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Abstract: In this paper, we obtain solution sequences converging uniformly and quadratically to ex-
tremal solutions of an impulsive integro-differential system with delay. The main tools are the method
of quasilinearization and the monotone iterative. The results obtained are more general and applica-
ble than previous studies, especially the quadratic convergence of the solution for a class of integro-
differential equations, which have been involved little by now.
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1. Introduction

In this paper, we employ the monotone iterative [1,2] and quasilinearization method [3,4] to discuss
the existence, uniform and quadratic convergence of solution sequences for an antiperiodic boundary
value problem (BVP) of impulsive integro-differential system with delay [5]:

y'(h) = f(h,y(h), [Tyl(h), [0y)(h), y(x(h)))  h#h,hel
Ay(h) = Ti(y(hi)) k=1,2,---,m

y(0) = —y(T)

y(h) =y(©0)  he[-r0],

where f € CUXR*R), I =[0,T),I" =[-r,T),r>0,h—r<t(h) <hhg=0<h <hy<---<h,<
T = hm+1,Ik € C(R, R)’ Ay(hk) = y(h]:) - )’(h;),

(1.1)

h T
[Ly)(h) = f K(h, s)y(s)ds, [6y1(h) = f H(h, s)y(s)ds,
0 0

K € CILLR),L = {(h,s) € IXxI : h > sh,H € CU x LR"),R* = [0,00). We denote

ko = max{K (h,s) : (h,s) € L}, hy = max{H (h,s) : (h,s) € [ X I},p = max{h,,; — h,},u=0,1,...,m.
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Impulsive differential equation is a basic mathematical model to describe real world phenomena
which suddenly alter states at some moments [6, 7]. It is widely used in physics, population dynamics,
ecology, industrial robotic, etc [8—10]. Note that, in recent years, there are many authors interest in im-
pulsive integro-differential equations [11-13]. And, the existence and approximate controllability for
neutral differential equations with delay have been widely concerned [14—17]. Nisar and Vijayakumar
discussed approximate controllability for a class of Sobolev-type Hilfer fractional neutral delay differ-
ential equations [18]. The controllability result for a fuzzy delay differential system can refer to [19].
The existence and controllability for fractional integro-differential delay equations of order 1 < r < 2
have been considered in [20] and [21].

The monotone iterative method is effective to get solution sequences, which uniformly converge to
extreme solutions of equations [1]. Moreover, the quasilinearization(QSL) method is often used to get
solution sequences, which are square convergent [3,22-24]. The QSL method, whose iterations are
constructed to yield rapid convergence, has been used for solving a series of problems and obtained
many excellent results [25-27]. The application of the QSL method in functional differential equations,
can see [3,28,29]. However, the application of the QSL method in impulsive integro-differential
systems with delay has been little discussed.

Similar to previous studies [1, 3, 5], we introduce some spaces for the following use:

Letting I~ = I"\{hy,hy,--- ,h,}, PCU*,R) = {y:I" — R;y(h) is a continuous function in I,
hi(k = 1,--- ,m) are some jumping points, y(h) and y(h;) exist at i, and y(h; ) = y(hk)};

PC'(I",R)={y € PC(I*,R);y’" is continuous in I", y'(h), y'(h;), y'(0") and y'(T") exist};

Ey={ye PC(U",R) : y(h) = y(0), h € [-r, 0]}, then the norm of E is defined as |[y||g, = sup [y(h)l;

hel*

E =PC(I",R)(PC'(I*,R). Then y € E is a solution of system (1.1) if and only if y satisfies system
(1.1).

2. Some basic concepts and conclusions

Firstly, we give the definition of upper and lower solutions.

Concept 2.1. "5 A function ¢ € E () E, is a lower solution of system (1.1) if and only if

¢y(h) < f(h, po(h), [Tol(h), [6¢0](h), po(t(h)))  h# h,hel=][0,T]
Ado(hy) < Ti(do(I)) k=1,2,---,m

$0(0) < —¢o(T)

¢o(h) < ¢o(0)  he[-r0]

Concept 2.2. %151 A function ¢, € E () E; is an upper solution of system (1.1) if and only if

@o(h) = f(h, eo(h), [Teol(h), [6¢o](h), po(T(h))) h#h,hel=[0,T]
Apo(hi) = Di(po(hy)) k=1,2,---,m

©0(0) = —¢o(T)

@o(h) = ¢o(0) h € [-r,0].
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Then, we give some lemmas [5] to the following problem:

Y'(h) + Ay(h) = o(h) — B1[I'y](h) — B2[6y](h) — By(t(h)), h#h hel
Ay(h) = =Ly (h) + I (n () + Li (n () k=1,2,---,m

y(0) = =y(T)

y(h) = y(0) h € [-r,0],

where A > 0, By, By, B > 0,0 < L, < 1 and o(h) € PC(I, R), n(h) € PC'(I*,R).
Lemma 2.1. "5 Let A > 0,B,,B,, B> 0and 0 < L; < 1 satisfy the inequality:

T

(B1koT + BohoT + B)(e*T — 1) AT &
+ E L, <1.
A(eAT + 1) AT+ L

Then y € E is the unique solution of system (2.1) if y € E satisfies:

[ F(h, $)lo(s) = BiTYI(s) = Bol6yl(s) = By(x(s)1ds

" é Flh, h)l—Ley(hy) + L)) + LinGag)] hel
y(h) =
T F, 9)[o(s) = BITYI(s) = Bal6yl(s) — By(x(s)ds

+ él:l F(O, hi)[—Liy(hy) + I(n(hy)) + Lin(hy)] h € [-r,0],

where

1 A(T—h+s5) < < <
Fhs) = {e , 0<s<h<T,

eAT 41| =AM, O0<h<s<T.

1001

Lemma 2.2. '%15! Suppose that y € E satisfies

y'(h) + Ay(h) + Bi[Ty](h) + B:[6y](h) + By(t(h)) < 0, h # hy, hel
ay(hy) < —Liy(hy) k=1,2,---,m

y©0) <0

y(h) = y(0), h e [-r,0],

where constants A > 0, By, B>, B> 0,0 < L; < 1, with

Z Ly + p(m + 1)(A + BikoT + BohoT + B) < 1.
k=1

Then y(h) <Oon .

(2.1

(2.2)

(2.3)

Lemma 2.3. %! If the functions ¢, ¢, are lower and upper solutions of BVP system (1.1), which
satisfy ¢o(h) < ¢o(h) in I, and both the f and I; satisfy one-sided Lipschitz condition, then we can
find sequences ¢,, ¢, C [Po, ¢o] that uniformly converge to minimal and maximal solutions of the BVP

system (1.1).
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3. A main theorem

Theorem 3.1. Suppose that the following assumptions are true:

(S'1) Functions ¢g(h), ¢o(h) are lower and upper solutions of the BVP system (1.1), which satisfy
Bo(h) < @o(h) in I*;

(S2) f satisfies fy(h, y(h), [Lyl(h), [6y1(h), y(z(h))) < O, fry(h, y(h), [Lyl(h), [6y1(h), y(z(h))) < O,
fsy(h, y(h), [Tyl(h), [6y1(h), y(z(h))) < 0, and f,(h,y(h), [Tyl(h), [6y](h), y(z(h))) < 0. And, the
quadratic form K(f(h,y, k, z, p)) is

K(f) = =) fu(h,y1, 32,3, v4) + (k = 1) fryry (Y1, 2, 3. ¥4) + (2 = W) frysy (B y1, Y2, 33, ¥4)
+ (P = @ frye(h, Y1, ¥2, 3, ¥4) + 200 = V)(k = ) fyry(h, Y1, Y2, V3, Y4)
+ 20y =)@ = W) froy(h, Y1, Y2, 3, ¥4) + 200 = v)(P — @) fyye (B, Y1, Y2, Y3, 4)
+ 2(k — w)(z = W) frysy(hs Y1, Y2, 3, Y4) + 2(k — w)(p = @) fryye (B Y1, Y2, Y35 Y4)
+ 2(z = w)(p = @) fsyye (B, 1, Y2, 3, Ya),

and K(f) <0onlIxR* where g9 < v <y, <y <o <u<y,<k<@npg<ws<y <z<
Y0, 90 <q<ys<p=<¢o, h#*h.hel ,
(S3) The functions I; satisfy -1 < () <0and [, () > 0,k=1,2,--- ,m.

Then we can find monotone solution sequences {¢,(h)} and {¢,(h)}, which quadratically and
uniformly converge to extremal solutions of system (1.1) on [¢g, ¢o]-

Proof: By using (S,) and the Taylor’s formula, we can obtain

f(h,y(h), [Tyl(h), [6y1(h), y(t(h))) < Q(h, y(h), [Ty](h), [6y](h), y((h)); v(h)),

where

Q (h,y(h), [Tyl(h), [6y1(h), y((M); v(h)) = f(h,v(h), [T'v](h), [6v]I(h), v((h)))

+ fi(h, v(h), [Tv](h), [6vI(R), v(z(h))(y(h) = v(M)) + fry(h, v(h), [TVI(R), [6vI(h), v(T(W)([Ty](R) — [TV](h))
+ foy(h, v(h), [TVI(R), [6v](h), v(T(h))([6y](h) — [6v](h))

+ fir(h, v(h), [TV](h), [6v](h), v(T(h)))(y(7(h)) — v(T(h))),

and employing the Taylor’s formula together with (S 3), we obtain

Aa(he) = Le(b(h) + L(b(h))a(h) = b(hy)),
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where ¢o(hi) < b(hy) < a(hy) < po(ly).
Now, solution sequences ¢;(h) and ¢;(h) are constructed to satisfy:

¢;(h) — fy(h, ¢i—1(h), [Tbi—1)(R), [6¢hi—1 1 (), bi—1 (7(R)))pi(h)

—fry(h, ¢i—1(h), [Tdi—11(h), [6¢i—11(h), i1 (x(h)) [T ¢ 1(h)

= foy(h, i1 (B), [Tpi-11(h), [6¢i-11(h), i1 (7(h)))[0¢:1(h)

= fye(h, i1 (B), [T -1 1(h), [6¢i-11(h), i1 (7(h)))pi(T(h))

= f(h, ¢i-1(h), [[pi—11(h), [6¢i-11(h), ¢i-1(T(h))) (3.1)
= fy(h, @1 (h), [Tpi—1 (1), [6¢i-11(h), i1 (7(h)))pi-1 ()

= fry(h, gi-1(h), [Lpi-11(h), [6¢i-11(h), ¢i—1 (T(W))ITpi—11(h)

—Joy(h, §i—1(h), [Ti—11(h), [6¢i—11(h), i1 (T(h)))[6¢i-1]1(h)

= fye(hy i1 (B), [Tpi-11(h), [0¢i-11(h), pic1 (7)) i1 (x(h))  h # hy,h €1
Api(he) = I(i1(h) + L($ici (h)) i) — dii (b)) k=1,2,---.m
$i(0) = —pi—1(T)

¢i(h) = ¢(0)  he[-r0],

@, (h) = f,(h, ¢ (), (D1 1(h), [6¢pi-11(h), i1 (T(h))piCh)
—fry(h, ¢ic1(h), [Tdi—11(h), [0¢i—11(h), i1 (x(M)) [T 1(h)
—foy(h, i1 (h), [Tdi11(R), [0¢i-11(h), ¢i—1(x())[0¢;1(h)
= fye(h, ¢i1(h), [Ti11(h), [6¢i-11(h), ¢i1 (T(h)))i(T(h))
= f(h, @i-1(h), [Tpi-11(h), [6¢i-11(h), @i-1(T(h))) (3.2)
= (h, ¢i1 (B), [Tpic11(h), [6¢i-11(h), pi1 (T(R)))pi-1(h)
= Jry(h, §i-1 (), [Tdi-11(h), [6¢i-11(h), di—1 (T(1)[T'pi-11(h)
—foy(h, §i1(h), [Li-11(R), [6¢i-11(R), ¢i-1 (T(W))[6¢i-1](h)
—fye(h, di1(h), [Tdi11(h), [6¢i-11(R), pimt (T(W))pi—1 (T(h))  h # hy,h €1
Agi(hi) = I(@iz1 () + TG (h) i) = @ici () k=12, ,m
@i(0) = =¢i-1(T)
@i(h) =¢i(0)  hel[-r0]
Obviously, by Lemma 2.1, we know that system (3.1) or (3.2) has an unique solution, respectively. We
will finish our proof in four steps:
1. We prove that ¢y < ¢ and ¢; < ¢y.
Leti = 1, then by system (3.1), we have

¢, (h) = fy(h, go(h), [Tpol(h), [601(h), do(T(W))$1(h) — fry(h, do(h), [Tdol(h), [5¢p01(R), do(T())[Tp11()
= Joy(h, po(h), [Tol(h), [6¢0](h), do(T(M))[6¢11(h) — fyc(h, do(h), [Lol(h), [6p0l(h), o(T(h)))1(T(h))

= f(h, go(h), [Lgol(h), [6¢0](h), do(T(h))) — fy(h, do(h), [Lol(h), [6¢0](h), po(T(h)))do(h)

= fry(h, do(h), [T gol(h), [6¢0](h), po(T(MNTol(h) — f5,(h, o(h), [[pol(h), [6¢0l(h), do(r(h))[6¢o](h)

= fye(h, go(h), [Tol(h), [6¢0](h), po(T(h))do(T(h)) h # hi,h €1

Ap1(he) = T(@o(he)) + I (o)) (1 (i) — po(hi))

$1(0) = —o(T)

¢1(h) = ¢1(0)  he[-r0]

Setting @w(h) = ¢o(h) — ¢1(h), we get
@’ (h) = fy(h, go(h), [Lol(h), [6¢0](h), po(r(h)))@(h) — fry(h, do(h), [TPol(h), [6¢0](h), do(r(M)[Tw](h)
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= Jay(h, po(h), [Tpol(h), [6¢0](h), po(r()6@(h) = fyr(R, do(h), [Tpo1(h), [6¢01(h), dpo(t(h)))w (T(h))
= ¢o(h) = ¢, (h) = f,(h, do(h), [Tol(R), [561(R), do(T(h)))gbo(h)

+ fy(h, go(h), [Lol(h), [6h0](h), do(T(h)))p1(h) — fry(h, do(h), [Ldol(h), [6h0](h), do(T(h)))T do](h)

+ fry(h, ¢o(h), [Tpol(h), [6¢01(h), po(T(MINIT'h11(h) — fsy(h, po(h), [Tpol(h), [6¢0](h), do(T(M)))[6d0](h)
+ foy(h, @o(h), [Tdo)(h), [6¢01(h), do(T(M)N[6¢11(1) = fir(h, po(h), [Tpol(R), [6¢0](h), do(T(h)))o(T(h))
+ fye(h, po(h), [Tl (h), [60](h), do(T(M))p1(T(h)) < f(h, po(h), [Ldol(h), [6d0](h), do(T(h)))

= fy(h, go(h), (Lol (h), [60](h), do(T(h)))p1(h) = fry(h, po(h), [Ldol(h), [6h0](h), do(T(h)))T'1](h)

= foy(h, @o(), [Tl (h), [6¢0]1(h), po(T(MIN[6¢11(R) = fir(h, po(h), [Tol(R), [6¢0](h), do(T(h)))1(7(h))
= f(h, po(h), [Lo](h), [6¢0](h), do(T(h)) + fi(h, po(h), [T do](h), [6¢0](h), do(T(h)))o(h)

+ fry(h, ¢o(), [Tol(h), [6¢0]1(h), po(T(MNIT'ol(h) + f5y(h, po(h), [Tdol(h), [60](h), do(T(h)))[6po](h)
+ fye(h, go(h), [Tl (h), [6h0](h), ¢o(T(h)))po(T(h)) = fy(h, po(h), [Tl (h), [60](h), po(T(7)))o(h)

+ fy(h, go(h), [Tol(h), [6¢01(R), do(T(M))@1(h) = fry(h, do(h), Lol (h), [6d0](h), po(T()) [T dol(h)

+ fry(h, ¢o(), [Tol(h), [6¢0]1(h), po(T(MNIT'¢11(h) = fsy(h, po(h), (Lol (h), [60)(h), do(T(h)))[6¢po](h))
+ foy(h, ¢o(), [Tdol(h), [6¢0]1(h), po(T(MIN[6¢11(R) = fir(h, po(h), [Tol(R), [6¢0](h), do(T(h)))o(T(h))
+ fye(h, do(h), [Tpol(h), [6¢01(R), do(T(M)))¢1((h)) = 0.

We can easily prove that
Aw(hy) < I,;(qbo(hk))w(hk), @w(0) <0, w@h)=0),hel[-r0]

So it is clear that w(h) < 0 (from Lemma 2.2), i.e., ¢o < ¢;. Similarly, we can get that ¢; < ¢, for all
hel".

2. We show that ¢; < ¢; on I*.

Letting w(h) = ¢; — ¢y and by (S1) — (S3), we have

@' (h) = fy(h, ¢o(h), [Tpol(h), [5¢01(h), do(T()@(h) — fry(h, do(h), [Ldol(h), [5¢p0](h), po(r(M)[Tw](h)
= fa(h, do(h), [Tl (h), [6401(h), po(t(W)[6@](h) — f(h, do(h), [Tol(R), [601(h), do(T(h))w(t(h))
= f(h, ¢o(h), [Tdol(h), [6¢0l(h), do(t(h))) — f(h, @o(h), [Lgol(h), [6¢ol(h), go(t()))
= f,(h, go(h), [Tgol(h), [6601(h), do(t(h)))(@o(h) — o(h)
= fry(h, o(h), [Tol(h), [5¢h0](R), do(T())([Tbo](h) — [Tpol(h))
= fas(h, do(h), [Tol(h), [601(h), do(x())([So1(h) — [0l ()
= fye(h, do(h), [Tl (h), [601(h), do(t(M))(bo(T(h)) — @o(T(h))) < 0,
Aw(h) = L(bo(hi)) — T(wo(hi) + I(po(h))yw(hi) — T(do(h))(o(he) — @o(hy)
< L(goth)@(hy),
w@w(0) <0, w(h) = w(0) h e [-r0].

From Lemma 2.2, we get w(h) < 0, i.e., ¢; < ¢, forall h € I". So we have ¢y(h) < ¢1(h) < ¢i(h) <
¢o(h) in I'*. Then, by mathematical induction, we obtain ¢,(h) and ¢, (h) satisfying

$o(h) < p1(h) < -+ < G(h) < -+ u(h) < -~ p1(h) < @o(h), hel,
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and each ¢;(h), p;(h) € E(\Eo(i = 1,2,---) satisfy system (3.1) or (3.2), respectively. We can easily
prove that the sequences ¢,(h) and ¢,(h) are uniformly bounded and equi-continuous, then by Ascoli-
Arzela criterion [6], they uniformly converge to two solutions of system (1.1):

lim,,eopu(h) = (), limy,con() = g(h).

3. We verify that ¢(h) and q(h) are minimum and maximum solutions of system (1.1) in [¢y, ¢ol,
respectively.

Suppose y(h) is an arbitrary solution of system (1.1), which satisfies ¢o(h) < y(h) < @o(h) in I*.
Now, we assume that ¢,(h) < y(h) < ¢,(h) is hold for a positive integer n, in what follows we prove

that @41 (h) < y(h) < @ui1(h).
Letting @w(h) = ¢,+1(h) — y(h), we obtain

@' (h) = ¢,,,(h) =y (h)
= f,(h, $u(h), (TP, 1(h), [6,1(h), $u(T(h)))$ps1 ()
+ fry(hy @u(h), [T, 1(h), [66,1(R), $u (TN b1 ()
+ fy(h, (), [T (), [0 1(h), Gu(T(M)[brs11(h)
+ felhy @u(h), (Lo (h), [66,1 (), (Tt (T(R)) + £ (B, $u(h), [T, 1(h), [66,1(h), $(T()))
= fy(h, $u(h), [T, 1(h), [66,1(R), $u (TN (h) = fry(h, $u(), (TP 1(R), [66,1(h), du(x(W))T 5, 1()
— fis(h, §u(h), [T, (), [66,1(h), $u(T(h))[¢,1(h)
— fye(h, $u(h), [Tu)(h), [66u1(h), $u(T(h))Bu(x(R)) = f(h, y(h), [TyI(h), [Sy1(h), y(x(h)))
= f,(h, $u(h), (TP, 1(R), [66,1(h), pu(x(W))@(R) + fiy(h, $u(), [Tp1(R), [68,1(h), bu(T(W)Tw] ()
+ fiy(hy @u(h), (L)), [66,1(h), pu(z(WN6TN(R) + fie(h, $u(h), [T, 1(h), (56, 1(h), $u(r()))w (T(h))
+ f(h, ¢u(h), (L1 (h), [68,1(h), du(T(h))) = fi(h, u(h), [T, 1(h), (66, 1(R), u(x(W)(bu(l) — y(I))
— frs(h, @u(h), [T, 1(h), [66,1(h), ¢ (x())(T b1 (h) — [Ty](h))
— fin (B, $u(R), [T, 1(R), [66,1(h), ¢ (x(W))([58,1(h) — [6Y1())
~ felhy §u(h), [T (R), [0, 1(h), $u(T())(bu(T(h)) = Y(x(h))) = f(h, y(h), [TYI(h), [8Y1(h), y(r(h)))
< fy(h, ¢u(h), [T, 1(h), [66,1(R), pu(t(WN)@ () + fiy(h, $u(h), [T P, 1(R), [6,1(R), u(z(W)Tw](h)
+ fiy(h, @u(h), [T (), [66,1(h), pu(x(W))[6](h)
+ fe(h, $u(R), [TE) (), [69,1(h), $u (W) (t(h))  h#h, hel,

Aw(h) = L(@a(h) — L) + L b)) (i) — I () (@) — y(hi))
< L(@u(h)@(hy),
w@(0) <0, w(h) = @w(0) he[-r0].

Clearly, by Lemma 2.2, we have @w(h) < 0, i.e., ¢,1(h) < y(h) on I". Similarly, it can be proved
that y(h) < @,+1(h) on I*. So ¢,1(h) < y(h) < ¢u1(h). Then, by taking n — oo, it is clear that
g(h) < y(h) < qh) .

4. Finally, we prove that the quadratic convergence of ¢, and ¢,,.
First of all, letting @,(h) = ¢(h) — ¢,(h) > 0, then
@,/ (h) = ¢'(h) = ¢, ()
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= f(h, ¢(h), [T¢I(h), [661(h), ¢(7(h)) = fy(h, 1 (1), [Fpu_11(R), [6@n-11(R), b1 (7(h))) P ()
= Jry(h, §p1 (D), [T 1(1), [6¢0-11(h), Py (T(M))) [T ](h)
= Joy(hy @y (B), [T 1(1), [6hn-11(R), Py (T(R)))[601(R)

= fyelh, @ur (1), [T bp1](h), [6@n-11(R), Gns (T(h))) Py (T(R))

= f(h, Gur (1), [T Pn11(R), [6@n-11(R), Pp-1(T(R)))

+ fy(h, §p1 (1), [Th—11(h), [6¢n-11(R), Py (T(1))) -1 (h)

+ fry(hy Gu-1(B), [Ln-11(h), [6¢p-1](1), b1 (T(M)) T -1 1()
+ foy(hy @ur (1), [Tp1](h), [6@n-11(R), $n1 (T(h)))[ 61 1(R)
+ fyelh, @1 (1), [Tbp-1](h), [6@n-11(R), $n-1(T(1))) -1 (T(R))
= fy(h, p1 (1), [Thp-11(h), [6@n—11(h), $nsy (T(h))) @, (R)

+ fry(h, $u_1(h), [Ln_11(h), [6¢-11(h), §p1 (T(M))) [T, ] (R)
+ foy(hy pp1 (1), [Tbp-11(), [6¢n-11(R), pn_r (T(M)))[ 6T, ](R)
+ fye(hy p1 (), [Thp-11(h), [6¢n-11(R), pur (T(h))) @, (T(h))

1
+ E[wi_mh)fyym,yl,yz,yg,yu + [T@, 1 17 (h) fryry (B Y1, 2, 35 V)

+ [6@0-112(h) fiyoy (Y1, V20 Y3, 94) + (@ et T frrye (B, Y15 V20 Y3, Y4)

+ 2@, (W@, (W) fyry(h, Y1, Y2, Y3, Y4) + 2@, 1 (W[0@ -1 1(h) fr5y (R, Y1, Y2, V3, Y4)

+ 2@, 1 (W(@,-1(T(W)) frye (B, Y1, Y2, ¥3, Y4) + 2@ 1 (W [0@ -1 1(R) frysy(By Y1, Y25 V3, Ya)

+ 2[l'@ 1 J(W)(@ -1 (T(M))) fryye (B Y15 2, V3, Y4) + 2[0@ -1 () (@ -1 (T(1))) fsyye (hy Y15 Y25 Y35 Ya) -

We write the above expression as follows:

@, (h) = fy(h, @1 (D), [LPu-11(h), [6-11(H), pui (T(R))) D, (H)
= fry(h, p-1 (D), [T pu11(), [6¢-11(h), $ny (W) [T, ] (1)
+ foy(h, uar (1), [Thp-11(h), [6¢n—11(R), Py (T(M)))[6T, 1(R)
+ fye(h, p1 (1), [Tp_11(h), [6¢n-11(R), pnr (T(h))) @, (7(R))
+ o (@, (), [T@y-11(h), [6@,-11(h), @1 (T(h))), h#h hel,

where

Gn-1(h) < y1 < 6(h), [T-11(h) < y2 < [FSI(R), [6¢n-11(h) < y3 < [661(h), Pu-1(T(R)) < y4 < 6(7(h)),

and

o(@u—1(h) , [Tw,_11(h), [6w,-1]1(h), @,—1(T(h)))
1
= E[wi_](h)fyy(hvyl’yz’y3’y4) + [T@ 1 1P (R) fryry (hs Y1, Y25 V35 V4)

+ (6@ 1 P(B) faysy (s Y15 2, Y35 ¥4) + (@t (T))) freye(hs Y15 Y2, V3, V)

+ 2@, (W@ -1 1(h) fyry (B, Y1, Y2, Y3, V) + 2@ 1 (W [0@ -1 1(1) fy5y (B, Y1, Y2, V35 V4)

+ 2@ 1 (W) (@1 (T(h)) frye (B Y1, ¥2, 3, Y4) + 2T 1 [ (W) [0 -1 1(R) frysy (B, Y1, Y2, Y35 V4)
+ 2[T'@ - [(W) (@ -1 (T(M)) fryye (R, Y1, Y2, V3, V4)
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+ 2[0@ -1 (W) (@ -1 (T(h))) foyyr(By Y15 Y25 V35 Ya) ],

Aw,(h) = Ag(hy) — Ap(hy)
= Li(s(hi)) = Ii(Pn-1(h)) — I (Pn1 (i) hn (i) — Pr1 (i)
= Li(@n-1010) + I (D1 (B (i) — @1 (Bi)] + %Ikﬂ(f)[g(hk) — ¢u1 (W)
= Li(@n-1010)) = I (D1 (W) @n(hie) — Pt (Bi)]
= L Gur ), ) + 51 ET, (). k= 1,2, m,
@,(0) = ¢(0) - ¢,(0) = —w,(T) + 7,

@n(h) = ¢(h) — ¢u(h) = ¢(0) — ¢,(0) = @,(0), h € [-r,0],
where ¢, 1(h) < € < (), n = ¢,_1(T) — ¢,(T). By Lemma 2.1 , the solution of the above system is

)t )0 (@,1(5), [T@0-11(5), [6@-11(5), @1 (7(5))

(5. -1 (), [Tt 1(9). [68-11(5). Bt ((s))[Ta, 1(5)

+ oy (5, Bu1 (5, [Tt J(5), [6680-11(5). o (T()) 6, 1(5)

+ 12 (8, Gp-1(8), [[Pn-11(5), [06,-11(5), hn1(T(5)) @, (7(5)1ds + %U
+ é Fh h)U (b1 (h)@a(h) + 31 @72 ()] hel,

fOT F(QO, )[o(@p-1(8), T@y-11(5), [6@,-11(5), @u-1(7(5)))

+1ry(8, @u1(5), Tdp-11(5), [66,-11(5), du_1(T(HNT'@,1(5)

+f5y (8, $n-1(8), [[Pn-11(5), [6@n-11(5), Pn1(T(5))) [0, ](s5)

+ f57(8, $-108), [[d-11(5), [084-11(5), bp1(7(8))) @, (7(s5))]ds + %TI
+1§‘1 FO, kU (Gnr (h))wa(hy) + 31O ()] h e [-r,0],

@,(h) =

h .
where M(h) = _j(‘) fy(v’ ¢n—l(v)a [F¢n—1](v), [(5(15”_1](\/), ¢n—1(T(V)))dV‘ Lettlng |f)y| < 51a|fl"yl"y| <
627 |ﬁ$y6y| < 63’|fy‘ryrl < 54’ |f;)l"y| < 55’|f:\f6y| < 56’|fyy‘r| < 57’|fl"y6y| < 58’|fl"yy‘r| < 59’|ﬁ§yy7| < 510’ we
have

o(@,1(h) , [T, 1), [0, 1(h), @, (t(h)))
1 1 1 1
< Eélwi_l(m + 562[rwn_1]2(h) + 503 [0@,-11*(h) + 564<wn_1(r(h)>>2
+ 05w (W@, 11(h) + 66,1 (W01 ](h) + 67w ,-1 (h)(@ -1 (T(h)))

+ 0gl'@, 1 |(W[6@,-11(h) + S9[T'@,_1|(h)(@ -1 (T(h))) + O10[0T -1 1(h) (@1 (T(D)))

1 1 1 1 1 1 1 1
< (551 + 555 + 556 + 557)13,’5_101) + (552 + 555 + 558 + E59)[rw,1_1]2(h)

+(15+15+15+15 Yo 1*(h)
23 26 28 210 Wp-1

+ (15 + 15 + 15 + 15 ) (r(h)))*
24 27 292]0wn—]T .
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Taking the norm of @,_; on I" is [[@y-illg, = max;{@,_i(h), [T'@,-11(h), [6@,-11(h), @1 (T(h))}.
Obviously, from the expression of @, (h) we know that the follow formula is established for a constant
£

2
l@allg, < {llwn-illg,-

Therefore, the @, is quadratic convergent.
4. Conclusions

In this paper, we mainly use the monotone iterative and quasilinearization method to study the
quadratic convergence of the extremal solution for a class of integro-differential equations with delay.
The results obtained are new and more general than previous studies, which can be applied to several
special cases: 1) If 7(h) = h, then the Bvp(1.1) is an impulsive integro-differential system with anti-
periodic boundary value conditions; 2) If 7(h) = h + 6, 0 € [-r,0], then the Bvp(1.1) becomes a
delay impulsive integro-differential equation; 3) If I,(y(h;)) = 0O, then the Bvp(1.1) is a non-impulsive
integro-differential equation; 4) If K(h, s) = 0, H(h, s) = 0, then the Bvp(1.1) is reduced to an impulsive
functional differential equation with delay; 5) If K(h, s) = 0, H(h, s) = 0,7(h) = h, then the Bvp(1.1)
becomes an impulsive ordinary differential equation.
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