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Abstract: Intratumor heterogeneity hinders the success of anti-cancer treatment due to the interaction
between different types of cells. To recapitulate the communication of different types of cells, we
developed a mathematical model to study the dynamic interaction between normal, drug-sensitive and
drug-resistant cells in response to cancer treatment. Based on the proposed model, we first study the
analytical conclusions, namely the nonnegativity and boundedness of solutions, and the existence and
stability of steady states. Furthermore, to investigate the optimal treatment that minimizes both the
cancer cells count and the total dose of drugs, we apply the Pontryagin’s maximum(or minimum)
principle (PMP) to explore the combination therapy strategy with either quadratic control or linear
control functionals. We establish the existence and uniqueness of the quadratic control problem, and
apply the forward-backward sweep method (FBSM) to solve the optimal control problems and obtain
the optimal therapy scheme.
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1. Introduction

Intratumor heterogeneity contributes to the emergence of therapy resistance, which plays a vital
role in cancer relapse. Biologically, heterogeneity may originate from cellular genetic and epigenetic
modifications as well as the environmental changes [1,2]. Clinically, adaptive responses to targeted
therapies can facilitate both the expansion of pre-existing drug-resistant subpopulations and the
acquisition of new mutations, which yields heterogeneity [2—4]. However, the dynamics of how
intratumor heterogeneity may affect tumor evolution is not well understood, and is important for us to
understand the mechanisms of drug resistance in cancer therapy.

There are mounting evidences that mutation can create favorable conditions for heterogeneity and
result in cancer therapy resistance. A critical question arises that whether mutation is prior to or after
the onset of therapy. Experiments have showed that mutations in KRAS, TP53, ABL or MET can


http://http://www.aimspress.com/journal/mbe
http://dx.doi.org/10.3934/mbe.2022625

13338

pre-exist before the initiation of therapy, and contribute to the development of drug resistance [5—10].
In addition, it is shown that mutations can also emerge in response to treatment stress and promote
drug resistance [11-16]. The two mechanisms may imply different dynamics of cancer relapse, and
quantitative studies are necessary to uncover the process of how mutation may affect treatment
resistance over time.

Many mathematical models have been developed to study the complex dynamics of cancer
resistance/recurrence [17-24]. For example, various ordinary differential equations models were
developed to describe how the interaction between drug-sensitive and drug-resistant cancer cells may
shape the progression of drug resistance [17-20]. Moreover, the interaction between cancer cells and
stroma [21] or immune cells [22-24] are considered in different types of models. In addition to the
tumor cells, the competition between normal cells and tumor cells can be important for tumor
progression [25,26]. Most existing models consider the tumor progression dynamics with pre-existing
resistant cells, which interact with sensitive tumor cells through the competition in resources.
Nevertheless, resistance cells can also be induced by the treatment behavior, by which sensitive cells
can transit to resistant cells due to treatment stress. The mechanism of cell plasticity induced drug
resistance is important clinically, however, to our knowledge, is not well studied quantitatively.

In recent years, the idea of adaptive therapy has attracted the attention of many researchers, and the
mathematical tool of optimal control theory was applied to obtain the optimal therapy schemes in
adaptive therapy. For example, from the standpoint of optimal control, minimization of the total drug
count was analyzed in order to control IgG multiple myeloma [27]. The optimal control method was
utilized in treatments of various types of cancers, including metastatic prostate cancer [17],
immunotherapeutic treatment [28, 29], chemotherapy [30], combination of chemotherapy and stem
cell transplants for acute myeloid leukemia [31], combination therapy of chronic myeloid
leukemia [32], combination chemotherapy of antiangiogenic treatment [33], and bone metastasis
treatment [34]. In these studies, the effects of cell plasticity induced drug resistance and the
competition between tumor cells and normal cells are not included. Here, we ask how optimal control
theory can help us to determine the optimal therapy strategy when both effects of the cell plasticity
and competitions are considered.

In this study, to have a better understanding of tumor progression in the base of competitions
between normal cells and various types of cancer cells, we develop a mathematical model that
includes normal cells, drug-sensitive tumor cells and drug-resistant tumor cells, and apply the model
to study the dynamics of tumor progression and treatment responses. First, mathematically, we
consider the nonnegativity and boundedness of the model solutions, and the existence and stability of
steady states. Next, applying the Pontryagin’s maximum(or minimum) principle (PMP) [35], we
derive the optimal treatment schedule that can minimize the tumor burden during the treatment and
the total drug dose of combination therapy. Two types of optimal control problems are considered with
different designations of cost functionals, including the quadratic and linear drug control, respectively.

2. Model formulation

To model the interaction between normal and tumor cells, we consider a mathematical model of
tumor progression dynamics that includes normal cells, drug-sensitive and drug-resistant tumor cells
(Figure 1). In the model, each type of cells proliferate with different rates that are dependent on the
cell numbers and the microenvironmental cytokines regulating the cell proliferation pathway, and are
removed due to cell death. All cells can secrete cytokines to regulate the proliferation of all cells, which
form the competition between different types of cells. To consider the occurrence of mutation induced
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by treatment stress, we assume a possible transition from drug-sensitive to drug-resistant cells.

H1

— Proliferation

— —» Secretion

— Inhibition
Apoptosis

Bs 03 + c3

Figure 1. Schematic of the proposed model. There are three types of cells, including normal
cells (x;(#)), drug-sensitive (x,(¢)) and drug-resistant (x3(¢)) tumor cells, all cells undergo
proliferation and cell death, and can secrete cytokines to regulate the proliferation of all
cells. Drug-sensitive tumor cells can transit to drug-resistant tumor cells due to random gene
mutations.

To formulate the model, we consider the numbers of normal, drug-sensitive and drug-resistant cells,
which are represented by x(#), x,(¢) and x3(¢), respectively. Dynamically, these three types of cells
different from each other in their associated proliferation rates and removal rates.

Biologically, the self-renewal ability of a cell is determined by both microenvironmental
conditions, e.g., growth factor receptors and cell cycle checkpoints, such as fibroblast growth factors
(FGFs) and the transforming growth factor beta (TGF-B) family [36-38]. The exact activation
pathways that regulate the self-renewal of cells are poorly understood. However, a Hill type
proliferation function can be derived based on simple but general assumptions on either positive or
negative regulation growth factors [39,40]. Let

3
C;i = Zaijx.,-, I = 1,2,3, (21)

J=1

represent the overall effects of how cytokines secreted from all types of cells may regulate the self-
renewal of type i cells, the competitions from cell type j to cell type i are given by the coeflicients
a;j (i, j = 1,2,3). Thus, according to the Hill type function proposed in [39,40], the proliferation rate
for normal cells can be formulated as o

1

1 )
91+Cl

where B, represents the maximum proliferation rate of normal cells, and 6, is the 50% effective
coeflicient (EC50) that is associated with the effective concentration of cytokines. Here, we take the
Hill coefficient to be 1 for simplicity. The proliferation rates of tumor cells are given similarly.
However, tumor cells can escape the antigrowth signals due to the capability of self-sufficiency to
growth signals and insensitivity to anti-growth signals [41], we thus introduce an additional nonzero

Mathematical Biosciences and Engineering Volume 19, Issue 12, 13337-13373.



13340

constant By (i = 2,3) for the effects of self-sustained growth signals of tumor cells. Hence, the
proliferation rates of drug-sensitive and drug-resistant cells are formulated as

6 ‘B B 65
92 + Co 20 393 + C3

B2

+ B30s

respectively.

The three types of cells undergo cell death with rates y;, respectively. Moreover, we assume that
drug-sensitive cells can transit to drug-resistant cells with a rate . These arguments give rise to the
following model

dx1 ﬂ
— = X1 — {1 X1,
i 1 0 +c1 1~ Hi1Xg
dXz 92
e = 4 — — Xy, 2.2
7 (B2 5ies Br0)x2 — axa — mxz (2.2)
dX3 93
— = —+ - + .
7 B3 ot Bao)xs — paxz + nxz
Biologically, all parameters are non-negative, i.e.
ﬁh ﬁZO’ ﬁ309 1, aij (l * .]) > 0’ 9i9 Mi, Qi > 09 l’.] = 192’ 3 (23)

Without loss of generality, we let
a; =1(3=1,2,3).

In the model (2.2), we apply Hill type functions to describe the proliferation rates of cells, which
are derived based on the assumption of cell proliferation regulated by cytokines. Nevertheless, we note
that in many studies, logistic growth or Gompertizian growth are often applied to model the dynamics
of tumor growth [17-19,22-24,30]. These growth rate functions are consistent in describing the same
property that cell growth rates decrease with the cell number, however are originated from difference
biological assumptions. Biologically, Hill type growth rate is more proper to model tumor growth, by
which the effects of cytokines are described explicitly.

In the current study, we would be always interested at the situation with positive cell numbers prior
treatment. Thus, we have the following assumptions:

(H;) The maximal proliferation rate 3, is greater than the death rate u; of normal cells, i.e.,
& A (2.4)
M1

(H,) The maximal proliferation rate of drug-sensitive cells (8, + [,9) is larger than the total removal
rate due to either cell death or transition (u, + 1), and the residual proliferation rate S,y should
be smaller than the total removal rate to avoid infinity cell numbers (uncontrolled cell growth).
These assumptions give P

2

£ M2 + 11— B2
(H3) The maximal proliferation rate of drug-resistant cells (83 + 539) is larger than the cell death rate
(u3), and the residual proliferation rate B3 should be smaller than the death rate to avoid infinity

cell numbers (uncontrolled cell growth). These assumptions give

-1>0. (2.5)

-1>0. (2.6)
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The assumptions (H;)—(H3) give biologically natural restrictions to the proliferation and death rates
for the three types of cells.

3. Results

In this section, we first study the mathematical properties of the model (2.2), next consider the
optimal strategy using PMP.

3.1. Invariant set of model solutions

Theorem 1. Assume the conditions (2.3)—(2.6), let

< B363 + nér0,

Q = {(x1, %2, x3) ER? [0 < x; 61,0 < % < €265,0 < x3
H3 = Bo

|8 3.1

then Q is an invariant set of the model (2.2), i.e., any solution of (2.2) with initial condition
(x10, X20, X30) € Q satisfies
(x1(), x2(1), x3(1)) € Q, V1 > 0.

Proof. Let (x(1), x2(2), x3(t)) be the solution of the model (2.2) with initial condition (x9, X9, X39) € Q.
Firstly, it is easy to have

X £19, —p1)ds
xl (l’) - xloe 0 % 0 +x1 (s)+aypxp(s)+ay3x3(s) 2 O’ Vl 2 0’

and , o
292 —yyy—
Xx(1) = xzoef"("2“'21*'1“Wz(”*“zzxz“)+ﬁ 20~ >0,¥t = 0.

From the third equation of (2.2), we have

% > (ﬁ3 93
dt 03 + azi1x1(1) + azx, (1) + x3(1)

+ B3o)xs — (3 x3. (3.2)

. : . —fl( £3% +B30—H3)ds
Multiplying both sides of (3.2) by e " rai1@rannitse® “7, we have

dx; 65 —f[( B33 +B30—u3)ds
_ - (ﬁ?’ +B30)x3 _ ﬂ3x3 e J0"03razx (a3 ()+x3(9) 307H3 > 0’
[ dt 05 + az1x1(t) + azx(t) + x3(¢) g
which gives
d - fot(e +azx (A§a03 X9 (8)+x3(s) +ﬂ30_'u3)ds
7 x3(t)e 3+a31 1 (0ta3 00+ > 0. (3.3)
Integrating (3.3) over (0, ) with x3(0) = x39, we have
X B365 s
_ 30—M3)dS
(e 03 + az1x1(s) + aznx(s) + x3(s) — x30 > 0,
which gives
f Fsbs Bao—H3)d
+h30—H3)dT
() = xe . 03 + a3 xi(T) + anxa(7) + x3(7) >0
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Thus, any solution of (2.2) with nonnegative initial condition remains nonnegative over ¢ > 0.
Next, we show that any nonnegative solution of (2.2) has finite upper bound. From the initial
condition x;(0) = x;9 < &6, and

dxl(t) 6,
= 6, — 0
dt |{x1:§191,x2,x3>0} IBI 6] +§19] +a12x2+a13Xo,§1 ! ,Ulfl :
0,

<Bi— 10, - 16

Bi 91+§191§1 1 — &6,

_,31 CLE6 - é16, =0,

Bi

we have x(f) < &6, VYt > 0.

Similar calculations yield x;(f) < &6, and x3(7) < Balstniiath gy >

pr—om 0. This completes the proof.

3.2. Steady state solutions
3.2.1. Existence of steady state solutions

Now, we consider the steady state solutions of the model (2.2). Let (x], x5, x3) be the nonnegative
steady state, we have

0,
ﬁ 91_'_ * l /’tlx] = 0’
0 . .
(ﬁzm + Boo)Xy — pax; —mx, = 0, (3.4)
2
Bs 93+ +B30)x; — pax; +nx; = 0,

where
>k 3k sk sk Ed K K >k 3k sk sk K
Cip =X, +apx, +aizx;, Cy=4dayX]+X,+dpnX;, C3=da31X +d3pX;+ X;.

We are only interested at the steady states that the cell numbers are nonnegative, which can be
divided into one of the 8 possible types (+/0, +/0, +/0), here ‘+’ means a positive number, and ‘0’
means zero. It is easy to see that, there always exists a zero steady sate £y = (0,0, 0), however this
state represents the state of death and is biologically not interested. Since n > 0, x; = 0 always implies
x5 = 0, there is no steady state of form (0, +,0) or (+, +,0). Thus, there are 6 possible steady states
(here x7 > 0)

Ey=(0,0,0), E; = (x,0,0), E5 =(0,0,x3), (3.5)
E3 = (x],0,x3), Exz = (0,x3, x3), E23 = (X7, X3, X3). '

The theorem below gives the existence of nonnegative steady states.
Theorem 2. Consider the model (2.2), and assume that all parameters satisfy (2.3).

(1) There always exists the zero steady state Ey = (0,0, 0).
(2) If (2.4) holds, (2.2) has tumor-free equilibrium E, = (£,6,,0,0).
(3) If (2.6) holds, (2.2) has normal-free equilibrium E; = (0,0, &06;).
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(4) If both (2.4) and (2.6) hold, let
5o = 1 —apasz, & = 6160, —apéss, & = 603 — azé10, (3.6)
&y &

(2.2) has one steady state of form E 3 = (—,0, =) only when s,, £&4 and &5 are non-zero and have
52 $2

the same sign.

(5) If both (2.5) and (2.6) hold, then

o £20,
> == let
(1) if ax 305 e
+ 0
=a _—,
P1 32 &6,
— [4) + —
gi=1+ a32'830 H3 + B (ans + B3+ B30 — 13 ), 3.7)
n &20, n
_anb3 B3+ By — s M3 —Bao
rl - - )
&0, n n
if
0<—dL BP0 oy S0 (or = 0), (3.8)
2py n
(2.2) has two (or one) steady state of Ey3-type; otherwise, (2.2) has no steady state of E,3-
type. o
(1) ifax < ?—92, (2.2) has one and only one steady state of E,3-type.
303

(6) If (2.4)—(2.6) hold, (2.2) has at most two steady states of form E\; = (X7, X3, x3). Moreover, let

P2 = —(s3 + azi(anay — ap3) + axn(aizaz — ax3))(s3(uz — Bso) — n(azaz — a)),
¢ = 53603(Bs + B0 — 13) + S3(7793(a13a21 —az3) + &101((an1a3 — az)(us3 — B3o) — naz)
+ &E0:((apaz) — azn)us — Bso) + 77)) (3.9)

—né101((ax1a3 — az1)(2azaz — ax) + axpaxi(anaz — az))
—n&0,((anaz — az)(aizaz — 2ax3) — az(azaz — azy)),
ry = —n(&101a21 — £:0,)(s303 — £1601(axiazy — azy) — E60x(anaz; — az)),

where s3 = 1 — ayay; # 0, the E\x3-type steady states are determined by the solutions x3 = x;; of
the equation

paxs” + qaxs + 12 = 0, (3.10)
and the solution x; satisfy: if s3 > 0,
1 * * *
a—(fzez —axx3) > (£101 — a13x3) > ain(&260, — aix;), (3.11)
21
and if s3 <0,
1
apn(é:0, — apxy) > (€160, — aizx;) > a—(fzez —axxy) > 0. (3.12)
21
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In this case, x| and x; are given by
* 1 * *
Xy = s—((flel —ai3x3) — ap(&60: — axxy)), (3.13)
3

. 1 y X
X, = s—3((§292 —anxy) — a (§101 — a3x;)). (3.14)

Proof. (1). Itis trivial to see that model (2.2) always has the zero steady state Ej.
(2). Let x5 = x5 = 0 and x| # 0, from the first equation of (2.2), xj satisfies

Bi elilx’;xik —pix; =0, (3.15)
which gives
ﬂlelile —p1 =0. (3.16)
Hence, condition (2.4) implies
B

XT = (— - 1)9] = 6191 > 0.
Hi

(3). Let x] = x; = 0 and xj # 0. From the third equation of (3.4), we have

03
+ Y sxi =0, 3.17
(,3393 +x§ B3o)x3 — u3x3 ( )
which gives
03
+ —u3 =0. 3.18
5393 +x’3‘ Bao — i3 ( )
Thus, condition (2.6) implies
. Bs
x5 =( —1)0; = £&605 > 0.
: U3 = B30 3 = 6305

(4) Let x; = 0, the first and the third equation of (3.4) become

01

— XT—uxt = 0,
’81 61 + XT + a13x§ LT
(3.19)
O - = 0
_— X —axs = 0.
363 + Cl31XT + X; 30045 ™ 34
Given x7, xj # 0, (3.19) can be rewritten as
0,
I = 0,
ﬁl 0, + XT + a13x§ H
(3.20)

b
3 % %
65 + az1x; + x;

B +Bx—uz = 0,
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which yields
Xy tapx; =
az xj + x§ =
From (3.21), we obtain
X = é, X,
$2

5191,
(3.21)

&305.

§2

when s,, &, and &5 are given by (3.6). Thus, (2.2) has a steady state of form E;3 only when s,, &4 and &;s

are non-zero and have the same sign.

(5). To consider the steady state of form E»3, let x| =

6,
26 K K
2+ Xy + a3y

B

0
3
05 + Cl32X§ + X;

When x3, x] # 0, (3.22) can be rewritten as

6,
29 k k
h + Xy + a3 Xy

B

0
3
05 + (132)6; + X;

Thus, we have

X5 + a3 Xx; &0,

Bs

+ B20)x5 —

+ B30)X5 —

01in (3.4), we obtain

HM2X5 — 1X5 0,
(3.22)

,u3x§ +1x;

M2 + 1 — Boo,

(3.23)

>k

X

13 — 1= = Bo.
X3

(3.24)
~ 1)8s.

aznx; + Xx;
Dividing both sides of (3.24) by x7, we have

&0,/ x5,

X5 /x5 + ax

B3

( K - >k
M3 — sz/x3 _B3O

(3.25)

axnx;/x;+1

Denote y* = — and z* = —, then
*3 X3
M3 = B3o

b

0<y <

and (3.25) becomes
&7,

Y +axn

Bs

6132)7* +1

Mathematical Biosciences and Engineering

( PR
M3 — x5/ X5 — Bao

S ———
Hs =1y

— )63/

7" >0,

(3.26)

- 1657
- B30 :
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The first equation of (3.26) implies

L _ Y tan
7= (3.27)
&0,
The second equation of (3.26) implies
"+ 1 —-ny* —
= (azny” + D)(us —ny ,330). (3.28)
03(Bs — 3 + my* + Bao)
Hence, (3.27) and (3.28) together give the equation for y = y*,
y+axn _ (azny + Ds —ny —B3)
£20, 03(Bs — p3 + 1y + B3o)
which implies
f)Epy +qy+n =0, (3.29)

where py, g1, r; are given by (3.7). Thus, to get the positive solution of (3.26), we only need to solve
the equation (3.29) for the solution 0 < y* < ’”_Tﬂ”

When (3.29) has a solution y* € (0, H3 — B

), we have z* > 0 from (3.27), and the nonnegative

*

o 1 o .
steady state E»3 = (0, x5, x3) is given by x5 = y_* and xj = —. Now, we identify the conditions to have
. Z <

such a solution based on the competition coefficient a;;.

0
(1) If ays > @, we have p; > 0, and
3

&30

axbs B3 + B30 =13 M3 = Pso

0 =
7O £20, n n
o 1Bs+B—#s  Hs— P
& n n
_ 1B (l PR —Bso
&no &

LB 1 B3 uz—Po

&1 Eps-Bo 7

= 0. (3.30)
Moreover,

- s} —

f(/l3 B30 _ B365 (@ + M3 ﬂ30) > 0.

n né26,

Hence, if
0<-dt HPx g —4piri > 0 (or = 0),
2pi n

(3.29) has two (or one) positive solutions in the interval (0, ’“‘TB”), i.e., (2.2) has two (or one)
steady states of E,3-type; otherwise, (2.2) has no steady state of E,3-type.
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0
(1) If ax; < fz_gz similar to the above argument of (3.30), we have
303

A Bs+Bs0 -3 H3—P3

=0.
& n n

f0) <

Thus, since,

f(/“l3_—ﬁ30) >0,
n

“3 = Bso

the quadratic function f(y) has one and only one root in (0, ), i.e., (2.2) has one and only
one steady state of E,3-type.

(6). To consider the positive steady sate of form Ejp3 = (x], x5, x3), we need to find the positive
solution of

0,
_ - 0,
ﬁl 91 + XT + 6112)6; + 6113.?6; H
6
+Bao—p—1 = 0, .
292 T anx, + 3 + ant B — 2 —1 (3.31)
& + B30) X5 s+ nx; 0
X5 — U3Xx x5 = 0.
393 + Cl31)€>i< + 6132)63 + x§ 30)%3 7 M3y 1%
From the first and the second equations of (3.31), we have
xj+apx; = &£0; —apix;,
(3.32)
ayxy+x; = &6, —anx;,
which gives
1
x; = S—((§191 — a;3xy) — ap(6202 — axxy)),
3
(3.33)
1
x§ = S—((fzez - a23x§) — az(&10; - a13x§)),
3
where 53 = 1 —axja;; #0.
Substituting (3.33) into the third equation of (3.31), x; satisfies the quadratic equation
DX+ X+ =0, (3.34)
where p», g> and r, are given by (3.9). Moreover, from (3.32) and (3.33), if s3 > 0, x; should satisfy
1 k k k
a—(-fz@z —anpx3) > (6101 — ai3x3) > ap(6th — axnxz) > 0; (3.35)
21

and if s3 < 0, xj satisfies

1
apn(é:20, — apxy) > (€160, — a;zx;) > a—(§292 — axxy) > 0. (3.36)
21

Thus, (2.2) has at most two steady states of form E,3, which are determined by the solutions of
(3.34) and (3.33) with x} satisfies (3.35) when s3 > 0, or (3.36) when s3 < 0.
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Theorem 2 establishes the conditions for the existence of nonnegative steady states of different
types. Biologically, the conditions (2.4)—(2.6) are satisfied by most tissue cells, and hence the steady
states of types Ey, E and E5 always exist. Moreover, under the extreme condition when the competition
coefficients a;; = O for any i # j, it is easy to have the existence of the steady states of types E;3 and
E>; from (4) and (5), and from (6),

P2 = —(u3 = B30) <0, ry =nbr0& > 0,53 =1>0,

which yield the existence of a steady state of type E;»3. Thus, from the continuous dependence, the
proposed model (2.2) have steady states of all types in (3.5) when the competition coeflicients
a;j > 0 (i # j) are small enough.

3.2.2. Stability of steady states

Now, we study the stability of the steady state E* = (x], x5, x3). Let x = x; — x], y = x — x5 and
Z = x3 — X3, and linearize the model (2.2) at E*, we have the linearization equation

dx
— = Aix+Ay+Asz,
dr 1 2y 3%
d
d—i = Bix+ By + Bz, (3.37)
dz
— = Cix+Cy+(Csz,
dt 1 2y 32
where 6.8
= — 1* — M —ai, Ay = —apa;, Az = —apay,
0, + C
_ _ 0B _
B = —ay1az, By = ~+ P20 — M2 — N — @2, B3 = —apas,
6, + C,
0383
Ci = —azia3, Cy = —apaz +1, C3 = - — a3 — 43 + B,
605 + C3
B0 x; _ Babhx; _ B3bsx;

X =——, )= —, A3 = ————.
BRI T A (S ¥

The characteristic equation of (3.37) is written as
X +al* +bl+c=0. (3.38)

where
a = —(A] + 32 + C3), b= BZC3 +A1B2 +A]C3 - B3C2 —AQBl —A3C1,

Cc = —A132C3 + A]B3C2 + A2B1C3 - A331C2 —AzB:,'C] + AngCl.

Based on the characteristic Eq (3.39), the condition for asymptotical stability of steady states are
given by the Theorem below.

(3.39)

Theorem 3. Consider the model(2.2), and assume that all parameters satisfy (2.3) and the conditions
for the existence of steady states listed in Theorem 2, we have the following results.
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(1) The zero steady state Ey = (0,0, 0) is asymptotically stable if and only if none of the conditions
(2.4)—(2.6) holds, i.e.,

Br—u1 <0, Bo+PBro—p2<mn Bz+p—u<O0. (3.40)
Furthermore, if
Bi—m1 <0, Bo+Po—r<0, Bz+p30—u3<0, (3.41)

Ey is globally stable for any solutions in Q.
(2) If (2.4) holds, the steady state E; = (x7,0,0) is asymptotically stable if and only if

0 0
8% i, E% (3.42)
&16y &0,
(3) If (2.6) holds, the steady state E3 = (0,0, x3) is asymptotically stable if and only if
0 0
8O 8222 gy, (3.43)
365 &3

(4) If (2.4) and (2.6) hold, the steady state E3 = (x],0, x3) is asymptotically stable if and only if
1 —-ajpzasz >0, and 6292 < aglx’[ + 023X§. (344)

(5) If (2.5) and (2.6) hold, the steady state E,3 = (0, X3, x3) is asymptotically stable if and only if

*

n x2 * %\2
Babor (; +an)(0; + anx; + x3)° > 0. (3.45)
3 X3

10, < apx; +apix;, (1 —anaxn)+

(6) If (2.4)—(2.6) hold, the steady state E\»3 = (x}, X5, x3) is asymptotically stable if and only if
a>0, ab—-c>0, ¢>0, (3.46)
where a, b, c are defined by (3.39). Particularly, if the following conditions are satisfied
&1,62,63 >0,

1 — axaz — anax — apzaz + apazasn + apaxsaz > 0,

(3.47)
2 —apayaxn — apaxpaz = 0,
I —axaz 20, 1 —apay >0, 1 —aas 20, axz —apaz >0,
E >3 is asymptotically stable.
Proof. (1) For the steady state E, the coeflicient matrix of the linearized Eq (3.37) is
Bi— 0 0
JE, = 0 Bo+Pfuw—p—n 0 : (3.48)
0 n B3+ B3 — U3

It is straight forward to obtain the corresponding eigenvalues
A =B, A2 =Po+ o~ —1, A3 = B3+ B30 — Ma.
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Thus, E, is asymptotically stable if and only if A;,4,,43 < 0, i.e., none of the conditions
(2.4)-(2.6) holds.

Next, to show the global stability of E,, we construct a Lyapunov function V(xi, x», x3) as

1
V(xi1, x2, x3) = E(X% + (X + x3)%). (3.49)

It is easy to see that V(xy, x5, x3) is positive definite, and the derivative of V(x,(¥), x,(¢), x3(¢)) along
any solution of (2.2) is given by

dV(x1(2), x2(1), x3(1))
dt 2.2)

= (x1X1 + (X2 + x3)(02 + X3))|22)

0
= Big; +1cl — ) (3.50)

02 03
+ + + - + + — .
(x2 + x3) ((52 i es Bao — H2)X2 + (B3 0t Bao #3)363)

From Theorem 1 and the proof therein, any solution of (2.2) with initial condition (x1¢, X29, X30) € Q
remains in Q for all £ > 0, i.e., x1(?), x2(f), x3(t) > 0. Hence, when (3.41) is satisfied, the derivative
(3.50) along any solution in € is negative definite. According to Theorem 1.1 in chapter X.1 of [36],
E is globally stable for any solutions in €.

(2) For the steady state £y = (x7,0, 0), the coeflicient matrix of Eq (3.37) is

B ) B B101x] B B161x;
B 2+ x o+ x
B0,
Jg, = 0 _ — Uy — 0 . 3.51
E 0y + an i) +B20—H2— 7 o (3.51)
0 B
n 0y + anélr B30 — U3

It is easy to have the eigenvalues

A = .Ul(ﬁl 1)
Bi
B0,
Ay = ———— + - — 7,
2 RS Bo—H2—7
0
A3 = L"‘ﬁm—ﬂy

05 + as 16,16,
When (2.4) holds, we have & > 0, and 4; < 0. Moreover, we have

B26>
+B0—t—1n<0
) B —p2—1

B20x < (uz + 17— B20)(02 + a&16,) and (uz + 17— Br) >0
B20>
2+ 1 =P
&0,
&16,

/12<0

<6 +ayé& 0

HHHI

< ar.
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and
B30;
<) & ——+ —u3; <0
3 0s + asn 16, B0 — 13
= 363 < (u3z — B30)(03 + az&i6)) and (u3 — B30) > 0
0
— & < 93 + a31§191
M3 = Bo
&0;
— — <dajzi.
&16
. . . . . &b & 63
Thus, E; is asymptotically stable if and only if 1, < 0 and 43 < 0, i.e., ﬁ < ay and ﬁ < dsj.
101 10
(3) For the steady state E3 = (0,0, x3), the coeflicient matrix of (3.37) is given by
0
'81—1* " 0 0
0, + a;zx;
B26,
= 0 — + — Uy — 0
JE, 6 + anx, Bo—t2—7 . (3.52)
B3b3x; B363x; (3 = B30)(B3 + B3o — 43)
—a31 5 —ayp_—— -+ -
(05 + x3) (05 + x3) Bs

This, it is straight forward to have the eigenvalues A, 1,, and A3 as:

0
A = —'81 ! il
0, + a13x;
B26>
A = ————+ - — 1,
2 0 + anx, B —2—1
= (U3 = B30)(B3 + B3o — U3)
3 = — .

B3

From the condition (2.6), we have & > 0, and hence A3 < 0. Moreover, note x; = &363, similar to
the argument in (2), we have

6 6 0
/llzﬁl—l—/,l1<0 — &<91+a13§36’3 [—==4 §£<Cll3,
01 + a;3&;36; H &0,
and
7 o 7
12:L+ﬁzo—ﬂ2—n<o<:> '82—2<02+a23§303 — é2<6123.
0 + anésb; Ha + 1 — B &0,

0 0
Hence, E; is asymptotically stable if and only if ; < 0 and 1, <0, i.e., £101 < a3 and £202 < ap3.

. . &30 &30
(4) For the steady state E13 = (x], 0, x3), the coeflicient matrix of (3.37) is given by

—ay —anay —a3ay
20>
=l o0 +Bo-pp-n 0 | 3.53
Eis 92 + Clz].)(fjlF + a23x§ ﬁ K n ( )
—az s n—asas —Qs
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where X .
B10:1x B365x;

= as = .
(01 + XT + 6113)C§)2’ (01 + 6131)61< + X;)z

ay
The eigenvalues A4;, A, and A3 of Jg,, satisfy
A+ A3 = —(as + @s), Lidz = (1 — aizas)asas
and

_ Bab:
Ay = : ;
6, + a1 xX; + ax;

+ B2 — p2 — 17

Since a4 > 0,5 > 0, we have 4; < 0,43 < 0 if and only if 1 — a3a3; > 0. Moreover, similar to the
previous argument,

A <0 &= B0, < (U2 + 1= P30)(0r + a2 X] + ax3x3) & &6, < ar x| + ayx;.

Thus, E;3 is asymptotically stable if and only if (3.44) is satisfied.
(5) For the steady state E»; = (0, x3, x3), the coefficient matrix of (3.37) is given by

B16

— Hi 0 0
0, + alzx; + a13x’3‘
Jiy = —a21e —Q —a3 ) (3.54)
3k
nx,
—az a7 n—axna; ——— — — Q7
X3
where X .
B262x; B363x;
(043 @7

B (92 + X; + 6123)C§)2’ - (93 + agzxz + X;)z.

The eigenvalues A4;, A, and A3 of Jg,, satisfy

_ B16
A1 = " - — M1,
0, + ajnx, + a13x;
and " #
nx; x;
A+ A3 = —(ae + e +a7), and Az = as((1 — axaz)as + U(F + a)).
3 3

Similar to the previous argument,

16

0, + Cllzx; + 6113X§

1<0 = < U 5191 < (112)6; +a13x§.

Moreover, since ag > 0 and a7 > 0, we have

x*
A, <0, A3 < 0 = (1 — axas)a; + U(—i + ax) > 0
X3

*

X,
—2+Clz3 «93+a32x*+x* 2>0.
* 2 3

n
— (1 - a23a32) +
ﬁ393x3 )C3

Thus, E,3 is asymptotically stable if and only if (3.45) is satisfied.
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(6) For the steady state Ejp3 = (x], x5, x3), the characteristic equation for (3.37) is given by (3.38).
From the Routh-Hurwitz stability criterion, all eigenvalues have negative real parts if and only if
a>0,ab—c>0and c > 0. Hence, E|»; is asymptotically stable if and only if (3.46) is satisfied.

Let .
_ Bibix] v = B6>x; e = B365x;
TG T G+ T (B )

and applying (3.31), the coefficient matrix of (3.37) at E»3 is given by

(03]

—ay —apag —a;3y
—ax —an —a3

g, = . (3.55)

2
—az 3 —axnasz+1n —@3—1nN—
X3
Since a1, as, a3, x5, xi > 0, we have
20 X3

%
a:a1+a2+a3+n—i>0.
X
3

When the conditions in (3.47) are satisfied, we have

1 —axaz — apnay — apaz +apazasn + apaxpaz >0, 1 —apay >0, ay —apay >0,

and hence
X5 X5
¢ = —ai(—apa(n—anas) — a(az + 77;)) —apa(ayax(asz + 77;) — a2302a31Q3)
3 3
—apaiazaaz + aryas(n — azas)]
3k *
X X
= —&1( — apar(n — anas) — a(az + 77;) + app(ay as(as + UF) — Ax3Q2a313)
3 3

+ aj3(as s + ay an(n — 6132&3)))

= 011((1 — Ax3a3; — A12021 — A1303] + A13021037 + A12023031)A2A3

3k

X
2
+ (ay —anap)na, + (1 — 0216112)77@2;)
3
> 0.

Furthermore, since

2 —apayaz —apapaz 20, 1 —axazp >0, 1 —apay >0, 1-ajzas >0,

we have
X, X,
_ 2 2 2 2 2 2 2 2
ab—-c = aja +aj(az + n;) — A0 @y — a13a3 1 @z + as(as + 7];) +aa;
3 3
X 2 2 X0
+ ajao(as + 77;) + aza;(n — anas) — apay aya; + axas + 77;)
3 3
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* * *

X X0 X
+aim(as + =) + a(@s + =) + anax(n — anas)(as +n1—)
X3 X3 X3

>k

X
2

—apazyaiaz(as + 77?) + a13a211@2( — ana3) — 120310230123
3

3
_ 2 20, + 0P + ﬁ)_ 2+ — 2
= iy —apa)aia; + a(as Ux* a;3as a3 +~ a1, — dpd | a)a,
3

2 X5 2 X 5 >
+ a5 (as + 77;) + apa;(n — anas) + a(az + 77;) —apazajas(as + 77;)
3 3 3

x*
2

+ 20 a5(a3 + TI;) + aizan a1 (N — axas) — 12031030023
3

>k k

X2 X
+ asr(as + 77;) + anar(n — apaz)(asz + Tl;)
3 3

>k

X
2 2 2 X% 2
(I —apaxy)aja; + (1 — apaz)ajas + ain— + (1 — apax)aa;

X
x5 x5
1 _ 2 2_2 2 1 _ _2
+ (1 = anzan)ayasz + Uazx* + apna; + (1 —apaz)aaz(as + Ux*)
3 3
X%
+an(as + 77;)_* + (2 — apzariazn — a1paz1a23)@ a3
3 X3
X X
+ (2= +apay)naia; + (1 — apnan)aaz(as + n—)
X3 X3
% %
X X
+ (ay— + apnaz)(asz + n—)
X3 X3

> 0.

Hence, from the Routh-Hurwitz stability criterion, E,3 is asymptotically stable.

Theorem 3 gives the conditions for the asymptotical stability of steady states of different types.
Specifically, the zero steady state E is asymptotically stable if none of the biological restrictions (2.4)—
(2.6) holds, i.e., there is no steady state with non-zero cell numbers. When (2.4)—(2.6) are satisfied,
and the competition coefficients a;; = 0 (i # j), the steady state E1o3 = (x], x5, x3) exists, and is
asymptotically stable, however other nonnegative steady states (E;, E3, E13 and E»3) are unstable. The
steady state E,3 becomes unstable when the competition coefficients increase, and other corresponding
nonnegative steady states become stable.

3.3. Therapy strategy

Now, we consider the problem of optimal therapy strategy when both drug-sensitive and
drug-resistant tumor cells are co-existence. To this end, we extend the model to include the effect of
drug-induced tumor cell death and transition. Here, we consider the possible combination therapy
with two drugs, targeted to sensitive cells and resistant cells, respectively. Thus, we introduce the
parameters u and v to represent the extra removal rates of drug-sensitive and drug-resistant cells due
to treatment stress, respectively. In addition, we assume that the drug targeted to sensitive cells can
induce transitions from sensitive cells to resistant cells, the transition rate is represented as su. Thus,
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the model (2.2) is modified as

de ,8 91

—_— = X| — (X1,

dr 16’1+ 1 1 — M1X)

de 02

_ i _ oy — %5 — s, 3.56
r 0 o B20)X2 — HaXy — NXy — UXy (3.56)
dX3 93

— = + B30)X3 — U3X3 + NXo + SUX) — VX3.

7 ot o B30)x3 — H3x3 + nxs 2 3

Next we discuss the optimal therapy strategies based on (3.56) by designing the objective
functionals with quadratic and linear controls, respectively.
3.3.1. Quadratic control

Firstly, we analyze the quadratic control problem, and study the existence and uniqueness of optimal
solutions. In cancer therapy, we try to minimize the total quantity of drugs and the tumor burden during
treatment, and hence the associated objective functional can be defined as

J(u,v) = f f(b(xg(t) + x3(0)) + cu(r)? + dv(r)*)dt, (3.57)
0

where 7, denotes the duration of treatment, and b > 0, ¢, d are constants, which represent non-negative
weights of the three parts. Thus, the optimization problem is formulated as

(lfiv)ier}gf J,v)
% :'Blelilclx‘ B
s.t. % = (B2 % 2_2 o + Bao)Xa — poXy — NXz — UX2, t>0; (3.58)
% = (Bs 0 ?: o + B30)X3 — M3X3 + Xy + SUXy — VX3,

(x1(0), x2(0), x3(0)) = (x10, X20, X30) € L,
% = {(I/l, V) € Ll [0’ tf]lo < I/l(t) < umax’o < V(t) < Vmaxo Yt e [0’ [f]}

Now, we prove the existence of the solution for the optimal control of (3.58).

Theorem 4. There exists at least one pair of optimal control (u*,v*) such that
Jw,v) = min J(u,v).
(uv)ed/

Proof. First, we show properties below for the control problem (3.57).

(1). First, similar to the argument in Theorem 1, any solutions of (2.2) with initial condition in £,
is bounded with (x;(?), x,(?), x3(¢)) € Q, for any # > 0. From the Carathéodory Theorem (Theorem 5.1
in chapter 1.5 of [42]), there exist (xj¢, X20, X30) € Q; and (u,Vv) € & so that the solution of Eq (3.56)
with initial condition (x;(0), x,(0), x3(0)) = (x19, X20, X30) is well defined in the interval [0, #/].

(2). Since the intervals [0, umax ] and [0, viax ] are closed and convex, the admissible control set <7 is
also closed and convex.
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(3). The the right hand side of (3.56) is continuous. Moreover, we can write the right hand side as

$1(x1, X2, X3) + $o(x1, X2, X3) - ( Z ),

where
0,
Bi X1 — M1 X1
0; + ¢ 0 0
p)
$1(x1, X2, X3) = (,329 s + B20)X2 —toxo —nxy |, and  OH(xp,x0,x3)=| —x2 O
2 3 2 SXo —X3
(B3 g + B30)x3 — U3x3 + X2
3+ C3

Since (x1, x», x3) € £, is bounded, there exists K > 0 so that

161 Cx1, 22, x3)I1 < Kllxll,  [182(x1, X2, x3)|| < K.

Thus,
< K([|xl| + I, W)ID.

$1(x1, X2, x3) + $o(x1, X2, X3) - ( f}t )

(4). It is easy to verify that L = b(x,(t) + x3(¢)) + cu(t)*> + dv(t)* is convex with respect to u and v.
Moreover, let ¢; = min{c, d}, § = 2, we have

L> cllw L.

Finally, the existence of the optimal control (u*,v*) is followed from the above properties and
Corollary 4.1 in [43].

Now, we try to solve the optimal control solution (u*,v*). To this end, applying the Pontryagin’s
maximum(or minimum) principle (PMP), the associated Hamiltonian H is defined as

H(xy, X2, X3, U, v, A1, A2, A3) = b(xy + x3) + cu® + dv?
0, 0,
+4 - + A +B20— M2 —1—
1(B1 ot e H1)X1 2(5292 v Bro — 2 — N —u)xs
0
+ A3(B;3 3 + B30)X3 — U3X3 + Xy + SUXy — VX3). (3.59)
93 + C3

Therewith, the associated co-state equations are

d/l] OH 01
e R =) = Aaorys — Dsasysl,
I P [41(B1 e M1 = V1) = Adaniys — Azaziysl
dAa OH 0
e Aapyr + (B 2 + oo — o — 11— u —y2) + A3(n + su— azys)], (3.60)
dt c')xz 0, + ¢
d/13 OH 93
5 T b - Ly - daoyys + Bso — s — v — ),
o e [ 1a13y1 — haxys + 3(B3 0o B — 3 —v—y3)]
here,
_ B101x, _ B202x, _ B303x3
L T R R (A Ch R (NN
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and the associated transversality conditions are
Ai(tp) =0, A(ty) =0, A(tp) =0.
On the interior of the control set .o/, the optimal controls satisfy the condition
oH _oH _
ou  Ov

Furthermore, a standard optimality technique implies the optimal controls are given by

(1) = max {0, min {itngs, (o(t) - S;j(t))xzm ) 3.61)
and 1
V(1) = max {0, min Vs, % 1. (3.62)

Now, analogous to the discussions in previous studies [29, 30, 34], we consider the uniqueness of
the optimal control problem. Similar to the argument in Theorem 1, the state variables (xi, x,, x3) of
(3.56) are bounded, and there exists an invariant set € for the Eq (3.56) with

Q) = {(x1,%2,%3) €ER* |0 < x; <by,0< x5 < by, 0< x3 < b)), (3.63)

where by, by, b3 > 0. Moreover, the solutions of the co-state system (3.60) are bounded with 7 € (0, 7).

Theorem 5. There exists a sufficiently small final time t; such that the optimal control solution is
unique.

Proof. We assume that there are two different solutions (x;, X2, X3, A1, A2, A3) and (%, X2, X3, A1, A2, A3)
that solve (3.56) and (3.60), and will come out with a contradiction.
For a given positive parameter m > 0 (to be determined latter), set

pi(t) = x(e™,  qi(t) = (0™, pit) = X(De™™,  gi(r) = L™, i=1,2,3.

The optimal control solutions u(?), v(t), i(t), ¥(¢) are given by p;(¢), qi(t), pi(t), gi(t) as

u() = max {O’ MiN {mas, @0 S%(t))pzm}}’ v(f) = max {0, min {Vpx, —%(t)m(t)}},
@0~ 000 s, O
u(t) = max {O, min {tmay, —= A }}, 5(f) = max {0’ min v, o223 }}
2c 2d

Substituting x;(¢) = p;(t)e™, A;,(t) = g:(t)e™™ into Eqs (3.56) and (3.60), after a tedious calculation
(see the Appendix), we obtain that there exist L;; > 0, L,; > 0 so that

Ly 1f 3
m fo (pi = pi)’dt < Li(1 + &™) fo {Z((ﬁj - )’ + (@ —qj)z)) dr, (3.65)
j=1
and

' I
m [ - ard < Lo s e e | (Z«pj—pj)%(zu—qj)2>)dt. (3.66)
0 0 \'j=1
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Thus, adding up (3.65) and (3.66) for i = 1,2, 3, there exists L3 = max,;-;23{L;; + Ly} so that

Iy 3
(m— Ly(1 + €™ + &2 + 7)) f [Z((pj — P+ (@G- g)H|di <0, (3.67)
0 ]=1

and L3 only depends on all equation coeflicients.

1
Now, while we choose m = Ls(1 + 3e) and 7, < E then m — L(1 + €™/ + > + ¢*"7) > 0, which
m

come out with a contradiction with (3.67) if (p;,q;) # (p;, ;). Thus, we conclude p; = p; and g; = g;,
and hence u = &z and v = ¥ from (3.64).

3.3.2. Linear control

Now, we consider the situation of linear control problem, and seek to minimize the pay-off
functional J; that is defined as

Ji(u,v) = ff[b(xz(t) + x3(1)) + cu(r) + dv(t)]dt. (3.68)
0

Similar to discussions in Theorem 4, we have the existence of optimal control strategy (u,v) that
minimizes J;(u, v).

Now, the necessary conditions of the above optimal problem can be given by the PMP [44].
According to PMP, the associated Hamiltonian H is written as

H(xy,x0, x3,u,v,A1, A2, A3) = b(xy+ x3) +cu+dv
0, 0,
+ 4 - + 4 + B — M2 —1—
181 ot H1)X1 2(ﬁ292 o Boo — 2 — 1 — u)x;
0
+ A3[(B3 a + B30)X3 — U3X3 + X2 + Suxy — vx3]. (3.69)
65 + c;3

Thus, the associated co-state equations are

d/l] (9H 91
ik R = 1) = Ay — A :
7 o [41(B: 0t c M —v1) — daxyr: — Azazysl
dAa OH V)
—2 = —— = —[b—/l]alz’y] +/12(ﬁ2 2 +,820_/12 —U—u—72)+/l3(77+ Su—a3273)], (370)
dt 0xy 0, + ¢y
d/l:; oH 93
5 - 8 — b - Aarsy) - aryys + A T B — 1t — v — ),
” o [ 1a13y1 — A2axys + A3(B3 it o Bz —u3 —v—7y3)]
where
_ B101x _ B202x, _ B3b3x3
N+ T v T O

and the associated transversality conditions are
) =0, Aaty) =0, A(ty) =0,
The optimal control solution (u, v) satisfies

oOH oH
— =c—Axy + sz3xy, — = d- A3X3. (371)
ou ov
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Hence the optimal control solution is given by

“(f) = 0, ¢—Ax;+sdzx, >0,
win = { Umaxs € — AaXa + sA3xy < 0. (3.72)
and
“(f) = 0, d-23x; >0,
' (t) - { Vmax d—- /13)(3 < 0. (373)

From (3.72) and (3.73), the optimal controls for the linear problem is a bang-bang control with
either zero or maximum dose drugs.

3.3.3. Numerical results

Now, we perform numerical simulations to verify the above analytic discussions. To carry out the
numerical simulation, firstly we need to specify parameter values in our model. Since our model is
proposed to describe the dynamics of tumor growth with both drug-sensitive and drug-resistant cells,
we assume that the proliferation rate of drug-sensitive cancer cells is larger than that of normal cells,
and the self-sustained growth rates of cancer cells are nonzero. Moreover, the proliferation rate of
drug-resistant cells is larger than that of sensitive cells, but sensitive cells can strongly inhibit the
proliferation of drug-resistant cells. Thus, we should have

B3 > B2 > P, P >0, B3>0, azx > 1.

Different types of cells response differently to the cytokines, and hence we assume that 6; can be
different for different types of cells. Default parameter values used in numerical simulation are listed
in the Table 1. Figure 2(a) shows the cell number dynamics in the case without treatment, in which the
system states (xi, X», x3) approaches the steady state of E,3-type. At this state, drug-sensitive cells are
dominant in the system, and there are a small fraction of pre-existing drug-resistant cells.

Now, we consider the effect of sequential treatment, with only one drug at one period. To this end,
we run the model Eq (3.56) with u = v = 0 to t = 200 days so that cancer cells numbers reach a high
level near the steady state. Next, we set u = uy,.x to turn on the drug targeted to sensitive cells (u-drug
for short) for 200 days. Then, we set u = 0 and v = v, to turn on the drug targeted to resistant
cells (v-drug for short). Figure 2(b) shows the cell number dynamics after sequential treatment. From
Figure 2(b), after the administration of u-drug, sensitive cell numbers rapidly decreases to an extreme
low level, however resistant cells number increases to a high level and becomes dominant. Next, after
the administration of v-drug, resistant cells number decreases, and sensitive cells number increases
again, which show the clinical symptom of tumor relapse.
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Table 1. Default parameter values.

Parameter Value Unit
B 0.85 day ™!
B> 1.1 day™!
B3 1.2 day™!
6, 45.0 x100cells
6, 96.0 x100cells
0, 60.0 x10%cells
Bao 0.0002 day™’
B30 0.0002 day™!
n 0.05 day™!
™ 0.05 day™!
U3 0.05 day™!
n 0.0002 day™!
a 0.16 -
ais 0.44 -
any 0.46 -
ans 0.38 -
as 0.57 -
asy 1.2 -
Uax 0.24 day™’
Vimax 0.3 day™!
s 0.002 -
b 1 -
c 70 -
d 0.15 -
1 (a) 1 (b)
X2 X3 X2+X3 X2 X3 X2+X3

o 0.8 o 0.8 1

% 0.4 “‘ % 0.4 ‘;‘ ﬁ

§ 0.2 § 0.2 t ty

oL ol
0 100 200 300 400 500 0 200 400 600

t

t

Figure 2. Evolution of cell counts. (a) Cell count dynamics with no treatment. (b) Cell
count dynamics under sequential treatment with two drugs. Here, the u-drug and v-drug
are administrated in the time interval of ¢t € [#{,f;] and t € [f,,700], respectively. In all
simulations, initial conditions are x;op = 600, x,0 = 32,x30 = 2, and parameters are taken
from Table 1.
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Now, we investigate the dynamics of cell number ratios under different treatment strategies with
either u-drug or v-drug alone, or sequential treatment with the two drugs. Here, the drug is applied at
t = 200 as in Figure 2 by which sensitive cells are dominant. After the administration of u-drug for 60
days, the ratio of sensitive cells decrease over time, however the ratio of resistant cells increase along
with treatment, and the ratio of total cancer cells slowly increases following the decreasing phase in the
early stage after treatment (Figure 3(a),(b)). If v-drug is applied alone, there is no obvious decreases
in the cancer cells ratio after treatment (Figure 3(c),(d)). The reason is obvious, since the v-drug
targeted cells contribute only a small fraction of cancer cells before treatment. Finally, in the case with
sequential treatment of two drugs, the total cancer cells ratio shows continuous decrease over time,
and reaches a level below 0.2 after 60 days treatment (Figure 3). These results suggest that various
treatment strategies can result in different outcomes.

(a) o . (b)
5 U ©
2 0.2 -
- ©
2 o1 e
5 2
3 0 v 5
0 20 40 60 ©
t t
(c) o (d)
. 03 =
= v L fess=
_% 0.2 2
S 8os 29
= 0.1 5 Ty
[&]
8 0 uw* 5 0
0 20 40 60 © 0 20 40 60
t t
(e) o ()
. 03 = 1
: e
Q. -
£ 02 w' ‘ 2
3 v 8
b= 0.1 g
8 0 T
0 20 40 60 ©
t t

Figure 3. Dynamics of cancer cells ratio under different treatment strategies. (a) Treatment
strategy with continuous u-drug. (b) Dynamics of cancer cells ratio corresponding to the
strategy (a). (c) Treatment strategy with continuous v-drug. (d) Dynamics of cancer cells
ratio corresponding to the strategy (c). (e) Treatment strategy with sequential treatment with
u-drug and v-drug. (f) Dynamics of cancer cells ratio corresponding to the strategy (e).
Parameters are taken from Table 1.

To investigate the effect of optimal control strategy, we numerically solve the optimal control
problem with the method of forward-backward sweep method (FBSM) [45]. Figure 4 shows the result
corresponding to the quadratic control problem. Here, we take the weight coefficients b = 1, ¢ = 70
and d = 0.15 (Table 1). The optimal solution in Figure 4 suggests that we should apply the maximum
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dose drugs simultaneously, and continuously reduce the drug doses at the end point of treatment. In
this case, the total cancer cells ratio continuously decreases toward a level (2.93%) much lower than
those in Figure 3.

(@) )

0.3 1
0.25 v x
. 2
— 008 2
5 02 e 2o + 24
2 © 06} 2
5 0.15 3
E 5 04f
S o 2 |
(&) L
0.05 0.2 -
0 : 0
0 20 40 60 0 20

Figure 4. Optimal solution of quadratic control problem. (a) Drug doses corresponding to
the optimal solution of the quadratic control problem. (b) Cancer cells ratio corresponding
to the optimal solution in (a). Parameters are taken from Table 1.

In the Eq (3.56), we introduce a parameter s to represent the effect of transition from sensitive cells
to resistant cells. Biologically, the transition can be induced by epigenetic, adaptive changes, or gene
mutation due to drug stress. To investigate how the transition may affect the optimal control treatment,
we vary the relative strength of the transition rate (measured by the ratio sun.x /1), and calculate the
total drug doses

U@ = f ' u(t)dt, V(t) = f ' v(b)dt, (3.74)
0 0

and the ratio of cancercellsatt = 60 for each value su,,,,. Results show that both total doses and the
ratio of cancer cells are insensitive with changes in the relative strength of the transition rate (Figure 5).

(2) o ®

20 . . . . 0.03
0.025 |
15 2
2 S 002}
17} £ -
8 10 —U 8 0.015 | ’
— x3
I —V o
I S 001} T2 + 23
5 8
0.005 |
0 : : : : 0
0 2 4 6 8 0 2 4 6 8
su /'n su /'n
max max

Figure 5. Optimal solutions of quadratic control with different values su,.x /1. (a) Total drug
doses defined by (3.74) during treatment versus su,,,/n. (b) Cancer cells ratio at t = 60
Versus Sum,x /1. Here, other parameters are taken from Table 1.
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Figure 6. Optimal solution of linear control problem. (a) Drug doses corresponding to the
optimal solution of the linear control problem. (b) Cancer cells ratio corresponding to the
optimal solution in (a). Parameters are taken from Table 1.

Similarly, we solve the optimal control problem with linear control pay-oft functional, which yields
a bang-bang control. We obtain similar optimal solutions as in the case of quadratic control, in which
both drugs are administrated simultaneously with maximum doses, and stop the treatment at later stage
(Figure 6). Correspondingly, the final total cancer cells ratio at t+ = 60 decreases to about 4.54%.
Moreover, we vary the relative strength of the transition rate su.,x/n to examine the dependences of
the total drug doses and final cancer ratios on the relative strength of the transition rate su,, /7. Similar
to the situation of quadratic control problem, both the total drug doses and final cancer cells ratio are
nonsensitive with the transition rate su,,/n (Figure 7).

(2) o ®

20 . . . . 0.05
0.04 |
15 i)
a o
@ © 003}
8 10 —U ] 2
= = Z3
S 0.02 r
i 14 g 9 + T3
<
° © 0.01 ¢
0 : : : : 0
0 2 4 6 8 0 2 4 6 8
su /'n su /'n
max max

Figure 7. Optimal solutions of linear control problem with different values sup../n. (a)
Total drug doses defined by (3.74) during treatment versus sun. /1. (b) Cancer cells ratio at
t = 60 versus supm,,/n. Here, other parameters are taken from Table 1.

4. Conclusions

Intratumor heterogeneity is important to cell competition, and may play important roles in cancer
evolution. Here, we study a mathematical model of cancer evolution that includes competition between
normal cells and two types of cancer cells, as well as the transition between cancer cells. Moreover,
the potential transition from drug-sensitive cancer cells to drug-resistant cancer cells is also involved
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in the model. Based on the model, the invariant set of the nonnegative solutions, and the existence and
the stability of steady sates are discussed. We further discuss the optimal control problem that trying to
find the treatment strategy to minimize the optimal functional for both tumor burden and drug doses.
We prove the existence and uniqueness of the optimal control strategy for the proposed model. Finally,
numerical simulations are performed to verify the optimal control solutions.

In the present study, we study the problem of optimal treatment strategy of cancer through a simple
differential equation model. This model considers the competition between different types of cells.
In the realistic world, optimal treatment of cancer relies on two techniques: (1) effective method to
measure the state of tumor growth; (2) reliable prediction of tumor growth. However, neither of these
two techniques are available at present, and there is still a long way toward real world application of
the concept of optimal control treatment. This paper is rather a conceptual study that try to explore the
possible cell population dynamics when there are competitions between different types of cells, and the
possible benefit of optimal treatment in comparing with traditional maximum dose treatment (MDT).
The current study is based on a toy model of cell competitions in which different types of cells are
assumed to be homogeneous, and the effects of microenvironment are not included in the model, the
immune response are not included explicitly. To develop a more realistic and applicable model, these
factors are for sure to be included, which is a big ambition in the field of computational cancer biology.
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Appendix

Proof of the inequalities (3.65) and (3.66)
Substituting x;() = p;(H)e™, ;(t) = q;(t)e™™ into equations (3.56) and (3.60), we have (hereafter,

means —)
dt
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az 330:e™ pse™"q3
(05 + az1e™py + ane™psy + € p3)?’

. _ appbie™ pie g, _ _
e™ —mge™ = -b+ + (U + 1= PBa)e gy +eMu
q> q> (61 + €Dy + A1 Py + A13e™ pa)? (2 + 11— B2o) q> q2
Brbe™™qr Babhe™ pre™™q,

0 + azie™py + e py + apemps (02 + axie™py + eMps + axe™ p3)?
axnf36:e™ pse " qs

(65 + az1e™py + aze™p, + €M p3)?

apfr0ie™ pie™q;

—mt —mt
—ne g3 — se T ugs,

. —mt -mt  _
™ mmge™ = b (61 + e py + ape™p;y + ajze™ps)?
axPrthe™ pre™ ¢ B30 q3
(02 + @e™py + €M py + ane™ps)? O3+ ase™py + ane™py + e p;
B30:e™ pse " q3

+ (U3 — 30)€_mt 3+ €_mtV 3+ .
(s =P 1 1 (65 + az1€™py + axne™p; + €M p3)?

Multiplying both sides of the first three equation by ¢, and the last three equations by e,
respectively, we obtain

o _ B101p1 B
b b1 01 +e"py +ape™p; +apze™ps Hipt:

. B262p>
+mp;, = + — o — —up;,
D2 D2 0, + a2 € 1 + € Py + iy ps (B20 — o —=M)p2 — up>

p3+mps = 93+aﬂewpf3322mp2+emp3+%ﬁm-u9p3+npz+supz—vpm
g —mq = - LT + G
0, + €"'py + ane™pr + apze™p;
N B161e™ p1q: N a21326,¢™ prq>
(01 + €™ py + ane™py + aize™p3)* (02 + aze™py + " py + axe™ p3)?
a318303€" p3qs
(65 + az1€™ py + ane™p, + € ps)?’

apPi0e™
qz —mgx = _bemt + (91 + emtpl i@]z;mtlilzlal3€mrp3)2 + (/.12 + n _ﬁZO)QZ + uq»
B B26hq2 N Ba26he" pagqn
O + ax1e™py + eMpy + ayemps (02 + axe™py + e py + aye™ p3)?
axB303e™ p3qs
(63 + azie™p) + ane™p, + empy)? 4~ S
G —mgy = —be" + ai3B161e™ p1g
(0) + €™ py + ape™p; + ajze™ps)?
a»33,6:€" prq> B B363q3
(0, + aze™py +eMp;y + aye™p3)?* O3 +aze™py +ane™py +emp;
Bsbse™ p3qs

+ (us — +vgs + .
(13 = B30)q3 + vqs3 O & 1€ Py + @3ae™ pr + S pa)?

Similarly, we obtain the same form equations of p; and A;, i = 1,2, 3.
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Next, subtracting the equations for p; and p;, and the equations for ¢; and g,, we have

(p1 — p1) + m(p1 — p1)

(P2 — P2) + m(p2 — p2)

(p3 — p3) + m(p3 — p3)

and

(G —q)—mlgi —q1) =

(G2 — qo) —mlgx — @) =

(g3 —q3) —mlgz — q3) =

_ B161p1 3 B161 P
T O+ eMpr +ane™py +ae™ps  O; + e Py + apne™ps + aze™ ps
— u1(p1 — P,
B26hp2 B26:p>

92 + a21em’p1 + €mtp2 + Clz3€mtp3 B 92 + dg]émtﬁl + e’”’p2 + 61236""[_)3
+(B2o — 2 — M)(p2 — P2) — (up> — p>),
B3b3p3 _ B36sp3

0; + az1e™py +axpe™p, +eMp; O3+ aze™p; + aze™p, + e ps
+ (B30 — u3)(p3 — p3) + n(p2 — p2) + s(upy — ups) — (vp3 — vp3),

B B161q: N B161q:
01 +e™py +ape™py +ape™ps 0 +e"py +ape™p, +ape™ps
+ui(qr — q1)

B161e" pi1q B161e™ p1g
(61 + e™py + ane™p, +ape™ps)? (01 + €mMpy + ane™ py + arze™ ps)?
a1 Br6he™ prqr a1 Br6he™ pr»
(62 + ayie™p) + e py + ape™ps)?  (6s + azne™py + e py + arze ps)?
az15363e" p3q; az1B303e™ p3q;
(03 + as1e™p; + ane™p, + eMps)? (65 + aze™py + ane™p, + e ps)’
apBi61e" piq; apBi6,e™ p1q
(O, + €™y + ane™p, + ape™ps) (01 + €M Py + ane™p, + apze™ ps)?
B2629> B26:4>
Oy +ane™py +eMpy +anemps 0y + aye™py + e py + axe™ p
B26:e" prqr B26:e" P2
(62 + ayie™p) + e py + ape™ps)?  (6s + aze™py + e py + arze ps)?
azBs6:e™ paq; azBs6:e™ p3q;

(65 + az1e™ py + azne™py + €M p3)? (65 + az e™py + ase™p, + €M ps3)?
+ (U2 + 11 = B20)(q2 — G2) + uqr — iG> — n(qsz — qz) — s(uqz — uqs),

ai3B16:e" p1q, ai3B16:e" p1q,
(O, + €™ py + ane™p, + ape™ps)t (61 + €M py + ane™ p, + ape™ ps)?
ax33,6,€" p2q» ax33,6,€™ pr»
(01 + aze™py + e p, +azeps)? (0 + aze™py + e p,y + azze™ i)’
3 B3bsq3 N B363q3
03 + az €™ py + ane™py + €"ps 03+ az€"py + ane™ p) + €™ ps
B363¢™ p3q3 B365e™ P33

(65 + az1e™py + axne™p; + €M p3)? (0 + az e py + aze™ p, + e ps)?
+ (U3 — B30)(g3 — q3) + vqz — Vgs.

Now, we consider the equations for (p; — p3) and (—¢g3 + @3), and other equations can be treated
similarly. Multiplying the equation for (p; — p3) by (p3 — p3), and integrating the obtained equation
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from O to 77, we have

1 / if
5(1?3(0 - ﬁ3(1))2|of + mfo (p3 — p3)’dt

_ f[f( B36sp3 B B363p3 )(p _ padt
0o ‘O3 +azemp;+axne™p,+empy 03+ aze™p; +ane™p; + e p; e

1f 1f
+ (B30 — ,U3)f (p3 — p3)’dt +1 (p2 — p2)(p3 — p3)dt
0 0

1 1y
+s fo (up> — up2)(ps — p3)dt — fo (vps — vp3)(p3 — p3)dt. 4.1)

Multiplying the equation for (g3 — g3) by (—¢g3 + g3), and integrating the obtained equation from 0
to ¢4, we have

1 ' s
~5(@3() = GO +m fo (g3 = @)°dlt

- f[f( @3P161€" pigy — @p10,¢" iy )(6?3 — q3)dt
o (61 +empy +apempy +ape™py)? (6 +em™py + ape™py + ajze™ p3)?

+ f ! ( 423202 pag2 - a23f529:¢" Prds )(513 — g3)dt
0 (B +ayempy +empy +aypemps)? (6 + aze™py + e py + aye™ p3)?

B f’f( B36393 B B36333 )(% ~ gt
0o O3+ aze™py+ane™p,+empy 03+ aze™py +ane™p; + e ps

. f N Bsbse" pads - Fibse” P )@ — gs)dr
o (63 +azemp, +ane™p, +emp3)? (6 +aze™py + ane™p, +emp3)?/

lf 1f
- j(; (43 = B0)(gs — @z)*dt + j; (vgs — vq3)(q3 — g3)dt. 4.2)

We note that p3(0) = p3(0) = x39, equation (4.1) implies

1 '
§(P3(ff) - 1_73(tf'))2 + mj(; (ps — p3)’dt

= ftf( B36sp3 B B363p3
0o ‘O3 +azemp+axpe™p,+emps 03+ aze™p; +azpe™p, +e™
tf tf
+ (B30 — ,U3)f (ps —p3)dt+n | (p2— P2)(ps — Py)dt
0 0

—)(ps — Ps)dt
P3

' 'y
+ Sf (upy — up2)(p3 — p3)dt - f (vps — vp3)(p3 — p3)dt
0 0

1 r —
< f‘ B303p3 B303p3 s — paldt
XX - — _ — 37— /M3
0 103+ aze™p;+ane™p, +empy 03+ aze"p + ane™p, + e"p;

1f 1f
+ (B30 — #3)f (p3 — p3)’dt + 1 (p2 — p2)(p3 — p3)dt
0 0

1f 1f
+ Sf (up> — upy)(ps — p3)dt — f (vp3 —vp3)(p3 — p3)dt. (4.3)
0 0
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Since the solutions of (3.56) are nonnegative, namely p;, p; > 0, we have

(03 + azie€™' py + ane™ py + €' p3)(0s + az€™ Pr + ane™ pr + €' P3) > 65

Hence,

1 'f
§(P3(lf) - !_73(ff))2 + mﬁ (ps — p3)’dt

!
< ﬁ—: fof p3(03 + az€™ Py + ane™ pr + €™ p3) — p3(0s + az €™ py + ane™ py + €' p3)|Ips — psldt
1 1
+ (B30 — /J3)f (ps — P3)°di + Uf (p2 — P2)(ps — p3)dt
1f ’ y 1f
+ Sfo (ups — apy)(ps — p3)dt — fo (vps — vp3)(p3 — p3)dt
_ﬂ_3 tfg _ 5 mt - - mt _ =
= % fo 3(p3 — P3) + azie™ (p3p1 — p3p1) + ane™ (p3p2 — pap2)|lps — pslde
[f tf
+ (B30 — ,U3)f (p3 — p3)’dt + Uf (P2 — p2)(p3 — p3)dt
tf 0 ° [f
+ Sj; (upy — upa)(ps — p3)dt — f(; (vp3 = Vp3)(p3 — p3)dt
< ﬁ_3 v - my = = my = = =
< % fo (651p3 — Bal + asie™|psp1 = Pspil + azae™|p3pa — Papal)lps — psldt

1f 1y
+ (B30 — ,U3)f (p3 — p3)dt + Uf (p2 — p2)(p3 — p3)dt
0 0
tf 1f
+ Sf (up> — upy)(ps — p3)dt — f (vp3 —Vp3)(p3 — p3)dt
0 0
B3 ” mty . = — mty . = — —
= 22 | (anie™lpspr — pspil + ane™|pspa — papal)lps — paldt
05 Jo
tf lf
+ (B30 — 13 +ﬁ3)f (p3 — p3)dt + Uf (p2 — P2)(p3 — p3)dt
tf 0 tf 0
+ Sf (upy — upy)(ps — p3)dt — f (vp3 — vp3)(p3 — p3)dt. 4.4)
0 0

Now, we perform estimations to some terms of (4.4), and the other terms can be obtained by similar
discussions. Applying the Cauchy inequality, there exists M; > O such that

l‘f lf
f a1 |psp1 — Papillps — Paldt < ane™ f (psp1 = Pap1)(ps — po)ldt
0 0

1f
= 031€mtff |(p3p1 — p3p1 + p3p1 — p3p1)(ps — p3)ldt
0

Lf
a1 f (p3(B1 = pO)(ps = P3) + (ps = P)p1)(ps — Po)ldt
0

N

Lf
™ f (Pt = PP = B3l + Ip11(ps — po)’d
0
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1f
< ane™ My [ + s = 45)
0
Next, since p;(1) and p;(¢) are nonnegative functions for ¢ € (0, ),
L
f (upy — ap)(ps — p3)dt
0

If _ = on -~
= f (max {Oa min {umaxa %}}PZ — max {09 min {umaxa %}}ﬁZ)(pS - ﬁ3)dt
0

tf _ = o5 —
< f (max {0, min {uqy, %}}pz — max {0, min {t,y, %}}ﬁz)(m - ﬁ3)'dt
0
1 _ s 2 7 — $87) D2
= f max {O, min {tax P2, M}} — max {O, min {tqx P2, M}}‘I(m — p3)ldt
0 2c 2c
1 _ 2 = _ a2
< f (@2 =sq3)p; (@2 sqs)p2||p3 ~ .
0 2c 2c

(q2 — sq3)p3

Moreover, since the function f(p,, g2, q3) = is locally Lipschitz, there exists M, > 0

2c
so that
ftf (92 — 5q3)P5 (@2 - 5G3) D5 s — Baldt
0 2C 20 P3 P3
1f
< sz (Ip2 = pal + 1g2 — @2l + g3 — @3DIp3 — psldt
0
M, ” N 2 2 N
< > ((p2 = P2)" +(q2 — @2)" +(q3 — q3)” + 3(p3 — p3)7)dt.
0
Hence,

'y M 'y
f (ups> — upy)(p3 — p3)dt < 72 f (P2 — P2)* + (g2 — §2)* + (q5 — @3)* + 3(p3 — p3)*)dt.  (4.6)
0 0

Similarly, there exists M3 > 0 so that
tf 1‘43 tf 5 5
- [ o =m0 - pod < 2 [ a0 + 30 - po. @47

0 0
Thus, from (4.4) and (4.5)-(4.7), and note (p3(ty) — ﬁ3(tf))2 > 0, there exists L; 3 > 0 so that

Ly 1f 3

mf (p3 — p3)’dt < Li5(1 + emtf)f Z((ﬁj —p)’ +(@;—q)) |dt,
0 0 j=1

which gives an inequality of form (3.65).
Applying the analogous scheme, we obtain for L, 3 > 0 so that

L Ly 3
mf (@3 — @3)*dt < Ly3(1 + ™ + ™ + ;mtf)f [Z((ﬁj -p)+(G; - %‘)2)] dt,
0 o 55
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which gives an inequality of form (3.66).
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