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Abstract: Spatiotemporal dynamics of an impulsive eco-epidemiological model with Crowley-Martin
type functional responses in a heterogeneous space is studied. The ultimate boundedness of solutions
is obtained. The conditions of persistence and extinction under impulsive controls are derived. Fur-
thermore, the existence and globally asymptotic stability of a unique positive periodic solutions are
proved. Numerical simulations are also shown to illustrate our theoretical results. Our results show
that impulsive harvesting can accelerate the extinction of ecological epidemics.
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1. Introduction

Recently, it has been found that the occurrence of management and optimal control of some life
phenomena is not a continuous process, which can not be described by ordinary differential equation
or difference equation, but by impulsive differential system or the impulsive diffusion systems [1-3].
For example, when populations are locally stimulated with sufficient intensity (e.g., climate, drought,
hunting, harvesting, reproduction, etc.), species numbers can change rapidly in a very short period
of time [4-6]. Since the impulsive diffusion system can fully consider the influence of impulses and
understand the roles of structural or spatial heterogeneity simultaneously, the impulsive diffusion sys-
tem has been widely used in the modeling of population, infectious disease and pharmacokinetics.
In addition, impulse differential equations have also been applied to the development of renewable
resources, pest control, environmental culture and urban management [7-9]. Fazly et al. [10] stud-
ied a high-dimensional impulsive reaction-diffusion equation to describe the population dynamics of
species with distinct reproductive and dispersal stages. Liang et al. [11] extended the classical Fisher
reaction-diffusion equations by involving instant birth and control perturbations to study how multiple
pulse perturbations affect the dynamics of the pest population. Meng et al. [12] considered a diffusive
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logistic population model with impulsive harvesting on a periodically evolving domain to understand
how the combination of the evolution of a domain and impulsive harvesting affects the dynamics of a
population. For other research, please see [13—19] and references cited therein.

Different from other functional responses, Crowley-Martin [20] supposed that predation would
decrease because of high predator density even when prey density was high. Crowley-Martin type
functional responses simultaneously describe the effects of handling time and disturbance between
predators on population and community dynamics [21,22]. Little is known about how the intensity
of interference between predators is affected. Therefore, the Crowley-Martin type functional response
is used to explain this phenomenon. Crowley-Martin also gives good descriptions of predator feeding
over their prey. The per capita feeding rate in Crowley-Martin type functional response is as follows:

iU
1 +aU+bV +abUV’

9, V)=

where i, a and b are positive constants, which describe the effects of capture rate, processing time and
interference degree among predators respectively. If a = 0, b = 0, Crowley-Martin type functional
response is reduced to Holling I type functional response, and if @ > 0,5 = 0, it is reduced to Holling
IT type functional response. A series of predator-prey models with Crowley-Martin type functional
response have been studied in [23-25].

Many eco-epidemiological models have been studied in recent years since they can reflect both eco-
logical and epidemiological cases simultaneously. Xie and Wang [26] proposed a new SIS (susceptible-
infected-susceptible) eco-epidemiological model on complex networks with an infective medium. Cai
et al. [27] studied positive periodic solutions of an eco-epidemic predator-prey model with Crowley-
Martin type functional response and disease in prey population. Chang et al. [28] investigated spa-
tiotemporal dynamics of an impulse eco-epidemiological systems driven by canine distemper viruses.
Based on the above motivations, in order to understand how the combination of impulse and Crowley-
Martin type functional response affect the dynamics of the population, we consider the following im-
pulsive diffusion eco-epidemiological model with Crowley-Martin type functional response:

P00 _ 4pAQ(, )+ 001, ) Lao(t, ) = bolt, )0t 3] - DO DRE D

ot O(t, x) + ¢ (t, x)R(t, x)
) pi(t, )00, DX, %) 0
1+ 91(2, DO, x) + y2(t, )X (8, x) + 1 (t, X)y2(t, X) O, )X (2, x)’ '
0R((9tt, Y deAR(t,3) + R 0) [—an ()] + Q‘i;i;ﬁ%ﬁi;ﬁg@";
p2(t, X)R(t, x)X(1, x)
1+ v3(t, X)R(t, x) + y4(t, x)X(t, X) + y3(t, x)y4(t, X)R(t, x)X(t, X)
B p3(t, X)R(t, x)Y (1, x) (12)
1 + y3(t, X)R(t, x) + y5(t, X)Y (¢, x) + y3(t, x)ys(t, )R(t, x) Y (¢, x)’ '
ax((;t, ) deAX(t %) + X(t, %) [aa(t, 2) — by(t, DX, )] X‘g(;)xixc(;(txg g(txl)
N pa(t, X)O(t, X)X (1, x)
1 +y1(2, x)Q(2, x) + 28, X)X (2, X) + y1(2, X)y2(8, X) O, X)X (2, x)
ps(t, x)R(t, x)X(t, x) (1.3)

* 1 + y3(2, X)R(t, x) + y4(t, X)X (1, X) + y3(t, x)ya(t, X)R(t, x)X (1, x)’
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Y (tx) 4, DX (1, DY (1, )
Fya dyAY(t, x) + Y (¢, x) [—as(t, x)] + X(t.0) + OV )

Pe(t, X)R(t, x)Y (1, x)

T T+ 736 R %) + 7506 DY (0, %) + 73(( 05 DRE DY (1, %) (14
oty , x) = Oty %) fi(x, Oty ), R(tx, x), X(ty, x), Y (1, x)), (1.5)
R(t;, x) = R(ty, x)gr(x, Q(ty, X), R(ty, x), X (1, x), Y (1., X)), (1.6)
X(tf, %) = X(t, )y (x, Q(t, X), R(ty., x), X (1, X), Y (1, X)), (1.7)
Y(t, x) = Y(t, ©)wi(x, Ok, x), R(ty., x), X (1, x), Y (1, X)), (1.8)
00(t,x) OR(t,x) 0X(t,x) 0Y(t,x)
on - on - on - on =0, (1.9
0(0, x) = Qp(x) = ()0, R(0, x) = Ry(x) > (#)0, (1.10)
X0, x) = Xp(x) = ()0, Y(0, x) = Yo(x) = (#)0. (1.11)

Here, O, R, X, and Y are the abbreviations of Q(z, x), R(t, x), X(¢, x), and Y(z, x), respectively, rep-
resenting the density of susceptible prey, infected prey, susceptible predator and infected predator at
time ¢ and location x in the bounded and smooth region Q € R"; That is, it should indicate that Q, R, X
and Y are abbreviations for Q(z, x), R(¢, x), X(¢t,x) and Y(¢, x), respectively. ay(t, x) and a,(t, x) rep-
resent the birth rates of Q and X; a;(¢, x) and as(t, x) represent the mortality of R and Y; by(t, x) and
by (t, x) represent the self-limiting coefficient of Q and X, respectively; g (z, x) represents the effective
contact rate of Q and R; g¢,(¢, x) represents the effective contact rate of X and Y; ¢ (z, x) and c,(z, x)
indicate psychological inhibition effect; p;(¢, x), p,(z, x) and ps(¢, x) represent the maximum capture
rates of X to Q, X to R and Y to R. pu(t, x), ps(t, x) and pe(t, x) represent the corresponding conversion
coeflicients; Obviously, we can get p; > p4, p3 > ps and ps > pe. dop, dg, dx and dy represent the
diffusion rate of the susceptible prey Q, infected prey R, susceptible predator X and infected predator
Y; Denote by £ the outward derivative; A = 8%/9x? + 6%/9x3 + ... + 0*/8x2 denotes Laplace operator.
Both prey and predator populations obey transient impulse control f, gx, ix and wy at a fixed time #.
Real number sequence {#} satisfies 0 = 7y < t; < ... < #x < ... with lim_,, &z = +oco. Suppose that
the infected predator Y can only prey on R but not on Q. Neumann boundary conditions represent no
boundary flow and describe the characteristics of no migration.

The rest of this paper is organized as follows. Some necessary lemmas for basic premises will
be shown in Section 2. In Section 3, we find a sufficient condition for the ultimate boundedness of
systems (1.1)—(1.11). The persistence of systems (1.1)—(1.11) is presented in Section 4. In Section
5, we mainly consider extinction conditions of epidemic. The existence and uniqueness of periodic
solution are proved in Section 6. In Section 7, some numerical simulations are shown to verify the
theoretical results. In addition, we explain the impact of some key parameters on the epidemic. We
have a brief discussion in Section 8.

2. Notation and lemmas
In this section, we will present some premises and basic lemmas.
Let N, and R represent the set of all positive integers and real numbers, respectively, and R, =

[0, o0). For convenience, we first give the following hypothesis:
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12183

(H1) Functions a;(t, x)(i = 0,1,2,3), b;(t, x)(i = 0, 1), p;(t, x)(i = 1,2...6), y;(¢t, x)(i = 0, 1,2...5), ¢;(¢, x)
(i=1,2)and g;(t, x)(i = 1,2) € C*(R, X 5) are bounded and positive on R X Q:

(H2) Functions fi(x, Q,R, X, Y), gx(x, O,R, X, Y), hy(x, O, R, X, Y) and wy(x, Q,R, X, Y), k € N, are pos-
itive and continuously differentiable for all parameters;

(H3) Functions a;(t, x)(i = 0,1,2,3),b;(t, x)(i = 0, 1), p;(t, x)(i = 1,2...6), y:(t, x)(i = 0, 1,2...5), ¢;(t, x)
(i=1,2)and gi(t, x)(i = 1,2) € C*(R, X Q) are periodic function of period 7 > 0;

(H4) There exists a number p € N, such that #,, = t, + T forall k > 1;

(H5) Sequences fi, gk, hi and wy satisfy the following conditions:
Jesp(x, O, R, X, Y) = filx, O, R, X, Y); Biip(X, O, R, X, Y) = gi(x, O, R, X, Y);
heep(x, O, R, X, Y) = hi(x, O, R, X, Y); Wisp(X, O, R, X, Y) = wi(x, Q,R, X, Y)
forallk > 1;

For convenience, we introduce the following notations: G = R, X Q, G =R, xQ,

Z:{(I,X)|f€(tk—l»tk),xeg}’ keN,, Z:UZ

keN, k

k
ik: {(t,x)lte(tk_l,tk),xeﬁ}, keN,, z: Uzk

keN,

and denote:

(00, € Y ). 000 € 2O,

Y =1¢ : G — R| (i) im ¢(7, x) = ¢(1, x) exists, ,

(iii) im ¢(t, x) = ¢(1;, x) exists,
t—tf

where C tlxz denotes function ¢(¢, x) is continuously differentiable with respect to parameter ¢ and is
twice partial exists with respect to x. A vector function {Q(?, x), R(t, x), X(t, x), Y(t, x)} € Y X X Xy
is called a solution of systems (1.1)—(1.8) if it satisfies Neumann boundary condition (1.9) and initial
value conditions (1.10)—(1.11).

For continuous functions, we define ¢" = inf(; ,, ¢(t, x), " = sup,, ,, ¢(, x).

Lemma 3.1. (Lemma 1. [29]) Let T and d be positive constants, the function U(t, x) is continuous in
[0, T] X Q which is continuously differentiable on x € Q, AU and (Z—Itj are continuous on (0,T] x Q .
U(t, x) satisfies the following inequality:

‘;_lt] CdAU+C(t,0U 20,  (tx) € (0,TIx L,
W0, (hxe©T]xo0,
on

where C(t, x) is bounded on (0, T]xQ and n is the unit vector of U(t, x). Then U(t,x) > 0if U(0,x) > 0
on (0,T] X 9Q . Moreover, U(t, x) is strictly positive if U(t, x) > ()0 on (0,T] X 0Q.

Lemma 2.2. (Lemma 2.2. [30]) Suppose the vector functions v(t,x) = (vi(t, X),...vu(t, X)), 0(t, x) =
(01(t, X), ...om(t, X)), m > 1, satisfies the following conditions:
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(1) v(t, x) and o(t, x) are quadratic continuously differentiable with respect to x (x € Q) and once
continuously differentiable in (t, x) € [t,, t,] X Q;

(1) v, — uAv — H(t, x,v) < 0o, — uAo — H(t, x,0); where (t,x) € [t,,t,] X Q,u = (U1, 125 -..r i) > 0, the
vector function H(t,x,U) = (H(t,x,U)..., H,(t, x, U)) is continuously differentiable and quasi
monotone increasing of U is equal to U = (U, U,,...,U,,) :

0H(t,x,U,,U,,..Uy)
ouU;

>0,i,j=1,2,..m,i# J;

o _ O, _ .
(111) @ - ﬁ - 09 (t5 x) € [ta9tb] X 0Q ’
Then v(t, x) < o(t, x) for (t, x) € [ty t,] X 0Q.
We now consider the following differential system with impulses on ¢ = #;, k € N, ,

X
@ _X(B-X),  t#t,
ar - XX U @.1)

X(6) = XG0 WX @), teN,,

where X(7) is a positive function, @, 8 € R,, and the strictly increasing sequence {#;, k € N, } satisfies the
condition (H4). For all X € R,, k € N_, 4, is continuous positive functions satisfying A, ,(X) = 4;(X)
forall X e R, .

Lemma 2.3. (Lemma 2.1. [31]) Every solution X(t) = X(t,0, Xy), Xo = X(0) = X(0*) > 0 of system
(2.1) is positive and bounded for all t € [0, +00).

Next, we prove the compactness of solutions for systems (1.1)—(1.11). Let C*** be the space of -
times continuous differentiable functions f : & — R with ¢-order derivatives which satisfies the Holder
condition with exponent 0 < @ < 1, and ¢ = (Q,R, X, Y) € L,,(Q) X L,(Q) x L, () X L,(£), where ¢
and m are two positive integers and L,,(QQ) is the Banach space in Q. For sufficiently small & > 0, let

doA—6 0 0 0
| 0o aa-s o0 0
=1 0 0 depa-6 0 |
0 0 0  dyA-6

Q1R X
ao — byO — - + 5]
Q[ 0 0 0Q 0+eiR 1+y10+72X+y1720X
_ q1 _ P2 _ D3
R[ A ¥ GieiR T TrysReyaX+737aRX ~ ToysReysV4ysysRY T 5]

Y 219 psR ’
X|ay - biX - 125 + + +6
2 1 X+ T 1+y10+72X+y1720X | 1+y3sR+ysX+y3yaRX

_ @ X PsR
Y[ as + X+ Y + 1+y3R+ysY+y3ysRY + 6]

Pt @) =

o, x) fi(x, O, x), R(1;, x), X(1;, ), Y (1;, X)) — O, x)
R(t;, x)gi(x, O(t;, x), R(t;, x), X(1;, x), Y (8, x)) — R(#;, X)
X(t;, )h(x, O, x), R(t;, x), X (1, x), Y (;, X)) — X (&, x)
Y (&, v)wr(x, O(t;, x), R(t;, x), X(1;, x), Y (&;, x)) — Y (&, x)

F (1) =
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So systems (1.1)—(1.11) can be rewritten as

d T
%ZSQOT-'_i@(taQD)’ titk;-er;
th = t;) + F t)), e N,;
S;;t ) = @(t;) (¢(:) i€ N, 2.2
— =0, x € 0Q;
ov B
©(0, x) = @o(x) = (#)0, x € Q;

In system (2.2), 2(¢) = {(,o D € N2™(Q), a—f o= 0} is the domain of operator &, where ¢*"
stands for Sobolev space of functions from L,,(€2) which have two generalized derivatives. Functions
P(t, (1)) satisty sup, || P(t,¢(t)) |I< oo, F(¢p) is periodic in i. Let X, be the spectrum of sectorial
operator &, therefore, ReX; < ¢ with reference to [32], for any @ > 0 is given as the power £ of the

bounded bijective fraction
1
—a _ —s& a—ld
3 I'(@) fe 5oas

where I is the gamma function. It is obvious that £ = (£7%)7! and 2(£%) = Z(¢£7%), where Z(-)
denotes the range of operator £, and £° represents the identity operator in L,, X L,, X L,, X L,, which
has anorm || - || . Then a new space X* = Z(£%) can be defined such that || x ||,=]| &%x ||, for @ € [0, 1].

Lemma 2.4. (Lemma 2.4. [33]) Assume that the function .%; is continuously differentiable, and there
is a positive function n(M), such that

sup || File) < (M), keN,, (2.3)

llplla <M
for some a € (% + 5-, 1). Let ¢(t, ¢o), o = ($005 10 ---¢n0) € X, be a bounded solution of (2.2), i.e.:

Il (2, o) ll.< M, t>0. (2.4)

Then the set {¢(t, @) : t > 0} is relatively compact in C'*"(Q,R™") for 0 < v < 2 — 1 — a

Similar to [28], using the upper and lower solutions of partial differential equations, there exists a
classical solution for (1.1) under the conditions of systems (1.9) and (1.10). The analysis of R, X and Y
are similar to that of Q. If the twice partial derivatives of Q, R, X and Y with respect to x exist in systems
(1.1)—(1.4), and are continuously differentiable with respect to ¢, then the systems (1.1)—(1.4) and (1.9)—
(1.11) classical solution are exist. In particular, the solution of systems (1.1)—(1.11) is defined as the
classical solution of systems (1.1)—(1.4) for ¢ € (0, #;]. According to the impulse conditions (1.5)—(1.8),
the function (Q(#7, x), R(t], x), X(t], x), Y(¢], x)) is also continuously differentiable in x which satisfies
the boundary condition (1.9). Therefore, we can make (Q(t7, x), R(t], x), X(t], x), Y(t{, x)) as a new
initial function to compute for ¢ € (#;,,]. Finally, using the same construction process, we can obtain
the solution of ¥ € R, .

Since Q(t, x), R(t, x), X(¢, x) and Y (¢, x) describe the population density at x at time ¢, the solution of
systems (1.1)—(1.11) should be non-negative. Therefore, we give the following lemma.

Lemma 2.5. Assume that (H1)-(HS5) are true, then the non-negative and positive quadrants of R* are
positive invariant for systems (1.1)—(1.11).

Mathematical Biosciences and Engineering Volume 19, Issue 12, 12180-12211.
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Proof. Let Q and Q be the solutions of the following two equations

a" L . M M .
a—?—dQAQ—Q[ag—bng—q—lL—p—lL]za 0(0, x) = Qo(X),
G 2
and
90 _ 1pAD-0lal ~ 50| =0, D0.%) = 0uX
—o ~doh0 - 0|a —b0| =0, 0(0,) = Qu(X).

Then é and é are the upper and lower solutions of system (1.1). Since Qy(x) > 0 and Qy(x) # O.
By Lemma 2.1, for ¢t € (0,#,], we get Q(t, x) > 0 and QO(z,x) > 0. Because Q(t, x) is bounded from
below by positive function Q(t, x), we have Q(t,x) > 0 for ¢ € [0,1,]. Considering the function f; is
positive, and we can repeat the same argument to show that it is positive Q(t, x) for ¢ € [t;,1,]. By
induction, we get Q(t, x) > 0 fort € R,.

For R, X and Y, using the same analysis, we finally have R(¢, x) > 0, X(¢, x) > 0 and Y(¢, x) > O for

teR,.

Lemma 2.6. (The Brouwers Fixed Point Theorem [34]) Let S be a bounded, closed and convex subset
of R" for n € N,. S represents the relative boundary of S. If T € C(S,R") and satisfies Y(0S) € S,
then Y must have a fixed point on S.

3. Ultimate boundedness

In order to prove the ultimate boundedness of solutions, we first give the definition of ultimate
boundedness.

Definition 1. (Definition 1. [31]) Solutions of systems (1.1)—(1.11) are said to be ultimate boundeness
if there are positive constant My, M, M, and M5 such that for every solution {Q(t, x, Qo, Ry, Xo,
Yo), R(t, x, Qp, Ry, Xo, Y0), X(2, x, Qp, Ry, X0, Y0), Y(t, x, Qo, Ro, Xo, Yo)} of systems (1.1)—(1.11), there is
a time at which t* = t*(Qy, Ry, Xo, Yo) > 0, such that

Q(t’ X, Q07R07X07 YO) < MO’ R(t7 X, QOaR()’XOa YO) < Ml’
X(t, x, Qo, Ro, X0, Yo) < M>, Y(t, x, Qo, Ro, X0, Yo) < M3,

forallx e Qandt >t
Next, we will verify that the ultimate boundedness of solutions for systems (1.1)—(1.11).
Theorem 3.1. If (H,)—(Hs) hold, furtheremore,

(1) there is a positive function §(M), such that fi.(x, Q,R,X,Y) < éM) forke N, Q< M,R>0,X >
Oand Y > 0 for x € Q;
(i1) The inequality

_Ta% + Z ln Sup gk(x’ Q’ R’ X, Y) < 0
O<n<t (HORXY)

holds;

Mathematical Biosciences and Engineering Volume 19, Issue 12, 12180-12211.
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(ii1) There is a positive function p(K), such that h(x, Q, R, X, Y) < p(K)fork EN,LX<KQO>0,R>
0and Y > 0 for x € Q, in addition, the inequality all - y—L — = > 0 holds;
1
(iv) The inequality

—Ta§ + Z In sup wi(x,0,R, X,Y) <0
(LO.RXY)

0 <t
holds.
Then all the solutions of systems (1.1)—(1.11) are ultimately bounded.

Proof. First, let @ = (t, x, Qp) 1s the solution of the following equation

%—Q —doAQ - 0a} - b§O| = 0. G.D

According to system (1.1), it is easy to get

aQ B Q]QR plQX
0= or ~doAQ — Qlao = boQl + QO+ cR " L+ 710+ 79X + 770X (3.2)
8Q |
> ==~ doAQ - Q[a}f - b0
by Lemma 2.5, we have
J0 = = 5] 99
0=—=~doAQ - O|ay' - b50| = —= - doAQ - Qo' - Q).

Therefore, by Lemma 2.2, Q(t, x, Qo, Ry, Xo, Yy) < o, My), where My > max g | Qo(x) |=
l| Qo(x)_llc, according to the uniqueness theorem, the solution of (3.2) is independent of x for ¢ > 0,
that 1s, Q(t, M) satisfies

do — _ _
d—? =0|ay - b§0|. 0. M) =M,
Hence
” Q(t]-:a X, QO’ ROa XO’ YO) ”C
= ” Q(tlo X, QO’ ROa XOa YO)ﬁ((-x9 Q(tk9 X), R(tk9 X), X(tk’ .X), Y(tk’ .X)) ”C
<Q(t, M)E(Q(1x, Mo)).

According to Lemma 2.3, the solutions of the following impulsive ordinary differential equations
are ultimately bounded:

dQ
= 0la' - 150,
Q(lk) = Q(t)E(Q(t, My)).
Then Q is uniformly bounded, that is, there is a positive constant M'Q such that Q(t, x) < M;) from
f.

Mathematical Biosciences and Engineering Volume 19, Issue 12, 12180-12211.
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For R, by the equation of (1.2), for # > ¢], we have

dR q10R
0=— —drAR - R[-a;] -
ar el = 5 eR
P2RX p3RY
+ + (3.3)
1+ ’)/3R + ’)/4X + ’)/3’}/4RX 1+ ’)/3R + ’}/5Y + ’)/3’)/5RY
OR qy'M,
>— — drAR — R(-ab) - :
ot K (=ar) ch
So, R(t, x, Qy, Ry, Xo, Yo) < R(t, M) where R(t, My) satisfies the following Cauchy problem
QR d'M,
_ = - R + . R O,M = M .
dr ap cf ( R) R
Now, we solve the following linear periodic impulsive ODE:
dR = a'M,
— =—d ,
dr cf B (3.4)
R(t;) = sup g&(x, O,R X, V)R(t).
(x,Q,R,X,Y)

In view of [1], the form of the solution of impulsive equation (3.4) is R(t) = Ao(t) + C*A(¢), where
C* is a constant and A(?) is a continuous function with period 7.

A(f) = exp {—aft+ Z In sup gi(x,0,R,X, Y)}.

oe:  WORXY)

It is easy to know lim A(f) = O by according to condition (ii). Then all solutions of (3.4) are

{—+00

ultimately bounded. Thus, we get the ultimate boundedness of R(¢, x), that is to say, there exists a
positive constant M., such that R(z, x) < M;Q from 7.
For X, by the equation of (1.3), let X = (t, x, Xo) is the solution of the following equation

X o oM M
OX g AX -X|a —px - P P52 (3.5)

ot 'ylL y§

According to system (1.3), it is easy to get

ox XY
0=22 _ 4 AX = X[ay — b, X] +
o X laa =0 X1+ 37775

B p4QX B psRX
1 +7v1Q0+ X +y17RX 1+ ¥R+ v X +y374RX
X Mo pM
>2 _gax - x|at —pix -2 )
ot Y Y3

(3.6)
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By Lemma 2.5, we have

8X _ M M
0=— —dyAX - X[ be—p;;—p—f’L]
ot % Y;
OX M M
> 2 deAX - X[M bLX—p—“L—p—SL].
ot Y Y3

Therefore, by Lemma 2.2, X(t, x, Qo, Ry, Xo, Yo) < X(t, Mx), where My > max g | Xo(x) |=l|
Xo(x) ||c, according to the uniqueness theorem, the solution X(z, My) of (3.5) is independent of x for
t > 0, that is, X (¢, M) satisfies

dx _ =X |al bLX—p—iw—g
at L L |
Y7

Hence
Il X, x, Qo, Ro, Xo, o) llc

= || X (&, x, Qo, Ro, Xo, Yo)hu(x, O, x), R(tx, x), X (t, x), Y (t, X)) |lc
<X(ty, Mx)p(X(tr, My)).

According to Lemma 2.3, the solutions of the following impulsive ordinary differential equations
are ultimately bounded:

dX M _pix py  ps
— =X|a)! - btX - — =
dt Y 73
X)) = Y(tk)p(Y(tk, My)).
M
Then X is uniformly bounded if a}’ — ’;% - = > 0, that is, there is a positive constant M, such that
1 3

X(t,x) < M;( from 7.
For Y, by the equation of (1.4), for ¢ > #;, we have

oY XY RY
0= @AY +azy — 22T Ps
ot X+cY 1+ ’}M,R + ')’SY + ’)/3’)/5RY
oY M M
> g Ay +aty - 7% PR
ot 5 Ve

Thus, Y(¢, x, Qp, Ry, Xo, Yp) < I_/(t, My) where I_/(t, My) satisfies the following Cauchy problem

dY LY quwM p M
or ck vk
Y(0,My) =M

According to [1], the solution of the following impulsive ordinary differential equation is: Y() =
Yo(r) + C'Y (1),

dy _ A7+ L Y My 4 P o My
;Y + ,
o s Ve
Y(@) = sup wilx,Q.R, X, Y (1),
(x,Q,R,X,Y)
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where C” is a constant and Y, (¢) is a continuous function with period 7.
Y(t) = exp{—7a} + Z In sup wi(x,0,R,X,Y)}.
O<p<t  (HORXY)

According to (iv) condition of Theorem 3.1, there exists a normal number M; suchthat Y(¢,x) < M Y
from z;.
The proof is completed.

4. Prevailing of epidemic
In this section, we will derive sufficient conditions for prevailing of epidemic in (1.1)—(1.11). Before
this, a definition is given at first.

Definition 2. (Definition 2. [31]) The epidemic is called prevailing if there exist positive constans my,
my,mo,mz, My, My,M>, M3 and a moment of time t = 1(Qo, Ry, Xo, Yo) such that

my < Q(t, x, Qo, Ro, Xo, Yo) < My, my < R(t, x, Qo, Ro, Xo, Yo) < M,
my < X(t, x, Qo, Ro, Xo, Yo) < M>, ms < Y(2, x, Qo, Ro, Xo, Yo) < M,

forallx e Qandt > 1.
Then, we will give the conditions for prevailing of epidemic in systems (1.1)—(1.11).

Theorem 4.1. If (H,)—(Hs) hold, furthermore,

(i) Systems (1.1)—(1.11) is uniformly bounded, that is, there are positive constants My, My, M, M3
and a time t = t(Qy, Ry, Xo, Yo) such that Q(t, x, Qo, Ry, X0, Yo) < My, R (¢, x, Qo, Ro, Xo, Yy) < M,
X(t, x, Qo, Ry, X0, Yo) < M, and Y(t, x, Qp, Ry, Xo, Yy) < M3 fOl"l > 1.

(i1) The inequality

p pM qM
- Lo 4
Z:;ln e @M ey F105 QR XY 4 7l = =) > 0. (4.1)
P pM pM
_ i m P Py
Zlnxeg,@l’r}e& 1es S QRXT) 4 7@ + 2+ 25 > 0, 4.2)
k=1 4 5
P qM
. L _ _2
Z 10 Qs 145 QR X 1) (e =) > 0. (4.3)
and
P
- Z In inf  w(x QR X Y)+d"r>0 (4.4)
= xeQ,(Q.R.X,Y)eS

hold, where S = {(Q,R,X,Y)|0< Q < Myp,0 <R < M;,0 <X < My,0 <Y < M),
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Then, there are positive constants o, 0\, 05, 05 such that any solution of systems (1.1)—~(1.11) sat-
isfies
O'SSQ(I,X)SMQ, UTSR(I,X)SM],
o, < X(t,x) < M, o3 < Y(t,x) < Ms,

fort >t that is, the epidemic in systems (1.1)—(1.11) is prevailing.
Proof. Lemma 2.1 means that if Qyp(x) > 0,Ro(x) > 0,Xo(x) > 0,Yo(x) > 0, and Qy(x), Ro(x),
Xo(x), Yo(x) # 0, then

Q(t, x, Qo, Ro, Xo, Yo) > 0, R(2, x, Qo, Ry, Xo, Yo) > 0,

and
X (t’ X, QO»RO’ X09 YO) > 09 Y(t’ X, QO’ RO’ XO’ YO) > 0’

tion {Q(S’ X, Q()’ RO’ XO9 Y0)9 R (89 X, QOa R09 X()a YO) s X (89 X, QO’ RO’ XO’ YO) s Y(89 X, QO’ RO’ XO, YO)} * 0.
Without loss of generality, we assume that min g Qo(x) = mgy > 0,min gRo(x) = mg >
0, min 5 Xo(x) = my > 0, min 5 Yo(x) = my > 0, by (1.1), we have

forall x € Qand ¢t > 0. For a small & > 0 on interval ¢ > &, the initial value condi-

00 q10R p1OX
0=——-dpA [ag — by O] + +
ot 0AQ = Qlao = boQ Q+01R I +%10+ X +vy1y0X
8Q o
< =5 - doAQ - Q[ e
ot ¢ 7’2 C1
in view of Lemma 2.5, we obtain
6@ ~ =l 7 M~ qllw pzlw
O:E_dQAQ_Q[ao_bOQ_E_’y_é
00 . n q
< ——dp,AQ - - - ——.
ot 0AQ Q[ao vy ok

Now, using Lemma 2.2 for m = 1, Q(¢, x, Qo, Ry, Xo, Yo) > Q(t, My) for t € [0, #;]. Applying the last
inequality for ¢ = ¢, together with (1.1), we obtain that

+ - .
>
Q(tl s Xy QO’ RO’ XO’ YO) = Q(t, mQ) xEQ,(Ql,l}Q,f;(,Y)ES ﬁC(x9 Q9 R5 X9 Y)

It then follows that the solution Q(t, x, Qy, Ry, Xo, Yo) is bounded from below by a solution of the
following equation with impulses:

d_Q = Olat - p5- o _r
L |
G M 4.5)
L :
Q(tk) - Q(tk) xEQ,(Ql,IIIQ,f;(,Y)ES fk('x7 Q9 R9 X’ Y)~
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According to (4.1) and Theorem 2.1 in [3], (4.5) has a unique piecewise continuous strictly positive
periodic solution Q(#)* such that for every solutions Q(z, Q,Q of (4.5) that satisfy Q(t, Q,,) — Q(¢)* as

t — oo. Therefore, there is a positive constant o7, such that Q(z, Q,,) > o7,
Because the solution Q(t, x, Qy, Ry, X, Yy) of Q is defined by the solution Q(¢, Q,,) from below (4.5)

we draw a conclusion from the following: O(z, x, Qo, Ry, Xo, Yo) > o7, for 1 > 1,

For R, we have
OR q1OR
0=— —drAR—-R
ot K [Fanl = 0O+ c R
+ szX
1+vsR+y, X + y3y4RX
5
YiovE

p3RY
1 +vysR+7ysY +y3ysRY

OR
<— —drAR—-R
ot R

In view of Lemma 2.5, we obtain
8R M M
0=2" _ AR - R[ ?—p—ZL—p—i}
ot Vs Vs
OR Mo pM
<& AR - R[ —p—ZL—p—i].
ot o Y5

Now, using Lemma 2.2 for m = 1, R(t, x, Qq, Ry, Xo, Yo) = ﬁ(t, Mp) for t € [0, t,]. Applying the last

inequality for ¢ = #;, together with (1.2), we obtain that
. —~ )
>
R(tl » X, QO’ RO, XO’ YO) = R(t’ mR) XEQ,(QI,I]l?,f;(,Y)ES

It then follows that the solution R(t, x, Qo, Ry, Xy, Yy) is bounded from below by a solution of the

8k(x, O, R, X, Y).

following equation with impulses:

@_ﬁ[_azw_ﬁ_ﬁ]

_R|-d ,

dt i s (4.6)
+ _ ey .

R@) =R inf  a(x Q.RX.Y).

Then the solution of (4.6) is

k(@) = RO) 1_[ xEQ,(Ql,rllegf Y)eS

p2 .
(—ay! )T + Z In o ngg( es gk(x, O, R, X, Y)}

M
M_p_z_P_37}

gr(x, O,R, X, Y)exp{( a T T
Yi s

= R(O) exp {

= R(0)Z().

M M
where Z(1) = exp{(-ay' = % = )+ In I, inficaorxnes u(x, O, R, X, Y)
R*(?) 1s an piecewise continuous strictly positive periodic solution of (4.6), and R(¢) is any solution of

. Let’s assume that

(4.6). Iet’s prove that lim | R(¢) — R*(¢) |= 0 when (4.2) holds
t—+00
lim |R() - R'() |= lim | R()Z(r) + R'(0)Z() |= lim | Z(x)(Ro - R;) |
t—+00 [—>+00
Volume 19, Issue 12, 12180-12211.
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Since Eq (4.6) is ultimately bounded, §0 - ji’\g is bounded. When condition (4.2) holds, we have

t—+00 x€Q,(Q.RX.Y)eS

lim Z(7) = lim exp {( - p—z - —)T ; Z In inf  g(x ORX, Y)} -

Therefore, the positive periodic solution R*(7) is globally asymptotically stable, i.e., lim R(z) =

t—+00
R*(1). Thus, there is a positive constant o} such that R(#,R,,) > o7].
We can obtain that there is a normal number o7}, such that R(z, x, Qy, Ry, Xo, Yo) > o} for ¢ > 1.
For X, we have

0X G XY
0=— —dyAX — X [a> — b X] +
or X a2 =0 X1+ 575
_ p4QX _ p5RX
L+710+7X+y17RX 1+ y3R+ X +y3ysRX

0X

<—— —dyAX — X |ak - bV X - q2
ot cé

According to condition (4.3) the same analysis as population Q, we obtain that there is a normal
number o7}, such that X(#, x, Qo, Ro, Xo, Yo) > 0} for t > 1,.
For population Y, we have

aY XY RY
0= —dyAY + Yas - 22T _ Ps
ot X+cY 1+’}/3R+’)/5Y+’)/3’}/5RY
oY
< — —dyAY +al'Y.
a %

According to condition (4.4) the same analysis as population R, we obtain that there is a normal
number o7}, such that Y(z, x, Qo, Ro, Xo, Yo) > 7} for t > 1.
The proof is completed.

5. The extinction of epidemic
Definition 3. (Definition 3. [28]) It is called epidemics extinction if lim R (¢, x, Qy(x), Ro(x), Xo(x),
t—+00
Yo(x)) = 0 and Tim Y(z, x, Qo(x), Ro(x), Xo(x), Yo(x)) =0
—+00

Now, we study the extinction of epidemic in (1.1)—(1.11).
Theorem 5.1. If (H,)—(Hs) hold, furthermore, inequality

p

(—ay + g\t + Z In  sup  gu(x,0,R, X, Y) <0, 5.1
=1 XEQUQ.RXY)ES
and
24 u
(—a5 + g5 + =)+ Z In  sup  w(x, QR X,Y) <0, (5.2)
Y3 o1 EQORX.Y)ES
hold.
Then llm R(t )C) = 0 llm Y(t x)

t—+00

Mathematical Biosciences and Engineering Volume 19, Issue 12, 12180-12211.
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Proof. Taking a positive constant My such that Mgz > Ry(x). Let R(t, M) be the solution to the
following initial value problem
dR -

I = R(—af +q11”),
R(0, Mg) = Mx.
From the following inequality,
OR R
0 =22 _ 4eAR - R[=ay] - 1<
ot QO+ cR
+ szX + p3RY
1+ ’)/3R + ’)/4X + ’)/3’}/4RX 1+ ’}/3R + ’}/SY + )/3’)/5RY

Z% —drAR - R [—a% + qllu] .

Using comparison theory, it is easy to know R(z, x, O, R, X, Y) < E(t, Mp) fort < 1,.
By the impulse condition we get

R(7,x,0,R. X,Y) <R(t,Mg) sup gu(x,0,RX,Y).
(x,Q,R.X,Y)

Continuing in this manner, we conclude that every solution to R with impulse condition R(z}, x) =
R(ty, x)gi(x, Q(t, x), R(tx, x), X (1, x), Y(#;, x)) is bounded by the corresponding solution to the follow-
ing impulse equation

dR —

d_ :R(—af +qllw),

at _ (5.3)
R(t;) =R(t) sup gi(x,Q,R,X,Y).

x,0,R.X)Y)

Then the solution of (5.3) is

RO =RO)[ | sup  elx, QR X V)exp{(-af + g}y

xeQ,(Q,R,X,Y)eS
)4

= R(0) exp {(—af +q)T+ Z In sup gi(x, O, R, X, Y)} _
=1  *€Q(Q.R.X.Y)eS

By (5.1), we can see that all the solutions of the (5.3) tend to 0 as t — oo.
For infected predator Y,

aY XY RY
0= —dyAY + Yay - 2270 Pe
ot X+cY 1+7y3R+7y5Y +v3ysRY
oy péu 5.4
L M
ZE—dyAY+Y(a3—q2—y—§).

We can obtain in the same way. Any solution of (5.4) goes to O when (5.2) is true.
The proof is completed.
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6. Periodic solution
In this Section, we prove that systems (1.1)—(1.11) has a unique globally asymptotic stable periodic
solution by constructing Lyapunov function.

Theorem 6.1. If conditions (H,)—(Hs) hold and Lemma 2.4 is true, and epidemic is prevailing, i.e.,
there exist two positive constants o and N, so that any nonnegative and # 0 solution satisfying the
initial value and impulsive condition of the system satisfies:

{O(t, x),R(t, x), X(t, x), Y(t, x)} € 1—[ ={(Q,R.X,Y) |0 < O(t,x),R(t,x), X(t,x), Y(t,x) < N},

from a certain moment. In addition, let

P
D InK;+ 7y <0, (6.1)

J=1

where

2 2 2 2 2
K;= max 2{fj2+(N%) +(N%) +(N%) +(N%) +g2~+(N%)

/T QR XYl xeQ 00 OR 0X oY J 00
8gj 2 8g] 2 agj 2 5 6hj 2 611] 2 6h] 2
+(N6_R) +(N8_X + Na_Y + 0+ N@ + NG_R + N()_X

+ Nahj 2+ 4+ Nawj 2+ Nawj 2+ Naw" 2+ Naw" 2
oy | T\ Va0 OR oxX av | [

and Ay is the principal eigenvalue of the following matrix

My My, My My
My My My My
My Mz Mz My |
My My Myz My,

where
My =2 »aM — bl — cigr V2PiO + Py ]
0T (NJo M2 (1M M My M2 |
My=2|-ats I YViP30 + Py _ VsP3O + Py ]
[ Ao /N? Ay N (e N ]
My =2|at pro - 2% Y1y N+ pyf vy psN +ps
33 — 2 1 (N/+M)2 (1+L+L+LL)2 (1+L+L+LL)29
L o t+c, Y1 Yy T Y{Y, 0O Y3t Y4 Y3V 0
P P vs'pg N + pg’
- 3 U(NJo+cM2 (1 + 9k +yL +yEyLo)2 |
I (Njo+cy)y  (L+yy+y5+y3750)

My =My =|— +

o p¥pit P
rAv Y A roul B
i pro vy (o
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ptpy p¥ pY
M23 = M32 - + > + - + 5
vy Yo vy p)ro
M M
p pY p pY
M24 = M42 _:Z + 32 + _6L 62 :|5
Lo yvE (Do
g
M12—M21—(]11W+ IL,
1
g
My = My = g + CQL’

My =My =0.

Systems (1.1)—(1.11) have a strictly positive piecewise continuous T periodic solution, and the pe-
riodic solution is globally asymptotic stable.

Proof. First, we consider the operator I : R* — R*,

T(Q(), R(t5), X(15), Y (15)) = (Q(5), R(5), X (1), Y (1), k € N,

The continuous operator Y’ maps the closed bounded connected convex set S into itself because the
disease is prevailing, Y satisfies the conditions of the Lemma 2.6. In this case, S = R*. Therefore,
the operator I has at least one fixed point (Q*, R*, X*, Y*) on R*. Since the parameters are positive and
periodic, we know that this fixed point is the positive periodic solution of system (1.1)-(1.11). This
proves the existence of periodic solutions.

Second, we prove the global asymptotic stability of the periodic solution.

Suppose {Q(t, x), R(t, x), X(t,x), Y (t, x)} and {Q(t, ), R(z, x), X(t, x), Y (1, x)} are two solutions of sys-
tems (1.1)—(1.11), which satisfy o < Q(t, x), R(t, x), X(t, x), Y(t,x) < N and o < < Ot x),R(,x),
X(t, x), Y(t, x) < N. Consider the function

J(@t) = f (0. x) = Ot ))* + (R(t x) = R(t, x))* + (X(t, x) = X(t, x))* + (Y(t,x) = Y (¢, %)) | dx
Q

With derivative
dJ 0 0 OR OR
= -0 - x| R-BG - Thax
+ 2f(x X)(— - —)dx + 2[(1/ Y)(a—y - a—Y)dx

=2d, f (0 — O)A(Q — Q)dx + 2dy f (R — R)AR — R)dx
Q Q

+ 2dy f (X = X\)AX = X)dx + 2dy f (Y = Y)A(Y = Y)dx
Q Q

= q1R X
2 [o- b0 - -
L(Q o [Q(ao nd Q+cR 1+70+7nX+ 7172QX)
~Q(ap — byQ - OR piX _)l dx
Q+cR 1+71Q+72X+)’172QX
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— R RX
+2f(R—R) R+ LR p2
Q Q+cR  1+7yR+ysX +y374RX
RY — OR RX
3 & +a1R—_qu_+ _ PR _
1 +v3R +ysY + y3ysRY O+ciR 1+ %R+v.X + y3v4RX
psRY ¢ XY
1+ ’)/31_3 + ’}/57 + )’3)/5R_Y X+ CZY
X RX = = YX
p4Q + Ps - X + b]X2 + _42 —
L+7y10+7X+71720X 1+y3R+y,X+y374RX X +cY
_ paXQ _ psXR ]dx
L+710++7X +7172X0 1+ y;R+y4X +y37.XR

— XY RY - XY
+2f(Y—Y)l—a3Y+ 42 + Po +azY — 72 —
Q X+cY  1+yR+7ysY +y3vsRY X +c,Y

—+

dx+2f(X—)_()[a2X—b1X2—
Q

Péﬁ
1 + ¥R +ysY +y3ysYR

S2f(Q - 0) {ao —by(Q+ Q) -
Q

dx

C]C[]RI_Q
(Q +ciR)(Q + c1R)
3 y2p1 XX + Pl)_(_ _ _ ldx'
(I +y10 + X +y170X)(1 + 7,10 + X + y17.0X)

+2f(R_E)2 quQ
Q

(Q +ciR)(Q + ¢iR)
3 yap2 XX + po X
(1 + 73R + y4X + y374RX)(1 + 73R + 74X + y374RX)
B yspaYY + P3?_ _ _ } dx
(1 +v3R +7ys5Y +y3ysRY)(1 + y3R + ysY + y3ysRY)
+2f(x—)_()2 [az—bl(X+Y)— C2q2¥¥V
o) X +Y)X + c,rY)
+ y10400 + P4§_ _ _
(I +71Q + 7 X +y1720X)(1 +y10 + v2 X + y17.0X)
y3psRR + psR ] dx

—a; +

+ — —
(I + ¥3R + y4X + y3y4RX)(1 + ¥3R + y4X + y374RX)

— XX
+2f(Y—Y)2 %
Q

(X + 2 Y)(X + ¢, Y)
RR R
+ Y3PeIIX + D¢ _ _ __ }dx
(1 +y3R +ysY + y3ysRY)(1 + y3R + ysY + y3ysRY)
— — 0 — c1qiRR
—2f(Q—Q)(R—R)[ 0190 ~ iR
Q (Q+ciR)(Q +cIR)

—as +

dx
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71P1Q§+P1Q

—ZL(Q—@(X—Y)[

— — dx
(I +710 + 7 X +y170X)(1 + 710 + X + 7172QX)}

y3p2RR + paR

—2f(R—E)(X—Y)
Q

— — dx
(I + 73R + y4X + y3y4RX)(1 + y3R + y4 X + 7374RX)}
v3P3RR + p3R

—2[(1%—1?)(1/—17)
Q

— — dx
(1 + 3R +ysY + y3ysRY)(1 + v3R +ysY + 7’375RY)}

YapsXX + paX

—2fQ<X—Y><Q—§>

— — dx
(I +710 + 7 X +v170X)(1 + 10 + X + 71)’2QX)}

yapsXX + psX

—2f(X—)_()(R—I_€)
Q

— — dx
(I + 73R + y4X + y3y4RX)(1 + y3R + y4 X + )’374RX)}

yspeYY + peY

—2f(Y—I_/)(R—I_€)
Q

—2f(X—Y)(Y—17)
Q

LL
C1q,

— — — | dx
(I +y3R +ysY +y3ysRY)(1 + y3R + ysY + 7375RY)}

@ XX — 0202 YY
X + V)X + c,Y)

o

LpLoy + pl
Y2 Py P dx

<2 f Q-0 [a% — byor
Q

qy

(Njo+ 2 (L +yM+y +7§”7§”N)2]

yipio + py

L

+2f(R—E)2
Q

_ YsP50 + Dy o
(L+ 9 + v + 7y N)

L.L
649,

(1 +cta/N? (L +y + vy + vy N)?

YV pyN + p}

M L

+2f(X—Y)2
Q
Yy p¥N + p¥

dx
A+ +y+ 7§7§0)2]

(N/o + cihy?

(A +yE+yE +yiylo)?

Yy pYN + p¥

M
_ 95
+2 | Y=Y |-at+
fg( Y (N/o + cM)?
+2 [ 10-TIR-Rial + Lox
Q Cl
M M
— = (P
2 [10-Tux-% (24
Q o Do
M M
+2f|R—E||X—Y|(p—2L+ ey
Q 73 (Y3)O-
M M
+2f|R—I_€||Y—I_/|(p—3L+ ey
Q 73 (73)0-
M

+2f|X—)‘(||Y—17|(q§4+q—2L)dx
Q C2
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S/lmf[(Q 0P+ R-R’+(X-X)" + (¥ -Y)’|
Q
=y J(2).

So we obtain J(;,1) < J(t}“) exp {AM(th - tj)}, and

VGOE fg [0f11(Q.RX.Y) - 0fii @ RX.D)] dx

— —_—_ = =12
= f | Xhj1(Q. R X, ¥) = Xh;1(Q. R, X, )| dx
Q
— e
* f [Y 01 (Q. R, X, ¥) = Yw,;,1(Q, R X, )| dx
Q
<K;.1J(tj+1) < Kj 1 exp {/lM(th - fj)}f(f}r)-

Therefore, we can easily get the change of the function in this period of time. We have

)4
Jt+7) < KJ@) = ]_[ K; exp(Ay)J (D).

i=1

According to condition (6.1), we obtain K, < 1. Therefore,

Jmt +5) < K'"J(s) = 0,m — oo.

That is,
Jim 1 Q(t, x) = Q(t, %) llL,= 0,
Jim | R(t, x) = R(t, %) ll,= 0,
Jim ] X(2, x) = X(t, %) ll,= 0,
and

lim || Y (2, x) = Y(2, %) [|,= 0.
f—+00

Because solutions of systems (1.1)-(1.11) are bounded in the space C'*" by Lemma 2.4.
Therefore,

lim sup | Q(t, x) — O(t, x) |= 0,

2400 yey

lim sup | R(t, x) — R(1, x) |= 0,
=+ yeQ

lim sup | X(z, x) — X(t, x) |= 0,
240 e

(6.2)
(6.3)

(6.4)
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and

lim sup | Y(z, x) = Y(z, x) |= 0. (6.5)

t—+00 xeQ

Therefore, the solution of systems (1.1)—(1.11) is globally stable.

At last, we prove the uniqueness of periodic solutions.

For the sequence {Q(kT, X, Q(), Ro, X(), YQ), R(kT, X, Qo, R(), X(), Yo), X(kT, X, Qo, R(), Xo, Yo), Y(kT, X, Yo,
Ry, Xy, Yo)}= v(kt,v9),k € N,. It is compact in the space C (ﬁ) x C (ﬁ) x C (ﬁ) x C (ﬁ) from Lemma
2.4. Let v be the limit point of the sequence, v = hmoo v(k,T,vp). Then v(t,v) = v. Actually, since

vit, vlk,T,v9)} = vik,T,v(t,v9)} and lim [v(k,T, v(T, vg)) — vk, T, v9)] = 0. We obtain

n—)OO

lim [[v(r,v) ~vlle< lim | v(7,v) - v(r, vk, v0) lle

+ lim || v(z, v(k,7, v9) — U(knTa v) llc + lim || u(k,7,v0) =V llc= 0.
n—+o0o n—+0eo
The sequence {v(kt,vp), K € N,} has a unique limit point. If not, assume that the sequence has two
limit points v = lim v(k,7,vp), and & = lim v(k,T,vp). Then, taking into account (6.3) to (6.5), we
n—+oo n—+0oo
obtain

Iim ||v—-0||c< hm | v —vlk,T,v0) llc + hm || vk, t,v9) — U |lc=0

n—+oo
Hence v = ©. The periodic solution {Q(t, X, @, R, X, I_/), R(t, x, @, R, X, I_/), X(t, x, Q R, X, I_/), Y(, x, Q
R, X, I_/)} of systems (1.1)—(1.11) is unique.

7. Numerical simulations

In this Section, similar to that of [28], we perform some numerical examples to illustrate our main
results in Q = [-2, 2] [28], the diffusion coeflicients dy, dg, dx, dy are taken as dp = dg = dx = dy = 0.5
[28]. We will present our theoretical results through the following three examples.

7.1. Example 1

For the sake of convenience, we choose: ¢; = ¢c; = 1.5 [28]; ¥v1 = y2 = v3 = y4 = y5s = 6. The
impulsive functions f; = 0.8 [28]; g« = 0.6; h;, = 0.7 [28]; wr = 0.8. For convenience, the initial values
are taken as Qp = 3; Ry = 9; Xo = 1 and Y = 1. Setting other parameters as follows:

Table 1. Parameter description in the model.

Parameters Value Reference Parameters Value Reference
ao(t, x) 1.5sint+ 1.5cosx + 15 [28] bo(t, x) 1.5cost+1.3cosx+5 [28]

as(t, x) 0.6sint+0.6cosx+4 [28] ps(t, x) 0.5sinf+0.5cosx+5 [28]

q>(t, x) 0.5sint+0.5cosx+3 [28] p3(t, x) sint +0.8cosx+5 [28]

pa(t, x) 1.5sint+cosx+7 [28] pi(t, x) 1.5sint+cosx+7 [28]

a(t, x) 04sint+0.3cosx+0.2 - bi(t, x) 1.5cost+1.5cosx+6 -

a(t, x) 04sint+03cosx+3 - Pe(t, X) 0.1sint+0.1cosx+0.1 -

palt, x) 0.5sint+0.5cosx+7 q:(t, x) 0.7sint+0.7cosx+ 5
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At this time, we can easily get the following inequality:

—atr+ Y In sup g(x, Q.R.X.Y) = -6207 <0,

0Se (RORXY)

and
—rab+ Y I sup (v, Q.R.X.Y) = ~18.932 <0.

0<t<t (X,Q,R,X,Y)

In addition

. L __ 1 =
Z In xeg,é%& s filx, O, R, X, Y) + t(a} A

14 M M
Pr 4y _ 373030,
= 2 1

k=1
p pM pM
- > I inf g QR XY)+1(a + = + =) =125.684 >0,
x€Q,(Q,R.X,Y)eS 04
k=1 4 5
p qM
Diinnf o y(x, QR X, Y) + 7k - ==) = 4.350 > 0,
= x€Q,(Q,RX,Y)eS c2

and
p
— 1 M =
k_gl In xeg,(é%g(,y)es wi(x, O,R, X, Y) + a5 T =34.011 > 0.

>

According to Theorems 3.1 and 4.1, the population is persistent, as shown in Figures 1-3.

Figure 1. Permennence of populations Q(t, x), R(t, x), X(¢, x) and Y(¢, x).
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Figure 3. The section of Figure 1 with x = 0.
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(a)—(d) in Figure 1 describe the persistence of four populations Q, R, X and Y respectively. Figure
2 is the projection of Figure 1 on the t-Q(R,X,Y) plane, and Figure 3 is the cross section of Figure 1
when x = 0. It is easy to verify that the parameters given satisfy the conditions of Theorems 3.1 and
4.1. As aresult, Theorems 3.1 and 4.1 is thus verified.

7.2. Example 2

In this Section, we examine sufficient conditions for an epidemic extinction. Figures 4 and 5 are the
numerical simulation results obtained by taking dy = 0.3, a,(t, x) = 0.4 sint + 0.3 cos x + 2.8; a3(t, x) =
1.6cost+ 1.6cosx +7;q,(t,x) =0.3sint + 0.3cos x + 3; and ¢g,(¢, x) = 0.2sint + 0.2 cos x + 2 on the
basis of Example 1. At this point, these parameters satisfy the following inequality:

p

(—ak + g\"Hr + lnz sup  g&(x, O,R,X,Y)-16.260 < 0;
=1 x€Q,(Q,RX,Y)eS

and

M P
(=i +q5' + )T+lnz sup  wi(x, O,R, X, Y) = —9.821 < 0;
)’3 = €Q.(Q.RX.Y)eS

Figure 4. The persistence of population Q, X and the extinction of population R, Y.
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Figure 5. The projection of Figure 4 in r — Q(¢, x),t — R(t, x),t — X(t, x) and ¢ — Y (¢, x).

Figures 4 and 5 show the extinction behavior of epidemics under certain conditions. As can be
seen in Figures 4 and 5, epidemics can become extinct when the mortality rate of infected populations
increase and the diffusion rate and effective contact rate decreases. This suggests that the extinction of
epidemics can be accelerated by limiting the flow of population Y, which is consistent with our general
understanding.

7.3. Example 3

In this Section, we are more concerned about how some other conditions affect the dynamic behav-
ior of the population. Thus, this section mainly considers the effects of impulsive harvest, Crowley-
Martin type response function and contact rate on population dynamics. For convenience, we consider
only the dynamic behavior changes of Q and R based on Example 2.

To illustrate the impact of impulse function on epidemic dynamics, the following numerical simu-
lation is performed. Figure 6 simulates the dynamic behavior without impulsive of population Q and
R. Figure 7 is the result of numerical simulation when the impulse function is g, = 1.4. At this time,
these parameters meet the following inequality:

p

(—af + q}IW)T + an sup gr(x, O, R, X, Y) = =3.636 < 0;
= x€Q(Q.RX.Y)eS
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Figure 7. Extinction diagram of population Q and R with impulsive.

Volume 19, Issue 12, 12180-12211.

Mathematical Biosciences and Engineering



12206

By comparing Figures 5(b) and 6(d), it can be concluded that the impulse effect can accelerate
the extinction of epidemics. By comparing Figures 5(b), 6(d) and 7(d), it can be easily concluded that
applying impulsive to the population can reduce the extinction of the population when impulse function
gr > 1, and applying an impulse to the population can accelerate the extinction of the population when
the impulse function g; < 1. This corresponds to the impulsive birth and impulsive death of species.

To illustrate the effect of the functional response function on epidemic dynamics, the following
numerical simulation is considered. Figure 8 is the result of y; = ¥, = y3 = ¥4 = ys = 0 numerical
simulation. At this time, the Crowley-Martin type response function is reflected into Holling I. Figure
9 shows the result of y; = y3 = 6,7y, = v4 = ys = 0. At this time, the Crowley-Martin type response
function is reflected into Holling II.

Distance x

2 0 Time t 0 5 10 15 20

(c) )

Figure 8. Epidemiological extinction diagram with Holling I type.

Mathematical Biosciences and Engineering Volume 19, Issue 12, 12180-12211.



12207

-2 0 Time t o 5 10 15 20

(c) ()

t
(b)
.
ol
10
7
6
= 5
x o
4
sl
oL
AL
0
0 5 10 15 20
t
(c) ()

Figure 10. Effects of exposure rates on populations.
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By comparing Figures 4(a), 8(a) and 5(a) and 8(b), it can be seen that Holling I type functional
response reduced the population size of susceptible prey Q. By comparing Figures 4(b), 8(c) and
5(b) and 8(d), it can be concluded that Holling I type functional response accelerates the extinction of
infected prey R. It can be seen from Figures 8 and 9 that Holling I type functional response reduced
the population size of susceptible prey Q more than Holling II. The extinction rate of infected prey R
accelerated by Holling I type functional response was higher than that of Holling II. This is because the
predator’s ability to hunt is higher than it actually is when processing time and predator interference are
not taken into account. At this time, the number of susceptible prey Q decreased, while the extinction
time of infected prey R was delayed.

To illustrate the effect of effective exposure rates on epidemic dynamics, the following numerical
simulations were performed. Figure 10 shows the result of g; = 0.1 sinz+ 0.1 cos x + 0.5. At this time,
these parameters meet the following inequality:

p
(a1+q1)r+lnz sup g QR X, Y) = —11.861 < 0;
= xcQ(Q.RX.Y)ES

As can be seen from Figures 4(b), 10(c) and 5(b), 10(d), the epidemic will fade faster when the ex-
posure rate of the population decreases. This illustrates the importance of isolation during an epidemic.

8. Concluding remarks

In recent years, the idea of epidemic modeling has always existed. When does the disease appear?
When will the disease become extinct? This is an issue that people have always been concerned about.
This paper presents an epidemic model (1.1)—(1.11). We studied the dynamics of prey populations
by subdividing them into susceptible and infected populations. We consider a class of ecological epi-
demic models with impulses, we obtain sufficient conditions for the ultimate boundedness and persis-
tence of the system by constructing upper and lower solutions, and we have proved the system periodic
solutions. In order to prove the existence, uniqueness and global asymptotic stability of positive pe-
riodic solutions, compactness theory and methods based on the construction of appropriate auxiliary
functions are applied. Furthermore, our theoretical results are verified by numerical simulation. The
numerical simulation results also show that: (1) Under appropriate conditions, populations can coexist
(periodic solutions exist). The existence of periodic solutions depends on the persistence of the system;
(i1) Large (> 1) impulses prolong the extinction time of epidemics; Small (< 1) impulses accelerate
the extinction of epidemics; (iii) The number of susceptible prey is highest and the extinction time of
the epidemic is delayed when processing time and predator disturbance are taken into account; (iv)
Reducing population movements and effective contact rates can better control the spread of epidemics.

These results indicated that dispersal rate, mortality rate, effective contact rate, maximum predation
rate, impulse control and functional response function had significant effects on disease prevalence
and population dynamics. Pulsed reaction-diffusion systems can also serve as a useful tool to study
the dynamics of populations. In this paper, we study an ecological epidemic model with Crowley-
Martin type functional response by model construction and analysis. We accounted for processing
time and interference between predators. In other words, it takes some time in order to digest the
prey and when the predator has captured the prey, the predator’s capture behavior is interrupted during
this time. We take them into account when we study the dynamics of the population. And studied the
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persistence of populations, from an ecological point of view, consistent persistence means that prey and
predators can coexist at any time and in any location in an inhabited area. Thus, we can use some key
arguments to control population persistence and extinction through some hybrid system of reaction-
diffusion pulses, which is expected to be useful in the study of dynamic complexes of ecosystems.
An important question is: what interesting things would happen if population Y could prey on both
population R and population Q? This will be our main consideration in the later stage.
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