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Abstract: This paper deals with a two-species competitive predator-prey system with density-
dependent diffusion, i.e.,

u; = Adiy(w)u) + yiuF(w) — uhy(u) — Biuv, (x,1) € Q x (0, 00),
v = Ady(W)v) + yovEFr(w) — vho (V) — Bouv,  (x,1) € Q X (0, 00),
w; = DAw — uF(w) — vE,(w) + f(w), (x,1) € Q x (0, 00),

under homogeneous Neumann boundary conditions in a smooth bounded domain Q c R?, with the
nonnegative initial data (ug, vy, wo) € (W'P(Q))* with p > 2, where the parameters D, y;, %>, 51,52 > 0,
di(w) and d,(w) are density-dependent diffusion functions, F;(w) and F,(w) are commonly called
the functional response functions accounting for the intake rate of predators as the functions of prey
density, h;(u) and hy(v) represent the mortality rates of predators, and f(w) stands for the growth
function of the prey. First, we rigorously prove the global boundedness of classical solutions for the
above general model provided that the parameters satisfy some suitable conditions by means of L7-
estimate techniques. Moreover, in some particular cases, we establish the asymptotic stabilization and
precise convergence rates of globally bounded solutions under different conditions on the parameters
by constructing some appropriate Lyapunov functionals. Our results not only extend the previous ones,
but also involve some new conclusions.
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1. Introduction

In 1987, Karevia and Odell [1] first proposed the following one-predator and one-prey model with
prey-taxis in order to explain that an area-restricted search creates the following predator aggregation
phenomenon

{ut =V (dw)Vu) = V - iy w)Vw) + G1(u, w), (1.1)

w, = DAw + Go(u, w),

where D > 0 is the diffusivity coefficient of preys, d(w) denotes the motility function of predators, y(w)
represents the prey-taxis sensitivity coefficient, and the term —V - (uy(w)Vw) stands for the tendency of
the predator moving towards the increasing direction of the prey gradient, and it is viewed as the prey-
taxis term. The functions G(u, w) and G,(u, w) describe the predator-prey interactions, which include
both intra-specific and inter-specific interactions. Generally the predator-prey interaction functions
G1(u,w) and G,(u, w) possess the following prototypical forms.

Gi(u,w) = yuF(w) — uh(u), Gr(u,w)=—-uFw)+ f(w), (1.2)

where vy > 0 denotes the intrinsic predation rate, uF(w) represents the inter-specific interaction and
uh(u) and f(w) stand for the intra-specific interaction. Specifically, F(w) is the functional response
function accounting for the intake rate of predators as a function of prey density; it is often used in the
following form in the literature [2—4]

F(w) = w (Holling type I), F(w) = v (Holling type II),
A+w (13)

Fw) = (Holling type IIT), F(w) =1 — ™ (Ivlev type)

A"+ wh

with constants 4 > 0 and m > 1; other types of functional response functions (e.g., Beddington-
DeAngelis type in [5], Crowley-Martin type in [6]) and more predator-prey interactions can be found
in [7-10]. The predator mortality rate function A(u) is typically of the form

h(u) =0 + au, (1.4)

where 6 > 0 accounts for the natural death rate and @ > 0 denotes the rate of death resulting from
the intra-specific competition, which is also called the density-dependent death [11]. The prey growth
function f(w) is usually assumed to be negative for large w due to the limitation of resources (or
crowding effect), and its typical forms are

L

fowy = pow (1= %

o (1)

) (Logistic type), or

W (1.5)

k ) (Bistable or Allee effect type),

where ¢ > 0 is the intrinsic growth rate of prey, K > 0 is called the carrying capacity and 0 < k < K.
Now there exist many interesting results about global existence, uniform boundedness, asymptotic

behavior, traveling waves and pattern formation of solutions to System (1.1) or its variants in [11-15].
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When d(w) = d > 0 and y(w) = y > 0, G{(u,v) and G,(u, v) have the forms of (1.2), Wu et al. [15]
obtained the global existence and uniform persistence of solutions to (1.1) in any dimension provided
that y is suitably small. Then, Jin and Wang [13] derived the global boundedness and asymptotic
stability of solutions for System (1.1) without the smallness assumption on y in a two-dimensional
bounded domain. Moreover, Wang et al. [16] studied the nonconstant positive steady states and pattern
formation of (1.1) in a one-dimensional bounded domain. Under the conditions that d(w) and y(w)
are not constants and h(u) is given by (1.4), Jin and Wang [14] established the global boundedness,
asymptotic behavior and spatio-temporal patterns of solutions for (1.1) under some conditions on the
parameters in a two-dimensional smooth bounded domain. For more related results in predator-prey
models, we refer the readers to [17-29] and the references therein.

However, all the aforementioned works are devoted to studying prey-taxis models with
one-predator and one prey. Now let us mention some predator-prey models with two-predator and
one-prey. Recently, the following general two-predator and one-prey model with prey-taxis has
attracted a lot of attention.

uy = V- (diw)Vu) =V - (ux1(w)Vw) + y1uF(w) — uhy(u) — Bruv,
Vi = V- (da(W)Vy) = V- (u2(W)Vw) + yavFo(w) — vha(v) — Bauv, (1.6)
w, = DAw — uF1(w) — vF,(w) + f(w),

as applied in a smooth bounded domain Q c R", n > 1. Given dy(w) = d,(w) = 1 and 8; = 5, = 0,
Wang et al. [30] derived the global boundedness, nonconstant positive steady states and time-periodic
patterns of solutions for System (1.6). Wang and Wang [31] studied the uniform boundedness and
asymptotic stability of nonnegative spatially homogeneous equilibria for (1.6) in any dimension. Given
diw) = d(w) =1, yiw) = x; >0@G =1,2)and B, = B, = B > 0, Mi et al. [32] obtained the
global boundedness and stability of classical solutions in any dimension under suitable conditions of
parameters. Under the conditions that d;(w) and d,(w) are non-constants and 81 = 5, = 0, Qiu et
al. [33] rigorously proved the global existence, uniform boundedness and stabilization of classical
solutions in any dimension with suitable conditions on motility functions and the coefficients of the
logistic source. However, when 31,8, # 0, the global existence and stabilization of solutions for (1.6)
are still open. Given y;(w) = —-d!(w) > 0 if d/(w) < 0 (i = 1,2), the diffusion-advection terms
in (1.6) can respectively become the forms A(d;(w)u) and A(d>(w)v), which could be interpreted as
“density-suppressed motility” in [34,35]. This means that the predator will reduce its motility when
encountering the prey, which is a rather reasonable assumption that has very sound applications in
the predator-prey systems. Since the possible degeneracy caused by the density-suppressed motility
brings considerable challenges for mathematical analysis, many works have showed various interesting
results, which can be found in [36—44]. Given x;(w) = =d!(w) > 0 (i = 1,2), Fi(w) = Fa(w) = w,
hi(u) = u, h,(v) = vand f(w) = uw(m(x) — w), System (1.6) can be simplified as

u, = Aldi(w)u) + u(yyw —u — B1v),
Vi = Alda(W)v) + v(yaw — v = Bau), (1.7)
w; = DAw — (u + v)w + uw(m(x) — w),

where the parameters D, u,y;,3; (i = 1,2) are positive, the dispersal rate functions d;(w) (i = 1,2)
satisfy following the hypothesis: d;(w) € C2([0, 00)),d;(w) < 0 on [0, o) and d;(w) > 0. Wang and
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Xu [45] have found some interesting results for System (1.7) in a two-dimensional smooth bounded
domain. More specifically, when D = 1 and m(x) = 1, System (1.7) has a unique globally bounded
classical solution. By constructing appropriate Lyapunov functionals and using LaSalle’s invariant
principle, the authors proved that the global bounded solution of (1.7) converges to the co-existence
steady state exponentially or competitive exclusion steady state algebraically as time tends to infinity
in different parameter regimes. For a prey’s resource that is spatially heterogeneous (i.e., m(x) is
non-constant), the authors used numerical simulations to demonstrate that the striking phenomenon
“slower diffuser always prevails” given in [46,47] fails to appear if the non-random dispersal strategy
is employed by competing species (i.e., either d;(w) or d»(w) is non-constant) while it still holds if both
d;(w) and d,(w) are constants. However, there are few results about global boundedness and large time
behavior of solutions for (1.7) in the general form.

Inspired by the above works, this paper is concerned with the following two-species competitive
predator-prey system with the following density-dependent diffusion

u, = Adi(w)u) + yuF(w) — uhy(u) — Biuv, (x,t) € QX% (0, 00),

v = A(dry(W)v) + vavFr(w) — v (v) — Bouv, (x,1) € Q% (0, 0),

w, = DAw — uF1(w) — vF,(w) + f(w), (x,1) € Q% (0, 00), (1.8)
ou Ov Ow

a:a—V:E:O, (x,f)eaQX(0,00),

(u,v,w) (x,0) = (ug, vo, wo) (x), x€Q,

where Q C R? is a bounded domain with a smooth boundary 6, a% denotes the derivative with respect
to the outward normal vector v of 0Q, and the parameters D and y;, B; (i = 1,2) are positive. The
unknown functions u = u(x,t) and v = v(x,t) denote the densities of two-competing species (e.g.,
predators), and w = w(x, f) represents the density of predators’ resources (e.g., the prey) at a position
x and time ¢ > 0. When d;(w) = d; > 0 and d>(w) = d, > 0, System (1.8) becomes the well-known
diffusive predator-prey system, which has been widely studied in [48-51]. However, to the best of our
knowledge, the results of the two-predator and one-prey system given by (1.8) with density-suppressed
motility (i.e., d;(w) and d,(w) are non-constants) indicate that the competition and general predator
mortality rate /;(x) are almost vacant. The main aim of this paper is to explore the influence of the
predation interaction, competition and general predator mortality on the dynamical behavior of System
(1.8). Throughout this paper, we assume that the functions d,(s), F;(s), hi(s), (i = 1,2), f(s) and initial
data (uo, vo, wo) mentioned in (1.8) satisfy the following hypotheses:
(H)) di(s) € C?*([0, o)) with d;(s) > 0 and d(s) < 0,i = 1,2 on [0,00). The typical example is
di(s) = ﬁ or d;(s) = exp(—k;s) withx; > 0,i =1, 2.
(H,) Fi(s) € C'([0,)), Fi(0) = 0, Fi(s) > 0 and F/(s) > 0,i = 1,2 in (0, co0).
(H3) hi(s) € C*([0, o)) and there exist constants 6; > 0 and «; > O such that /;(s) > 6; and h.(s) > a;,
i=1,2forall s > 0.
(Hy) f(s) € C([0, )) with £(0) = 0, and there exist positive constants u and K such that f(s) < us
forall s >0, f(K) =0and f(s) <0 for s > K.
(Hs) (ug, vo, wo) € (WHP(Q))? with p > 2 and ug, vy, wo > 0.

Here, we note that there are many candidates for the above functions F;(s), h;(s) and f(s) as in
(1.3)—(1.5). Due to the presence of the prey’s density dependent diffusion coefficient, Model (1.8) is a
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cross-diffusion system and the parabolic comparison principle is no longer applicable. Moreover,
when | = @, = 0, the key L?-spatiotemporal estimates of u and v cannot be directly derived; thus, the
uniform boundedness of solutions is not an obvious result and needs to be justified. Based on the
above hypotheses, the first main result of this paper asserts the global existence and boundedness of
solutions for System (1.8) as follows.

Theorem 1.1. Let D,y;,5; > 0 (i = 1,2), Q € R? be a smooth bounded domain and the hypotheses
(H,)—~(Hs) hold. Then System (1.8) has a unique global nonnegative classical solution
(u,v,w) € (C(Q X [0, 00)) N Cz’l(ﬁ x (0, 0)))?, which is uniformly bounded in time, i.e., there exists a
constant C > 0 independent of t such that

e, Dll oy + [V Dl ooy + W Dllwioy) < € forall t > 0. (1.9)
In particular, one has 0 < w(x, t) < Ky for all (x,t) € Q X (0, 00), where

Ko := max{|lwollz~), K}. (1.10)

Remark 1.1. For the special case Fi(w) = Fa(w) = w, hi(u) = u, hp(v) = vand f(w) = uw(l — w), the
results of Theorem 1.1 have been obtained in [45]. However, since a; and @, may be equal to zero in
the hypotheses of this paper, the L*-spatiotemporal estimates of u and v cannot be directly obtained by
using the method in [45]. By means of the mechanism “density-suppressed motility”, we invoke some
ideas used in [14] and apply the self-adjoint realization of A + § with some § > 0 in L?(Q) to establish
the key L*-spatiotemporal estimates of u and v.

The second main aim of this paper is to study the role of non-random dispersal and competition
between two predators in the asymptotic properties of the nonnegative spatial homogeneous equilibria
of System (1.8). For simplicity, we let Fy(w) = Fo(w) = w, hj(u) = 6 + aju, hy(v) = 6, + a,v and
fw) = uw(1-w), where 6; = 6, = 6 > 0 and a, a,, u > 0; then, System system (1.8) can be simplified
as

u, = A(di(w)u) + yyuw — u(@ + aju) — Biuv, (x,t) € Qx (0, 00),

v = Ady(W)v) + yovw — v(0 + aav) — Bouv, (x,1) € Q% (0, 0),

w; = DAw — (u + v)w + uw(l —w), (x,1) € Q x (0, 00), (1.11)
ou 0Ov Oow

5—5—5—0, (x,1) € 0 x (0, 00),

(u,v,w)(x,0) = (up, vo, wo) (x), x € Q.

Theorem 1.1 ensures that System (1.11) possesses a unique global bounded nonnegative classical
solution (u, v, w) such that 0 < w(x, #) < K := max{|[wy| =), 1} for all (x, ) € QX (0, c0). Now we find
some sufficient conditions of parameters so that (1.11) admits a positive constant solution (u*, v*, w*)
satisfying

yiw' =0 —aut — BV’ 0,
Yow* — 0 — apv' — Bout =0, (1.12)
0

—u =Vt u—uw =

b
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i.e.,
AX = B, (1.13)
where
-1 —B1 N u* 0
A= —ﬁz —Q» ’)/Q,X: V*,BZQ.
1 1 u w*

If the determinant @ of the coefficient matrix A in (1.13) does not equal zero, it follows from Cramer’s
rule that ® ® ®
=T R = 1.14
W= V=g Y= (1.14)
where
O = (y1 + i)z — B2) + (y2 + aop)(ay — 1),
©, = aru(yr = 6) = Biu(y> = 0) + 0(y1 = 72),
D, = a1u(y2 = 0) = Bou(yr — 0) + 0(y2 = v1),
O, = (0 + Bz — B2) + (0 + axp)(a1 — B1).
When B < a; and 3, < a», it follows that ® > 0 and ®,, > 0, and thus we know w* > 0. Next, we
shall discuss the sign of @, and ®,. For convenience, we let

(1.15)

B = lﬁ (1.16)
and ;
Bs = ;TZ—H)’ (1.17)
where
Iy := apuly) — 0) + 6(y1 — 72) (1.18)
and
L = ayu(ys = 0) + 0(y2 = y1). (1.19)

*

It is not difficult to see that u* = %, Vv = % and w* = % are positive, if y; > 6, i = 1,2 and one of the
following conditions holds:

(He) y1 <72, 11 >0, 8 <min{a;,F]} and B, < min{a,,[5};

(H:) 71 > y2, b > 0, By < minfa;, B} and B, < minjas, B3);

(Hs) y1 = y> and max{B, B>} < min{ay, as}.

Now, we give our main results on the asymptotic stability properties of the nonnegative spatial
homogeneous equilibria of System (1.11) as follows.

Theorem 1.2. Let Q C R? be a smooth bounded domain and the parameters v;,a;,8;, (i = 1,2), 6, u
and D be positive. Assume that di(w) and dy(w) satisfy (H,), and that (u,v,w) is a global bounded
classical solution of System (1.11). Suppose that y; > 6,i = 1,2,

(Biy2 + Bov1)’ < dyinaaias (1.20)
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and
w? [wld; ()P veldy(w)P
D > max
wel0.Kol 4w* | y1di(w) YVadr(w)
as well as one of the conditions (Hg)—(Hg) holds. Then for all initial data (uy, vy, wo) satisfying (Hs),
there exist positive constants C and A such that

(1.21)

* * * —-A
lu-, ) = u' ||y + VCS 1) = Vi) + W, 1) = W|iwq) < Ce ! (1.22)

forall t > 0, where (u*,v*,w") is given by (1.14).

Remark 1.2. From a biological point of view, it is well known that the change of the predators comes
from predation, competition and mortality in System (1.11). The parameters y;, 5;, @; (i = 1,2) and 6
respectively stand for the predation rate, competition strength, density-dependent death and natural
death rate of the predators, which play a collective role in studying the dynamical behavior of (1.11).
More specifically, when y; > 6, it is called strong predation; otherwise, it is weak predation. Hence
the results of Theorem 1.2 can tell us that if the predations of two predators are strong and the prey
diffusion coefficient D is suitably large, all species can reach a coexistence state.

Theorem 1.3. Let Q C R? be a smooth bounded domain and the parameters v;,a;,B;, (i = 1,2), 6, u
and D be positive. Assume that d\(w) and dy(w) satisfy (H,), and the (u,v,w) is a global bounded
classical solution of System (1.11). Suppose that we have (1.20) and
uw?ld; (w)?
D> max —— (1.23)
wel0.Ko] 4y1wdy(w)
as well as one of the following conditions holds:
(i) y1 >v2> 0,1, <0, B <min{a,,B]} and B, < as;
(ii) Y1 > Y2 > 6,1, >0, ,31 < min{al,,B*[} al’ldﬁz S [Bz, as);
(iii) y1 > 6 > y»,

where g 0
oM =0 g s Gkl (1.24)
ajn+ apu -+
Then for all initial data (uy, vy, wo) satisfying (Hs), one has
(-, 1) = Ullzo) + [IVC, Dlle@) + (W, 1) = W@y = 0 as t — oo, (1.25)

exponentially if 0 > y,w — Bou or algebraically if 0 = y,w — B,u.

Theorem 1.4. Let Q C R? be a smooth bounded domain and the parameters v;,a;,8;, (i = 1,2), 6, u
and D be positive. Assume that d\(w) and dy(w) satisfy (H,), and the (u,v,w) is a global bounded
solution of System (1.11). Suppose that we have (1.20) and

~ 21 2
ww=|ds (w
D > max |2( )

wd )P 1.26
wel0,Ko] 4’)’2Wd2 (W) ( )

as well as one of the following conditions holds:
(i) y2>vy1 >0, 1) £0, B <min{a,, B3} and B < ay;
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(ii) y2 > y1 > 6, [; > 0, B, < min{ay, B3} and B, € [B], a1);
(iii) y» > 6 = vy,
where

K2 — 0) and W:M (1.27)

V= )
amut+ Y2 U+ Y2

Then for all initial data (uy, vy, wo) satisfying (Hs), one has

(-, Ol + IVC, 1) = Vo) + W, 1) = Wlis@) — 0 as t — oo, (1.28)

exponentially if 0 > yiw — B1v or algebraically if 6 = yiw — B1v.

Remark 1.3. It follows from Theorem 1.3 that if the predator u is superior over v in the competition
and the prey diffusion coeflicient D is suitably large, the semi-trivial equilibrium (u, 0, w) is globally
asymptotically stable. Similarly, we can obtain Theorem 1.4. Hence, we only give the conclusion of
Theorem 1.4, without showing the details of the proof for brevity.

Theorem 1.5. Let Q C R? be a smooth bounded domain and the parameters v;,a;,8;, (i = 1,2), 6, u
and D be positive. Assume that d\(w) and dy(w) satisfy (H,), and the (u,v,w) is a global bounded
solution of System (1.11). Suppose that

Yi < 9, I= 1, 2.
Then for all initial data (uy, vy, wo) satisfying (Hs), one has

lu(-, Dllzo) + IVE, Dl + (W, 1) = =) — 0 as t — oo, (1.29)

exponentially if y; < 6, i = 1,2 or algebraically if y; = 0, i = 1,2.

Remark 1.4. It follows from Theorem 1.5 that if the capture rates of the two predators are low (i.e.
vi £6,i = 1,2), the prey-only steady state (0,0, 1) is globally asymptotically stable regardless of the
size of the prey diffusion coefficient D.

Remark 1.5. Compared with the previous results of [33] without competitive terms, the results of
Theorems 1.2-1.5 indicate that the competition terms play a crucial role in the global stability of the
constant steady states in (1.11). Moreover, under the condition of density-suppressed motility, our
global stability results of Theorems 1.2—1.5 can also generalize the ranges of parameters «; and f;
(i = 1,2) for two dimensional cases in [32]. However, since the heat-semigroup estimates of # and v
are no longer applicable due to the appearance of density-suppressed motility, the global stability in
L*-norm is still open in the higher-dimensional problem.

The rest of this paper is organized as follows. In Section 2, we first state the local existence of the
classical solution to (1.8) and collect preliminary lemmas. In Section 3, we derive the global existence
and boundedness of classical solutions for (1.8) and prove Theorem 1.1. Finally, we shall study the
asymptotic stability of global bounded solutions for (1.11) and prove Theorems 1.2—1.5.
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2. Local existence and preliminaries

In this section, we shall give the local existence and some preliminary lemmas. Firstly, we state
the local existence of the classical solution to (1.8), as obtained by means of the abstract theory of
quasilinear parabolic systems in [52].

Lemma 2.1. Let D,y;,3; > 0 (i = 1,2), Q C R? be a smooth bounded domain and the hypotheses
(H)—(Hs) hold. Then, Lhere exists a Tpax € @, oo] such that System (1.8) possesses a unique classical
solution (u,v,w) € (C(Q X [0, Ta)) N CZHQ X (0, Trmax)))? satisfying

u,v 2= 0 and 0<w< K() = max{||w0||Loo(Q), K} (21)
In addition, the following extensibility criterion holds, i.e. if Ty.x < oo, then

tim sup (|1, Dllz=@) + V¢ Dllzs@ + W Dllwrey) = oo (2.2)
t/leﬂX

Proof. Let z = (u,v, w); then, System (1.8) can be rewritten as

z, =V -(P(z)Vz) + O(z), (x,1) € Qx(0,00),

@ =0, (x,1) € 0Q X (0, 00), (2.3)
ov
Z(" O) =17y = (M()a Vo, WO), X € Qa

where
diw) 0 udi(w) YiuF1(w) — uhy(u) — Bruv
P(z) = 0 dr(w) vdy(w) | and Q(z) =| yvFo(w) = vho(v) — Bouv |. 2.4)
0 0 D —uF(w) —vFy(w) + f(w)

According to the conditions that D > 0 and d;(w) > 0 (i = 1,2), the matrix P(z) is positively definite
for the given initial data zy, which asserts that System (1.8) is normally parabolic. Thus it follows
from Theorem 7.3 of [53] that there exists a Thx € (0, 00] such that System (1.8) admits a unique
classical solution (i, v, w) € (C%Q X [0, Tmax)) N C>1(Q % (0, Timay)))*. The nonnegativity of (u, v, w)
directly comes from the maximum principle [14,45]. It similarly follows from Lemma 2.2 of [13] that
w < Ky := max{||woll.~q), K}. Since P(z) is an upper triangular matrix, we can deduce from Theorem
5.2 of [54] that the extensibility criterion given by (2.2) holds. The proof of Lemma 2.1 is complete.
O

Lemma 2.2; Let Q c R'(n 2_1) be a smooth bounded domain, D > 0 and T € (0, c]. Assume that
o(x,1) € C(Q % [0,T)) N C*(Q x (0, T)) satisfies

{got:DA(p—g0+lﬁ, (x,1)) e QAx(0,T),

p (2.5
(9_95 = 0’ (-x$ t) € aQ X (O’ T)’

where y € L*((0, T); LP(Q)) with p > 1. Then there exists a positive constant C such that

lleC, Dllwray < € forall 1€(0,T), (2.6)
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where
[1,;5), ifp<n
qgeqll,), ifp=n 2.7)
[1, oc0], if p>n.

Proof. This lemma directly comes from Lemma 1 of [55]. O
Now, we give the following lemma ( [56], Lemma 3.4) to derive some a priori estimates for w.

Lemma 2.3. Let T > 0,7 € (0,T) and a,d > 0, and assume that y : [0,T) — [0, o) is absolutely

continuous. If there exists a nonnegative function h € L}(}C([O, T)) satisfying

f ' h(s)ds <d forallte[0,T —71) (2.8)
and
Y () + ay(t) < h(?), (2.9)
one has
y(t) < max {y(O) +d, a%' + Zd} forallte[0,T). (2.10)

Next, we give a basic property of the solution components u and v for System (1.8).
Lemma 2.4. Let the assumptions of Lemma 2.1 hold. Then there exists a constant C > 0 such that
f u+vdx <C forall te(0,Tnax) (2.11)
Q
and
1+T
f f uw? +v¥dxds < C forall te (0, Ty —7), (2.12)
t Q

where T = min{1, %Tmax}.
Proof. It follows from a direct computation for System (1.8) that

d 1 1 1
— (—u +—v+ w) dx = ff(w)dx - — f uhy(u)dx
dt Jo \7 Y2 Q Y1 Ja

1
—&fuvdx—— vhz(v)dx—&fuvdx
Y1 Ja Y2 Ja Y2 Ja

1
< ,ufwdx —— | u(8; +au)dx
Q Y1 Jao (213)

1
—— | v(6, + arv)dx
Y2 Ja

1 1
=u f wdx — 6, —udx — sz —vdx
Q o4l QY2

(03] (0%}
- — wdx — —fvzdx,
Y1 Ja Y2 Ja
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for all ¢ € (0, Thhax), Wwhere we have applied (H3), (Hy), 81,52 > 0 and (2.1).
Let 6 := min{60;, 6}, it follows from (2.1) that

d 1 1
— (—u+—v+w)dx+ﬂfu2dx+%fv2dx
dt Jo\71 Y2 Y1 Ja Y2 Ja

1 1
< —Hf (—u + —v+ w) dx + (uKy + 0)|9Q|,
o\71 2

(2.14)

which leads to (2.11) by Gronwall’s inequality. If @; > 0, i = 1, 2, then integrating (2.14) over (¢, + 1),
we have (2.12) directly. If @; = 0, i = 1,2, we can also prove (2.12) by means of the idea used in [14].
For the readers’ convenience, we give the sketch of the proof.

Let A denote the self-adjoint realization of —A + ¢ under homogeneous Neumann boundary
conditions in L*(Q), where § € ((), min{%, %}). It follows from § > O that A has an
order-preserving bounded inverse A~' on L*(Q). Thus this allows us to obtain a positive constant ¢,
such that

A W] 2 < il forall ¥ e L¥(Q) (2.15)
and
A2, = fg ¥ A Wdx < oW, forall We LX(Q). (2.16)
By a simple calculation in (1.8), we have

1 1 1 1 1
(—u + —Vv+ w) =A (—dl(w)u + —dr(W)v + Dw) — —uh(u) — @uv
Y1 Y2 p Y1 Y2 Y1 Y

! (2.17)
1 B>
— —vhy(v) — —=uv + f(w),
Y2 Y2
which can be written as
1 1 1 1
(—u +—v+ w) + ﬂ(—dl(w)u + —d(w)v + Dw)
Y1 Y2 ; Y1 Y2
1 1 1
= 5(—d1 Wu+ —dr(w)v + Dw) — —uhy(u) — &uv
Y1 Y2 Y1 Y1
1
- —vhy(v) — @uv + f(w)
. Y2 Y2 | 5 5 (2.18)
= —u(od\(w) — hy(u)) + —v(0d,(w) — ho(v)) + 0Dw + f(w) — —uv — —uv
Y1 Y2 Y1 Y2

1 1

< y—u (6d1(0) - 91) + 7\2 ((5612(0) - 62) + ((SD + IU)K()
1 2

< (6D + K,

= C,

where we have applied (H,), (H3), (Hy), (2.1) and 6 € (0, min{#‘o), %}). Hence, by multiplying
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(2.18) by A (%u + v+ w) > 0 and integrating it over Q, we derive

(—u+ —v+w)
Y2

+ f ( —di(w)u + —dz(w)v + Dw) (iu + iv + w) dx (2.19)
Y1 Y2
<czfﬂ (—u+—v+w)dx

According to the fact that 0 < di(Ky) < di(w), i = 1,2, due to (H;) and (2.1), and by letting c; :=
min{d;(Ky), d>(Ky), D} > 0, we deduce

d 1 1 1 1 2
— é(—u+—v+w) dx+2c3f(—u+—v+w) dx
dt Y1 Y2 o\71 Y2 (2.20)

<262fﬂ_ (—u+—v+w)dx

It follows from Holder’s and Young’s inequality as well as (2.15) that
1

2 2
2¢, f A (—u + —v + w) dx < 2C2|Q|2 (f dx]
Q

i 1 1 2 : 221
< 2¢16|Q)? [f (—u+—v+w) dx] (2.21)
o\71 Y2

2 20
1 1 2c4cr|Q
& ( )a’x+ 1l l.

1d
2dt

2

_1(1 1 )
A | —u+—v+w
V1 Y2

< = —u+—v+w

2 Ja\vi 7 c3

According to (2.16), we have
2

C3
26’1

D=

1 1 2
—u+—v+w| dx. (2.22)
o\71 Y2

| S

(e
—u+—v+w
Y1 Y2

By combining (2.20)—(2.22), we derive

d o ( (I ) ? e o ( (I ) ?
— | A —u+—v+w A—u+—v+w
dt Jo Y " 2¢ Y "2
s S (2.23)
f( 1 1 ) 2c165|Q
+c3 —u+—v+w| dx < ————.
o \71 Y2 C3
By the ordinary differential equations (ODE) argument, there exists a ¢4 > 0 such that
1 ’
A —u+—v+w| dx<cy, (2.24)
Q Y1 V2
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which implies that

[+T 1 1
f —2u2 + —2v2dxds <
t 2

2
(—u + —v) dxds
Q 71 Y

ft+‘rf 1 1

Q Y2

2

f f (—u + —v + w) dxds (2.25)
Q

2.2
e 2330
—_ + [ —

3 3

<

The proof of Lemma 2.4 is complete. O

Finally, we shall give the following key estimate of w, which plays a crucial role in the proof of
Theorem 1.1.

Lemma 2.5. Let the assumptions of Lemma 2.1 hold. Then there exists a constant C > 0 such that
f IVwl?dx < C  forall t€ (0, Tmu) (2.26)
Q

and

t+7
f f |IAwdxds < C forall te 0,Thx—1), (2.27)
t Q

where T = min{1, szax}.
Proof. Multiplying the third equation of System (1.8) with —2Aw and integrating it by parts, we deduce
from Young’s inequality and (2.1) that

d
— | [VwPd
dtfglwlx

= —2Df |[AwlPdx + 2 f(uFl(w) + vE,(W)Awdx — 2 f Jfw)Awdx
Q Q

2 (2.28)

<-D f |Aw|*dx + 5 f (uF (W) + vF,(w))2dx + = f F2(w)dx

F?(K, 4F%(K 2(uKy)>
<-D f \Awdx + ( ) 2 (Ko) f Vax+ ZHK) 1)
D, D
where we have used the hypotheses (H,) and (Hy).
It follows from = 0, Young’s inequality and (2.1) that
2 D 2 1 2
IVwl"dx = — | wAwdx < — | |Aw|"dx+ — | wdx
Q Q 2 Ja 2D Jq

(2.29)

D K?
<= f IAw]Pdx + —2|Q)].
2 Jo 2D
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4F3(Ko) 4F2(Ko)
D ’ D

Letcs := max{ }; we infer from (2.28) and (2.29) that

d D
— f IVw|*dx + f [Vw]?dx + — f |Aw|*dx

(2.30)
< cs f W’ +vidx + Cé,
Q

where c¢ = Wlﬁl + %lQl. It follows from Lemma 2.3 and Lemma 2.4 that (2.26) holds. Then
integrating (2.30) over (¢, ¢ + 7), we can deduce from (2.12) and (2.26) that (2.27) holds. O

3. Global boundedness of solutions

In this section, we shall study the global existence and uniform boundedness of solutions for
system (1.8) when n = 2. To do this, we need the following lemmas.

Lemma 3.1. Let the conditions of Theorem 1.1 hold. Then the solution (u,v,w) of system (1.8)

satisfies
fuzdx+fv2dx£C (3.1)
Q Q

W, Dllwrag) < € (3.2)

and

forall g € [1,00) and t € (0, Thax), where C > 0 is a constant independent of t.
Proof. Multiplying the first equation of System (1.8) by 2u and integrating by parts, we deduce from
Young’s and Holder’s inequalities that

d
—fuzdx:—2fdl(w)IVulzdx—2fdi(w)uVu-dex
dt Jo Q Q

+ 2y, f WF (w)dx -2 f u?hy(u)dx — 2B, f uvdx
Q Q Q

2 |} (w)P?
< —Ldl(w)Wul dx + o W

< —d,(Ky) f \VulPdx + % f W2 |Vwldx + 2y, F1(Ko) f uldx
Q Q Q

< —di(Ko) f [Vul?dx + K, ( f u4dx) ( f |Vw|4dx)
Q Q Q

+ 2y, F(Ky) f uldx,
Q

u2|Vw|2dx+271F1(Ko)fu2dx
¢ (3.3)

" (w)? .
where K := max,.cjo.x,] % and we have applied (H;)—(H3) and (2.1).
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By using the Gagliardo-Nirenberg inequality in two dimensions, there exists a C; > 0 such that

1
2
(f u4dX) = lullfs g, < CrllVull 2y llull 2@ + ] q)- (3-4)
Q

According to Lemma 2.5 of [19] when n = 2, it follows from Lemma 2.5 that

( f |Vw|4dx) < Gl ITWllz @) + IVWIEs )
Q

< G(llAwll2) + 1),

(3.5)

for all ¢t € (0, Thhax), where C,,C3 > 0. Thus, by combining (3.4) with (3.5), we infer from Young’s
inequality that

3 3
¢ ( f u4dx) ( f |Vw|4dx) < d\(Kp) f IVul’dx + Callull} o) IAWII
o Q Q (3.6)

2
+ C5||M||L2(Q)’

where Cy4, Cs are positive constants. Thus it follows from (3.3) and (3.6) that

4 f u?dx < Cq f uzdx( f |Aw|2dx+1), (3.7)
dt Jo Q o)

where C¢ := max{Cy, Cs + 2y, F1(Kp)}.
By Lemma 2.4, we can find 7y = #y(t) € ((t — 7)4,t) for any t € (0, Thax) such that there exists a
C; > 0 satisfying

f U (x, to)dx < Cs, (3.8)
o
where 1 is defined in Lemma 2.4. It follows from Lemma 2.5 that there exists a Cg > 0 such that
f0+7
f f |Aw(x, H)*dxdt < Cs. (3.9)
to Q

Therefore, integrating (3.7) over (%, ), we deduce from #y <t <ty + 7 < tp + 1, (3.8) and (3.9) that
f Wdx < f W2 (x, to)dxe U Pde)ds o o CaCurn) (3.10)
Q Q

for all 1 € (0, Tpax).
Similarly, we obtain

f vidx < Cy  forall 1 € (0, Tmay)- (3.11)
Q

It follows from the third equation of System (1.8), we know that w solves the following problem

ow (3.12)

Wy = DAw —w + g(l/t, v, W)’ ('x’ t) € Qx (O’ TmaX)’
— =0, (x,1) € 0Q X (0, Thax),
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where g(u,v,w) = w—uF;(w)—vF,(w)+ f(w). According to (H,), (H3) and (2.1), we infer from (3.10)
and (3.11) that

llg(u, v, wlli2) < Crolllullr2) + IVll2) + 1) < Ciy (3.13)

for all ¢ € (0, Thax). Hence, it follows from Lemma 2.2 in two dimensions that (3.2) holds. The proof
of Lemma 3.1 is complete. O

Next, we shall prove the boundedness of w in W!*(Q).

Lemma 3.2. Let the conditions of Theorem 1.1 hold. Then the solution component w of system (1.8)
satisfies

w(, Dllwr=@) < C (3.14)

forallt € (0, Tya), where C > 0 is a constant independent of t.
Proof. Multiplying the first equation of System (1.8) by u? and integrating by parts, we deduce from
Young’s and Holder’s inequalities that

1d
—— f wdx = =2 f dy(w)u|Vul*dx - 2 f d(w)u*Vu - Vwdx

+y]fu3F1(w)dx—fu3h1(u)dx—,81fu3vdx
Q Q Q

d/ 2
< - f di(W)u|Vul*dx + LS
0 o di(w)

+71F1(K0)fu3dx—91fu3dx
Q Q
4d, (K 3
o 2Ky f IVu? Pdx + K, f 13 |Vwlidx
9 Q Q

+71F1(K0)fu3dx—01fu3dx
Q Q
4d, (K, : :
< _4d(Ko) f Vi Pdx + K, ( f u6dx) ( f |Vw|4dx)
9 o) Q Q
+71F1(K0)fu3dx—01fu3dx,
Q Q

for all t € (0, Tnax), where K is defined in the proof of Lemma 3.1 and we have applied (H;)—(H3) and
(2.1).

It follows from Lemma 3.1 that there exist positive constants C; and C, such that |[Vw||;+q) < C;
and [Jull;2q) < C, for all ¢ € (0, Thax). Then by using the Gagliardo-Nirenberg inequality and Young’s

W |Vwldx

(3.15)
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inequality, we can find positive constants C;, i = 3, - - -, 6 such that
: !
% ( f uﬁdx) ( f |Vw|4dx) < K Coll s g
Q Q
W )P e 3.16
<G (uwanz(Q) L 2 (3.16)
_ 2di(Ko)

< f \VusPdx + Cy
9 Q

and

3
ylFl(KO)fl’tde < ’YIFI(KO)”uz”iQ(Q)
Q

2
3

3.2 304 30
<Cs (IIVMZIILQ(Q) el A+ Ml ) (3.17)
L3(Q) L3(Q)

2d; (K
< 2d:(Ko) f IVu? Pdx + C
9 o

for all 7 € (0, Tpax)-
Combining (3.15)—(3.17), we have

d
—fu3dx+391fu3dxs Cy := 3(Cy4 + Co) (3.18)
dt Jo Q

for all # € (0, Thhax). By the ODE argument, we can derive

C
f u3dernaX{ f ugdx,—7} for all 7 € (0, Tinay)- (3.19)
0 o 36

Similarly, we also derive the boundedness of |[v||;3q). Then it follows from Lemma 2.2 in two
dimensions that (3.14) holds. O

By means of the boundedness of |[w(, 1|y~ (), it follows from the Moser iteration of [45] that we
can obtain the boundedness of |[u(-, #)||;~(q) and |[V(-, )||~(q) for all ¢ € (0, Tax)-

Lemma 3.3. Let the conditions of Theorem 1.1 hold. Then the solution component (u,v) of system
(1.8) satisfies

lluC, Dll=@) + VC Do) < € (3.20)

forallt € (0, Tya), where C > 0 is a constant independent of t.
Proof. Multiplying the first equation of System (1.8) by u#”~! with p > 2 and integrating by parts, we
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deduce from Young’s inequality that

1d

pdt updx——(p—l)fa’l(w)u” 2\VulPdx — (p—l)fa"(w)u” 'Vu - Vwdx

+71fu”Fl(w)dx—fu”hl(u)dx—,B]fu”vdx
Q Q Q

p-1 D2 p i (w)l?
<= | w2 Vuldx +
AN 1=Vl dx + — L dom)

uP|Vwldx
(3.21)

+71F1(K0)fu1’dx

<—Td1(K0) f W2 Vuldx + 2 5

-1
K, f u?|Vwl*dx
Q
+71F1(Ko) f uPdx
Q
for all t € (0, Thnax), where K is defined in the proof of Lemma 3.1 and we have applied (H;)-(H3) and
(2.1).

It follows from Lemma 3.2 that there exists a C; > 0 such that |[Vw(-,1)||z~q) < C, for all ¢ €
(0, Thax). Hence, we deduce from (3.21) that

d - )d (K,
—fu”dx+p(p )i 0)fup_2|Vu|2dx+p(p—l)fupdx
dt Jo 2 Q Q

<GCpp-1 f uldx,
Q

(3.22)

for all t € (0, Tppax), Where C, := 7<]ch + ¥1F1(Kp) + 1 is independent of p. The rest can be handled
exactly as the Moser iteration in Lemma 2.7 of [45] to derive the boundedness of [|u(-, 7)||~q) for all
t € (0, Tny). Similarly, we can obtain the boundedness of [[v(:, t)||~q) for all # € (0, T.x). The proof
of Lemma 3.3 is complete. O

Proof of Theorem 1.1. Theorem 1.1 is a direct consequence of Lemma 2.1, Lemma 3.2 and
Lemma 3.3. O

4. Large time behavior
In this section, we shall study the asymptotic stability of global bounded solutions for System
(1.11) by constructing energy functionals used in [13,57]. To do this, we first give some regularity

results of the solution (u, v, w) for System (1.11).

Lemma 4.1. Let (u,v,w) be a global bounded classical solution for (1.11) ensured in Theorem 1.1.
Then there exist o € (0, 1) and C > 0 such that

””“c"-%(ﬁx[t,m]) + ”v”C“’%(ﬁx[t,tH]) + Wil e S Q) <C forall t>1. (4.1)

Proof. This lemma can be verified by a similar argument in Lemma 4.1 of [14], so we omit the details
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here for brevity. O

Lemma 4.2. Let (u,v,w) be a global bounded classical solution for (1.11) ensured in Theorem 1.1.
Then there exists a C > 0 such that

”M(', t)llwl,4(g) + ”V(', t)'lwl,4(g) < C fOl" all t> 0. (42)

Proof. This lemma can be verified by a similar argument in Lemma 3.6 of [45], so we omit the
details here for brevity. O

In order to prove the asymptotic stabilization of global bounded solutions for system (1.11), we
provide the following lemma, which is proved in [57].

Lemma 4.3. Let ¢ : (1, 00) — [0, 00) be uniformly continuous such that flm ¢(t)dt < oo. Then

¢(t) > 0 as t — oo. 4.3)

4.1. Proof of Theorem 1.2

In this subsection, we are devoted to studying the stabilization of the coexistence steady state
(u*,v*,w") for some parameters cases. Let us introduce the following functionals

1 1
&) :—f(u—u*—u*lni*)dx+—f(v—v*—v*ln%)dx
Y1 Jo u Y2 Ja 4
w
+f(w—w*—w*ln—*)dx,
O w

7:1(t):f(u—u*)zdx+f(v—v*)zdx+f(w—w*)2dx
Q Q Q

Vul Vv |?
+f yu dx+f 2V dx+f|Vw|2dx,
Q aolV Q

u
where (1", v*, w") is given by (1.14).
Lemma 4.4. Let the conditions of Theorem 1.2 hold. Then there exists a positive constant &;

independent of t such that

and

Ei() =0 4.4
and J
E&(t) < —g1F1(t) forallt> 0. 4.5)
Proof. Let
L) := yil fQ(u —u —u'ln ui) dx,
L) := % fQ (v — v =v*ln vl) dx,
L) = fQ (w —w' —w'In %)dx,
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then &;(¢) can be rewritten as
E(t) =1L+ L(t)+ I(t) forall t>0.

Step 1: We shall prove the nonnegativity of &(¢) for all ¢+ > 0. Let H(¢) := & —u"Iné for & > 0; it
follows from Taylor’s formula for all x € Q and each ¢t > 0 that there exists a 7 = 7(x, ) € (0, 1) such
that U

u—u" _M*IHE =Hu)— H W)

=H (') (u—u")+ %H” (tu+ (1 =) - (u—u*)

— u*

T 2(ru+ (1 — D)’
Hence, we immediately derive that 1;(¢) = fQ (H(u) — H (u"))dx > 0. Similarly, we know that I,(¢) > 0
and I5(¢) > O for all ¢ > 0. Thus, we know that (4.4) holds.
Step 2: Now, we further prove (4.5). By a series of simple calculations, we get

d 1 u-—ut
—I.() = —
m 1(0) ” fQ ” udx

(u—u*) > 0.

1 _ *
= 7 u uu (A(di(W)u) + yiuw — u(8 + ayu) — Buv)dx
1
f d, (w)qul2 ut f dy(w)Vu - Vw
=— — dx—— | ————dx
Y1 u Y1 Jo u
1
+ 7 (u—u")yyw—60—aju—pBv)dx 4.6)
1

d](W)|VM|2 d;(w)Vu - Vw
[, [ TS
f(u—u)(w W)dx——f(u u)dx

f(u—u v — v )dx,
7’1

where we have used the fact that 6 = yyw* — au* — B;Vv".
Similarly, it follows from the identities 6 = y,w* — Bu* — @,v* and u = u* + v* + uw” that

2 * 4 N
SIZ()— __fdz(w)le| M _fd S(w)Vy dex

12

f(v VYW —wHdx — — f(v v dx “4.7)

f(v—v Yu — u)dx,
72

2
iIz(f) = —Dw’ f |VM;| dx — f(w —w*)(u— u)dx - f(w —w)(v —v)dx
dt 0w . )

- f(w — w")?dx.
Q
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Hence, by combining (4.6)—(4.8), we derive

—81(t)——— f(u u )zdx——f( —v*)de—uf(w—w*)zdx
Q

2
_(&+&)f(u_u*)(v V) __fdl(w>qu| "
Y Y2 Y1 Jo u

d Vv|? Vwl|? d w)Vu - Vw
_r —Z(W)Z' Wax - pwr [V, 10 [ AV VW, 4.9)
Y2 % Q W Y1 Jo u
dw)Vv - Vw
- de
Y2 Jo v

::—leAlede—leBlYlex,
Q Q

u

where X; = (u—u*,v—v:,w—w")and Y] = ( R Vw) as well as

@ B, B w'dy () wdi(w)
n %(71+y—§) 0 7 *0 *fl,;(l)
A= %(ﬁ_l +'B_2) 5 0 |,B = 0 % % . (4.10)
710 Y2 }(’)2 M*d; W) V*d§(W) Dw*
M 2)/] 2)/2 7
It follows from (1.20) that
ar 1(BL 4 B 2
S0 and ﬁyl , 2(71+yz):w_1(@+&) >0 4.11)
Y1 3 (Y—i y—j) = yive 4\n 7
as well as
1
|A1|:#(“‘0‘2 __(B1 ﬁz) )>o (4.12)
Yiva 4\n 7

which implies that the matrix A, is positive definite as according to Sylvester’s criterion. Similarly, we
deduce from (1.21) that

*d u'di(w) O * *d d
u'dy(w) 20 and | 7 . u'v'dy(w)d,(w) 50 4.13)
Y1 0 7S Y172

as well as

(4.14)

wvwid;(w)dy(w) (D ~ ww|d;(w)? _ V*W2|d§(w)|2) >0
Y1yaw? dyiwdi(w)  dyowdyr(w) ’

which implies that the matrix B is positive definite. Thus there exist positive constants x; and «;, such
that

|Bil =

XA X > k|XiP and Y BiY] > |V (4.15)
for all x € Q and r > 0. Let &; := min{xy, k»}, we have

d
aal(t)s—sl f IX,]> + |Y;]’dx forall >0, (4.16)
Q
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which implies that (4.5) holds. The proof of Lemma 4.4 is complete. O

With the aid of Lemma 4.4, we shall give the following large time behavior of global solutions for
system (1.11).

Lemma 4.5. Let the assumptions of Theorem 1.2 hold. Then the global bounded solution of (1.11)
converges to the coexistence steady state (u*,v*,w*) given by (1.14), i.e.,

lloe(-, 1) = ||y + V(s 1) = Villo@) + [IWC, £) = Wl o) — 0 (4.17)

ast — oo,
Proof. It follows from Lemma 4.4 and integration over (1, co) that

f Fi(H)dt < &l _
1 €1

According to Theorem 1.1 and Lemma 4.1, the bounded solution u, v and w are Holder continuous in
Qx [t,t+ 1] with respect to ¢ > 1. Thus we conclude that 7 (¢) is uniformly continuous in (1, ). Thus
we infer from Lemma 4.3 that

f(u—u*)zdx+f(v—v*)zdx+f(w—w*)2dx—>O (4.18)
Q Q Q

as t — oo. By the Gagliardo-Nirenberg inequality in two dimensions, there exists a C; > 0 such that

2
3

W]*4(Q) ||u —u

e — u| o) < Co Ml — u|

Moreover, it follows from Lemma 4.2 that u(-, 1) — u* is bounded in W'*#(Q); thus, we conclude from
(4.18) that u(-,1) — u* in L*(Q) as t — co. By the similar arguments for v and w, we derive (4.17).
The proof of Lemma 4.5 is complete. O

Now, we give the convergence rate of the coexistence state (u*, v*, w*) for System (1.11).

Lemma 4.6. Let the assumptions of Theorem 1.2 hold; the global bounded solution (u,v,w) of (1.11)
exponentially converges to the coexistence state (u*,v*,w"), i.e. there exist C > 0 and A > 0 such that

* * * -1
lluC-, 1) = u'llzog@) + IIVC, 1) = Villis@) + IWC, 1) = Wle@) < Ce™ (4.19)

forallt > Ty, where T, > 0 is some fixed time.
Proof. It follows from Lemma 4.5 that |lu — u*||;~q) — 0 as ¢t — oo. Therefore, we apply L’Hopital’s

rule to obtain
u—u" —u'ln ul 1

lim (4.20)

e (u—u)? 2u

which implies that there exists a #; > 0 such that

1 . 3
f(u —u)’dx < f (u —u" —u'ln l)dx < — f(u —u*)dx (4.21)
4M* o) Q u* 4l/l* o)
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for all # > #,. Similarly, we can find 7, > O satisfying

1 3
f(v —v)2dx < f (v —v"=v"In 1) dx < f(v —v)2dx (4.22)
4V* Q Q V¥ 4\}* o)

and

1 3
— f(w —w*)?dx < f (w —w" —w'ln K)dx < — f(w —w*)dx (4.23)
4w+ Q Q w* 4w+ Q

for all t > t,. Let T, := max{t;, 1,}; by means of the definitions of &;(¢) and F(¢), it follows from the
second inequalities in (4.21)—(4.23) that there exists a C; > 0 such that

CE (1) < Fi(t) forall > Ty. (4.24)
By Lemma 4.4, we derive
E() < - F1(t) £ —&,C1E (1) forall > Ty, (4.25)
which implies that there exist C; > 0 and C3 > 0 such that
E1(t) < CLe™ T forall ¢ > T;. (4.26)
Thus we deduce from the first inequalities in (4.21)—(4.23) that there exists a C4 > 0 such that

f(u(x, 1) —u*)dx + f(v(x, ) —v)idx + f(w(x, 1) —w*)’dx
Q Q Q

< Ci&i(t) € C,C4e™ ST forall ¢ > T.

(4.27)

It follows from the Gagliardo-Nirenberg inequality in two dimensions, Lemma 4.2 and Lemma 3.2 that
there exist positive constants Cs and C¢ such that

ll = ull o) + IV = Vilo@) + W = w'll=q)

2 1 o2 1
< Ol = sl = 1T + 1 = a7 = g
2 1
. 8
< Cq (f(u —u")dx + f(v —v)2dx + f(w - w*)zdx)
Q Q Q
-C3(-T))

< Co(CrCy)se©

for all > T';. The proof of Lemma 4.6 is complete. O

Proof of Theorem 1.2. The statement of Theorem 1.2 is a straightforward consequence of Lemma
4.6. 0
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4.2. Proof of Theorems 1.3 and 1.4

In this subsection, we shall study the stabilization of the semi-trivial steady state (u,0,w) or
(0,v,w) for some parameters cases. Since the methods of the proofs of Theorem 1.3 and Theorem 1.4
are very similar, we only give the proof of Theorem 1.3 for brevity. To do this, let us introduce the

following functionals
1 1
Es (1) :—f(u—u—uln )dx+—fvdx
Y1 u Y2 Jo

+f(w w—wln = )dx
Q w

and
7—3(:):f(u—ﬁ)zdx+fv2dx+f(w—wfdx
Q Q Q
V 2
+ f AL f IVwl2dx,
ol U Q
where 77 = K4=9 4pq = Qb
apu+y; ajutyl

Lemma 4.7. Let the conditions of Theorem 1.3 hold. Then there exists a positive constant &,
independent of t such that

&) >0 (4.29)
and J {
—&E(t) < =& () — —(0 — yow + Bou) f vdx forallt> 0. (4.30)
dt V2 Q
Proof. Let
Ji(f) = yif ( —u—1ulnt )a’x,
Do) := o [ vd
J5(f) := fQ( ~win¥)dx,

then &,(7) can be represented as
E() = J1(t) + Jr(t) + J3(r) forall > 0.

Firstly, we can prove the nonnegativity of &,(¢) for all # > 0 by the similar arguments used in Step 1 in
Lemma 4.4. For brevity, we omit the details here. Now, we shall prove (4.30). By a series of simple
calculations, we get

2 ’ .
= [0, K [AR T,

u2

f (u—uw)(w—w)dx — — f (u —u)’dx (4.31)

f (u —uyvdx,
71

where we have used the fact that 6 = y,w — o u.
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Similarly, we can derive

iJz(z):—“—zf Vdx - P2 fv(u—u)dx
dt Y2 Y2 Ja

1 (4.32)
+ f viw = w)dx — —(0 — yow + Boru) f vdx,
Q Y2 Q
and )
d \Y
() = ~DWw f VWi f (w — W)(u — W)dx — f (W — W)vdx
(4.33)
- U f(w w)2dx,
where we have used the fact that 4 = u + uw. Thus it follows from (4.31)—(4.33) that
d
—82(t) =—-— f(u —u)’dx — —f Vidx — pf(w w)2dx
2
d Vul?
( )f(u —uyvdx — f 1(W)l u dx
Y1 Y1 u
Vwl|? d'w)Vu - Vw
_Dw f V- 2 [V Vv, (4.34)
Q W Y1 Ja u
1
— —(0 — yo2w + Bru) f vdx
Y2 Q
1
—~ f X,A,X; dx — f Y2Bo Yy dx — —(6 — y,w + Bait) f vdx,
Q Q Y2 Q
where X, = (u—u,v,w—w)and ¥, = (%, Vw), as well as
L 4(eey i 30
Ay = %(% + l;_z) 2 0 -B=|altw o | (4.35)
0 0 u M w?
It follows from (1.20) that
i 1 (B B2 2
S\~ 1
dl >0 and |, ;7 2(7102 n) N _(& +&) >0 (4.36)
V1 3 (71 ;) " yive 4\n 7
as well as
1
|Az|=#(“1“2 ——(ﬁl ﬁz) )>o 4.37)
2 4\n 7

which implies that the matrix A, is positive definite as according to Sylvester’s criterion. Similarly, we
deduce from (1.23) that

d
w0 and IB,| =

” —"e (4.38)

wwd, (w) ( b ﬁwzlil;(w)lz) -0,
4y wd(w)
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which implies that the matrix B, is positive definite. Thus there exist positive constants ¢; and ¢, such
that

XA X2 > 11X, and  Y,BoY! > )Yy (4.39)

forall x €e Qand ¢ > 0. Let &, € (0, min{¢y, ¢,}); we obtain

d 1
—&E0) £ —& f |X2|2 + |Y2|2dx - —(O—yw +ﬂ2ﬁ) f vdx forall ¢t >0, (4.40)
dt Q Y2 Q

which implies that (4.30) holds. The proof of Lemma 4.7 is complete. O

With the help of Lemma 4.7, we shall give the following stabilization of the semi-trivial steady
state (u, 0, w) for System (1.11).

Lemma 4.8. Let the assumptions of Theorem 1.3 hold. Then the global bounded solution (u,v,w) of
(1.11) converges to the semi-trivial steady state (u,0,w) given by (1.24), i.e.,

lluC, ) = ull=@) + VG, Dlle@) + W, 1) = Wlizs@) = 0 (4.41)

ast — oo,

Proof. The proof of this lemma is similar to that of Lemma 4.5; here we omit the details. O
Now, we give the convergence rate of the semi-trivial steady state (u, 0, w) for System (1.11).

Lemma 4.9. Let the assumptions of Theorem 1.3 hold; then, there exist positive constants C and A
such that:
(a) when 6 = y,w — Bou, then

(-, 1) = Ull oy + VG Dl + W ) = Wli=@y < C(A + )™ forall t > Ta; (4.42)
(b) when 0 > y,w — Bou, then
Nu-, ) = Ullzo) + VG, Do) + W, ) = Wiy < Ce™ forall t> T, (4.43)

where T, > 0 is some fixed time.
Proof. Let

F (1) = f (u —u)* dx + f Vidx + f (w — w)* dx, (4.44)
Q Q Q

then it follows from Lemma 4.7 that there exists a &, > 0 such that
d 1
d—tSz(t) < —&F, (t) — —(0 — yv,w + Bou) f vdx forallt> 0. (4.45)
Y2 Q

We deduce from Lemma 4.8 that |[u(-, 1) — ullz~q) + [[V(, Dllz=@) + IW(, 1) = Wi~y — 0 as t — oo.
Hence, we apply L’Hopital’s rule to obtain
5 u—u—-ulnz 1 .46
m——-=—, .
u—u (Lt - ﬁ)Z 2u ( )
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which implies that there exists a #; > 0 such that

1 3
—_f(u—ﬁ)zdxs f(u—ﬁ—ﬁlnﬁ)dxs —_f(u—ﬁ)zdx (4.47)
4u Jo Q u 4u Jqo
for all # > ¢{. Similarly, we can find 7, > O satisfying
1 — _ W 3 —
— | Ww=w)dx < (w—w—wln:)dxé—_ (w—w)dx (4.48)
4w Jo o w 4w Jo

forall z > 7).
By using the fact that lim,_,
t; > 0 such that

== = 1, it follows from |[v(:, 7)[|z~@) — 0 as r — co that there exists a

1 3
—fv2+va’x§fvdxs—fv2+vdx (4.49)
2 Ja Q 2 Ja

forall 7 > 7.

(a) When 6 = y,w — Bu, (4.45) can be turned into

%820) < —&F, () forallz> 0. (4.50)

Let T, := max{t},,,,}; by means of the definitions of &,(¢) and ¥, (¢), it follows from the second
inequalities in (4.47) and (4.48) that there exist positive constants C; and C, such that

1
&) < 3 — f(u —w)ldx+— | vdx+ i_ f(w —w)ldx
4y u Jo Y2 Jo 4w Jo

< Cl (f(u - ﬁ)zdx)z + Cl (f vzdx)z + Cl (f(w _ W)de)z (451)
Q 0 o

< Co(F5(1)2,

for all ¢+ > T,, where we have used Holder’s inequality and the boundedness of (u, v, w) asserted by
Theorem 1.1. Thus, we deduce from (4.50) that

E)) < —%85@) forall 7> Th, (4.52)
2
which implies

&) <

. forall ¢ > T», (4.53)
-1

with some positive constant C;. Hence we infer from the first inequalities in (4.47)—(4.49) that there

exists a C4 > 0 such that
f (u —u)’dx + f vidx + f (w —w)?dx
Q Q Q (4.54)

G;C
< CyEr(1) < p Sk

forall ¢t > T,.
— 12
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It follows from the Gagliardo-Nirenberg inequality in two dimensions, Lemma 4.2 and Lemma 3.2 that
there exist positive constants Cs and C¢ such that

e — ull=) + IVllzo) + W = W=
1 2 1
3 3

2 1
S CS(”M - u”a/l,él(g)”u - u”ZZ(Q) + ||V||W1'4(Q)||v||L2(Q)
2 1
=3 =3
+ ||W W”wl,4(9)||w W”LZ(Q)) (455)

< Cg ( f (u —u)*dx + f Vvdx + f (w— W)de)6
Q Q Q

< Co(C3C)o(t = To)
forall t > T5.
(b) When 0 > y,w — Bou, let T, := max{t], #;, £;}; by means of the definitions of &,(¢) and F, (?), it

follows from the second inequalities in (4.47) and (4.48) that there exists a positive constant C7 such
that

&) <Gy (7’2*0) + fvdx) , (4.56)
Q

forall t > T5.
By combining (4.45) with (4.56), we have

d 1
C6:(t) < ~228,(t) = — (6 — yoW + Bol — 1262) f vdx forall ¢ > Ty. (4.57)
dt C; Y2 Q

Since 6 > y,w — B,u, then we can select &, < yiz(é’ — ¥,W + B>u1) such that

d &
d—tSz(t) < —C—2782(t) forall t > T», (4.58)

which means that there exist Cg > 0 and Cy > 0 satisfying
Ex(t) < Cse @™ forall t> T, (4.59)
Thus we deduce from the first inequalities in (4.47)—(4.49) that there exists a Cyo > 0 such that
f (u —u)’dx + f vidx + f (w —w)’dx
o) Q Q (4.60)
< C1p&a(1) < CsCipe @™ forall t> Ts.
It follows from the Gagliardo-Nirenberg inequality in two dimensions, Lemma 4.2 and Lemma 3.2 that
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there exist positive constants C;; and Cy, such that

llu — ullz=@) + Vllz=@) + [IW = W= (@)
2 1 2 1

S Cll(”u - ﬁ||;/14(g)||u - ﬁ”ZZ(Q) + ”v”g‘/lA(Q)”v”ZZ(Q)
2 _1
#w = T 9 = T ) @60
5
<Cp ( f (u — u)’dx + f vidx + f (w— W)de)
Q Q Q
—-Cqy(1-Tp)

< C12(C8C10)é€ 6

for all t > T,. The proof of Lemma 4.9 is complete. O

Proof of Theorem 1.3. The statement of Theorem 1.3 is a direct consequence of Lemma 4.9. O

4.3. Proof of Theorem 1.5

In this subsection, we are devoted to discussing the asymptotic stability of the prey-only steady
state (0,0, 1) under some suitable parameters conditions. To do this, let us denote the following
functionals

1 1
E;(h) =—fudx+— vdx+f(w— 1-Inw)dx
Y1 Ja Y2 Ja Q

and

?}(t):fuzdx+fvzdx+f(w—l)zdx+f|Vw|2dx,
Q Q Q Q

we can derive the following estimates of &;(¢) and F3(7).

Lemma 4.10. Let the conditions of Theorem 1.5 hold. Then there exists a €3 > 0 independent of t such
that

&) >0 (4.62)

and

d 1 1
—&E;5(t) £ —&3F3(t) — — (0 —yy) f udx — —(@ —vy») f vdx forallt> 0. (4.63)
dt V1 Q Y2 Q

Proof. By the similar arguments as in the proofs of Lemma 4.4 and Lemma 4.7, we can derive (4.62)
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and d
—&E;(1) = —ﬂf de—a— de ,uf(w— 1)%dx
dt Y1 Jo Y2 Q
v 2
(,31 ,Bz)f vdx — D fledx
Y1 72 w
——(9 yl)fudx——(é yz)fvdx (4.64)
D
<—ﬂ dx -2 | Vax - ,uf(w—l)zdx——fIlezdx
Y1 Y2 Ko
1
——(H—yl)fudx——(e—yz)fvdx,
Y1 Q Y2 0
where we have used the fact that w < Ky = max{|[woll;~@q), 1}. Let &5 € (0 min{ ‘7’1‘ ‘y’;, 7 Kz})' we
obtain
d 1 1
—83(I)S—Saﬁ(t)——(e—yl)fudx——(Q—Vz)fvdx, (4.65)
dt Vi Q V2 Q

for all # > 0. The proof of Lemma 4.10 is complete. O

With the help of Lemma 4.10, we shall give the following stabilization of the prey-only steady
state for System (1.11).

Lemma 4.11. Let the assumptions of Theorem 1.5 hold. Then the global bounded solution of (1.11)
converges to the prey-only steady state (0,0, 1), i.e.,

uC, Dll=@) + IVC Dl + [IWE 1) = Tlo@) = 0 (4.66)

ast — oo.
Proof. The proof of this lemma is similar to that of Lemma 4.5; here we omit the details. O

Now, we give the convergence rate of the prey-only steady state (0,0, 1) for System (1.11).

Lemma 4.12. Let the assumptions of Theorem 1.5 hold; then there exist positive constants C and A
such that:
(a) wheny; =0,i=1,2, then

G, Ollz=@) + VG, Dllzs@ + W, 1) = Ulze@ < CA + 7" forall t> Ts; 4.67)
(b) wheny; < 6,i=1,2, then
(-, Ollz=@) + VG, Dl + W 1) = Ulzo@ < Ce™ forall t> Ts, (4.68)

where T3 > 0 is some fixed time.
Proof. Let
Fr(0) = f udx + f vidx + f (w—1)*dx, (4.69)
Q Q Q
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then it follows from Lemma 4.10 that there exists a £5 > 0 such that

d 1 1
—&E3(t) < —&3F5(t) — — (@ —1) f udx — —(6 —vy,) f vdx forall > 0. 4.70)
dt Y1 Q Y2 Q
By using the facts that lim, -~ = 1 and limg,, “(‘51_‘11)‘;5 = %, it follows from
(-, Ol ) + IV, Dl + W, 1) = 1llzo@) — 0 as t — oo, as asserted in Lemma 4.11 that there
exists a T3 > 0 such that
1 3
—fu2+udx§ fudxs —fu2+udx “4.71)
2 Ja Q 2 Ja
and
1 2 3 2
— | vi+vdx< | vdx< = | v +vdx 4.72)
2 Ja Q 2 Ja
as well as
1 2 3 2
— | w=1Ddx< | W=1=-Inw)dx< - | (w-1)dx 4.73)
4 Ja Q 4 Jo

forall t > T5.
(@) Whenvy,; =0,i = 1,2, (4.70) can be simplified as

d
&83(0 < —&F5 () forallt> 0. 4.74)

By means of the definitions of E;(7) and 7 (7), it follows from the second inequality in (4.73) that there
exist positive constants C; and C, such that

1 1 3
Es() < —fudx+ — | vdx+ - f(w— 1)%dx
Y1 Ja Y2 Ja 4 Ja

1 1
2 2 1
Q Q 0
< CF5 ),
for all ¢+ > T3, where we have used Holder’s inequality and the boundedness of (u, v, w) asserted by

Theorem 1.1. Thus we deduce from (4.74) that

EL) < —%83@) forall > Ts, (4.76)
2

which implies

C
E3() < ; forall > T3, “4.77)

3
with some positive constant C3. Hence we infer from the first inequalities in (4.71)—(4.73) that there

exists a C4 > 0 such that
f u’dx + f Vidx + f(w — 1)%dx

< Cy&s(0) < ;

(4.78)

forall > T;.
— 13
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It follows from the Gagliardo-Nirenberg inequality in two dimensions, Lemma 4.2 and Lemma 3.2 that
there exist positive constants Cs and C¢ such that

lullz=@) + Vllzo) + [Iw = 1|z
2 1 2 1

S C5(||u||zvl,4(g)||u”32(g) + ”VHEVIA(Q)”V”;Z(Q)

2
3

1
1 = U0 = 1) (479)

%
SC6(fu2dx+fv2dx+f(w—1)2dx)
Q Q Q

< Co(C3C4)5(t = T3)7s

for all t > T5.
(b) When y; < 6, i = 1,2, by means of the definitions of &;(7) and 77 (?), it follows from the second
inequalities in (4.71)—(4.73) that there exists a positive constant C5 such that

&) <y (?}*(t) + f udx + fvdx) , (4.80)
Q Q

forall r > T;.
By combining (4.70) with (4.80), we derive

1 1
Ex(t) = (0= 71 — y1) f udx = (0= 3 - £3y2) f Wx  (481)
Y1 Q Y2 Q

&3

d
_8 H<-—
iU C,

forall r > 0. Since y; < 0, i = 1,2, we can select &3 < min {%(9 - Y1), 7%(0 - yz)} such that

d &
d—tS3(t) < —C—3783(t) forall t > T, (4.82)

which means that there exist Cg > 0 and Cy > 0 satisfying
Es(t) < Cge @™ forall ¢ > Ts. (4.83)
Thus we deduce from the first inequalities in (4.71)—(4.73) that there exists a Cyo > 0 such that

fuzdx+fv2dx+f(w—l)2dx
Q Q Q (4.84)

< C10Ex(t) < CsCioe @) forall t > Ts.

It follows from the Gagliardo-Nirenberg inequality in two dimensions, Lemma 4.2 and Lemma 3.2 that
there exist positive constants C;; and Cy, such that

lullz=@) + IVllzo) + [W = =)
; ! ; !

2 1
= g = 1l ) 385)
1
6
<Cp (f wdx + fv2dx+ f(w— 1)2dx)
Q Q Q
~Cy(t-T3)

< Cip(CsCro)se s
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for all ¢+ > T5. The proof of Lemma 4.12 is complete. O

Proof of Theorem 1.5. The statement of Theorem 1.5 is a direct consequence of Lemma 4.12. O
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