally attractive under assumption (H1). We denote E*(u_,v_) = (6, vs), where

B—(cr+0)— \/(cr+9—,8)2—4cr9
2ch ’
vs=(1=-0)1+cd) (O<d<l1).

5=

In this section, note that (u;,v;) > (up, vo) means u; > u, and v; > v,.

Theorem 3.1. Under assumption (HI), the interior equilibrium E* for the plankton system (3.1) is
globally attractive.

Proof. Firstly, we can know from system (3.1)

ou vu
E—Au—(l—u)u— 1+ cu

by the convergence of the logistic equation, the comparison principle of parabolic equation and Lemma
2.1, then for a sufficiently small positive number &, there must be a #; > 0 such that, for ¢ > ¢,

B(l+4r) ¢

4r 2

Moreover, for any initial value (g, vy) > (0, 0), there exists a t, > t; such that, for t > 1,, (u,v) >
(%, %) > (0,0). Then the solutions (u, v) of system (3.1) satisty

(g,f) <@w<(1 L8 pA+An -5

<u(l —u),

u<l+§ and v <

2 2" Ar 2/
Denote (¢1,&) = (1 + £, 242 — £y and (¢4, &) = (£, £), then (0,0) < (¢1, &) < (¢1,8) and
¢ié ¢)¢
al-a)- 2 oo FAl b ge <o,
1+ ccy 1+ ccy
¢1¢ ¢
a—ey- 92 5o FAl b e >0,
1+ céy 1+ ccy
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and it is evident that there exists a K > 0 such that

uvy Uzvs
11 = 1) = T2 = (a1 = 1) = )| < Kty = ] + vy = v,
Buiv Buzv,
—rvy — Buvy — ( —rvy — QMQVZ)‘ < K(lug — us| + [vi = val).
1+ cuy 1+ cu,

In applying the upper and lower method in References [13,14], we define the two sequences (¢, &5
and (&7, ¢%') as follows:

~m—1 am—1
Em_z,ml 1 (1_~m1~ml cl C2 )
1 — *1 ’
1+ cep!
1 Am 1~ml
ar=a - rey™ - gere ),
1+cc’”1

Am—1 o 1

xl
e

RS Rl . )
(5

~m lAm 1

& E 1+c””1
1

NG 1

Am 1 ~m lAm 1
2 K 9 )’

1+c~’"1_r2

where (51, ) = (C1,C2), (Cl,Cz) = (&1, C).
Therefore, it follows that

A A A A 1 A 1 ~ 1 ~ 1 ~ ~
(&1,&) <@Ly <@, ey ) <@, e ) <@,y <(¢,¢)

then there exist (¢y, ¢;) > (0,0) and (¢4, ¢;) > (0, 0) satisfying

lim & =&, lim & = &,
m—-oo m—-0oo
lim ¢ = ¢y, lim &5 =&,
m—oco m—oo
and
_ _ C162 BEicy _ .
a(l-c¢p) - — =0, — — 1t — 0816, = 0,
1+ ccy 1+ cé
1€ Bc1ér

- —réz—efléz =0.

51— 20) — -0,
i ) 1+ccy 1+ ccy

Since (6, vs) 1s the unique equilibrium of system (3.1), we observe (¢y, ¢,) = (¢1, ¢2). Thus, by employ-
ing in Reference [14, Theorem 2.2], the solutions (u, v) of system (3.1) converge uniformly to E* as
t — oo, O

Further, for the dynamics of system (1.2), we fix the parameters d;, d», r, 6 and ¢, and pick delay 7
as the bifurcation parameter.

Firstly, in the phase space C = C([—7, 0], X), we linearize system (1.2) to analyze the stability of the
positive equilibrium (6, v5), and have

Z(t) = DAZ(t) + L(Z)), (3.2)
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where D = (dl 0) and define L : C — X as
0 d
_ ¢1(0) 1(-1)
Hed =L (602(0)) tLo (902(—T))’

and the corresponding L; and L, are

_(1=-26-B, -A (0 0
L1—( BB, O) and Lz_(—@v(; O)’

where A;(0) = ﬁ and B;(0) = 11+_i5' Then by a simple derivation, the characteristic equation of the

system (1.2) at (u_,v_) is

A2 AT, + D, - 05(1-6)=0, n=0,1,2,---, (3.3)
where I s dong
T, = 1—25—31—%,
3.4)
didon*  don? (
D, = ‘lj - ;—2(1 — 26— B)) + BA,B,.
When 7 = 0, Eq (3.3) becomes
A —AT,+D,-05(1-6)=0, n=0,1,2,---, (3.5)

and then Eq (3.5) has two roots given by

T,+ \T?-4(D,—-65(1 -6
/l;: \/n (2 ( )), n:O,l,z’---_

Here, we establish the definition:
(H2) 1-26- B, <0.
Therefore, if (H1) holds, then SA; B, — 66(1 — ) > 0, and adding the condition (H2), and we obtain
that D,, — 86(1 — ) > 0. Thus, we obtain the following results.

Lemma 3.2. Under the assumptions (HI) and (H2), the positive equilibrium E* of system (1.2) is
locally asymptotically stable when T = 0.

Remark 3.3. When the parameters of system (1.2) satisfy the condition (HI) and (H2), A = 0 is not
the characteristic root of Eq (3.5).

In the following, with the help from Ruan and Wei [15], we analyze the existence of purely imagi-
nary eigenvalues 4 = +iw(w > 0) to study the stability of the positive equilibrium E*. Plugging 4 = iw
into Eq (3.3), we obtain

—w* = Tiw+ D, —e“05(1-6)=0, n=0,1,2,---,
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then it follows from separating the real and imaginary parts that
w* + (T} -2D,)w* + D> - 6*6°(1-6)* =0, n=0,1,2,---, (3.6)
we rewrite the above Eq (3.6) by z = w?, and get
Z+(T?-2D,)z+ D> - 6°5°(1-6*=0, n=0,1,2,---, (3.7)

and Eq (3.7) has a pair of roots given by

+

Zn

2D, =T, = \JT} = 4T2D, + 46*62(1 - 6)?
= 5 )
When assumptions (H1) and (H2) hold, we find that

D2 —6°8*(1-6)*>0, n=0,1,2,--- .

Define
N := {ng € No|Eq(3.7) has two positive roots with n = ng}.

By the above calculation, we have

1

+
T . = —( — arccos
}’l,k (,U+

(w;)z - Dn
oD Ak Dr), neMkeN. (3.8)
Lemma 3.4. When the parameters of system (1.2) satisfy conditions (HI) and (H2), the following
conclusions hold.

(i) If2D, — T? < 0 for all n € Ny, then all the roots of Eq (3.3) have negative real parts.

(ii) If2D, — T? > 0 and T} — AT?D, + 46°6°(1 — 6)* > O, then the (n + 1)th of Eq (3.3) has a pair
of simple pure imaginary roots iw, (xiw,) att =7, (t=1,,), n € N,k € N,.

n

Lemma 3.5. When the parameters of system (1.2) satisfy conditions (H1) and (H2), if
T2 -2D, <0 and T} —4T>D, + 46°6*(1 - 6)* > 0,

then
Red(t5) >0, Red(t,,) <0 for neN,keN,.

Proof. Taking the differential of both sides of Eq (3.3) with respect to 7, we obtain
(d/l)—l T, =22 —766(1 - 5)e

dr 65(1 — §)devr
then we simply calculate to obtain
Re(?)_l - Re((T" - 2iw;)(cos Wi T + isi‘n ci)jT) —166(1 — 6))
T/ =tz 06(1 — 0)iwz
Ty - 2(D, = (W;))
T (1 -o)p
+ /T4 —4T2D, + 46°5*(1 — 6)2
- 6262(1 — 6)? '
Completing the proof. O
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Thus, it is straightforward that
Trog < T, for alln e N,

and we know that ¥ = 7, is the smallest point changing the stability of the linearized system (1.2)
when the other parameters are fixed.

Theorem 3.6. Assume that (HI) and (H2) hold.

(i) If2D, — T? < O for all n € Ny, then the positive equilibrium E* of system (1.2) is locally
asymptotically stable.

(ii) If 2D, — T?> > 0 and T* — 4T?D,, + 46°6*(1 — 6)*> < 0, then the system (1.2) undergoes a Hopf
bifurcation at E* for T = T;’k (t = T;’k), n e N, keNy. Further,

ReX'(1},) >0, Red(r,) <0 for neN keN,.
4. Analysis of local Hopf bifurcation

In this section, by employing the bifurcation theory in References [16, 17], we analyze the property
of local Hopf bifurcation near the interior equilibrium E*. For fixed k € Ny and n € N, we denote
T =1, Setting 7 = 7 + y, then 4 = 0 is the Hopf bifurcation value of system (1.2). We rescale the
time by ¢ — £ to normalize the delay. Meanwhile, let

z21(x,0) = u(x,tt) — 0, zo(x,t) = v(x,Tt) — V5.

System (1.2) becomes

0

P = #(Az+(1-26 - Bz — Az + fil@)n (@2)),

éaztz “4.1)
55 = H02+BBiz1 — iz + fo((@) 2)0).

furthermore, for simply research, system (4.1) is again transformed abstractly into

% =TAZ(t) + TL(Z;) + G(Z,, /J)’ 42)

where

(1 =26 - B)g1(0) - Arga(0)
L) = ( BB1¢1(0) - Bvsgr(=1) )’
Go.p) = HAZ(E) + 1ELZ) + (5 + p)Fol),
Fo(p)

_ (f1(801, 902))
Saler, ¢2)

~ ((solm) +6) = (¢1(0) + §)? — LEEIEO) _ (] — 25 — By )y (0) + A12(0)

4.3)

1+c(p1(0)+0)

Rl e — rvs — 0(1(=1) + 6)(2(0) + vs) = BB191(0) + Ovsepr(=1)

for Y= (9019 QDZ)T € C([_l’ 0]’ X)

Mathematical Biosciences and Engineering Volume 19, Issue 7, 6712-6730.
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We know that +iw;, 7 are two pairs of simple, purely imaginary eigenvalues corresponding to the
following linear system at (0,0)

dZ(t
dz@) = TDAZ(t) + TL(Z,), (4.4)
and the linear functional differential equation
dZ(z
% = TL(Z,). 4.5)

By Riesz representation theorem, there exists a 2 X 2 matrix (¢, 7) (¢ € [—1, 0]), we know that the
elements of n(#, 7) are of bounded variation functions such that

0
(T +wL(p) = f 1 dn(9, we@) for ¢ € C([-1,01,R?), (4.6)

and we have
dn(d, u) = (& + wWLid() + (T + wWlp(P + 1),
where L; and L, are defined in the previous section.
Here, for the sake of derivation, we give the following notation:

cos(nx/l)

__cos(nx/l) ~ . :
 lcos(nx/D)l2’ & ={a,(1,0)",a,(0,1)"}

n

and
T
on = (. &) = (@1, @), (02, an))

for ¢ = (¢1,¢1)" € C.
Define a bilinear form

W, ) = Z(l//ia‘;oj)j;zaiajdx’

i,j=0
where . N
Y= gua,€C =CA011LX), ¢ =) ¢a,€C,

n=0 n=0
and

v, = C([0, 11, RY"), ¢, = C([-1,0],R?).
Since

fa,-ajdx =0 fori# j,
Q

then

W) = D W gl
n=0

with the bilinear form

0

W
W, @) = U, (0),(0) — f G (& — 9)dn,.(0, 9, (£)dE.

-1 J¢g=0

Mathematical Biosciences and Engineering Volume 19, Issue 7, 6712-6730.
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For () € C'([-1, 0],R?), denote
de()

, 9 € [~1,0),
AO) @) =1 9
f dn(@, 0)e(}), ¢ =0,
-1
for , define A* as
_ ) s€(0,1],
ds
AY(s) =1 = 0
> f it (0, Hr(—H)ay, s = 0.
n=0 -1

Here, .
q'(s) = ﬁ(q’f, De“n™(s € [0,1]) and (@) = (1,¢1)"e“n™ @ € [-1,0])

are the eigenvectors of A* and A(0) corresponding to the eigenvalue —iw; 7 and iw, 7, respectively,
where

| Bliwy, — 1+ 26+ gt +di'y)
r+ 600

. Blw), +dk)

=T s

M =G+ q) — Ovstqe .

q1

b

b

In view of {+iw; 7}, the center subspace of linear system (4.4) is given as
P = {zqb,, + zqb,,|z € C},

and C = P @ Q, where Q is the stable subspace.
In the following, when we let u = 0 in Eq (4.2), there exists a center manifold

2 =
Z Z
W, 9) = W(z,z,9) = Wzo(ﬂ)z + Whzz + Woz(ﬁ)z +---, 4.7)

from the theory of [16, 17], system (4.4) can be rewritten as
Z, = zq()an, +2q()an, + W(t,-),

then it follows that
2 = iwpz + 37T (0XG(0, Z), &), (4.8)

with (G, &,) = ((G1, a,),{G,a,))*. We can also write Eq (4.9) as

z = iw,z + g(z,2), 4.9)
with
( ‘) - Z_Z + 7+ i + ﬁ + ...
8,2 —8202 81132 8022 821 5 .

Mathematical Biosciences and Engineering Volume 19, Issue 7, 6712—-6730.
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According to the Taylor formula,

G(p,0)
=% G
=%
f_( 6120901(0) + ap191(0)p2(0)
b20¢1(0) + b11¢1(0)2(0) + b, 01(—=1)2(0) + b3og3 (0) + b1 (0)¢2(0) + O(4)
where
Vs 1 2cvs
=—(1 _ = b= ——
an = ~(1+ a +c5)2)’ T e T Tdteoy
B , 2c%vs 2¢
byy=—" b =0, by=——o -
T T +eo M VT T A e TP T (1 + c)

By simple calculation, we have

820 = ﬁ[ (a2 + aniqr) + (brigy + by e 2 ’q, + bzo)],
2
802 = ﬁ[ (az + angy) + (b gy + by, g, +b20)]
1 ’ iw;, iwp, T
gu = :[ (2azg + a11(q1 + 1)) + (b11(G1 + q1) + bl (€707 gy + e“’qy) + szo)],
M
1 In
g = ﬁ[ (azo f QW) + Why)dx
1 I W2 Wl
rang | (% 220 + Wiigi + Wi))dx)
1 I W2 Wl
+ 11;{ (%+%+W%1Q1+W%l)d)€
) 1 ln o ) AwZ Wl (—T)
+ bnE (e W T2, 4 gt 220 + 202 g1+ Wlll(—T)%)dx

lﬂ

1 g .
+ bzoE : (Wl +2W7, )dx + b~ fo (3 +3W7, )dx + ba g1 + @1)).

In the following, we further compute Wy,(:#) and W,y(¥}) to obtain g,;. Here,

W = Z, - zqa,, — 7gan,

_ (4.10)
=AW + H(z,z,9),
where
7 72
H(z,z,9) = Hzo(ﬂ)z + Hyj (3)zz + Hoz(ﬁ)z +
Therefore, we have
Qiwy,TI — Ag)Wao = Hyg, —AoWi1 = Hyy, (21w, T — Ag) W2 = Hpp. 4.11)

Mathematical Biosciences and Engineering Volume 19, Issue 7, 6712-6730.
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and from Eq (4.11), obtain

. A

1wy, T

20 (1) i 2 g2 (1) i 2 o 3
WZO('&) - _ 8 ( elw,,oﬂ?ano _ 8 ( )C 1w,,0n?an0 + Elebwnorﬁ’

qi 3w, T \q1

and

. A

1wy, T

q

I\ i g 1 T
Wl ! (ﬂ) — gl] q ) elwnOTﬁano _ gll ( ) e—lwnOTﬂano + Ez.
1 1

1wp, T

For Eq (4.13), when 9 = 0, we have
(leno‘f'l — A())El = _FZZ’ — A()E2 = _in
where E| = 3" E'b, and E; = }" E''b,. Further, we obtain

QQiw,, T — Ao)E'1b, = —(F ., &y)an,
- AOEgbn = _<FzZ» é:n)ana n=0,1,---,

where

1
—Fz(), no * O,I’l = 0,
Vix

1

<Fzza 'fn) = m

1
——=F2, nop=0,n=0,

Vin

0, other,

Fyy, ng #0,n = 2ny,

1
_Fll’ no * O,n = 0,

Vi
1
<FzZ’ 'fn) = m

1
—Fu, ng=0,n=0,

Vin

0, other.

F11, no * O,n = 2n0,

We then compute E} and E7 given by
E} = EY, - EY,, E;=E; -Ey,
where

g _ (2ot —(1-26-B)) A, -
W7\ —BB; + vse™@nt  2iw, |

EN = ax + angi
27 \bng + bile_zm"oT% +by)’

(4.12)

(4.13)

(4.14)

Mathematical Biosciences and Engineering Volume 19, Issue 7, 6712-6730.



6724

and
o [~(1-26-B)) A\
Ey = _ )
ﬁB] + Ovs 0

o= ( 2az0 +an(gi +q1) )
22 b11(511 + 6]1) + b/”(e_lw”Oqu + elw"Oqu) + 2byg '

Thus, by a series of derivations and calculations, we can determine the value of g,;.
Then, we analyze the bifurcation property according to the following expression:

' 1 1 Re(c; (0
a®= ZcJHO%(gmg“ =2l = 3kl + 5o, o= % (4.15)
B> = 2Re(c1(0)), T» = _Im(c1(0)) ; ,U;Im(/l’(r)).

Theorem 4.1. For system (1.2), the following statements hold.

(i) If up > 0(< 0), then the direction of the Hopf bifurcation is forward(backward), that is, there
exist bifurcating periodic solutions for T > 7(t < T);

(ii) If B, < O(> 0), then the bifurcating periodic solutions on the center manifolds are orbitally
stable(unstable);

(iii) If T, > 0(< 0), then the bifurcating periodic solutions are period increases(decreases).

Further, by Theorem 3.6, we obtain the following result.

Corollary 4.2. If Re(c1(0)) < 0(> 0), then p, > 0(< 0) and 5, < 0(> 0).
5. Analysis of global Hopf bifurcation

In the above section, the sufficient condition for the occurence of Hopf bifurcation at E* is given.
In this section, we analyze the global dynamics of system (1.2) near the equilibrium E*. First, we cite
the global Hopf bifurcation result in Reference [17].

Lemma 5.1. Let S denote the closure of the set {(z,a,8) € E X R X (0, 00)}; u(t) = z(Bt) is a nontrivial
2n/B periodic solutions. Then for each connected component C, at least one of the following holds:
(1) C is unbounded, i.e. sup{max,cp |z(t)| + |a| + B+ 87" (z, @, B) € C} = o0;
(2) C Nn (M* x (0,00)) is finite and for all k > 1, one has the equality

z(xo,ao,ﬁo)eCm(M*x(o,oo))ﬂk(xo, @, Bo) = 0.

For convenience, let z, = (i, v;), the system (1.2) is rewriren as follows

2(t) = F(z, 7, p), (5.1

where z,(¢#) = z(t + #) € C([—,0], X), X is the Banach space. With the help of the bifurcation theory
in Reference [17], we define

Y = C([-7,0], X),
Y =Cl(z,7,p) € YXR XR" : zis a p-periodic solution of (1.2)},
N={E7,p): Fz7,p) =0}
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) in X, where T,jo , and w,jo are defined in

ng.k’ w;h

and l(z*f 20 is the connected component of (77, T;O’k, j—i;
0
(3.8).

Lemma 5.2. Assume condition (H1) holds. Then system (1.2) has no any nontrivial T-periodic solu-
tion.

Proof. By contradiction, assume that system (1.2) has 7-periodic solution, in other words, system (3.1)
then has a periodic solution. We know that system (3.1) also has the same equilibria as system (1.2),
that is,

EO = (07 0)’ E] = (1’ O)’

and an interior equilibrium E*. For system (3.1), it is straightforward that the u-axis and v-axis are the
invariable manifold, and the orbits of the system do not intersect each other, thus, the solutions can not
cross the coordinate axes. Hence, it follows that it must be the interior equilibrium E* if there exists
any periodic solution within the first quadrant. From the above discussion in Lemma 2.1, the positive
equilibrium E* is globally attractive, then system (3.1) has no nontrivial positive periodic solution, this
means that system (1.2) has no nontrivial 7-periodic solution. This leads to contradiction. Completing
the proof. O

Theorem 5.3. Assume condition (H1) holds and 2D,, — T? > 0, T? — 4D,, + 46>6*(1 — 6)* > 0. When
A = iw, , then for each T > T;O’k(k =0,1,...) system (1.2) has at least k + 1 periodic solutions.

Proof. 1t is straightforward to calculate that the characteristic matrix of system (1.2) at a constant
steady state £ = (i1, ) is shown by

i A+% —(1-2i-B) A
YE W =|""" ! . 5.2
(&7 p)A) ( o7 — BB, A+ - (L o) 62

Then we find that system (1.2) has no the center of the form (Ey, 7, p) and (Ey, 7, p).
For discussion of E*, we first know that (E*, T::O o af—f) is a isolated center (see [32, Definition 3.1])
K wy,

by Lemma 3.4. When /1(7':1'0’]() = iw, , we show the result that RC/l'(T:;O’k) > (0 in Lemma 3.5. We
define the smooth curve of the solution of the characteristic equation corresponding to the characteristic
matrix (5.2) 4 : (7, , — {7, , +{) — Csatisfying as follows: there exist & > 0, { > 0 such that, for all
TE [T;O,k -7, T;O,k + (]

det(C(A(7))) =0, |A(T) — ia):jol <&,

Furthermore, we define
2
2 07

no

<o)

ﬁ&zf={(§,p):0<g<g,

“ngy

and

no
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Then we obtain that the crossing number of the centers (E*, T 2—”) is

ng,j’ w,){o
2 2w\ —
BT ) de ( Er 2.0 )
7/( no.k wno g ( no.k wno ) £, ;;{0

—deg(H+(E T az)ﬂ),ﬁ zn)

no,k> o
no no

=-1.

Consequently, by [32, Theorem 3.3], the connected component l(z*’ e ) of (z T koo ) in X is

unbounded. Then, from (3.3), we have

g (@l - D"
Tok = w—+( — arccos m + 2(k+ 1)71'), ny € N, k € Ny,
no

and combining with Lemmas 2.1 and 5.2, it follows that for each 7 > T;;O’k(k =0,1,...) system (1.2)
has at least k + 1 periodic solutions. O

6. Simulations

In the following, let QO = (0, ), and we choose the set of parameters as
c=16, =08, r=0.1, §=0.05

to simulate the dynamics of system (1.2). For the above values and n = 0, we can verify that conditions
(H1) and (H2) hold, 2Dy—T; ~ 0.0014 > 0 and Ty —4T 5 Do +46%6*(1-6)* ~ 0.002 > 0, by calculation,
Eq (3.8) is obtained as

Top = 12,15 +22.60k, 75, = 24.13 + 24.98k, k € Ny,

then the simulations are shown as (see Figures 1 and 2)

Phytoplankton u(x,t)
o o o o
o o o~ o

=

o

e 8000
6000

2 4000

2000

£ 0
Distance x 0 -2000 ! Distance x 0 -2000

Time t Time t

Figure 1. System (1.2) near E* = (0.17,1.06) is asymptotically stable with Tg — 4T§D0 +
46%5%(1 — 6)> ~ 0.002 and 2D, — Tg >0 ~0.0014whent =7 <7~ 12.15.
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Phytoplankton u(x,t)
Zooplankton v(x,t)

800 800

400 400

200 200

0 0
Distance x 0 -200 Timet Distance x 0 -200 Time t

Figure 2. System (1.2) near E* = (0.17, 1.06) undergoes Hopf bifurcation with Tg - 4T§D0 +
46*6*(1 — 6)* = 0.002 and 2Dy — T5 > 0 = 0.0014 when 7 = 22 > 7 ~ 12.15.

7. Summary and discussion

This paper’s main contribution is that it provides analytic results for the reaction-diffusion TPP-
zooplankton model with Holling II response function. Here, for system (3.1), when time delay is
considered, it is found that time delay is a factor that causes the dynamic behavior of the system
to destabilize, that is, the positive equilibrium of system (1.2) changes from globally asymptotically
stable into unstable. Furthermore, from a biological point of view, plankton populations fluctuates
periodically over time. Finally, numerical simulation shows that the plankton system (1.2) with time
delay discussed in this paper better describes real-world problems.
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