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Abstract: In this paper, we investigate the single-machine scheduling problem that considers due
date assignment and past-sequence-dependent setup times simultaneously. Under common (slack and
different) due date assignment, the objective is to find jointly the optimal sequence and optimal due
dates to minimize the weighted sum of lateness, number of early and delayed jobs, and due date
cost, where the weight only depends on it’s position in a sequence (i.e., a position-dependent weight).
Optimal properties of the problem are given and then the polynomial time algorithm is proposed to
obtain the optimal solution.
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1. Introduction

Scheduling models with setup times are widely used in manufacture and operational processes (see
Allahverdi et al. [1] and Allahverdi [2]). Koulamas and Kyparisis [3,4] and Biskup and Herrmann
[5] investigated single-machine scheduling with past-sequence-dependent setup times (psdst). They
showed that several regular objective function minimizations remain polynomially solvable. Wang
[6] and Wang and Li [7] examined single-machine problems with learning effects and Mt. Hsu et
al. [8] studied unrelated parallel machine scheduling problems with learning effects and MI. They
proved that the total completion time minimization remains polynomially solvable. Cheng et al. [9]
investigated scheduling problems with ﬁ—s?l-s/t and deterioration effects in a single machine. Huang
et al. [10] and Wang and Wang [11] studied scheduling jobs with Mt, learning and deterioration
effects. They showed that the single-machine makespan and the sum of the ath (@ > 0) power of job
completion times minimizations remain polynomially solvable. Wang et al. [12] dealt with scheduling
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with Es?l—s/t and deterioration effects. Under job rejection, they showed that the the sum of scheduling
cost and rejection cost minimization can be solved in polynomial time.

In the real production scheduling, the jobs often have due dates (see Gordon et al. [13,14] and
the recent survey papers Rolim and Nagano [15], and Sterna [16]). Recently, Wang [17] and Wang
et al. [18] studied single-machine scheduling problems with l;ﬂs/t and due-date assignment. Under
common, slack and different due-date assignment methods, Wang [17] proved that the linear weighted
sum of earliness-tardiness, number of early and delayed jobs, and due date penalty minimization can
be solved in polynomial time. Under common and slack due date assignment methods, Wang et al.
[18] showed that the weighted sum of earliness, tardiness and due date minimization can be solved
in polynomial time, where the weights are position-dependent weights. The real application of the
position-dependent weights can be found in production services and resource utilization (see Brucker
[19], Liu et al. [20] and Jiang et al. [21]). Hence, it would be interesting to investigate due date
assignment scheduling with psdst and position-dependent weights. The purpose of this article is to
determine the optimal due dates and job sequence to minimize the weight sum of generalized earliness-
tardiness penalties, where the weights are position-dependent weights. The contributions of this study
are given as follows:

e We focus on the due date assignment single-machine scheduling problems with Iiv?l—s/t and
position-dependent weights;

e We provide an analysis for the non-regular objective function (including earliness, tardiness, num-
ber of early and delayed jobs, and due date cost);

e We derive the structural properties of the position-dependent weights and show that three due date
assignments can be solved in polynomial time, respectively.

The problem formulation is described in Section 2. Three due-date assignments are discussed in
Section 3. An example is presented in Section 4. In Section 5, the conclusions are given.

2. Problem definition

The symbols used throughout the article are introduced in Table 1.

Suppose there are N independent jobs V = {Ji,Ja,...,Jy} need to be processed on a single-
machine. The psdst setup time sp; of job Jy; is sy = ﬁZi;ll prj1» where B > 0 is a normalizing

constant, s;;; = 0, and 8 Zé-;]l pij1 + P 1s the total processing requirement of job Jy;. Let L, = C; — d,
denote the lateness of job J;, U; (V)) be earliness (tardiness) indicator viable of job J;, i.e., if C; < d|,
U, =1, otherwise, U; = 0;if C; > d;, V; = 1, otherwise, V;, = 0.

For the common (con) due date assignment, d; = d (I = 1,2,...,N) and d is a decision variable.
For the 5131215 (slk) due date assignment, d; = s; + p; + g and q is a decision variable. For the different
due date (dif) assignment, d; is a decision variable for / = 1,2, ..., N. The target is to determine d; and

a sequence o such that is minimized.

N
M = Z (Ll + Uy + 6,V + 9idyyy) (1)
=1
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Table 1. Symbols used in this article.

Symbol Meaning

N number of jobs

Ji index of job

D processing time of J;

Mt past-sequence-dependent setup times

8 setup time of Mt of J;

C completion time of J;

B a normalizing constant

d due date of J,

d common due date

q common flow allowance

(/] Ith position in a sequence

L,=C;—d; lateness of J,

U, earliness indicator viable of J;

\% tardiness indicator viable of job J;

4] positional-dependent weight of lateness cost
n; (6)) positional-dependent weight of earliness (tardiness) indicator viable
W positional-dependent weight of due date cost
0 sequence of all jobs

con (gic, c’l7f ) common (slack, different) due date

where ; > 0,1, > 0,17, > 0 and 6; > 0 are given positional-dependent weight constants. From Pinedo
[22], the problem can be defined as:

N
1|psdst, H| Z (GILyl + Uy + 6,V + 9idyy), 2)
=1

where H € {con, sk, 217]7 }. The literature review related to the scheduling problems with ﬁ—s?i-s/t and due
date assignment is given in Table 2. For a given sequence o = (Jpi3, Jp2y, - - ., Jvg), from (Wang [17]),
we have

l i
Cip= ) (s +pu) = ), [1+BU= Pl pp, L= 1,2, N. 3)
=1

J=1

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.



5107

Table 2. Problems with Es?l_s/t and due date assignment.

Problem Complexity Reference
lpsdst,con| L, (E, + 6T + Uy + 6V, +3d)  O(N*) Wang [17]
lpsdst, con| 3., (&E; + 5T, + Jd) O(NlogN)  Wang [17]
lpsdst, sik| S, (GE, + 8T, + iUy + 8V, + Hq) O(N*) Wang [17]
Upsdst, stk| )., (&E; + 5T, + Hq) O(NlogN)  Wang [17]
lpsdst,dif| 3, (&E; + 8T, + U, + BV, + 9d;) ~ O(NlogN) ~ Wang [17]
1|psdst,con| YN, &|Ly| + Dd O(NlogN)  Wangetal. [18]
1\ psdst, stk| YN, £\l + Dg O(NlogN)  Wang et al. [18]
lpsdst,conl T, (GILil + mUpy + 6V + 9dig) — ONY) This paper
Upsdst, con| TX, (Z\Lyl + Pidyn) O(NlogN)  This paper
Upsdst, skl 35, (GiLul + mUu + 0 Vi + 9diy) - O(NY) This paper
1| MI, stk| XN (G\L| + 9idpy) O(NlogN) This paper
Upsdst, dif| L, (MLl + mUp + 6,Vig + 9idyy) ~ O(NlogN)  This paper
where &, 5, 9 are given constants, j; () is the earliness (tardiness) penalty of job J;, E; = max{0, d,—C;}

(T; = max{0,C; —

3. Main results

d;}) is the earliness (tardiness) of job J;.

Lemma 1. For llﬁt, H| Z;\il (é/llL[l]l + UZU[]] + QIV[]] + ’ﬂld[[]) (H € {E‘BT/I, Eﬁ%, al“/f}), an optimal se-
quence exists such that the first job is processed at time zero and contains no machine idle time.

Proof. The result is obvious (see Brucker [19] and Liu et al. [20]).

3.1. The l|psdst,con| 3N, (&GlLy| + mU;

n+ QZV[]] + ﬂld[l])

Lemma 2. For any given sequence o, the optimal d is equal to the completion time of some job, i.e.,

d:C[a],(l: 1,2,...,N.

Proof. For any given sequence o = (Jpip, Jpaps - - - »
time of some job, i.e., Cj;) < d < Cu1), 0 < a < n, Ci

M= Zad Cp) + Z o(Cry — d) + Zm * Z 0+ Zdﬁz

I=a+1

(i) When d = C},), we have

j=a+1

M, = Z(z(c[a] -Cpp) + Z 4(Cpyy — Crgp) + Z n+ Z 0 + Z Cra?.

I=a+1

(i) When d = Ci441}, we have

I=a+1

Jiny), suppose that d is not equal to the completion
= 0, we have

M, = Z 4i(Crasn — Crp) + Z 4(Cry — Cragny) + Z n+ Z O + Z Crasyth,

I=a+1 I=a+2

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.



5108

M-M, = Z é/[(d C[a ) - Z {l(d C[a]) /s Z ﬁl(d C[a])
I=a+1
= (Zg Z §Z+Zﬂl)(d C[a])+7]a
I=a+1

and

M-M, = Zw Clasi) — Z 4(d = Cravn)) + b +Zﬁl(d Clas1)

I=a+1

[Z g - Z g+ Z 191) (d = Cias1) + Oas1.

I=a+1

Ifz;lzl Q‘Zﬁau §1+Z§i1 79[ > 0 and C[a] <d< C[a+1]a then M—M1 > O, If Z?:] §1_2£a+1 §1+Z;\;1 191 <
0 and Cj,) < d < Cige1), then M — M, > 0. Therefore, d is the completion time of some job.

Lemma 3. For any given sequence 0 = (Jj1), Jp2ps-- -5 Ivy), if 0 =9, =0 (1 = 1,2,...N), there exists
an optimal common due date d = Cy,), where a is determined by

N N
G- 4+ <0 (4)

=1 I=a =1

4 - Z§z+zﬁz>0 (5)

=1 I=a+1

a—1

gk

and

Proof. From Lemma 2, when d = Cy,), we have

,_.

a—

M=) {(Ciy—Cpp)+ Z &(Cry = Cra) + Z Crad:.

I I=a+1
(i) When d reduces ¢ (i.e., d = Cj,) — €), we have

Il
—_

&
._.

M = él(C[a] -e—-Cy) + Z §(Cy = Cigg + &) + Z(C[a] - &),

=1
(i) When d increases ¢ (i.e., d = Cf, + €), we have

N

M’ = Z L(Crg + 8= Cpp) + Z L(Cpy = Crg — &) + Z(C[a] + ).

I=a+1

Hence, we have
w=of S

a

gMz

N
§Z+Zﬁl) <0

=1
N

a+ )0 )
=1
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i.e., ais determined by ¥ &= SN G+ SN % <0and X%, & - SN G+ S, 9 = 0.
From Lemma 2, if d = Cy,, the objective function is:

where

M

N
Z ({llL[l]l + nlU[l] + HIV[Z] + dl?l)

=1

Z 4(Cryg — Cppp + Z 4(Cryy = Crgp + Z m+ Z o, + Z Crath

I=a+1 I=a+1
/
Z§z {Z [1+Ba—D]pij- Z [1+8(- )] P[/]}
I=1 = =1
N I :
+ Z & {Z 1L+~ )l py - [1 +B(a - J)]P[j]}
I=a+1 1 1
a—1 ! N N a g
+ ) m+ Z 91+Zl91{2[1 +:3(a—j)]17[j]}
=1 l=a+1 =1 =1
N a—1 N '
Z Wipy + Z m+ Z oy,
=1 =1 1=ar1

Bla— D& +Ba-2)0+pa—3) + ...+ Bl
+BLast + 2Bz + ...+ BN — )y + [1 + Bla- DI TN, 0
(1+B(a—2)1 +Bla—20 +Bla—3)+ ...+ Bla
+BLast + 2BLasa + ... + BN — a)on + [1 + Bla - 2)]
(1+Ba-3))¢ + &) +Ba=3)G ...+ Bla

+BLast + 2Blasz + ...+ PN — )y + [1 + Bla—3)] XL, 9,

(L4 + O+ oo+ Lusd) + Bluc

+Blart + 2Blarz + ...+ BN —a)ly + (1 + B) T, 9,
O+O+ .o+

+BLast + 2BLasz + ...+ BN — )y + zﬁil 9,

Lart + (L4 Bz + (1 +28) s + ...+ (1 + BN —a = 1)y,
L + (L + Bz + (1 +28)usa + ...+ (1 + BN — a = 2))y,

{N 1+ (I + By,
s

(6)
=1,
[=2,
[=3,
[l=a-1 )
[ =a,
l=a+1,
l=a+?2
N -1,
N.

Let x;, = 11f J; is placed in rth position, and x;, = 0; otherwise. From Eq (6), the optimal sequence
of 1|psdst,con| Y, (GILpl + mUpy + 6;Vyy + %idyy) can be formulated as the following assignment
problem:

Mathematical Biosciences and Engineering
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=1 r=1
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Zthl Xir = 1, r= 1,2, ,N
s.t. ervzl x =1, [=1,2,...,N, )
Xir = 0 or 1,

b

where
Y.p +n,, r=12,...,a-1,
O, =1 Y., r=a, (10)
Y.p+6,, r=a+1l,a+2,..,N,
and P, is given by Eq (7).

Based on the above analysis, to solve IIMt,E&EI Zf\il &ILigl + Uy + 6,V + 94dyy), Algo-
rithm 1 was summarized as follows:

Algorithm 1

Require: g3, p;, {;,n;,0,,9, for 1 <1< N.

Ensure: An optimal sequence o*, optimal common due date d*.

Step 1. For each a (a = 1,2,...,N), calculate ¥, (see Eq (7)) and ®;, (see Eq (10)), to solve the
assignment problem (8)—(10), a suboptimal sequence o(a) and objective function value M(a) can be
obtained.

Step 2. The (global) optimal sequence (i.e., 0*) is the one with the minimum value

M* = min{M(a)la = 1,2,...,N}.

Step 3. Setd* = C[a].

Theorem 1. The 1|psdst,con| Y, (GILy| + mUpy + 6,V + 9idy) can be solved by Algorithm 1, and
time complexity was O(N*).

Proof. The correctness of Algorithm 1 follows the above analysis. In Step 1, for each a, solving the
assignment problem needs O(N?) time; Steps 2 and 3 require O(N) time; @ = 1,2,..., N. Therefore,
the total time complexity was O(N*).

Lemma 4. (Hardy et al. [23]). “The sum of products Zfil a;b; is minimized if sequence ay,a, . ..,ay
is ordered nondecreasingly and sequence by, b, ..., by is ordered nonincreasingly or vice versa.”

If 5, = 6, = 0, a can be determined by Lemma 3 (see Eqs (4) and (5)), We

N N
M = 121: (GILy| + Pdpy) = IZ:‘ Yipur, (11)

where Q; is given by Eq (6).
Equation (11) can be minimized by Lemma 4 in O(N log N) time (i.e., a; = ¥, b, = p;), hence, to
solve 1| I;E's/t, con| Zﬁ (&Ll + 94dyyy), the following algorithm was summarized as follows:

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.
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Algorithm 2

Require: g3, p;, £, 9, for 1 <1< N.

Ensure: An optimal sequence o, optimal common due date d*.

Step 1. Calculate a by Lemma 3 (see Eqs (4) and (5)).

Step 2. By using Lemma 4 (let a; = ¥, b, = p;) to determine the optimal job sequence (i.e., o), i.e.,
place the largest p; at the smallest W, position, place the second largest p; at the second smallest ‘¥,
position, etc.

Step 3. Setd” = Cia-

Theorem 2. The 1|psdst, con| SV (GILi| + %idyy) can be solved by Algorithm 2, and time complexity
was O(N log N).

3.2. The 1|MZ, Eﬁ(l Z;\il (é/llL[l]l + U[U[l] + GIV[I] + ﬂld[l])

Similarly, we have

Lemma 5. For any given sequence o of 1|psdst, slk| SV (GILl + Uy + 6,V + 94dyy), an optimal
sequence exists in which

1) Cyy < dyy implies Cy_yy < dy—1y and Cyyy > dyyy implies Cpiyy > dyey for all I;

2) the optimal q is equal to the completion time of some job, i.e., g = Cyp—1, b=1,2,...,N.

Lemma 6. For any given sequence 0 = (Ji), Jp2ps-- - Jvy), if 0 =9, =0 (1 = 1,2,...N), there exists
an optimal common due date q = Cp,_y), where b is determined by

DG=D G+ ) <0 (12)

b-1 N N
= I=b =1

and
b

N N
Z{z—Z{l+Zﬂ,zO. (13)
=1

=1 I=b+1
Proof. From Lemma 5, when g = Cy;_;;, we have

b—1
M =
=

N N
Gsn + Pt + Cooty = Cu) + ), 4(Cuy = s = Py = Coo1) + ) sy + Py + Cppn).
=1

1 I=b+1

(i) When ¢ reduces ¢ (i.e., g = Cjp—1) — €), we have

b-1 N N

M = Z G(spp+ P+ Crp-11——Cppp) + Z $(Cry =Sy — Py — Crp-11 +€) + Z(S[b] + P+ Crp—11— &),
=1 I=b =1

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.
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(ii) When ¢ increases ¢ (i.e., ¢ = Cjp_1; + €), we have

b N N
M" = Z Gi(sp1+ poy+ Cro-1+&=Cpp) + Z fz(CU]—S[b]—P[b]—C[b—l]—8)+Z(S[b]+P[b]+C[b—1]+8)191-

=1 I=b+1 =1

Hence, we have

b—1 N N
M—M’:s( 51‘2‘51*2191)30
=1 I=b =1

oS ol

i.e., b is determined by Z;’;ll g - Zﬁib g+ Zfi] % < 0and Zle g - Zf;bﬂ g+ Zfil 9 > 0.

From Lemma 5, if ¢ = Cy—1; (i-e., djj; = sy + pyy + Cip-17), the objective function is:

N
M = Z( SlLl + mUpy + 6, Vi + Sidypy)

=1
b-1 N
= Z ¢iCsi + iy + Crp-1y = Crp) + Z 4(Cry = sty = Py = Cro-11)
=1 I=pt1
b-1 N N
+ Z m+ Z 0, + Z(S[l] + puy + Cp—1))%,
=1 1=p+1 =1
b-1
= G(Crp-1) — Cpny) + Z §(Cp=1; = Cpp—17) + Zﬂl + Z 0,
=1 I=b+1 I=b+1

+ Z(S[l] + pu)d + Z Ci-11h

b-1 b—1 -1
= Z{z{Z[Hﬁ(b—l—j) pin - 1+/3<l—1—j>]pm}
Jj=1

I=1 =1
N -1 b-1
sy 4{2 LB = 1=l = 211+ B0 - 1 —j)]Pm}
I=b+1 j=1 Jj=1
b-1 N N -1 N b-1
DN EDNEDY (ﬁzpm + Pm]ﬂz + 0 {Z [1+8(b-1-)] p[jl}
=1 I=b+1 =1\ j=1 I=1 =1
N b-1 N
=1 =1 I=b+1

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.
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where

(L+B(b = 2)1 +Bb =20 +Bb—3) + ... + Bl

+BLp1 + 2Bpr + ...+ BN = b)Yy + [1 + BB -] XL, 9,

+9 +B Y, D), I=1,
(L+Bb =3 +O)+Bb =G +Bb =D+ ...+ Bly

+BLp1 + 2BLp2 + ...+ BN = b)Yy + [1 + B0 -3 XL, 9,

+h + B YYD, =2,
(L+Bb =N+ O+ 8)+Bb =D+ ...+ Bl

+BLps1 + 2Bpr2 + ... + BN = DYy + [1+ BB - DI T, 9,

+93 + B Y, D), =3,

O, = A+ + Lo+ oo+ Gp2) + Bl (15)

L1 + 2Blysa + ..+ BN = D)oy + (1 +B) XL, 9

+9p 0 +BY, 1 D, I=b-2,
OH+0+ ...+

+BLpe1 + 2BLp2 + .. A BN = D)y + X0, 0+ Oy +BX, 95 I=b-1,
S+ (L+ )2+ (1 +2B) iz + ... + (1 + BN — b — 1))y

+, +IBZ?/:b+1 b, [=b,
G2t (U + Bz + (1 +28)pea + ... + (1 + BN — b —2))y

+ﬂb+1 +,82y:b+2ﬁj, [=b+ 1,
I + Oy + B, N-1,
v, N.

Similarly, from Eq (14), the optimal sequence of 1|psdst, slk| SV (Gl + mUpy + 6,V + 9idyy)
can be obtained as follows:

N N
Min )" 5, (16)
=1 r=1
SN ox,=1, r=12,.,N,
s.t. N ox,=1, [1=12,..,N, (17)
x,=0 or 1,
where
®,p, + 1, r=12,...b—-1,
Eir =3 Opi, r=b, (18)
O,.p+06,, r=b+1,b+2,..,N,
and @, is given by (15).

Similarly, to solve 1| ﬁ-sz—s/t, Eﬁcl SV (Gl + mUpy + 6;Viy + 9idyy), the following algorithm can
be proposed:

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.
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Algorithm 3

Require: 3, p;, {;,n;,0,,9, for 1 <[ < N.

Ensure: An optimal sequence o*, optimal common flow allowance g*.

Step 1. Foreach b (b = 1,2,...,N), calculate @, (see Eq (15)) and Z;, (see Eq (18)), to solve the
assignment problem (16)—(18), a suboptimal sequence o(b) and objective function value M(b) can be
obtained.

Step 2. The (global) optimal sequence (i.e., 0*) is the one with the minimum value

M =min{M®b)|b=1,2,...,N}.

Step 3. Set q = C[[,_]].

Theorem 3. The 1|psdst, skl S, (&\Lil + mUpy + 6,Viy + 9idyy) can be solved by Algorithm 3, and
time complexity was O(N*).

Similarly, if ; = 6, = 0, we have

Theorem 4. The problem |psdst, slk| Y | (G\Liy| + 91dyy) can be solved in O(N log N) time.

3.3. The 1|};S\d§l, C??fl Zf\;l (é{llL[l]l + U[U[l] + GIV[I] + ﬂld[l])

Lemma 7. For a given sequence m of 1|Mt, ZZECI Zfil &ILyl + mUyy + 6,V + 94dyy), an optimal
solution exists such that dy; < Cy.

Proof. For a given sequence p, the objective function for job Jj; was:
My = &ICyyy — dinl + mUyy + 6,Viy + idpyy. (19)
If dyy > Cyy (i.e., the job Jy is an early job), it follows that
My = {i(dyy = Crp) + mUyy + 9dy.
Move d; to the left such that dj;; = Cy;, we have
My, = 9idyy = 9,Cyyy < My,

therefore, d; < Cyy.
Lemma 8. For a given sequence o, if 9, > ¢}, dyy = 0; otherwise djy = Cpy (1 =1,2,...,N).

Proof. For a given sequence o, from Lemma 7, we have dj; < Cy; and
My = §(Cyy — dyy) + 0,V + Gidyy = ECry + 0, + (91— {)dy. (20)
From Eq (20), when 9, — {; > 0, dj;; was equal to 0; otherwise, then dj;; was equal to Cy;.

Mathematical Biosciences and Engineering Volume 19, Issue 5, 5104-5119.
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From Lemma 8, if #; > {;, we have d;; = 0 and

N N N
M = Z (§1|L[1]| + T]IU[Z] + Hlv[l] + ﬂld[l]) = Z {lC[l] + Z 91. (21)
=1 =1 =1
If ﬁl < {l» we have d[l] = C[l] and
N N
M = Z QL + Uy + 6,V + 9idyy) = Z #Cyy. (22)

=1 =1

From Egs (21) and (22), minimizing Y)Y, (&ILi| + 7:Upy + 6, Vi + 94dyy) is equal to minimizing
the expression

N N 1 N
M =" min{d, &)Ciy = Y minfdh, &} | [1+ A= Dl py = Y Tip, (23)
I=1 I=1 j=1 I=1
where
min{d1, 4} + (1 +B)min{d, &) + ...+ (1 + (N = DA mindy, &), [ =1,
min{d, &) + (1 + ) min{d, &5} + ...+ (1 + (N = 2B mindy, &), [ =2,
T =9 ... (24)
min{dy_1, {y-1} + (1 + B) min{dy, {y}, N -1,
min{dy, {v}, N,
i.e.,
N
Y= (1 +B( = DImin{d;, &), 1=1,2,...,N. (24
J=l

Obviously, Eq (23) can be minimized by Lemma 4.

Algorithm 4

Require: 8, p;, ¢, 1,6, 9, for 1 <[ < N.

Ensure: An optimal sequence ¢*, optimal common due date d;.

Step 1. By using Lemma 4 (let a; = Y, b; = p;) to determine the optimal job sequence (i.e., o), i.e.,
place the largest p; at the smallest Y; position, place the second largest p; at the second smallest T
position, etc.

Step 2. If 9, > &), d

0= 0; otherwise df;, = Cj (I =1,2,...,N).

(1

Theorem 5. The 1|psdst,dif| Y, (G|Ly| + mUy + 6,Vy + %idyy) can be solved by Algorithm 4, and
time complexity was O(N log N).
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4. Numerical example
We present an example to illustrate the calculation steps and results of the three due date assign-
ments.

Example 1. Consider a 6-job problem, where 8 =1, p; =7, p2 =9, p3 =4, p4 = 6, ps = 8, ps = 5,
{1, 11, 0, and ¢ are given in Table 3.

Table 3. Values of £;, n;, 6, and .

I=1 =2 1=3 I=4 [=5 1=6
Z 6 8 14 3 15 7

m 8 4 9 10 12 5

0, 10 8 6 5 14 17
9, 12 16 7 13 8 9

From Algorithm 1, For the con assignment, if a = 1, the values ¥; = 205,%¥, = 140,¥; =
93,¥, = 54,%¥5s = 29,%¢ = 7, (see Eqgs (7) or (7°)) and ©,, (see Eq (10)) are given in Table 4. By
the assignment problems (8)—(10), the sequence is o(1) = (J3,Js, 4, J1,J5,J2) and M(1) = 2801.
Similarly, for a = 2,3,4,5, 6, the results are shown in Table 5. From Table 5, the optimal sequence is
o = (J3,J6, Ja, J1, 5, J2), M* = 2801 and d* = Cpp) = 14.

Table 4. Values ©;, fora = 1.

Il
(o)}

r= r=2 r=3 r=4 r=>5 r
Ji 1435 988 657 383 217 66
Jo 1845 1268 843 491 275 80
J3 820 568 378 221 130 45
J4 1230 848 564 329 188 59
Js 1640 1128 750 437 246 73
Js 1025 708 471 275 159 52

Table 5. Results for con.

a o(a) M(a)
1 (J3,J6, J4, J1, 5, J2) 2801
2 (J3,J6, J4, J1, 5, J2) 3017
3 (J3, Jos Jas J1, J5, J2) 3615
4 (J3,Js, 4, J1, 5, J2) 5335
5 (J3, J6, I, J1, J5, J2) 7451
6 (J3, J6, J4, J1, 5, J2) 11,382

For the slk assignment, the results are shown in Table 6. From Table 6, the optimal sequence is
Q* = (J3, J6, J4, J], J5, Jz), M* = 2832 and q* = C[O] =0.
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Table 6. Results for sik.

b o(b) M(b)
1 (J3, S5 Ja, J1, J5, J2) 2832
2 (J3, o, Ja, 1, Js, J2) 2928
3 (J3, Jo, Ju, J1, Js, J2) 3286
4 (J3, Jos Jus J1, Js, J2) 4310
5 (J3, S5 Jas J1, J5, J2) 5934
6 (J3, S, Ja, J1, J5, J2) 9049

For the dif assignment, ¥, = 137,7, = 98,73 = 65,7, = 40, Y5 = 22, ¢ = 7, the optimal
sequence is Q* = (J3,J6,J4,J1,J5,J2), M* = 1987, d: = O, dz = O, dz = C4 = 28, dT = 0, d; = C5 =80
and d5 = 0.

5. Conclusions

Under con, slk and cﬂlzj/f assignments, the single-machine scheduling problem with p/ﬁt and
position-dependent weights had been addressed. The goal was to minimize the weighted sum of
lateness, number of early and delayed jobs and due date cost. Here we showed that the prob-
lem remains polynomially solvable. If the due dates are given, from Brucker [19], the problem
1] Mtl Zfi L (GIL) + mUyy + 6,Vyy) is NP-dard. For future research, we suggest some interesting top-
ics as follows:

1) Considering the problem llﬁ-s?l_s/ﬂ S (Gl + mUpy + 6 Vi)

2) Investigating the problem in a flow shop setting;

3) Studying the group technology problem with learning effects (deterioration effects) and/or re-
source allocation (see Wang et al. [24], Huang [25] and Liu and Xiong [26]);

4) Investigating scenario-dependent processing times (see Wu et al. [27] and Wu et al. [28]).
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