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1. Introduction

In recent years, impulsive integro-differential equations with boundary conditions have attracted
much attentions and been studied extensively [1–3]. We notice that the periodic and antiperiodic
boundary value problems are very common, and they have a wide range of applications [4–11]. The
monotone iterative technique is a common method to prove the existence of extremal solutions for
impulsive integro-differential equations [4]. The monotone sequences of a linear system is developed
from the upper and lower solutions, and this method can prove monotone sequences converge mono-
tonically to the extremal solutions of the original system [12, 13]. Luo et al. [5] developed some new
comparison principles and existence results of solutions for an impulsive integro-differential equation
with the periodic boundary conditions. Recently, Kumar et al. [9] discussed the stability and existence
of a fractional integro differential equation with the periodic boundary condition. Gou et al. [14] ex-
plored the existence of mild solutions for the periodic boundary conditions in a semilinear fractional
evolution system. The existence result for the periodic boundary conditions in the phi-Laplacian im-
pulsive differential equation can refer to [15]. Ibnelazyz et al. [11] studied the existence results for
a fractional integro-differential equation with the antiperiodic boundary conditions. Ding et al. used
the monotone iterative technique to discuss the existence of solutions for a class of impulsive func-
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tional differential equations with the anti-periodic boundary value condition [16]. Zuo et al. [6] studied
the existence and uniqueness of solutions of an antiperiodic boundary problem in a mixed impulsive
fractional integro-differential equation. However, we note that the periodic and anti-periodic boundary
values are both two special conditions. For the impulsive integro-differential equation with a more
general boundary condition, such as “w(0) = χw(T ), χ ∈ R”, have not been involved by now.

Inspired by Luo and Nieto [5],in this paper, we consider the follow two-point boundary value prob-
lem (TP-BVP) for a first-order impulsive integro-differential system:

w′(θ) = f (θ,w(θ), [Γw](θ), [δw](θ)) θ ∈ ξ′ = ξ − θ1, θ2, . . . , θm,

4w(θi) = Ik(w(θi)) i = 1, 2, · · · ,m
w(0) = χw(T )

(1.1)

where ξ = [0,T ], f ∈ C(ξ × R3),Ik ∈ C(R,R), 0 = θ0 < θ1 < · · · θm < θm+1 = T,4w(θk) = w(θ+
k ) − w(θ−k ),

w(θ−k ) and w(θ+
k ) are the left and right limits of w(θ) at θ = θk,

[Γw](θ) =

∫ θ

0
Φ(θ, s)w(s)ds, [δw](θ) =

∫ T

0
Ψ(θ, s)w(s)ds,

Φ ∈ C(D,R+),D = {(θ, s) ∈ ξ × ξ : θ ≥ s},Ψ ∈ C(ξ × ξ,R+),R+ = [0,∞), χ ∈ R. It should be noted that
χ is an arbitrary real number and the boundary condition in Eq (1.1) is more general than the periodic
or antiperiodic boundary value. Therefore, the existence result of the solution of Eq (1.1) will have a
wider range of application than previous studies.

In Section 2, we establish new comparison principles. In Section 3, we discuss the existence and
uniqueness of the solutions for a linear BVP. Finally, we obtain the extremal solutions for TP-BVP Eq
(1.1) in Section 4.

2. Preliminaries and some basic results

Similar to previous studies [2,5,17,18], we give the follow spaces to define the solution of Eq (1.1):
LC(ξ) = {w : ξ → R : w

∣∣∣(θk ,θk+1] ∈ C((θk, θk+1],R), k = 0, 1, · · ·m; w(θ+
k ) and w(θ−k ) exist for k =

1, 2, · · · ,m with w(θ−k ) = w(θk)}; LC′(ξ) = {w ∈ LC(ξ); w
∣∣∣(θk ,θk+1] ∈ C′((θk, θk+1],R), k = 0, 1, · · · ,m;

Limits w′(θ−k ), w′(θ+
k ), w′(0+) and w′(T−) exist when k = 1, 2, · · · ,m}. It is not difficult to verify that

LC(ξ) and LC′(ξ) are both Bananch spaces with the following norms [5]:

‖w‖LC = sup{|w(θ)|; θ ∈ ξ}, ‖w‖LC′ = ‖w‖LC + ‖w′‖LC.

Then, a function w ∈ LC′(ξ) is a solution of Eq (1.1) when it satisfies Eq (1.1).
Now, we prove the follow key comparison lemmas.
Lemma 2.1. (New comparison principles) Suppose that Λk > −1(k = 1, 2, · · · ,m), ρ1, ρ2 ≥ 0, χ >

e−εT and ε > 0, such as
w′(θ) − εw(θ) − ρ1[Γw](θ) − ρ2[δw](θ) ≥ 0 θ ∈ ξ′

4w(θk) ≥ Λkw(θk), k = 1, 2, · · · ,m
w(0) ≥ χw(T )

(2.1)
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or 
w′(θ) − εw(θ) − ρ1[Γw](θ) − ρ2[δw](θ) − bw(θ) ≥ 0 θ ∈ ξ′

4w(θk) ≥ Λkw(θk) + lwk, k = 1, 2, · · · ,m
w(0) < χw(T )

(2.2)

lwk = Λkg(θk) − ∆g(θk) and bw(θ) = −g′(θ) + εg(θ) + ρ1[Γg](θ) + ρ2[δg](θ). Where g ≥ 0 is a function
in space LC′(ξ), which satisfies g(0) − χg(T ) ≥ χw(T ) − w(0) > 0.

We define Λk = min {Λk, 0} for k = 1, 2, ...,m, and

π (θ) = ρ1

∫ θ

0
Φ (θ, s)e−ε(θ−s)

∏
s<θk<T

(1 + Λk)ds + ρ2

∫ T

0
Ψ (θ, s)e−ε(θ−s)

∏
s<θk<T

(1 + Λk)ds

the following inequality is assumed to be true:

χeεT
∫ T

0
π (s)ds ≤

m∏
j=1

(
1 + Λ j

)
(2.3)

Then, we can draw a conclusion that w(θ) ≤ 0 for θ ∈ ξ.
Proof. For Λk > −1, then we define ck = 1 + Λk > 0. If boundary conditions satisfy w(0) ≥ χw(T ),

we let ζ(θ) =

( ∏
θ<θk<T

c−1
k

)
w(θ)e−εθ, then the signs of w and ζ are same and it can be obtained that



ζ′(θ) ≥
( ∏
θ<θk<T

c−1
k

) (
ρ1

∫ θ

0
Φ(θ, s)e−ε(θ−s)ζ(s)

∏
s<θk<T

(ck)ds

+ρ2

∫ T

0
Ψ(θ, s)e−ε(θ−s)ζ(s)

∏
s<θk<T

(ck)ds
)
, θ ∈ ξ′

ζ(θ+
k ) ≥ ckζ(θk), k = 1, 2, · · · ,m

ζ(0) ≥ χζ(T )
(

m∏
k=1

c−1
k

)
eεT

Now, we complete the proof by two cases:
(i): If ζ ≥ 0 and ζ . 0; then clearly ζ′(θ) ≥ 0 for θ ∈ ξ′ and ζ(T ) ≥ ζ(0)

∏m
i=1 c j ≥ χζ(T )eεT . If

ζ(T ) = 0, it is easy to know that ζ(θ) ≤ 0 by two conditions ck > 0 and ζ′(θ) ≥ 0, i.e., ζ ≡ 0, which
is inconsistent with the assumption. Moreover, if ζ(T ) > 0, one can obtain that χeεT ≤ 1, which is a
wrong conclusion.

(ii): Denote r1 ∈ [0,T ], which satisfies ζ(r1) > 0. Suppose that ζ(r2) = minθ∈[0,T ]ζ(θ) = n, then
clearly n < 0. It can be obtained that

ζ′(θ) ≥ n

 ∏
θ<θk<T

c−1
k

 π(θ)

If r1 > r2, we have

n = ζ(r2) ≥ ζ (r1)
∏

r1<θk<r2

ck + n
∫ r2

r1

 ∏
θ<θk<r2

ck


 ∏
θ<θk<T

c−1
k

 π (θ) dθ
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> n
∫ r2

r1

 ∏
r2<θk<T

c−1
k

 π (θ) dθ

then

χeεT
∫ T

0
π (s) ds ≥

∫ r2

r1

π (θ) dθ >
∏

r2<θk<T

ck ≥

m∏
j=1

c j,

c j = 1 + Λ j, j = 1, 2, ...m, it is a contradiction with the condition Eq (2.3). If r1 < r2, we have

n = ζ(r2) ≥ ζ (0)
∏

0<θχ<r2

cχ + n
∫ r2

0

 ∏
θ<θk<r2

ck


 ∏
θ<θk<T

c−1
k

 π (θ) dθ

= ζ (0)
∏

0<θk<r2

ck + n
∫ r2

0

 ∏
r2≤θk<T

c−1
k

 π (θ) dθ

and

ζ(T ) ≥ ζ (r1)
∏

r1<θk<T

ck + n
∫ T

r1

 ∏
θ<θk<T

ck


 ∏
θ<θk<T

c−1
k

 π (θ) dθ

> n
∫ T

r1

π(θ)dθ

For ζ(0) ≥ χζ(T )
(

m∏
k=1

c−1
k

)
eεT , it is easy to obtain that

n ≥ χζ (T )

 m∏
k=1

c−1
k

 eεT
∏

0<θk<r2

ck + n
∫ r2

0

 ∏
r2≤θk<T

c−1
k

 π (θ) dθ

> χneεT

 ∏
r2≤θk<T

c−1
k

 ∫ T

r1

π (θ) dθ + n
∫ r2

0

 ∏
r2≤θk<T

c−1
k

 π (θ) dθ.

Then, the follow inequality can be obtained with conditions r2 < r1, χeεT > 1 and n < 0 :

1 < χeεT

 ∏
r2≤θk<T

c−1
k

 ∫ T

r1

π (θ) dθ +

∫ r2

0

 ∏
r2≤θk<T

c−1
k

 π (θ) dθ

≤ χeεT

 ∏
r2≤θk<T

c−1
k

 ∫ T

0
π (θ) dθ.

i.e.,

χeεT
∫ T

0
π (s) ds >

∏
r2≤θk<T

ck ≥

m∏
j=1

c j,

It is a contradiction with Eq (2.3).
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On the other hand, if boundary conditions satisfy w(0) < χw(T ), we let b(θ) = w(θ) + g(θ). It is easy
to get that 

b′(θ) − εb(θ) − ρ1[Γb](θ) − ρ2[δb](θ) ≥ 0, θ ∈ ξ′

∆b(θk) ≥ Λkb(θk), k = 1, 2, · · · ,m
b(0) ≥ χb(T ),

Clearly, b ≤ 0 from the above proof, and w(θ) ≤ 0.
Remark 2.1. Lemma 2.1 is a key comparison result to obtain extremal solutions of Eq (1.1). Ex-

pression and proof of Lemma 2.1 are similar to previous studies [5]. Moreover, the boundary condition
“w(0) = χw(T )” with χ > e−εT is more general than the periodic condition “χ = 1”. Our method
can also generalize some known results, such as Corollary 2.1 [5, 19], Corollary 2.2 [5] and Corollary
2.3 [5, 20].
Corollary 2.1. Let ε > 0, ρ1, ρ2 ≥ 0, χ > e−εT , Λk ≥ 0, k = 1, 2, · · · ,m, w ∈ LC′(ξ) satisfies Eq (2.1)
or (2.2), and define

π1 (θ) = ρ1

∫ θ

0
Φ (θ, s)e−ε(θ−s)ds + ρ2

∫ T

0
Ψ (θ, s)e−ε(θ−s)ds

if the follow inequality Eq (2.4) holds

χeεT
∫ T

0

 ∏
0<θk≤s

(1 + Λk)−1

π1 (s) ds ≤

 m∏
j=1

(
1 + Λ j

)−1


2

(2.4)

then, we have w(θ) ≤ 0 for θ ∈ ξ.
Proof. We prove that Eq (2.3) holds as follows:

χeεT
∫ T

0
π (s)ds ≤ χeεT

 m∏
j=1

(
1 + Λ j

) ∫ T

0

(
ρ1

∫ θ

0
Φ (θ, s)e−ε(θ−s)ds

+ ρ2

∫ T

0
Ψ (θ, s)e−ε(θ−s)ds

)
dt

= χeεT

 m∏
j=1

(
1 + Λ j

) ∫ T

0

 ∏
0<θk≤s

(1 + Λk)


 ∏

0<θk≤s

(1 + Λk)−1

 π1 (θ) dθ

≤ χeεT

 m∏
j=1

(
1 + Λ j

)2 ∫ T

0

 ∏
0<θk≤s

(1 + Λk)−1

 π1 (θ) dθ

≤

 m∏
j=1

(
1 + Λ j

)2  m∏
j=1

(
1 + Λ j

)−1
2

= 1 ≤
m∏

j=1

(
1 + Λ j

)
.

We know that w(θ) ≤ 0 by Lemma 2.1.
Corollary 2.2. Suppose that ε > 0, ρ1, ρ2 ≥ 0, χ > e−εT , Λk ≥ 0, k = 1, 2, · · · ,m, w ∈ LC′(ξ) satisfies
Eq (2.1) or (2.2), and let

χ
(ρ1k0 + ρ2h0)

(
eεT − 1

)
eεT

ε
≤

(
m∏

j=1

(
1 + Λ j

)−1
)2

∫ T

0

( ∏
0<θk≤s

(1 + Λk)−1
)

ds
, (2.5)
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then, we can obtain w(θ) ≤ 0 on ξ.
Proof. The condition Eq (2.3) is derived as follows:

χeεT
∫ T

0
π (θ)dθ ≤ χeεT (ρ1k0 + ρ2h0)

∫ T

0

∫ T

0

 ∏
s<θk<T

(1 + Λk)

 e−ε(θ−s)ds

dθ
≤ χ (ρ1k0 + ρ2h0)

eεT − 1
ε

eεT
∫ T

0

 ∏
s<θk<T

(1 + Λk)

 ds

= χ (ρ1k0 + ρ2h0)
eεT − 1
ε

eεT

 m∏
j=1

(
1 + Λ j

) ∫ T

0

 ∏
0<θk≤s

(1 + Λk)−1

 ds

≤

 m∏
j=1

(
1 + Λ j

)
 m∏

j=1

(
1 + Λ j

)−1
2

=

 m∏
j=1

(
1 + Λ j

)−1
 ≤ 1 ≤

m∏
j=1

(
1 + Λ j

)
From Lemma 2.1, we have w(θ) ≤ 0 on ξ.

Corollary 2.3. Let Λk ≥ 0, k = 1, 2, · · · ,m, ρ1, ρ2 ≥ 0, ε > 0, χ > e−εT , w ∈ LC′(ξ) satisfies Eq (2.1)
or (2.2), and suppose that

(ε + χρ1Tk0 + χρ2Th0) τ

1 + (m + 1)
m∏

j=1

(
1 + Λ j

) ≤ 1, (2.6)

where τ = max {θk − θk−1 : k = 1, 2, ...m + 1} . Then, we have w(θ) ≤ 0 on ξ.
Proof. We prove that the inequality Eq (2.3) holds as follows:

χeεT
∫ T

0
π(θ)dθ ≤ χeεT (ρ1k0 + ρ2h0)

∫ T

0

∫ T

0

 m∏
k=1

(1 + Λk)

 e−ε(θ−s)ds

dθ
= χeεT (ρ1k0 + ρ2h0)

(
1 − e−εT

) (
eεT − 1

)
ε2

m∏
j=1

(
1 + Λ j

)
≤ χ(ρ1Tk0 + ρ2Th0)

(eεT − 1)2

ε2T 2 τ(m + 1)
m∏

j=1

(
1 + Λ j

)

≤ χ

(
eεT − 1

)2

ε2T 2
(ε + ρ1Tk0 + ρ2Th0 − ε) τ

1 + (m + 1)
m∏

j=1

(
1 + Λ j

)
≤

(
eεT − 1

)2

ε2T 2

1 − ετ
1 + (m + 1)

m∏
j=1

(
1 + Λ j

)


≤

(
eεT − 1

)2

ε2T 2
(1 − εT ) ≤ 1 ≤

m∏
j=1

(
1 + Λ j

)
.

3. A linear system

Now, we study the solution of a linear system (LS) with the general boundary condition:

w′(θ) + εw(θ) = ς(θ), θ ∈ ξ′, (3.1)
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w
(
θ+

j

)
= w

(
θ−j

)
+ I j

(
w

(
θ j

))
, j = 1, ...,m, (3.2)

w(0) = χw(T ), (3.3)

where I j ∈ C (R,R) and ς ∈ LC(ξ).
Lemma 3.1. The solution of (LS) can be described as follows:

w (θ) =

∫ T

0
U (θ, s) ς (s)ds +

m∑
j=1

U
(
θ, θ j

)
I j

(
w

(
θ j

))
, θ ∈ ξ′, (3.4)

where

U (θ, s) =
1

eεT − χ

{
eε(T−θ+s), 0 ≤ s ≤ θ ≤ T
χe−ε(θ−s), 0 ≤ θ < s ≤ T.

(3.5)

Proof. Set z(θ) = eεθw(θ), θ ∈ ξ. Then

z′ (θ) = ς∗ (θ) , θ ∈ ξ′; z (0) = χz (T ) e−εT ;

z
(
θ+

j

)
= z

(
θ−j

)
+ I∗j

(
z
(
θ j

))
,

where I∗j (x) = eεθ j I j

(
e−εθ j x

)
, ς∗ (θ) = eεθς (θ).

If θ ∈
(
θ j, θ j+1

]
, j = 1, ...,m, we obtain

z (θ) = z
(
θ+

j

)
+

∫ θ

θ j

ς∗ (s)ds.

Since

z
(
θ−j

)
= z

(
θ+

j−1

)
+

∫ θ j

θ j−1

ς∗ (s)ds.

So, when θ ∈ (θ j, θ j+1], we have

z (θ) = z
(
θ+

j−1

)
+

∫ θ

θ j−1

ς∗ (s)ds + I∗j
(
z
(
θ j

))
.

Therefore,

z (θ) = z (0) +

∫ θ

0
ς∗ (s)ds +

∑
j:θ j∈(0,θ)

I∗j
(
z
(
θ j

))
, θ ∈ ξ. (3.6)

In Eq (3.6), we let θ = T , then we have

z (0) =
χ

eεT − χ

∫ T

0
ς∗ (s)ds +

χ

eεT − χ

m∑
j=1

I∗j
(
z
(
θ j

))
. θ ∈ ξ.

Finally, substitute z(0) into Eq (3.6), we get that

w(θ) =
e−εθχ

eεT − χ

∫ T

0
ς∗ (s)ds +

e−εθχ
eεT − χ

m∑
j=1

I∗j
(
z
(
θ j

))
Mathematical Biosciences and Engineering Volume 19, Issue 4, 4166–4177.



4173

+ e−εθ
∫ θ

0
ς∗ (s)ds + e−εθ

∑
j:θ j∈(0,θ)

I∗j
(
z
(
θ j

))
=

e−εθχ
eεT − χ

∫ T

0
eεsς (s)ds +

e−εθχ
eεT − χ

m∑
j=1

eεθ j I j

(
w

(
θ j

))
+ e−εθ

∫ θ

0
eεsς (s)ds + e−εθ

∑
j:θ j∈(0,θ)

eεθ j I j

(
w

(
θ j

))
=

∫ T

0
U (θ, s) ς (s)ds +

m∑
j=1

U
(
θ, θ j

)
I j

(
w

(
θ j

))
.

4. Main results

Lemma 4.1 is given without proof since it is similar to Lemma 3.1.
Lemma 4.1. Let Λk > −1, k = 1, 2, · · · ,m, ρ1, ρ2 ≥ 0, ε > 0, χ > e−εT , ϑ ∈ LC′(ξ) and ς ∈ LC(ξ),

then the solution (w ∈ LC′(ξ)) of the follow Eq (4.1) can be expressed as Eq (4.2):
w′(θ) − εw(θ) − ρ1[Γw](θ) − ρ2[δw](θ) = ς(θ), θ ∈ ξ′

4w(θk) = Λkw (θk) − Ik (ϑ (θk)) − Λk (ϑ (θk)) , k = 1, 2, · · · ,m
w(0) = χw(T )

(4.1)

w(θ) = −

∫ T

0
U (θ, s) {ρ1 [Γw] (s) + ρ2 [δw] (s) + ς (s)}ds

−
∑

0<θk<T

U (θ, θk) (Λkw (θk) − Ik (ϑ (θk)) − Λk (ϑ (θk))) θ ∈ ξ (4.2)

where

U (θ, s) =
1

1 − χeεT

{
eε(θ−s), 0 ≤ s ≤ θ ≤ T
eε(T+θ−s), 0 ≤ θ < s ≤ T

Lemma 4.2. Let Λk > −1, k = 1, 2, · · · ,m, ρ1, ρ2 ≥ 0, ε > 0, χ > e−εT , Ik ∈ C(R,R), ϑ ∈ LC′(ξ) and
ς ∈ LC(ξ), if the follow inequality holds:

sup
θ∈ξ

∫ T

0
U (θ, s)

{
ρ1

∫ s

0
Φ (s, r) dr + ρ2

∫ T

0
Ψ (s, r)dr

}
ds +

1
e−εT − χ

m∑
j=1

|Λk| < 1 (4.3)

then the solution of Eq (4.1) is unique.
Proof. Define the operator F : LC(ξ) → LC(ξ), where Fw is given by the right-hand term in Eq

(4.2). Clearly, the solution of Eq (4.1) is also the fixed point of the operator equation w=Fw. Since,

‖Fw − Fζ‖ = sup
θ∈ξ

∣∣∣∣∣∣−
∫ T

0
U (θ, s)

{
ρ1

{
[Γw] (s) −

[
Γζ

]
(s)

}
+ ρ2

{
[δw] (s) −

[
δζ

]
(s)

}
ds

}
Mathematical Biosciences and Engineering Volume 19, Issue 4, 4166–4177.
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−
∑

0<θk<T

U (θ, θk)Λk (w (θk) − ζ (θk))

∣∣∣∣∣∣∣
≤ sup

θ∈ξ

{∫ T

0
U (θ, s)

[
ρ1

∫ s

0
Φ (s, r) |w (r) − ζ (r)| dr

+ ρ2

∫ T

0
Ψ (s, r) |w (r) − ζ (r)| dr

]
ds +

∑
0<θk<T

U (θ, θk) |Λk| |(w (θk) − ζ (θk))|}

≤ ‖w − ζ‖
(
sup
θ∈ξ

∫ T

0
U (θ, s)

[
ρ1

∫ s

0
Φ (s, r) dr + ρ2

∫ T

0
Ψ (s, r)dr

]
ds

+
1

e−εT − χ

p∑
k=1

|Λk|


Then, we know that F is a contractive mapping by condition Eq (4.3). So, according to Banach’s

fixed point theorem, the solution of Eq (4.1) is unique.
Finally, we can obtain the following existence theorem of extremal solutions by using Lemmas 2.1

and 4.2. The arguments of Theorem 4.1 are similar to that in [4] and [5], the proof process is omitted.
Theorem 4.1. Suppose that Λk > −1,k = 1, 2, · · · ,m, ρ1, ρ2 ≥ 0, ε > 0, χ > e−εT , and the follow

four conditions satisfy:
(i)The conditions Eqs (2.3) and (4.3) hold.
(ii)There exist two functions ν, µ ∈ LC′(ξ) such as µ(θ) ≤ ν(θ) and

µ′(θ) ≥ f (θ, µ(θ), [Γµ](θ), [δµ](θ)) θ ∈ ξ′ = ξ − θ1, θ2, . . . , θm,

4µ(θk) ≥ Ik(µ(θk)) k = 1, 2, · · · ,m
µ(0) ≥ χµ(T )

or 
µ′(θ) ≥ f (θ, µ(θ), [Γµ](θ), [δµ](θ)) + bµ(θ) θ ∈ ξ′ = ξ − θ1, θ2, . . . , θm,

4µ(θk) ≥ Ik(µ(θk)) + lµk k = 1, 2, · · · ,m
µ(0) < χµ(T )

bµ(θ) = −g′2(θ) + εg2(θ) + ρ1[Γg2](θ) + ρ2[δg2](θ),lµk = Λkg2(θk) − ∆g2(θk), where g2 ∈ LC′(ξ) with
g2 ≥ 0, g2(0) − χg2(T ) ≥ χµ(T ) − µ(0) > 0.
and 

ν′(θ) ≤ f (θ, ν(θ), [Γν](θ), [δν](θ)) θ ∈ ξ′ = ξ − θ1, θ2, . . . , θm,

4ν(θk) ≤ Ik(ν(θk)) k = 1, 2, · · · ,m
ν(0) ≤ χν(T )

or 
ν′(θ) ≤ f (θ, ν(θ), [Γν](θ), [δν](θ)) − bν(θ) θ ∈ ξ′ = ξ − θ1, θ2, . . . , θm,

4ν(θk) ≤ Ik(ν(θk)) − lνk k = 1, 2, · · · ,m
ν(0) > χν(T )

bν(θ) = −g′1(θ) + εg1(θ) + ρ1[Γg1](θ) + ρ2[δg1](θ),lνk = Λkg1(θk) − ∆g1(θk), where g1 ∈ LC′(ξ) with
g1 ≥ 0, g1(0) − χg1(T ) ≥ ν(0) − χν(T ) > 0.
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(iii) When µ(θk) ≤ y ≤ x ≤ ν(θk), Ik(k = 1, 2, · · · ,m) meet

Ik(x) − Ik(y) ≤ Λk(x − y).

(iv) When θ ∈ ξ, µ ≤ w ≤ w ≤ ν, [Γµ](θ) ≤ ζ(θ) ≤ ζ(θ) ≤ [Γν](θ), [δµ](θ) ≤ z(θ) ≤ z(θ) ≤ [δν](θ),
and f meets

f (θ,w, ζ, z) − f (θ,w, ζ, z) ≤ ε(w − w) + ρ1(ζ − ζ) + ρ2(z − z)

Then, two monotone sequences νn, µn can be found such as ν = ν0 ≥ νn ≥ ... ≥ µn ≥ µ0 = µ, which
converge uniformly to the maximal and minimal solutions of Eq (1.1) in

[µ, ν] = {w ∈ LC(ξ) : µ(θ) ≤ w(θ) ≤ ν(θ), θ ∈ ξ}.

Remark 4.1. If χ = 1, then the Eq (1.1) is a periodic BVP. Therefore, the condition “χ > e−εT ” is
more general than the periodic boundary condition. Existence result of solution (Theorem 4.1) obtained
in this paper is more applicable than that in the periodic BVP.

5. Conclusions

In this paper, we discuss the existence of solutions for a first-order nonlinear impulsive integro-
differential equation with a general boundary value condition “w(0) = χw(T )”. Firstly, new comparison
principles are developed in Section 2, which are key comparison results to obtain extremal solutions
of Eq (1.1). We note that the boundary condition “w(0) = χw(T )” with χ > e−εT is more general than
the periodic condition “χ = 1”. Then, the expression of solution for a linear system is given in Section
3. Finally, we obtain the existence results of extremal solutions for Eq (1.1) by using the monotone
iterative technique, as shown in Theorem 4.1. Previous studies mainly focused on the periodic and
antiperiodic boundary value conditions, therefore, the condition “χ > e−εT ” is more general. The main
results in Section 4 are more general than previous studies, which may be widely applied in this field.
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