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Abstract: The relevance of the problem under study is due to the fact that the comparison is made for
wavelets constructed in the time and frequency domains. The wavelets constructed in the time domain
include all discrete wavelets, as well as continuous wavelets based on derivatives of the Gaussian
function. This article discusses the possibility of implementing algorithms for multiscale analysis of
one-dimensional and two-dimensional signals with the above-mentioned wavelets and wavelets
constructed in the frequency domain. In contrast to the discrete wavelet transform (Mallat algorithm),
the authors propose a multiscale analysis of images with a multiplicity of less than two in the frequency
domain, that is, the scale change factor is less than 2. Despite the fact that the multiplicity of the
analysis is less than 2, the signal can be represented as successive approximations, as with the use of
discrete wavelet transform. Reducing the multiplicity allows you to increase the depth of
decomposition, thereby increasing the accuracy of signal analysis and synthesis. At the same time, the
number of decomposition levels is an order of magnitude higher compared to traditional multi-scale
analysis, which is achieved by progressive scanning of the image, that is, the image is processed not
by rows and columns, but by progressive scanning as a whole. The use of the fast Fourier transform
reduces the conversion time by four orders of magnitude compared to direct numerical integration, and
due to this, the decomposition and reconstruction time does not increase compared to the time of
multiscale analysis using discrete wavelets.
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1. Introduction

Currently, Mallat algorithm is used for multiple-scale analysis (KMA) of signals, since he has
developed a fast way to calculate discrete wavelet transform (WT). The idea of MSA is that the signal
is decomposed according to the basis formed by shifts and multiple-scale copies of the wavelet
function. KMA is an m-step discrete WT. The maximum value of m is called the depth of
decomposition. In [1,2] the interpretation of the discrete WT is given. Sometimes discrete WT is used
in conjunction with other transformations, for example, in [3]. In such cases, the disadvantages of
discrete WT are still impossible to completely eliminate, because it is similar to how it is impossible
to improve the error by calculating formulas with great accuracy if the measurements were made
roughly. And the discrete WT has disadvantages:

1) The scaling factor changes only with a multiplicity of 2.

2) The wavelets are not symmetric or antisymmetric.

3) The accuracy of the calculation decreases with an increase in the decomposition level, since at
each decomposition level the sample length decreases by 2 times.

4) The amplitude-frequency response of wavelets is uneven.

5) It is necessary to have a scaling function.

6) Progressive scan of the image is not used for multiple-scale analysis.

7) It is necessary to solve many equations for constructing wavelets of large orders.

To eliminate these disadvantages, the use of continuous WT is relevant. The difference between
discrete and continuous WT is still in the method of calculation. If in order to calculate the wavelet
coefficients of the next level with discrete WT, it is necessary to calculate the previous wavelet
coefficients, then with continuous WT, all the wavelet coefficients can be calculated in parallel. At the
hardware level, it can be imagined as if the signal passes through a parallel connection of filters.
Continuous WT is calculated using computers, then this transformation is called a discrete version of
continuous WT. In [4], such a transformation is called a discrete-time wavelet transform (DTWT).

It was noted in [5]: “For practice, it would be desirable to have orthogonal symmetric and
asymmetric wavelets, but there are no such ideal wavelets”. Indeed, there are no orthogonal symmetric
and antisymmetric wavelets for a WT. They write about continuous WT in [5]: “Coarse wavelets have
a minimum of properties that wavelets should have, providing full-fledged capabilities in signal
conversion technology: the analysis is not orthogonal; the possibility of reconstruction is not
guaranteed; fast transformation algorithms and accurate reconstruction are impossible”.

The authors’ research shows that orthogonal symmetric and antisymmetric wavelets can be
constructed, fast algorithms are possible, and the signal can be accurately reconstructed.

Wavelets and pulse characteristics of filters are closely interrelated. The wavelets with the largest
scale factor are low-pass filters, those with the average scale factor are bandpass filters, and the
smallest scale factor is high-pass filters. It can be said that the construction of orthogonal symmetric
and antisymmetric wavelets is the same as the synthesis of digital filters with a rectangular amplitude-
frequency response (frequency response). In the literature on digital filters, it is noted that rectangular
frequency response leads to pulsations to the left and right of the cutoff frequency and the appearance
of a transition band (Gibbs phenomenon). This is explained by the truncation of the Fourier series. The
shorter the series, the greater the deviation of the frequency response from the initial one at steep drops.
Explain the Gibbs phenomenon still using the convolution property.

In the theory of generalized Fourier transform (FT), it is proved that wavelets are orthogonal if
the scalar product of these wavelets is zero. The authors’ research shows that the smaller the overlap
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of the wavelet spectra for different scale coefficients, the smaller the scalar product of these wavelets.
There will be no overlap when the spectra have a rectangular shape. For example, wavelets based on
derivatives of the Gaussian function (coarse wavelets) have a smaller scalar product value if the order
of the derivative is greater. The spectra of these wavelets are narrower, closer to a rectangular shape,
there is less overlap and the reconstruction of the signal is more accurate. Although it is written about
discrete wavelets that they are orthogonal, in fact this is not quite true, because the spectra of all such
wavelets overlap. Just as continuous wavelets allow you to reconstruct a signal with one or another
accuracy, so discrete wavelets allow you to reconstruct a signal with one or another accuracy and no
better. But the continuous WT allows for multi-scale image analysis not only with a zoom factor equal
to 2, but also with a multiplicity less than 2, to perform calculations in the frequency domain using the
fast Fourier transform (FFT). The transition to the frequency domain allows us to design wavelets with
specified properties that cannot be obtained in the time domain.

2. Research methods

During the research, it was possible to construct orthogonal symmetric and antisymmetric
wavelets. Figure 1 shows one of these wavelets. Figure 2 shows the frequency response of this wavelet
in decibels.
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Figure 1. Orthogonal symmetric wavelet.
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Figure 2. Frequency response of a symmetric orthogonal wavelet in dB.
It can be seen that the attenuation in the delay band is about -300 dB, which is comparable to the

calculation error. The scalar product of such wavelets is zero within the margin of error. This is
observed for all scalar products of wavelets with other scale coefficients. There are no ripples in the
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bandwidth on the frequency response. Figure 3 shows the frequency response of this wavelet. It can
be seen that there is no transition band. The covariance matrix for such a WT is diagonal. Figure 4
shows such a matrix. In Figure 5 covariance matrix for wavelets based on derivatives of the Gaussian
function. Here the matrix is not diagonal, since the frequency response is not rectangular.
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Figure 3. Frequency response of symmetric orthogonal wavelet.
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Figure 4. Covariance matrix of decomposition levels using wavelets constructed in the
frequency domain.
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Figure 5. Covariance matrix of decomposition levels using wavelets constructed in the
time domain.

If the covariance matrix has a diagonal form, then the wavelets of different decomposition levels
are orthogonal. This is similar to the orthogonal Karhunen-Loéve transformation, which leads the
covariance matrix to a diagonal form. The diagonal matrix shows that the signal energy after the
transformation is concentrated in a few significant wavelet coefficients of the transformation, that is,
it is a prerequisite for signal compression. The main disadvantage of the Karhunen-Loéve transform is
that it is not universal, that is, different covariance matrices and, accordingly, different eigenfunctions
are obtained for different types of signals. Also, there are no fast calculation algorithms for large

matrices. Figure 6 shows the frequency response of the high-pass filter. The Gibbs phenomenon is
clearly visible.
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Figure 6. Frequency response of the high-pass filter.

Figure 7 shows the frequency response of high-pass filters synthesized in the time and frequency
domains in decibels (logarithmic scale).
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Figure 7. Frequency response of the high-pass filter synthesized in the time and frequency
domains in decibels.

Up to a frequency of 128 units, the frequency response of the filter synthesized in the time domain
is presented, and from 129 to 256—the filter synthesized in the frequency domain. The coefficients of
the impulse response of the filter are calculated by the formula [6]:

b Z nk(]+05)
Ntk TN CON+1

Figure 7 clearly shows how much the frequency characteristics of these filters differ when compared
on the same scale. For a filter synthesized in the time domain, the Gibbs phenomenon is also observed.
Figure 8 shows the frequency response with two band width in decibels. It can be said that the wavelets or
digital filters obtained in the frequency domain have an ideal frequency response within the calculation error.
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Figure 8. Frequency response of a filter with two passbands in decibels.

Algorithms for obtaining filters are presented in [ 7]. But filters are synthesized in the time domain,
which leads to a transition band, and therefore a rectangular frequency response is not obtained.
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3. Result

3.1. Results of comparison of multiscale image analysis using the Mallat algorithm and the frequency
domain algorithm

Multiple-scale image analysis is possible not only with the use of the Mallat algorithm. Multiple-
scale image analysis can be carried out both with wavelets based on derivatives of the Gaussian
function and with wavelets constructed in the frequency domain, that is, decompose and reconstruct
images. A correlation type measure was used to quantify the proximity between the reconstructed
signal and the original signal. The calculated value of the Pearson correlation coefficient of the signal
and the reconstructed signal was 0.999. The reconstructed images are no different from the original
images and are better than for the Mallat algorithm.

The developed algorithms using FFT made it possible to reduce the calculation time of WT by
four orders of magnitude compared to direct numerical integration:

W(ab) = =[%, s % (=2)dt,

where a is the scale factor, b is the shift parameter. Algorithms for inverse and direct WT in the
frequency domain are presented in [8,9].

Wavelets with rectangular frequency response made it possible to reduce the calculation time of
direct WT in the frequency domain by 2 times compared to when wavelets based on derivatives of the
Gaussian function were used. Like the inverse FT, there is an inverse continuous WT:

_ 00 (00 t—b dadb
S(t) = Cl_pl fO f—oo b Y (T) W(a, b) W’
where Cy—normalizing coefficient:
Cy = [ |Fp(@)]? - 0™ dw < oo,

Fy(w)—Fourier spectrum of the basis function, k—indicator of the degree of the scale multiplier.

Also, such wavelets made it possible to reduce the calculation time of the inverse WT signal with
a sample size of 32,768 and 262,144 samples by 260 and 5000 times, respectively, compared with the
FFT algorithm. The construction of symmetric and antisymmetric wavelets with a rectangular
frequency response allowed the inverse WT to be calculated at least 10,000,000 times faster than with
direct numerical integration. Profiling was carried out for a Celeron® processor with a frequency of
2.54 Ghz.

In contrast to the Mallat algorithm, the algorithm developed by the authors allows us to obtain a
much larger number of decomposition levels, which allows us to study the image in more detail [3].
When using this algorithm, mosaicity does not appear when approximating the image. Figure 9(a)
shows a 512 x 512 pixel color image reconstructed with the approximating coefficients of the fourth
level for the algorithm in the frequency domain. In this case, a wavelet based on the Gaussian function
of the 2nd order (MHAT-wavelet) is used.
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Figure 9. Reconstruction of the image with approximating coefficients of the fourth level:
(a) the reconstructed image with the approximation coefficients of the fourth level for the
algorithm in the frequency domain (b) the reconstructed image with the approximation
coefficients of the fourth level for the Mallat algorithm.

Here, the scale factor a is 2 for comparison with the traditional Mallat transformation. For the
developed algorithm, there is no need for approximating and detailing coefficients, there are only
decomposition levels corresponding to the decomposition levels in the Mallat algorithm, and thus it
becomes possible to compare the decomposition results. Figure 9(b) shows a reconstructed image with
approximating coefficients of the fourth level. For the Mallat algorithm, a Daubechies db2 wavelet is
used. The calculation was carried out using the MatLab application software package. In Figure 9(b)
mosaicity is clearly visible. Image reconstruction with detailing coefficients also, when using the
algorithm in the frequency domain, gives a clearer image than in the MatLab computer mathematics
system (Mallat’s algorithm). In Figure 10(a) a reconstructed image with the detailing coefficients of
the first level for the algorithm in the frequency domain is presented. Figure 10(b) shows a
reconstructed image with the detailing coefficients of the first level for the Mallat algorithm using the
Daubechies wavelet (db2). Based on the developed algorithm in the frequency domain, in contrast to
the discrete WT, it is possible to conduct multiscale image analysis with a multiplicity less than 2. This
multi-scale analysis allows you to explore the image in a wide scale range, decomposing the image
into dozens of levels. When moving from one level to another, the change in the image is visually
barely noticeable. Figure 11 shows a multiscale image analysis with a multiplicity less than 2.
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(a) (b)

Figure 10. Reconstruction of the image with detailing coefficients of the first level: (a) the
reconstructed image with the detailing coefficients of the first level for the algorithm in the
frequency domain, (b) the reconstructed image with the detailing coefficients of the first
level for the Mallat algorithm.
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Figure 11. Multiscale image analysis with a multiplicity less than 2.
In Figure 11(a),(b), it is clearly noticeable that there are no colors at a small scale factor, the
contour of the image stands out well. We also refer the reader to problematics of image edge detection
based on singular value feature vector and gradient operator [10].

3.2. Results of comparison of the resolution of wavelets constructed in the time and frequency domains

Orthogonal symmetric and antisymmetric wavelets can also increase the spectral resolution.
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Figure 12 shows the results of the wavelet transform of the sum of two sinusoids with frequencies
slightly different from each other.
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Figure 12. A slice of the wavelet transform with derivatives of the Gaussian function.

In Figure 12(a) uses the MNAT wavelet, that is, the second derivative of the Gaussian function, in
Figure 12(b)—the third derivative of the Gaussian function, and in Figure 12(c)-the fourth derivative
of the Gaussian function. For the fourth-order derivative of the Gaussian function, the resolution is
better. Figure 13 shows the result of a wavelet transform of the same sum of sinusoids using an
orthogonal symmetric wavelet constructed in the frequency domain.
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Figure 13. A slice of the wavelet transform based on an orthogonal symmetric wavelet.

The resolution of this wavelet is much higher than for wavelets based on derivatives of Gaussian
functions. Figure 14 shows a slice of the wavelet transform for the sum of sinusoids with closer
frequencies. For wavelets based on derivatives of the Gaussian function, these sinusoids are not
resolved at all, that is, they are allocated as one sinusoid.
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Figure 14. A slice of the wavelet transform based on an orthogonal symmetric wavelet.
4. Conclusions

Despite the fact that the conversion time using the Mallat algorithm is almost the same with the
conversion time of the algorithm in the frequency domain, the image quality in the case of the
implementation of the Mallat algorithm is much worse. When the wavelet order (dbN) is increased or
other discrete wavelets are used, the mosaicity decreases, but the image quality remains significantly
worse compared to the results when using wavelets based on derivatives of the Gaussian function and
wavelets constructed in the frequency domain. Image reconstruction with detailing coefficients when
using the algorithm in the frequency domain also gives a clearer image compared to the image obtained
using the MatLab application software package. When reconstructing an image using all levels in
MatLab, many colors are lost, when applying the algorithm in the frequency domain, the color gamut
is preserved, the reconstructed image does not differ from the original.

The scientific literature does not present algorithms for multiscale analysis with a multiplicity less
than 2. All papers describe signal processing based on discrete wavelet transform: papers [11-14]
describe digital filter design sequence, papers [15—17] describe image processing. Among the papers
using continuous wavelet transformation, we can note: [18] for processing seismic information, [19]
for defect detection, [20] for signature verification, [21] for adaptive wavelet denoising, [22,23] for
chemical analysis. In these papers, non-orthogonal wavelets are used and the transformation does not
occur in the frequency domain, i.e., without the use of FFT. When compressing signals, noise
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suppression, recognition and verification of objects, multi-scale analysis of signals in the time domain
with a multiplicity equal to 2 is used. The use of multi-scale analysis in the frequency domain makes
it possible to reconstruct the signal with greater accuracy. An increase in the number of decomposition
levels means the use of bandpass filters with a reduced frequency range, which leads to more effective
noise suppression. The construction of wavelets in the frequency domain allows us to obtain the
maximum possible number of initial zero moments for a given sample. To obtain them in the time
domain, it is necessary to solve a system with the same number of equations (more than 100). Obtaining
wavelets with a large number of initial zero moments is the basis for the concentration of signal
information in a few significant wavelet coefficients and thus serves as the basis for increasing the
signal compression ratio.

MSA in the frequency domain is preferable compared to MSA in the time domain, since wavelets
based on derivatives of the Gaussian function have a linear phase-frequency characteristic. In addition,
wavelets constructed in the frequency domain have an ideal amplitude-frequency response. In this
regard, the accuracy of signal reconstruction increases, that is, the transformation is truly orthogonal.
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