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Abstract: There is some evidence representing the sequential formation and elimination of electrical 

and chemical synapses in particular brain regions. Relying on this feature, this paper presents a purely 

mathematical modeling study on the synchronization among neurons connected by transient electrical 

synapses transformed to chemical synapses over time. This deletion and development of synapses are 

considered consecutive. The results represent that the transient synapses lead to burst synchronization 

of the neurons while the neurons are resting when both synapses exist constantly. The period of the 

transitions and also the time of presence of electrical synapses to chemical ones are effective on the 

synchronization. The larger synchronization error is obtained by increasing the transition period and 

the time of chemical synapses' existence. 
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1. Introduction  

The synchronization of complex networks has been one of the most critical issues in recent 

years [1]. Complex networks, composed of interacting dynamical systems, can be used to represent 

and analyze real networks [2,3]. The synchronization phenomenon is termed when two or more 

dynamical systems evolve in common behavior [4]. Numerous natural events can be related to 
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synchronization [1]. Therefore, many studies have focused on the synchronization of coupled 

oscillators in different fields [5,6]. The synchronizability of a network is strongly associated with the 

network topology and the coupling between the nodes [4,7]. There are some studies that have 

considered the synchronization in time-varying networks [8,9]. Belykh et al. [10] showed that adding 

a few random connections to a network with blinking links enhances synchrony by reducing the 

required couplings strength for synchronization. Frasca et al. [11] investigated the synchronization of 

Rossler systems with switching coupling and found that switching between two coupling strengths that 

cannot separately synchronize the system can lead to synchronization.  

In the nervous system, the communications and interactions among neurons create complex 

networks [12,13]. Therefore, many of their activities lead to the formation and representation of 

collective behaviors such as synchronization [14]. Previous studies have revealed the significance of 

the synchronous behavior of neurons in information processing and cognitive tasks [15]. Subsequently, 

the study of synchronization in neuronal networks has attracted the attention of many scientists [16–18]. 

Belykh et al. [19] investigated the bursting neurons coupled nonlinearly through chemical synapses 

and found that synchronization depends on the receiving signals by each neuron. In contrast, 

synchronization of the electrically coupled neurons relies on the network's topology [20]. Previous 

studies have considered different network topologies such as small-world, scale-free, modular, 

hierarchical, etc. [21–23]. Furthermore, with the development of the multilayer networks that provide 

multiple interactions, the synchronization of the neurons was also investigated in this type of 

topology [8,9]. Some of the studies have considered the factors that can enhance the synchronization 

in neuronal networks. It has been proved that the time delay [24], the activity-dependent coupling [25], 

considering the neuron–astrocyte interaction [26], proper adjustment of autapse [27], etc., can help 

enhance the synchronous behavior among neurons.  

The neuronal functions rely on the communications between them [28,29]. These 

communications which occur in the cellular regions are called synapses. It is known that the 

transmissions among neurons can be through electrical or chemical synapses. The electrical synapses 

occur through channels (gap junctions) when the cytoplasms of two neurons are connected [30]. While 

in the chemical synapses, the neurotransmitters are released from one cell and received by another [31]. 

These two types of transmissions exist in different brain regions and are essential for their normal 

function. Furthermore, Pereda [28] highlighted that the interaction between these two synapses in the 

healthy brain is also crucial. There is evidence that the electrical synapse transits to chemical synapses 

in particular brain regions [32–34]. In other words, the formation and elimination of electrical and 

chemical synapses are sequential [35,36]. Szabo et al. [37] represented this serial synaptic evolution 

in motoneurons from the snail Helisoma. Furthermore, there is a hypothesis that the former electrical 

synapses are necessary for developing the chemical synapses. Todd et al. [38] represented this fact in 

the leech neurons.  

Motivated by the above description about the transition of synapses, this paper studies the network 

of coupled Hindmarsh-Rose neurons coupled with transient synapses. It is assumed that the electrical 

synapses are initially present, and they are replaced with chemical synapses over time. This sequence 

of transformations happens with a specific period. The synchronization of the neurons is studied under 

different conditions by varying the coupling strengths, the period of transitions, and the duration time 

of the presence of the synapses. The time series of the neurons is also under consideration. Therefore, 

in the next section, the model, the network, and the coupling are described. The results are presented 

in the third section, and the conclusions are given in the last section. 
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2. Model 

A network of Hindmarsh-Rose neurons with electrical and chemical synapses in a small-world 

structure is constructed as follows: 

𝑥𝑖̇ = 𝑦
𝑖

+ 3𝑥𝑖
2 − 𝑥𝑖

3 − 𝑧𝑖 +  𝐼𝑒𝑥𝑡 + ∑
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𝑖
̇ = 1 − 5𝑥𝑖

2 − 𝑦
𝑖
, 

  𝑧𝑖̇ = 𝑟(𝑠(𝑥𝑖 + 1.6) − 𝑧𝑖)   ,   𝑖 = 1, … , 𝑁 

 

(1) 

where 𝑥, 𝑦, 𝑧 represent the action potential, the fast and slow recovery variables of the neuron. The 

parameters of the chemical coupling are 𝑣𝑠 = 2 , 𝜖𝑠 = −0.25, 𝜆 = 10 . 𝑔𝑖𝑗  refers to the network 

structure such that 𝑔𝑖𝑗 = 1 shows the presence of a link between nodes 𝑖 and 𝑗. The coupling strength 

of the electrical and chemical synapses are 𝑔𝑒 and 𝑔𝑐, respectively. 𝑁 = 100 nodes are connected in a 

small-world configuration with 20  nearest-neighbor couplings and the probability of 0.1 . The 

parameters of the Hindmarsh-Rose model are set at 𝑟 = 0.006, 𝑠 = 4, 𝐼𝑒𝑥𝑡 = 2.8, such that the single 

neuron exhibits periodic bursting. The coupling between neutrons is through periodic time-varying 

coupling with electrical and chemical synapses. As discussed before, the synapses are transient and 

change in the time interval 𝜏. In a part of this time interval (0 < 𝑡 < 𝜃 𝜏), the electrical synapses are 

on, and in the next part (𝜃 𝜏 < 𝑡 < 𝜏), the electrical synapses disappear, and the chemical synapses 

appear. Therefore, we have: 

0 < 𝑡 < 𝜃 𝜏:  𝑔𝑐 = 0 , 𝑔𝑒 ≠ 0 

𝜃 𝜏 < 𝑡 < 𝜏: 𝑔𝑐 ≠ 0 , 𝑔𝑒 = 0 

(2) 

3. Results 

 

The equations of the network are solved numerically by using the fourth-order Runge-Kutta 

method with a total run time 3000 and time step 0.01. The network is investigated by considering 

different periods (𝜏) for the coupling function. The time of presence of the electrical synapses to 

chemical ones ( 𝜃 ) is also varied. To quantify the synchronization of the neurons, the average 

synchronization error is computed as follow: 

𝐸 = 〈
1

𝑁−1
∑𝑁

𝑗=2
√(𝑥1 − 𝑥𝑗)

2
+ (𝑦1 − 𝑦𝑗)

2
+ (𝑧1 − 𝑧𝑗)

2
〉

𝑡
, 

(3) 

At first, we consider that both synapses exist among neurons constantly. The electrical coupling 

strength is varied, and the synchronization error is computed. Three cases are assumed for the chemical 

coupling strength as: 1) 𝑔𝑐 = 0.5𝑔𝑒, 2) 𝑔𝑐 = 𝑔𝑒, 3) 𝑔𝑐 = 2𝑔𝑒. The synchronization errors for three 

cases are illustrated in Figure 1. When the chemical coupling is smaller than the electrical, 𝑔𝑐 = 0.5𝑔𝑒, 

the neurons become completely synchronous in the region 0.054 < 𝑔𝑒 < 0.072. The time series of 

the synchronous neurons is shown in Figure 2a. As the electrical coupling grows from 0.072, the 
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complete synchronization disappears, and the neurons become burst synchronous. The time series of 

neurons, in this case, are shown in Figure 2b and represent that although the neurons burst 

synchronously, there is a small error due to the difference between neurons when they are repolarized. 

By strengthening the chemical coupling, the synchronization error decays to zero for smaller electrical 

coupling strength. But the neurons do not oscillate synchronously and reach the resting state. The time 

series of the neurons in 𝑔𝑒 = 0.2, and for 𝑔𝑐 = 𝑔𝑒 , 𝑔𝑐 = 2𝑔𝑒  are illustrated in Figure2c and 2d, 

respectively.  

 

Figure 1. The synchronization error of the neurons is coupled with constant electrical and 

chemical synapses according to the electrical coupling strength. The red, blue, and yellow 

curves refer respectively to 𝑔𝑐 = 0.5𝑔𝑒,  𝑔𝑐 = 𝑔𝑒, and 𝑔𝑐 = 2𝑔𝑒. 

When the neurons are completely synchronous, all of the variables of the neurons are the same, 

i.e., 𝑥1 = 𝑥2 = ⋯ = 𝑥𝑁 , 𝑦1 = 𝑦2 = ⋯ = 𝑦𝑁 , 𝑧1 = 𝑧2 = ⋯ = 𝑧𝑁  Therefore, the equation of the 

synchronous manifold can be derived as  

𝑥𝑖̇ = 𝑦
𝑖

+ 3𝑥𝑖
2 − 𝑥𝑖
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(𝑣
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− 𝑥𝑖)

1 +𝑒𝑥𝑝 𝑒𝑥𝑝 (−𝜆(𝑥𝑖 − 𝜖𝑠)) 
∑

𝑁
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𝑔𝑖𝑗, 

 𝑦
𝑖
̇ = 1 − 5𝑥𝑖

2 − 𝑦
𝑖
 , 

 𝑧𝑖̇ = 𝑟(𝑠(𝑥𝑖 + 1.6) − 𝑧𝑖)   . 

 

(4) 

When the chemical coupling strength increases, the coupling term 𝑔𝑐
(𝑣𝑠−𝑥𝑖)

1+𝑒𝑥𝑝𝑒𝑥𝑝 (−𝜆(𝑥𝑖−𝜖𝑠)) 
∑𝑁

𝑗=1 𝑔𝑖𝑗 

intensifies and overcomes the dynamics of the neurons and leads the neurons to be quiescent.  
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Figure 2. The time series of the neuron’s action potentials coupled with constant electrical 

and chemical synapses. (a) The neurons are completely synchronous for 𝑔𝑒 = 0.07 and 

𝑔𝑐 = 0.5𝑔𝑒. (b) When 𝑔𝑐 = 0.5𝑔𝑒, the burst synchronization appears for 𝑔𝑒 > 0.072. The 

resting state is obtained when (c) 𝑔𝑐 = 𝑔𝑒, 𝑔𝑒 = 0.2, and (d) 𝑔𝑐 = 2𝑔𝑒, 𝑔𝑒 = 0.2. 

Next, we investigate the case of transient synapses. A specific period (𝜏) is considered, and in a 

part of the period, the electrical synapses are on (𝑔𝑐 = 0), and in the next part, the synapses are replaced 

with the chemical ones (𝑔𝑒 = 0). Firstly, it is assumed that the duration of both synapses is the same, 

i.e., 𝜃 = 0.5, and the effect of the transition period is studied. As mentioned in the previous section, 

with the parameters selected for the Hindmarsh-Rose model, the single neuron bursts periodically, and 

the period of bursts is 𝑇 = 132. Thus, the synaptic transition period is considered to be the coefficients 

of the bursts periods as 𝜏 =  33, 66, 132, 264, 396, and 528. The synchronization errors for different 

periods are presented in Figure 3. Similar to the previous case, as the chemical coupling strength 

increases, the error reaches its minimum in more miniature electrical couplings. This can be inferred 

from comparing the error curves in parts a to c. Furthermore, in all cases, the errors do not reach zero, 

and there is a minimum error which shows that the neurons are burst synchronized. This minimum 

error becomes larger by increasing the period of synaptic transitions. Moreover, it leads to a change in 

the waveform of the oscillations and the frequency of the bursts.  
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Figure 3. The synchronization error of the neurons coupled with transient electrical and 

chemical synapses with 𝜃 = 0.5 according to the electrical coupling strength. (a) 𝑔𝑐 =

0.5𝑔𝑒 , (b) 𝑔𝑐 = 𝑔𝑒 , (c) 𝑔𝑐 = 2𝑔𝑒 . Different colors represent the errors for different 

synaptic transition periods. With the increase of the period, the final synchronization 

error increases.  

The time series of all neurons for different periods are shown in Figure 4. Although the parameters 

of the neurons were set in such a way to show square-wave bursting, adding the time-varying coupling 

term alters the neurons' firing pattern. It can be observed that for lower period values, i.e., for 𝜏 = 33 

(Figure 4a) and 𝜏 = 66 (Figure 4b), the pattern consists of a single spike followed by a relaxation 

oscillation with short duration, which can be called pseudo-plateau burst. By increasing the period, the 

pattern changes to relaxation oscillation (for 𝜏 = 132, 264 in Figure 4c, 4d). Raising the period to 𝜏 =

396 leads to the pattern to be constructed by multiple rapid spikes and a depolarized silence that is 

known as circle/fold cycle bursters or depolarization block bursting (Figure 4e) [39]. For 𝜏 = 528, it 

seems that each burst is composed of both plateau burst type and pseudo-plateau burst type (Figure4f). 

As mentioned, the neurons are not fully synchronized, and there is a small error that refers to the 

depolarized silence duration. Figure 4g shows the enlargement of one burst of neurons relating to part 
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e. The difference between neurons in the depolarized silence duration is obvious in this figure.  

With the increase in the period of synaptic transitions, the bursts become longer, and the frequency 

of the bursts decreases. Comparing the period of bursts with the transition period shows that for longer 

periods, i.e., 𝜏 = 264,396,528, the period of the bursts is equal to the transition period (𝜏). For shorter 

periods as 𝜏 = 66,132, the period of the bursts is twice the transition period (2𝜏). For shorter periods, 

there is no relation between these periods. Furthermore, the spikes refer to the presence of the electrical 

synapses, while the silence mode refers to the time of the chemical synapses. Figure 5 represents this 

issue for 𝜏 = 66,396. In these figures, the parts of the time series related to the presence of the 

electrical and chemical synapses are shown by red and blue colors, respectively.  

 

Figure 4. The time series of the neuron’s action potentials coupled with transient electrical 

and chemical synapses with 𝜃 = 0.5 for the different synaptic transition periods. (a) 𝜏 =

33, (b) 𝜏 = 66, (c) 𝜏 = 132, (d) 𝜏 = 264, (e) 𝜏 = 396, (f) 𝜏 = 528, (g) enlargement of a 

burst shown by red box in part (e). By increasing 𝜏, the firing pattern changes, and the 

frequency of the bursts decreases.  
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Figure 5. The time series of the neuron’s action potentials coupled with transient electrical 

and chemical synapses with 𝜃 = 0.5 and (a) 𝜏 = 66, (b) 𝜏 = 396. The parts of the time 

series related to the presence of the electrical and chemical synapses are shown by red and 

blue colors, respectively. 

Finally, the influence of the time of existence of the electrical and chemical synapses is studied. 

To this aim, the parameter 𝜃  is varied. For example, considering 𝜃 = 0.1 means that in 0.1𝜏, the 

electrical synapses are on, and in the rest of 0.9𝜏, the chemical synapses are present. Figure 6 represents 

the synchronization error for 𝜏 = 132 and 𝜃 = 0.1, 0.3, 0.5, 0.7, and 0.9 for three cases of chemical 

coupling strength. It can be observed that similar to the previous cases, the increase of the chemical 

coupling leads to decay of error in lower electrical strengths. However, the critical electrical coupling 

for synchronization doesn't depend on the value of chemical strength for 𝜃 = 0.9 , in which the 

chemical synapses exist in a short interval (0.1𝜏). Furthermore, as the time of electrical synapses to 

chemical synapses increases, the final synchronization error decreases. For 𝜃 < 0.9, by increasing 𝑔𝑒, 

there is a minimum error, and the neurons become burst synchronous. While for 𝜃 = 0.9, the zero error 

is obtained, and complete synchronization can be attained. The time series of the neurons for different 

𝜃 are shown in Figure 7. It can be observed that the time of the presence of synapses also impacts the 

waveform of the action potential.  
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Figure 6. The synchronization error of the neurons coupled with transient electrical and 

chemical synapses for 𝜏 = 132 according to the time duration of the presence of synapses 

(𝜃). (a) 𝑔𝑐 = 0.5𝑔𝑒, (b) 𝑔𝑐 = 𝑔𝑒, (c) 𝑔𝑐 = 2𝑔𝑒. Different colors represent the errors for 

different time ratios of synapses. As 𝜃 increases, the final synchronization error decreases. 

The complete synchronization is obtained for 𝜃 = 0.9. 

Figure 8 presents a complete view of the synchrony error of neurons in the parameter planes by 

varying the transition period and the timing of synapses for 𝑔𝑐 = 𝑔𝑒 . The effects of changing the 

transitions period (𝜏) are demonstrated in part (a) for 𝜃 = 0.5. It is observed that increasing 𝜏 leads to 

burst synchronization occurring in a slightly lower coupling strength 𝑔𝑒. However, for higher 𝜏, the 

final synchronization error by increasing 𝑔𝑒 is more significant. Part (b) of this figure illustrates the 

impact of varying the presence time of electrical and chemical synapses (𝜃) for a fixed transition period 

𝜏 = 132. It is attained that in very low values of 𝜃 (𝜃 < 0.1), i.e. when the present time of electrical 

synapses is short, the synchrony error does not decay to zero by increasing 𝑔𝑒. For 0.1 < 𝜃 < 0.5, the 

error becomes zero for intermediate values of coupling strength, and there exists a small error when 

the coupling becomes stronger. As the present time of electrical synapses increases (𝜃 > 0.5), this 

small error does not appear for strong couplings. 
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Figure 7. The time series of the neuron’s action potentials coupled with transient electrical 

and chemical synapses for 𝜏 = 132 , and different timings for synapses. (a) 𝜃 = 0.1 , 

(b) 𝜃 = 0.3, (c) 𝜃 = 0.5, (d) 𝜃 = 0.7, (e) 𝜃 = 0.9. Varying 𝜃 effects on the shape of time 

series.  

 

Figure 8. Synchronization error of the neurons with transient synapses. (a) By varying 𝑔𝑒 

and 𝜏 for 𝜃 = 0.5: Synchronization is disturbed by increasing the transition period. (b) By 

varying 𝑔𝑒  and 𝜃 for 𝜏 = 132: Synchronization is enhanced by increasing the presence 

time of electrical synapses.  
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4. Conclusion 

This paper investigated the effects of the transient electrical synapses on the synchronization of 

the coupled neurons. Previous studies on the brain have revealed that the electrical synapses transit to 

the chemical synapses in special brain regions. Motivated by this, it was assumed that the electrical 

synapses exist among neurons for a defined time interval and then change to chemical synapses in the 

next time interval, and this sequence repeats periodically. The synchronization error of the neurons 

was computed by considering different periods for synaptic transitions and different time durations 

for synapses.  

At first, the network with constant electrical and chemical synapses was investigated. It was 

observed that when the chemical coupling was weak, the neurons were completely synchronous in a 

specific range of electrical coupling strength, further which the burst synchronization emerged. As the 

chemical coupling became more robust, the oscillations were suppressed, and the neurons stayed in a 

resting state. When the synapses were transient, the neurons were oscillating in all cases, and the steady 

resting state was not observed. The results showed that complete synchronization was only obtained 

when the time duration of electrical synapses was high. In other cases, the burst synchronization was 

observed. Increasing the period of the synaptic transitions led to the increase of the absolute 

synchronization error. In all cases, increasing the chemical coupling caused the decay of the 

synchronization error in lower electrical strengths. Moreover, both the period and the time duration of 

the electrical and chemical synapses influenced the shape of the time series of the action potentials.  
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