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Abstract: In this paper, a new consumer-resource competition model with a state-dependent maturity
delay is developed, which incorporates one resource species and two stage-structured consumer
species. The main innovation is that the model directly manifests the relationship between resources
and maturity time of consumers through a correction term, 1 — 7/(x(¢#))x’(¢). Firstly, the well-posedness
of the solution is studied. At the same time, the existence and uniqueness of all equilibria are discussed.
Then, the linearized stabilities of the equilibria are achieved. Finally, some sufficient conditions which
ensure the global attractivity of the coexistence equilibrium are obtained.
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1. Introduction

In the evolutionary history of natural communities, ecological competition has justifiably been a
significant force, which consists of exploitation and interference [1-3]. In consequence, there has
been increasing studies for consumer-resource competitive models by dynamical systems theory [4—7].
Mathematically, Gopalsamy [8] developed the following resource-based competition model.

d

d_): = x(O[b — ax(t) — a,z,(t) — arz2(1)],

d

=L = 20Ok Bz () - ), (I.D
d

f = 2(O[bax(t) — Baza(0) — 221 ()],

where x(7) represents the density of a logistically self-renewing resource at time ¢, z;(¢) and z,(¢)
represent the densities at time 7 of two species which feed on this resource alone.
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For a population individual, its whole life history generally includes two or more stages, particularly,
mammals show two different stages of immaturity and maturity [9-11]. Moreover, it takes some time
from birth to adulthood which is considered as the maturity time delay. Thus, the competition models
and stage structure population models with constant maturity delays have been studied. For example,
the two-species competition model and stage-structured single population model established in [12,13]
respectively have a constant maturity delay.

Later, people noticed the biological fact about the maturity time of Antarctic whales and seals
around the Second World War. Subsequent to the introduction of factory ships and with it a depletion
of the large whale population, there has been a substantial increase in krill for seals and whales. It was
then noted that seals took 3 to 4 years to mature and small whales only took 5 years [14]. Hence, their
maturation time varies with the number of krill available, which implies that the maturity time delay is
state-dependent, not a constant.

Due to this, Aiello and Freedman [15] formulated the following stage-structured state-dependent
delay model, in which the delay 7(z(¢)) is a bounded increasing function of the total population z(¢) =
x() + y(¢).

dz’(tt) = ay(f) = yx(t) = ay(t = T(@(1))e "™,
DD~ ayte = 2T ~ B0,

Subsequently, the stage-structured and competitive models with state-dependent delays were developed
[16-26]. In 2017, Lv and Yuan [27] proposed the competitive model with state-dependent delays:

dz it
a,’_t1 = bizy(t — T(2)e "™ = Bi1z7(1) — iz (D22(0),
dz —y)T
d_t2 = byzo(t — 1(22))e ™ = Baz3(1) — paz1 (D22(0),

where the delays 7(z;(¢)) are bounded increasing functions of the populations z;(¢), i = 1, 2, respectively.

It is obvious that the above-mentioned models with state-dependent delays straight change the
constant delays into the state-dependent delays, which is not appropriate to population modeling.
Therefore, Wang, Liu and Wei [28] proposed the following new single population model with a
state-dependent delay and a correction factor.

dzgt) — ay(t) - Vx(t) —afl - T/(Z(t))Z.(l‘)]y(t _ T(Z(t)))e—y‘r(z(z))’
d
% = ol - 7 OO = =)™ = By’ (1),

where the delay 7(z(¢)) is a function of the total population z(¢) = x(¢) + y(?).

However, the aforementioned state-dependent delays are functions of populations, not resources.
A worthwhile thought is how to reflect the direct relationship between the resources and maturity
time? In view of the biological background above, the time varies with the resources available, that
is, the species must spend enough time in the immature stage to accumulate a certain amount of food
to reach maturity. To address the question raised above, we consider a stage-structured consumer-
resource competition model with a state-dependent maturity time delay, in which the delay involves a
correction term, 1 — 7/(x)x’(¢), related to resource changes.
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The paper is organized as follows. In section 2, we formulate a resource-based competition model
with a state-dependent maturity delay. In section 3, we study the well-posedness properties for the
model and prove the existence and uniqueness of all equilibria. In section 4, we analyze the local
stabilities of equilibria. In section 5, we discuss the global behaviors of the coexistence equilibrium.
Finally, section 6 gives the conclusions of the paper.

2. Model formulation

Based on model (1.1), we will formulate the competition model with a state-dependent maturity
delay. For each i = 1,2, let y;(r) and z;(r) be the densities at time ¢ of the immature and mature
consumer species, respectively. Let x(¢) be the density at time ¢ of a logistically self-renewing resource
which is necessary for two consumer species. Motivated by [28-31], we introduce a threshold age
7(x(?)) to distinguish the immature and mature individuals, which depends on the density of the same
resource. Suppose that p;(¢, a) is the population density of age a at time #, then the densities of y;(¢) and
z;(t), respectively, are given by

7(x(1)) )
yi(t) = f pi(t,a)da and Zi(0) = f pi(t,a)da.
0 7(x(1))

By virtue of [32,33], we have the following age structure partial differential equations to represent the
development of the consumer species.

dpi(t,a) N opi(t,a) _ yipi(t,a), if a < t(x()),

ot da

(9;01(;? @) + 6’01(;;’ @) == (B1z1(0) + 1t @), it a>7(x(2)),

Op>(t, a) N dpa(t, @) _ yapa(t,a), if  a < T(x(r)), (2.1)
ot oa

‘9/92(;? s - ‘9/028(2 D (B222(0) + o1 (D)p2(t, @), if - a > 7(x(D).

We suppose that y(#) and y,(¢) die at the constant rate y; (i = 1,2). The parameters 5; (i = 1,2)
represent the mature natural death and overcrowding rate for z;(¢), respectively. The parameters y;
(i = 1,2) represent interspecific competition for z;(¢), respectively.

Taking the derivatives of y;(¢) and z;(¢), respectively, and combining system (2.1), it then follows
that

dyc;t(t) =01(2,0) = 11 (1) = [1 = /()X ()]p1 (¢, T(x(D))),
a’zét(t) =[1 = T ()X (O)]p1 (¢, T(x(D)) = pi(t, 00) = B122(D) — 121 (Dz2(D),
dy;t(f) =05(1,0) — yaya2(£) — [1 — T ()X ()]pa(t, T(x(D)),
dZ;t“) =[1 = 7 X D28, 7)) = pa(t, ) = Boz3(1) = 221 (D20,

Note that the two primes refer to differentiation with respect to x and time ¢, respectively, namely,
T(x(1)) = dr(x(2))/dt = T"(x)X'(2).
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Because of the finitude of individual life span, p;(t, ) is considered as zero. Assume that the
immature consumers’ functional response is Holling type I, that is, b;x(¢), then the term
pi(t,0) = b;x(t)z;(¢) represents the number of immature individuals born at time ¢t. Therefore, for
t > 7 = max{r(x(t))}, we have

pilt, T(x(1)) = pit = T(x(1)), 0) = bix(r = T(x(D))zi(r = T(x(1)e "™, i =1,2.

Consequently, we obtain the following stage-structured consumer-resource competition model with
a state-dependent delay.

d—f = rx(1) (1 - %) — a1 x(0)z1(1) — axx(D)25(1),

% = bix(Dz,(1) = bi[1 = T ()X (D] x(t — T(x))z1(t = T(x)e ™™ = y1y1(0),

% = bi[1 = 7' ()X )Xt = T(0))z1 (2 = T(x)e "™ = B123(1) = 1121 ()22(2), (22)
% = byx(1)22(1) — by[1 — 7/ (X)X (D]x(t — T(x))22(t — 7(x))e >™™ = yay2 (1),

% = by[1 — 7' (X)X (O)]x(t — T(x))z72(t — T(x))e 2™ — Brzh(1) — 221(D)22(D),

where r and K represent the growth rate of the resource and its carrying capacity, respectively. The
parameters a; and a, represent the capture rate of z; and z,, respectively. By [28], the inequality,
1 —7'(x)x'(¢) > 0, holds true, which implies that t — 7(x(¢))) is a strictly increasing function in #. This
shows that mature individuals become immature only by birth.

For system (2.2), there are the following basic hypotheses:
(A,) The constant parameters r, K, ai, a, by, ba, y1, 2, B1, B2, U1, U2 are all positive;
(A,) The state-dependent time delay 7(x) is a decreasing differentiable bounded function of the
resource x, where 7/(x) < 0, and 0 < 7, < 7(x) < Ty With 7(+00) = 7, T7(0) = Ty,.

To simplify system (2.2), we can readily scale off » and K by proper rescaling of ¢ and x.
Accordingly, system (2.2) becomes

dx = x(t)(1 — x(¢) — a1z2:(t) — a»20(1)),

= b x()z1 () — bi[1 = T ()X O]x(t — T(x)z1(t — T(x))e "™ = y131(D),
= bi[1 — 7/ ()X’ ()]x(t — T(X))z1 (t — T(x)e ™™ = B122(1) — w121 (£)2a(), (2.3)

= byx()za(1) = b1 = 7 ()X (D]x(t = T(x)22(t = T(x))e 7™ =y, (1),

dt
ayi
dt
le
dt
ay
dt
% = by[1 = 7 ()X’ (D]x(t — T(0))2a(t = T(x))e ™ = Br23(8) — 21 ()2a(0).

In this paper, we will study the dynamics of system (2.3). The initial data for system (2.3) are

x(s) = T(s) =0,
Z1(8) = D1(s) = 0, yi(s) = ¥i(s) =0 forall s € [-1y,0],
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22(8) = Oa(s) 2 0, yo(s) = Wa(s) >0 forall s € [-7y,0],

with
0

0
¥1(0) = f bix(s)z1(s)e”'ds and Y,(0) = f byx(s)za(s)e? ds,
T ~T(x(0))

which represent the number of immature consumers who survived to time ¢ = 0.
3. Preliminary results

In this section, we first study the well-posedness properties of the solution for system (2.3) and then
prove the existence and uniqueness of all equilibria.

(x(t), y1(1), 21(2), y2(1), 22(2)) of system (2.3) is nonnegative and uniformly ultimate bounded for all
t>0.

Theorem 3.1. Let Y(t) > 0, ®(t) > 0 and Ox(t) = O for —tyy < t < 0, then the solution

Proof. Consider the first equation in system (2.3).

d
d_); = x(t)(1 — x(t) — a1z:(t) — a»22(1)),

with x(0) = T(0) > 0. Then

!
x(t) = x(0) expf [1 = x(s) —a1z1(5) — axz2(s)]ds = 0, t > 0.
0
Suppose that there exists ¢ > 0 such that z;(#) = 0. Let * = inf{¢ : # > 0, z;(¢) = 0}, then
() = byl =7 (D () = TN (1 = 7t )e ™.

Since 7(x) > 0, 1 — 7'(x(t))x'(t) > 0, t* — 7(x(t*)) < t*, it follows from the definition of #* that
21(f" = 7(x(t))) > 0, which implies that z{ (") > 0 and is a contradiction. Therefore, there does not exist
t*and z;(t) > O for all r > O.

Integrating the second equation of system (2.3), we have the following integral expression for y;(?).

! —T7(x(1))
yi() e_w(q)l(o)"‘fblx(S)Z1(S)€mds—f b1X(S)Z1(S)emds)

0 7(x(0))

!
f b1x(s)z1(s)e " ds.
1=7(x(1))

It is easy to see that y;(¢) > 0 by the nonnegativity x(¢), z;(¢) and 7(x). In a similar way, we can prove

the nonnegativity of z,(f) and y,(#). Hence, the solution (x(¢), y;(¢), z1(?), y2(¢), 2o(¢)) of system (2.3) is

nonnegative. Especially, when T(0) > 0, ¥;(0) > 0, ®;(0) > 0, the solution of system (2.3) is positive.
Now we prove uniform ultimate boundedness of the solution. Define the following Lyapunov

functional.

V= (lA + [;—2) x(t) + z1(0) + 22(0) + f byx(s)zi(s)e " Vds
2 t

a ~7(x(1)
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!
+ f byx(s)z2(s)e 9 ds.
1=7(x(1))

Calculating the time derivative of V(¢) along the solutions of system (2.3), we have

b b
V(1) = (a—i + a—i) X(O[1 = x(t) = arz1 (1) — aza(D)] + byx()z1 (1) + brx()z(2)

!
-7 f bix(8)z1(s)e " Vds — Bizi () — 21 (H)za(1)
t=7(x(1))

!
y, f bax()22(s)e s — Bo2(1) — o1 ()22(0)
t—7(x(1))

b b
<—yV+ (a—j + a—z) [(1 +y)x(2) — ()] + yz1(1) = B1z1 (1) + y22(t) = Baz5 (D)

S—’)’V+M] + M, + M5,

where ¥y = min{y,,y,}, M;, M, and M; are the maximum values of quadratic function
(bi/ay + by/ax)[(1 + y)x(1) = xX* ()], yz1 (1) — Biz7 () and yz5(1) — B,25(1), respectively. Obviously, M,
M, and M3 are positive. Thus, limsup,_,, V(¢) < (M; + M, + M3)/y and the solution of system (3.1)
is uniformly ultimate bounded. It then follows that the solution of system (2.3) is uniformly ultimate
bounded. O

Since variables y;(7) and y, () of system (2.3) are decoupled from the other equations, we study the
following reduced system:

d

L = 201 = 30) — @ x(03 () - axO0),

d

% =b[1 - T'(x)x’(t)]x(t —1(xX)z71(t — T(X))e*mr(x) _,812%(1‘) _ ﬂlZl(I)Zz(l‘), 3.1)
d

f = by[1 — 7/ ()X ()]x(t — T(x))z2(t — T(x))e 7™ — Brz5(t) — paz1 (1) 22(2).

In the rest of this section, we will discuss the existence and patterns of equilibria (x,z;,z) of
system (3.1). The equilibria satisfy the following equations:

x(1 = x-az; —axzo) =0,
byxz1e"™W — B1z7 — pyz122 =0, (3.2)
b2XZ2€_W(X) —,BzZ% — 2122 =0.

It is easy to see that system (3.1) has one trivial equilibrium E, = (0,0,0) and one semitrivial
equilibrium E; = (1,0, 0). And we obtain the following result for nontrivial equilibria.

Theorem 3.2. System (3.1) has exactly two semitrivial equilibria E, = (X,7;,0) and E; = (X,0, 7).
Assume that

min {& &} < ble_leM < b]e_’y“.m < max {ﬁ—l lﬂ}
/12 ’ ﬂz b26_727m bze_)’ZTM #2 ’ BZ ’
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mm{@3@}<fl<mw{@n&}. (3.3)
1 B a M1 B2

Then there exists unique coexistence equilibrium E* = (x*, 2}, 2).

Proof. There are three cases to prove the existence of nontrivial equilibria.
Case 1 If z; = 0, then Eq (3.2) reduces to

{ x(1 —x—ayzy) =0,

bixzi €™ — Biz7 =0.

The inequality, z; < b;/(a;by + B1), is valid to make sure x = 1 —a;z; > 0, y; = yl‘lzl(bl —abz) -
Biz1) > 0. Thus, we will investigate the existence and uniqueness of nontrivial equilibrium in A =
{z1€ R0 < z1 <by/(a1b; + B1)} C R. Define f : A — R be a continuous mapping by

f@) = bi(1 —ayzy)e ™42 — g7y

Clearly, f(0) = byxe™™™ > 0, f(b,/(aib, + B1)) = biB1/(a1b; + By)[e” 7B/ @bi#BD) _ 1] < (0, which
implies that f(z;) has at least one positive zero point 7.

Note that /(%)) = —a;b1e™" =92 4 q1b1y (1 —a 5)e ™ =48 (1 —a,£) - B < 0, it then follows
that f(z;) has a unique positive root in the interval (0, b, /(a;b; +;)). Hence, system (3.1) has a unique
boundary equilibrium E, = (%, 7}, 0).

Case 2 If z; = 0, then system (3.1) has a unique boundary equilibrium E; = (X,0,2,) by similar
arguments in the case 1.

Case 3 If z; # 0 and z, # 0, then the coexistence equilibrium E* = (x*, z], z3) satisfies the following
equations:

I -x-az; —axz =0,
by xe 1™ - pBiz1 — 22 =0, 3.4
byxe 7™ = B2z — 221 =0.
Solving Eq (3.4), we obtain that

X = ! ;
1+aI') +a]> ’
Bobie T — g1 hye 2T

2 =xTy, T (3.5)

BiB2 — pipn

b 6—727'()5) —wb e—le(X*)

ZZ =Ty, T,= Biby H201 .
BB — pipn

In order to make sure the positivity of x*, z; and 23, we get
min P i < b < bie™ < be ™ < max B m
lJz’ B> bye=2m bye 727x) bye 72t /JZ’ B ’

Now we prove the uniqueness of E*. Suppose that f(x) = 1 — x — a;z; — a»z,, combining Eq (3.5),
we have

fX)=1-x-az1 —arzp

Mathematical Biosciences and Engineering Volume 17, Issue 5, 6064-6084.
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=1-x- xblefw(x) —Cllﬁz o xbye™ 7™ —Clzﬁl ~ S
BB — pipn BiB2 — pipn
=1-x-xfi(x) — xfa(x),

where fi(x) = bie™"™ (a1, — aop2) /(BB — i), fo(x) = bre ™ (arBy — arpr)/ (BifBa — Hipk)-
Obviously, f(0) =1 > 0 and

a1 (Babr ™ — 1y bye DY) — ay(Bibre D) — piyby e D)
<
B1B2 — pipi2

f) = 0,

which implies that f(x) has at least one positive zero point x*.
It follows from fi(x*) + fo(x*) = 1/x* — 1 that

F'G) ==1-[A) + LOD] = X[ + ()]
1
=" XA + HGD]

If min{B;/u1, 2/Ba} < ar/a, < max {B/u, 2/B>}, then f'(x*) < 0. Thus, f(x) has a unique positive
root x* in the interval (0, 1), and system (3.1) has a unique coexistence equilibrium E* = (x*,z], 25).
This completes the proof. O

4. Linearized stability of equilibria

In this section, the linearized stability of equilibria will be studied. We utilize the method proposed
by Cooke [34] to linearize system (3.1).
Let E = (%,71,2>) be an arbitrary equilibrium. Then the linearization of system (3.1) is

X' (1) = Ax(t) — a1 %z1 (1) — ayXz2(1),
Z/l(t) =Ax+ ble_YIT(j)fl)C(t - 1(X)) + ble_yl‘r(j)fm(l —1(X)) + B1z1 + C 20, 4.1)
(1) = Aox + bye "D x(t — 1(X)) + bre ™ V32 (t — T(X)) + Bazy + Cozo,

where

A=1-2%—-a17) — a2,

Ay = =357 (De ™y, - A),

Ay = =y 35T (D)e ™V (y, - A),

By = a1b()* 317 (e ™™™ = 2817, — w2,
By = a\by(3)* 57 (H)e "™ — w1y,

of
C,

by (32T (e — 17,

2B225 — Moz

—y27(%) _

arby(%)*27 (F)e

The corresponding characteristic equation of system (4.1) is as follows:

A—A alfc (125(?
—A; — b2V ) B, — by Xe N HOTD —C, =0.
—A,y — byZye” T -B, A — Cy — byke 7207

Mathematical Biosciences and Engineering Volume 17, Issue 5, 6064-6084.
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For the extinction equilibrium E, = (0,0, 0), it follows that A = 1, A; =0, B; = 0,C; = 0,4, =0,
B, =0,C, =0, then (1—-1)A> = 0,and A = 1 > 0 is one of these eigenvalues. Thus, we have the
following result.

Theorem 4.1. The extinction equilibrium Ey = (0, 0, 0) is unstable.

For the trivial equilibrium E; = (1,0, 0), the characteristic equation is as follows.
A+1) (/1 _ ble—(ywﬂ)r(l)) (/1 _ bze—(72+/1)‘r(l)) _0.

Obviously, 4 = =1 < 0 is one of these eigenvalues. All the other eigenvalues A satisfy the equations
ATV = b5 (0 and 2e™D02*) = b, > 0, which always have real, positive solutions. Hence, the
conclusion about the linearized stability of E; is as follows.

Theorem 4.2. The trivial equilibrium E, = (1,0,0) is a saddle point and unstable.

In order to obtain the linearized stability of E, and E3, we first give the results on the real positive
roots of a quartic equation. Suppose that

v+ KV + Ko + Ky + Ky = 0. 4.2)
Let
—1K 31(2 N—1K31KK+K
BT T3t ghime T A
A (N)3+(M)3 —1+ V3i
= | — _ . 0‘:—,
2 2 2

N N N N
S S LI o) L
2 2 2 2
| N s N 3K
y3:O-23_E+ \/K'FO-’;_E_\/Ka Z[ZYi_Tl,i:1,2,3-

By virtue of [35], we have the following lemma.

Lemma 4.3. The following statements hold true for Eq (4.2):

(i) If K4 < O, then Eq (4.2) has at least one positive root;

(ii) If K4 > 0 and A > 0, then Eq (4.2) has positive roots if and only if z; > 0 and h(z;) < 0;

(iii) If K4, > 0 and A < 0O, then Eq (4.2) has positive roots if and only if there exists at least one
7* € {21, 20, 23} such that 7* > 0 and Q(z*) < 0, where Q(z) = 2* + K\2* + Kx22 + Kzz + K.

We are now in a position to prove the linearized stability of E,.

Theorem 4.4. If 7, < 3/(4a,) and bipe™™ > b,Be77™®, then the boundary equilibrium E, =
(%, 21, 0) is locally asymptotically stable.

Proof. The characteristic equation for the boundary equilibrium E, is as follows:
(4= C2 = byke ™™ VD) (A = A)(A = By — by ke V7 D)
+ari(A; + biZe” " O)| = 0. (4.3)

Mathematical Biosciences and Engineering Volume 17, Issue 5, 6064-6084.
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It is easy to see that some of the eigenvalues satisfy the following equation:
A+ fof) — byke™ U™ = 0, (4.4)

Claim. If byppe™™ > byBie™™ that is, 2 > p;'byRe ™™, then all eigenvalues of Eq (4.4) have
negative real parts.

Obviously, if 7(x) = 0, then Eq (4.4) has a unique negative real root A = b,X — u»Z; < 0. In order to
study whether any roots cross the imaginary axis, let 4 = iw with w > 0 and substitute it into Eq (4.4),
it follows from 2} > p;'byke™™™ that

2 2
w? = (bzfce_”’(x)) - (ﬂzz]) < 0.
Therefore, Eq (4.4) has no purely imaginary roots and each root has a negative real part.
Other roots are given by equation:
G(A) = (A= A) (1= By = bize "™ D) 4 a1 % (A + b5 ™0™D)
= P+ HA+ Hy, + (N A + Ny)e ™
=0, 4.5)
where H) = ~A— B, H,=AB| +a A%, N, =-pid1, Nr=ABRZ +aifid’.
Since 7/(x) < 0, we have G(0) = 8,%2) — a\8171X(Z)*7' (%) + a18:1(£))? > 0, and thus Eq (4.5) has no
ZEero roots.
Next, we prove that Eq (4.5) has no purely imaginary roots.
Assume, by contradiction, that Eq (4.5) has a purely imaginary root 4 = iv, where v > O.
Substituting it into Eq (4.5) and separating the real and imaginary parts, we have
V2 — Hy = Nyvsin(r(®)v) + N, cos(t(£)v),
—Hv = Nyvcos(t(X)v) — N, sin(t(X)v).
Considering sin(t(£)v)? + cos(r(£)v)?> = 1, it follows that
v+ D+ D,y =0, (4.6)

where Dy = H —2H, - N7, D, = H3 - N;.

In view of 7/(X) < 0, there are the following two cases.

Case (1). If 7(x) = 0, then 7(x) > 0, since X > 0, it follows from the hypothesis (A,) that 7(X) # 0
and 7(%) > 0. Therefore, D; = A>+33%%> > 0, D, = f34,*(4%-1) = 34> (3—4a,Z1) > 0, which implies
that Eq (4.5) has no purely imaginary roots and each root of characteristic equation has a negative real
part.

Case (2). If 7/(x) < 0, according to Lemma 4.3, we have K; = 0,K;, = D1,K; = 0,K, = D, =
B42(3 - da12) — 4a\ By #24°T (R) + (aifiyi134°7 (8))? > 0 providing 7 < 3/(4a;). Hence, Eq (4.6)
has positive roots if the equation satisfies the case (i) or (ii) in Lemma 4.3. However, Z; = Y; - 3K, /4 =
Y; =0,i=1,2,3. Then neither case (i) nor case (ii) in Lemma 4.3 holds true, Eq (4.6) has no positive
roots, that is, Eq (4.5) has no purely imaginary roots. Therefore, all eigenvalues of Eq (4.3) have
negative real parts, and E is locally asymptotically stable. This completes the proof. O

Similarly, we have the following observation about the boundary equilibrium Ej3.

Theorem 4.5. If 7, < 3/(4a») and byp,e™*™ > b Bre™ ™, then the boundary equilibrium E; =
(%,0, 22) is locally asymptotically stable.
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5. The global attractivity of £*.

In this section, we investigate the global attractivity of the coexistence equilibrium E* by a method
of asymptotic estimates.

Theorem 5.1. Let condition (3.3) hold, and assume that:

b b
1> a;2Le ™ 4 g, 2o, (5.1)
1 B>
b b b
b, (1 — al_le—w(l) - az_ze—YzT(l)) e 7O S lul_ze—yz?(l); (5.2)
Bi B B
b b b
b, (1 _ al_leﬂ’l‘f(l) _ a2_2672‘1'(1)) e*)’zT(O) > /.12—1677”-(1); (53)
| B2 Bi
(a1bifa + asbipn)e ™™ + (arbapty + axbofi)e ™ > 1By — pupa. (5.4)

Then the coexistence equilibrium E* is globally attractive.
Proof. Since ™™ is increase with respect to x, then e?*D > ¢ Tt follows from inequality (5.2)

that

b b b
ble—%T(l) > b]e—yﬂ(o) > by (1 _ a]_le—yﬂ(l) _ a2_2€—72‘f(1) e 170 S #1_26—727(1).

Bi B2 P

Similarly, we have

b b b
bye ™D > pre O 5 (1 —ay—=e D g, 2T ) o210 5y T eyt

Bi B2 1
Namely,

/’ll ble_leM ble_'y] (1) b1€_717m ﬁl
—_— < —_—
By bye 2 byev2t) T prertv oy’

which implies that both the boundary equilibria E, and Ej are unstable.
For the system

% = my(0(1 = my(2)),
dm'V 2
= D1l =7 Gm)m O (¢ = 7Gm))my (¢ = 7m))e ™™ = om0
dm® 2
= ball = 7 mo)m O (1 = 7Gm)m? (@ = 2m)e > = Byl (1))

we have the unique positive equilibrium m* = (1, b,/B8,e™"'™V, by /Bre772™D),
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Clearly, for system (3.1), we obtain that

fl—); < x(0)(1 — x(1)),
% < by[1 =7 ()X (O)]x(t — T(x(1)))z1(t — T(x(£)))e V™D — B,23(¢), 5.5)
% < by[1 = 7' (X)xX' (O)]x(t — T(x(£))22(t — T(x(£)))e 727D — ﬁzzg o).

By Theorem 3.1, for any €, > 0, we can prove that there exists a #; > 0 such that the following
inequalities hold true for all ¢ > #,.

x() <M =1+¢,

b €
() _ 2L —yit(M)) 1
al) <M= ﬁle T (5.6)
() < MY = D2 poyreiony %

We first select €; > 0 and the corresponding ¢, > 0 such that
L—aMY - a,M® > 0,
b (1-aM” - a;MP) e ™™ >y MP, (5.7)
by (1= aM" - a,MP) e ™) > M.

Conditions (5.1)-(5.3) can guarantee the existence of €, to satisfy conditions (5.6) and (5.7). Based on
€ >0, t; > 0, we choose sufficiently small &, > 0 to make that & < min{1/2, €}, and

1- alMil) - azMgz) -6 >0,
1 €

(1) @)\  —y7(M (2)
[bl(l ~ay M - a, M )e e _ MY ]ﬁ1 -5 >0, (5.8)
. 1 €
|2 (1= a MY = ayMP) e —ﬂzMi”]ﬁ—l -5 >0.

In view of inequality (5.7), it is possible to choose positive number ¢, satisfying inequality (5.8).
Combining with inequalities (5.6) and (5.8), we obtain that

2 (1~ ) 20,

dt
% > by[1 = 7/ (X)X ()]x(t — T(x(0))z1 (t = 7(x()))e ™™D — B,22(1) — i M7, (2),
% > by[1 = 7/ ()X (Ox(t — T(x())z2(t — T(x()))e>™ D) = B 2(1) — M2 (0).

It follows that there exists a #, > t; to make that

1 €
I _ -y17(N1) _ QY _=2
z1(H) > N’ = (blNle : M, ),31 2’ (5.9
1 €
@ _ —y1(Ny) Hy L =2
2(t) > N, = (b2N1€ 7 Mo M ),8 )
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By system (3.1) and inequality (5.9), we have for t > 1,,

% <x(@|(1-aN” = &N?) - x(0)],

% < by[1 — 7 (X)X O]x(t — T(xX))z1(t — T(x))e "™ — B122(F) — ,UIN?)Zl(Z‘),
% < by[1 — 7' (X)X (O)]x(t — T(xX))22(t — T(x))e 7™ — Br75(F) — ﬂZNil)Zz(l‘).

With the first inequality of (5.7), we see that

—yi T 1 €
1- LllNil) - azNiz) =1- a [(blNle 7TV _'LllMEZ))IB_l - E]
boN.e ") _ o) L _ @
—az(z 1€ —H2 1),3_2_5
>1 — a1ﬁNle_y'T(N1) _ aZ@Nle_”T(NI)
1 2
b b
>1 — al_lMle_YlT(Ml) — a2_2M16_72T(M1)
1 2

>0.

(5.10)

(5.11)

Then from inequalities (5.10) and (5.11), there exists a t3 > t, and 0 < & < min{1/3, &} such that, for

t> 13,

x()<M,=1- alel) - azN?) + &,
1

z71(0) < M;l) = (b]Mze_le(Mz) —,u]Niz))E + %,
1
1

Zz(l) < Méz) = (szze_”T(Mz) —,LtzNil))E + %
2

We next prove that the estimates M;l) and M;z) are positive.

blee—VlT(Mz) _,UINED :bl (1 _ alNil) _ a2N§2) + 63) 6_71T(M2)

1 €
— i szle—)’zT(Nl) _/»lZM(l) - _]
[( ! )ﬁz 2
b
>by (1= aiN" = aaNP) e ™™ — g 22Ny
B2
b
>b1 (1 - alMgl) - azMiz)) 6_717-(0) - ﬂ]ﬁ—lee_sz(Ml)
2

>0,
and

b2M26_72T(M2) - ,Uszl) =b, (1 - alNgl) - azN?) + 63) e V2T (M2)

it 1 €
— 1t [(b1Nle Y1T(N1) _ﬂlMEZ))IB_] _ 52]

(5.12)

(5.13)
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b
>b2 (1 - alNil) - ClzNiz)) e_W(MZ) — ,Uzﬁ—]Nle_le(Nl)
1

b
>b, (1 - alMil) - azMiz)) e 70 _ uzﬁ—lMle_””(M‘)
1

>0.

(5.14)

In view of the upper estimates in equality (5.12), we will get a lower set of estimates. Since € < €,

inequalities (5.13) and (5.14), the following result is valid.

1
1-aM" - a,M? =1 -aq, [(blee—ﬂT(Mz) —MN?)) R g}

B 2
— a |(bsMoe™ ) — 1N 1. s
g2
>1—a i Mye 7 ) 4 &) _ 2 22 MM 8
Bi 2 “\B 2
>1 —a e L S sz oy | 8
,81 2 ,32 2

Denote n,, n(2 ), n(22) as follows:

ny=1-aMP - a,M?

2 9
n(zl) — blnze—w(nz) _'ulM;Z)’
n(zz) = bznze_w(m) - ,leM;l).

By inequalities (5.2) and (5.15) and the second inequality of (5.7), we get that
n(zl) = b (1 - alMg) - azMgz)) e YT _ ,ulMgz)
> bl (1 - CllMgl) - azM;Z)) e_W(O) —,ulM(z)
> 0.
It follows from inequalities (5.3) and (5.15) and the third inequality of (5.7) that
S =by(1-aiMy - ;M) ™™ — M5
> b2 (1 - CllMél) - Cleéz)) €_y2T(O) - ,leMil)
> 0.

Combining with inequalities (5.15)—(5.18), there exists a 0 < ¢ < min{1/4, &} satisfying

n—e >0,
n I &

(b1n2€ Y17(n2) U Mg))ﬁ_l 5 0,
tn I &

(bzn e )’2(2)_# Mél))ﬁ—z—z 0.

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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With the upper estimates in inequality (5.12), we obtain the following comparative system for all ¢ > #;.

d

Lo o[(1 -~ aom?) - o),

% > bi[1 — 7'(X)xX' (O)]x(t — 7(x))z1(f — T(x))e ™™ —ﬁ12%(t) _ ,Ule)zl(t),
% > by[1 — 7/ (X)X (O)]x(t — T(xX))z2(t — T(x))e 7™ — Br75(1) — ,UzMél)Zz(l).

Using inequality (5.19), there exists a 4 > t3 such that

x(H)>N,=1- alMgl) - 612M;2) — €&,

1 €
7(8) > Né‘) = (blNze‘71T<N2> —#1M§2))F 3 54
1
ot 1 €
() > N = (szze y2t(N2) _'UZMS)),B_ B E4
2

The estimates N, N;l) and Nf) are all positive by inequality (5.19). Therefore, we obtain that, for
t> 1,

Ny <x() < My, N < z:(0) < MV, N® < 2,() < M,
and for ¢ > 14,
N < x(1) < My, N < z0(1) < MY, N < 2(r) < MY,
Now we compare the obtained estimates, respectively:
My~ M, =1-aN" —a;N? + & - (1-¢)

<€3—€1<0,

1 € b €
MO~ M = (by Moy ) L & DLy _ &

B 2 B 2
< _Mze—%T(Mz) _ ﬁMle—)’lT(MO + %(63 _ 51)

Bi Bi

by _, . 1
<5 M = M) + 56 - €)

< 0.

Similarly, M;z) - M?) < 0.
Moreover,

N2 - N1 =1- alMél) - Clegz) — €4 — (1 - CllMil) - azMiz)) + &
= —a; (M - M{") - a, (M - M) + (& — &)
> 0,
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and
Nél) _ Nil) — (blNZe—YlT(Nz) _’ulM;Z))ﬁi _ % _ (blNle—VlT(Nl) _,UIM?)) i + &
1 B 2
> %e‘V‘T(N‘)(Nz - Ny) - Z_i(Mg) - M?)) + %(62 — &)
> 0.

Similarly, N = N > 0.
Hence, from the above arguments, we have for z > #,

N, <N2<X(l)<M2<M1,
1 1 1 1
NP < NP < zi(0) < MY < M,
2 2 2 2
N§)<Né)<Z2(I)<M§)<M§).

By extending the above step, it then follows that

Ni<N,<N3<:--+ <N, <x(t) <M, <---<M; <M, <M,
M _ g _ D I I W _ gD _ D)
NV <Ny <Ny? <o < NP <) < MO < - < MY < My < MY,
@ _ O _ N@ 2 2 @ _ 1@ _ 1@
NP <Ny <Ny < < NP <o) < MP < - < MY < My < M,

where

1 2
M, = 1- alNli_)l - a2N,(l_)1 + €n-1,

- 1 en
MY = (M, — N2 ) 2 =
. 1 €
MP? = (baM,e ™ — 1, N®)) 5 - (5.20)

withn =2,3,4,---, and

Nn =1- alM,(ll) - azM,(f) — €y,

1 €
NDY = (p N, W) _ o MY — = _”,
n ( 10Vz€ Hi M, )ﬁ1 5
1 .
N’(12) = (szne_W(N”) - /,LzMr(lZ)) ﬁ_Z - %, (521)

withn=1,2,3,---.
Since €, < 1/n, we have ¢, — 0 as n — oco. And the monotone sequences N, N,ﬁl), N,(f), M,, M,(ll),
2) .. ..
and M, converge to positive limits as n — oo. Let

M,=1limM, and N,=1limN,,

MO = lim MY and NO = lim NV, (5.22)

M® =1lim M® and N® = lim N*?,

n—o0o n—oo
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By virtue of Egs (5.20)—(5.22) and lim,,_,, €, = 0, it follows that

M, =1-aNP —a,N?,
N, =1-aMV —a,M®, (5.23)

and

ﬁlMil) — blM*e—YlT(M*) _,UlNiz), ﬁlNil) — blN*e_W(N*) _/JlMiZ)’
BoMP = byM.e™™) — 1, NV, BNP = byN,e ™) — i, M. (5.24)
From Eq (5.24), we have

bi1B2B + boui B, by By + b5, B,

MO - NO = , MY —N® = (5.25)
' BiB2 — o BiB2 — pip2
where B, = ( M.e ™M) _ N*e‘VIT(N*)), B, = ( M, e 7M. _ N*e—yzrw*))_
Combining Eqs (5.23) and (5.25), we see that
M,—- N, = al(Mil) - Nﬁl)) - ag(Miz) - Niz))
_ (@B + asbip2) By + (arbapty + azb381) By
BB — pipt2 .
Let Q1 = (a1b1f2 + acb o) [(B1f2 — pijt2), Q2 = (a1bapty + a2b281)/(B1B2 — 142), then
M*(l _ Qle—MT(M*) _ Qze_sz(M*)) — N*(l _ Qle—le(N*) _ Qze_nT(N*)). (5.26)

Denote h(x) = x(1 — Q1™ — 0,e772™™), for all x > 0. From (5.4) and 7/(x) < 0, we have

Wx)=1- Qle—le(X) _ Qze—yzf(X) + x[Qlle'(x)e_W(x) + szzT/(x)e—sz(X)]
<1-= Qle—W(X) _ Qze—}’ﬂ(x)
<1- Qle*D’lT(O) _ Qze*)’zT(O) <0,

and thus, A(x) is a monotone decrease function with respect to x. It then follows from Eq (5.26) that
M, = N,. Therefore, Mil) = Nil) and M,(kz) = Niz). Further, the relations in Eqgs (5.23) and (5.24) are
also true for E* = (x*,z],z;). Then by the uniqueness of the coexistence equilibrium of system (3.1),
we know that (M*, Mfkl), Miz)) and (N*, Nil), Niz)) are the coexistence equilibrium of system (3.1), and
hence M, = N, = x*, Mil) = Mil) =7} Miz) = M,Ez) = z5. Accordingly, x* = lim,_. x(?), z] =
lim,_,, 71 () and 25 = lim,_,, 22(?). The proof is complete. O

Next we deduce the global attractivity for the other variables y; and y, in system (2.3). By using the
integral form for y; and y,, we obtain that

!
yi = limy;(r) = f bix*zie " Vds, i=1,2.
t—00 t

—7(x*)

Therefore, we have the following result.
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Theorem 5.2. Letr condition (3.3) hold. Assume that conditions (5.1)-(5.4) hold true, then the
coexistence equilibrium E* = (x*,y7,2},¥5,25) is globally attractive for system (2.3).

At the end of this section, we give the dynamical results of two boundary equilibria and coexistence
equilibrium for the original system (2.2). The reduced system of model (2.2) is as follows.

2 2001 - 22 - 0 - stz
E1 o b1 = OV (OItE = T) = TN = B ~ iz (D200, (5:27)
% = by[1 = 7' ()X (DXt = 7(0))za(t = T(0))e ™ = Bo75(1) = pa21 (D22(2).

Obviously, system (5.27) has exactly one trivial equilibrium E, = (0,0,0), one semitrivial

equilibrium E; = (K,0,0), two boundary equilibria £, = (X,7;,0) and E5 = (%,0,%;). And
condition (3.3) holds true, then there exists a unique coexistence equilibrium E* = (x*, z}, 23).

Theorem 5.3. If 7, < 3r/(4a)) and bypure™™ > byB3,e™>™ ™, then the boundary equilibrium E, =
(X, 71,0) of system (5.27) is locally asymptotically stable.

Theorem 5.4. If 5, < 3r/(4ay) and byj,e™™® > bBre™'™ V| then the boundary equilibrium E; =
(%,0,25) of system (5.27) is locally asymptotically stable.

Theorem 5.5. Let condition (3.3) hold, and assume that:

r> alﬁKe_”T(K) + azéKe_”T(K); (5.28)
1 >

b b 1 b
bi|r-a K Lo nmK) _ a K227 727K | g0 Z o ﬂl_Ze—ymK); (5.29)

Bi B r B>

b b 1 b
by |r - alK_le—)/]T(K) _ asze—sz(K) e T S 'uz_le—w(K); (5.30)

Bi B r Bi

K -y17(0) —y27(0)

- [(alblﬁz + a)bup)e + (a1brpry + axbyB)e ] > B1B2 — Hipy. (5.31)

Then the coexistence equilibrium E* of system (5.27) is globally attractive.
6. Conclusions and discussions

In this paper, given that the maturity time of Antarctic whales and seals varies with the number of
krill available around the Second World War, we formulated a consumer-resource competition model
that, for the first time, incorporates a state-dependent maturity time delay associated with resource

changes and structured consumer species. The main difference from the state-dependent delay
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equations previously studied is that model (2.3) directly manifests the relationship between resources
and maturity time of consumers through the correction term, 1 — 7/(x(¢))x' ().

Besides, the state-dependent delay 7(x(7)) reflects exploitation and interference competition effects
of two consumer species. On one hand, the exploitative ability of the mature individual is stronger,
the juvenile will get more resources, which leads to a shorter maturation time. On the other hand,
because of the limited resource, the consumer species spend more time and energy to obtain resource
for keeping themselves alive. Unfortunately, what often happens is that there is not enough food for
their children and so they take longer time to mature. Further, it is clear that the greater the ability of
an adult to intervene is, the shorter the maturity time is.

From mathematical point of view, firstly, we study the well-posedness of the solution for model (2.3)
and the existence and uniqueness of all equilibria. We then show the linear stability of equilibria. The
trivial equilibria £y = (0,0,0) and E; = (1,0,0) are always unstable, which can be explained by
the fact that since the resource is self-renewing with a logistic growth and two competitive species
depend entirely on it, the resource are not used up or maximized. For the linear stability of boundary
equilibrium E, = (&,7},0), according to Theorem 4.4, the first sufficient condition 7} < 3/(4a,) is
equivalent to X > 1/4, which means the resource must be the specific level to make sure that one of
the consumer species survives. For the original system (2.2), in Theorem 5.3, the condition is changed
to 71 < 3r/(4a,), which is equivalent to *x > K — 3K/(4r) and implies that the resource must be
above a certain value of the interaction between the growth rate of resource and its carrying capacity.
And another sufficient condition byu,e™™ > byBe7>™ implies (b ke %) /B > (byke™**)/u,, on
the basis of the threshold resource %, when the maximum growth of the first species is large than the
interspecific competitive effect on the second species, the second species has a negative growth effect,
which illustrates the first species will win the competition. There is a similar biological explanation for
the linear stability of E5 = (X, 0, 2,). Finally, we discuss the global properties of £*. Theorem 5.1 shows
the sufficient conditions for E* to be globally attractive. The condition (5.1) implies that the number
of the two consumers are at their potential maximum, and the maximum self-updating value of the
resource is large than the exploitation effects; conditions (5.2) and (5.3) imply that when the resource
is at its minimum, the number of the consumers who were born at time ¢ — 7(x(¢)) and still alive now
are enough to make up for the possible interspecific competition effects; condition (5.4) is a technical
assumption and has no practical biological significance. For the global properties of E* in original
system (2.2), the condition (5.28) implies that when the maximum carrying capacity K of the resource
is reached, the two consumers are at their potential maximum, and the growth rate r of the resource is
larger than the exploitation effect. Conditions (5.29) and (5.30) have biological explanations similar to
conditions (5.2) and (5.3).

This paper only considers the case of one resource. And since the fitting of state-dependent delay
7(x(?)) is very challenging, we are unable to validate theoretical results by numerical simulations. We
would like to leave this problem and propose a competition model with state-dependent delay between
two species for two resources in the further research.
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