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Abstract: We explore the local dynamics, flip bifurcation, chaos control and existence of periodic
point of the predator-prey model with Allee effect on the prey population in the interior of R∗2+. Nu-
merical simulations not only exhibit our results with the theoretical analysis but also show the complex
dynamical behaviors, such as the period-2, 8, 11, 17, 20 and 22 orbits. Further, maximum Lyapunov
exponents as well as fractal dimensions are also computed numerically to show the presence of chaotic
behavior in the model under consideration.
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1. Introduction

It is well-know that in mathematical biology, discrete-time models described by difference equations
are more reasonable as compared to corresponding continuous models. The reasons are that in the
case of non-overlapping generation discrete models are more realistic than continuous ones, and also
these models provide more efficient computational models for numerical simulations as compared
to continuous-time models [1–3]. Among these mathematical models, predator-prey systems have
received reasonable attraction during the last few decades. For instance, Yan et al. [4] investigated the
stability of fixed points, flip and Neimark-Sacker bifurcations, and chaotic behavior of the following
2-dimensional discrete-time predator-prey model with allee effect in the prey:

xt+1 = xt + δxt

((
1 −

xt

K

) axt

A1 + xt
−

byt

xt + l

)
, yt+1 = yt + δyt

(
c +

mbxt

xt + l
− dyt

)
. (1.1)
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Zhao and Yan [5] investigated the existence and local stability of fixed points, flip and Neimark-Sacker
bifurcations of following discrete predator-prey model with modified Holling-Tanner functional re-
sponse:

xt+1 = xt + δ

(
rxt(1 − xt) −

βxtyt

a + xt + myt

)
, yt+1 = yt + δ

(
yt

(
s −

hyt

xt

))
. (1.2)

Fang and Li [6] investigated the existence and local stability of fixed points, bifurcations and complex
dynamical behaviors of the following discrete-time predator-prey model with a strong Allee effect on
the prey and a ratio-dependent functional response:

xt+1 = xte(1−xt)(xt−m)(xt+yt−αyt), yt+1 = yteβxt−r(xt+yt). (1.3)

Kangalgi and Kartal [7] investigated the existence of equilibrium points, local stability and Neimark-
Sacker bifurcation of the following host-parasitoid model with Hassell growth function:

xt+1 =
Rxt

(1 + axt)b e−mxte−kyt , yt+1 = xt

(
1 − e−kyt

)
. (1.4)

Li and Shen [8] investigated the dynamics and bifurcations of the following continuous-time predator-
prey model with double Allee effects and time delays:

dx
dt

= x
(

bx(t − τ1)
a + x(t − τ1)

− d1 − mx(t − τ1)
)
−

rxy(t − τ3)
1 + k1x(t − τ1) + k2y(t − τ3)

,

dy
dt

=
crx(t − τ2)y

1 + k1x(t − τ2) + k2y
y

h + y
− d2y.

(1.5)

Stápán [9] investigated the stability properties of the zero equilibrium solution, existence of stable and
unstable oscillations of the following predator-prey model:

d
dt

[
x(t)
y(t)

]
=

[
−

εγ

Kβ −
αγ

β

0 0

] [
x(t)
y(t)

]
+

 0 0
βε

α

(
1 − γ

Kβ

)
0

 ∫ ∞0 [
x(t − τ)
y(t − τ)

]
w(τ)dτ + (1.6)[

− ε
K x2(t) − αx(t)y(t)

βy(t)
∫ ∞

0
x(t − τ)w(τ)dτ

]
. (1.7)

Cheng and Cao [10] investigated the existence and local stability of fixed points, fold bifurcation,
flip and Neimark-Sacker bifurcations, and complex dynamics of the following discrete-time ratio-
dependent predator-prey model with Allee effect:

xt+1 = xt + µ

(
xt(xt − β)(1 − xt) −

αxtyt

xt + yt

)
,

yt+1 = yt + µ

(
α1xtyt

xt + yt
− δyt

)
.

(1.8)

Liu et al. [11] investigated the dynamics behaviors of the following discrete-time predator-prey bioe-
conomic model:

xt+1 = xt + δxt

(
a − kxt − yt −

E
1 + mxt

)
,

yt+1 = yt + δyt (−s + xt) ,

0 =
pxtE

1 + mxt
− cE − v.

(1.9)
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Liu et al. [12] investigated the stability criterion at equilibria, flip and Neimark-Sacker bifurcations,
and chaos in the following host-parasitoid model with a lower bound for the host:

xt+1 = xte
r(1− xt

K )(xt−c)
xt+m −

abyt
1+axt ,

yt+1 = xte1−e
−

abyt
1+axt

.

(1.10)

Rana [13] investigated the existence of fixed points and their stability, flip and Neimark-Sacker bifur-
cations, and chaos control in the following discrete-time ratio-dependent predator-prey model:

xt+1 = xt + δ

(
xt(1 − xt) −

axtyt

xt + yt

)
,

yt+1 = yt + δ

(
−dyt +

bxtyt

xt + yt

)
.

(1.11)

Santra et al. [14] investigated the existence of fixed points and their stability, Neimark-Sacker and flip
bifurcations, existence of marottos chaos and chaos control in the following discrete-time predator-prey
model with crowley-martin functional response incorporating proportional prey refuge:

xt+1 = axt(1 − xt) −
c(1 − b)xtyt

(1 + α(1 − b)xt) (1 + βyt)
,

yt+1 =
d(1 − b)xtyt

(1 + α(1 − b)xt) (1 + βyt)
.

(1.12)

Mareno and English [15] investigated the stability of fixed points, flip and Neimark-Sacker bifurcations
of the following coupled logistic map system:

xt+1 = (1 − ε)rxt(1 − xt) + εryt(1 − yt),
yt+1 = εrxt(1 − xt) + (1 − ε)ryt(1 − yt).

(1.13)

Khan [16] investigated the local dynamics and bifurcation analysis of the following discrete-time mod-
ified Nicholson-Bailey model:

xt+1 =
ζ1xte−yt

1 + ζ2xt
,

yt+1 = xt
(
1 − e−yt

)
.

(1.14)

In 2020, Znegui et al. [17] investigated the explicit expression of the Poincaré map for the passive
dynamic walking of the compass-gait biped model. Motivated from aforementioned studies, we ex-
plore local dynamics, flip bifurcation, chaos control and existence of periodic point of the following
predator-prey model with Allee effect on prey population in the interior of R∗2+ [18]:

xt+1 = xt + rxt(1 − xt) − axtyt, yt+1 = yt + ayt(xt − yt), (1.15)

where r and a are positive constants, and xt and yt can be interpreted as the densities of prey and preda-
tor populations at time t, respectively. It is pointed here that in [18], Çelik and Duman have explored
local dynamics about equilibria of the model (1.15) and also presented some numerical simulation for
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correctness of obtained results. Later, Khan et al. [19] have explored local dynamical properties about
equilibria: A(1, 0), O(0, 0) and P+

xy

(
r

a+r ,
r

a+r

)
, and Neimark-Sacker bifurcation about the unique posi-

tive equilibrium point: P+
xy

(
r

a+r ,
r

a+r

)
of the model (1.15). The purpose of present study is to investigate

local dynamics, flip bifurcation, chaos control and existence of periodic point of the model (1.15). Our
contribution in this article is as follows:

(1) Topological classifications about P+
xy

(
r

a+r ,
r

a+r

)
of the model.

(2) Detailed analysis of the flip bifurcation about P+
xy

(
r

a+r ,
r

a+r

)
by bifurcation theory.

(3) Verification of the obtained results by numerical simulation.
(4) Study of the existence of periodic point of the model.

This article is organized as follows: In section 2, local dynamics and existence of bifurcation about
P+

xy

(
r

a+r ,
r

a+r

)
are explored. In section 3, we present flip bifurcation about P+

xy

(
r

a+r ,
r

a+r

)
. Theoretical

results are verified numerically in section 4, and the study of fractal dimension also include in this
section. In section 5, chaos control is explored by feedback control method. The existence of period
point for the model is explored in section 6 whereas concluding remarks are given in section 7.

2. Local dynamics and existence of bifurcation about P+
xy

(
r

a+r ,
r

a+r

)
of the model (1.15)

In the interior of R∗2+, the result regarding occurrence of fixed point can be stated as a following
lemma:

Lemma 2.1. ∀ a, r, model (1.15) has fixed point: P+
xy

(
r

a+r ,
r

a+r

)
, which is positive and unique.

Proof. If fixed point of (1.15) is Pxy(x, y) then

x = x + rx(1 − x) − axy, y = y + ay(x − y). (2.1)

By straightforward computation, from (2.1) one gets: x = y = r
a+r . Therefore ∀ a, r, model (1.15) has

a fixed point: P+
xy

(
r

a+r ,
r

a+r

)
, which is unique and positive. �

Hereafter in order to investigate local dynamics about P+
xy

(
r

a+r ,
r

a+r

)
, first we present the lin-

earized form of (1.15) about Pxy(x, y). So, linearized form of (1.15) under the transformation:
( f , g)→ (xt+1, yt+1) is

Ωn+1 = J|Pxy(x,y)Ωn, (2.2)

where

J|Pxy(x,y) =

(
1 + r − 2rx − ay −ax

ay 1 + ax − 2ay

)
. (2.3)

Now J|P+
xy( r

a+r ,
r

a+r ) about P+
xy

(
r

a+r ,
r

a+r

)
is

J|P+
xy( r

a+r ,
r

a+r ) =

(
1 − r2

a+r − ar
a+r

ar
a+r 1 − ar

a+r

)
. (2.4)

And the corresponding characteristic equation of (2.4) is

λ2 + pλ + q = 0, (2.5)
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where

p = 2 − r,

q =
a + r − ar − r2 + ar2

a + r
.

(2.6)

Finally roots of (2.5) are

λ1,2 =
−p±

√
∆

2 , (2.7)

where

∆ = p2 − 4q,

= (2 − r)2 − 4
(
a + r − ar − r2 + ar2

a + r

)
.

(2.8)

So, we have the following Lemma regarding local dynamics about P+
xy

(
r

a+r ,
r

a+r

)
of model (1.15) if

∆ ≥ 0.

Lemma 2.2. If ∆ = (2 − r)2 − 4
(

a+r−ar−r2+ar2

a+r

)
≥ 0 then for P+

xy

(
r

a+r ,
r

a+r

)
, the following classifications

hold:

(i) P+
xy

(
r

a+r ,
r

a+r

)
is stable node if

r <
a − 2 −

√
4 + 4a − 3a2

a − 2
; (2.9)

(ii) P+
xy

(
r

a+r ,
r

a+r

)
is unstable node if

r >
a − 2 −

√
4 + 4a − 3a2

a − 2
; (2.10)

(iii) P+
xy

(
r

a+r ,
r

a+r

)
is non-hyperbolic if

r =
a − 2 −

√
4 + 4a − 3a2

a − 2
. (2.11)

Proof. (i) If ∆ = (2 − r)2 − 4
(

a+r−ar−r2+ar2

a+r

)
≥ 0 then from (2.7) real roots of the characteristic equation

of J|P+
xy( r

a+r ,
r

a+r ) about P+
xy

(
r

a+r ,
r

a+r

)
are λ1,2 = r−2

2 ±
1
2

√
(2 − r)2 − 4

(
a+r−ar−r2+ar2

a+r

)
. Therefore, by Lemma

2.2 of [2], P+
xy

(
r

a+r ,
r

a+r

)
of the model (1.15) is stable if |λ1,2| =

∣∣∣∣∣ r−2
2 ±

1
2

√
(2 − r)2 − 4

(
a+r−ar−r2+ar2

a+r

)∣∣∣∣∣ < 1,

which gives r < a−2−
√

4+4a−3a2

a−2 . Therefore P+
xy

(
r

a+r ,
r

a+r

)
is a stable node if r < a−2−

√
4+4a−3a2

a−2 . Similarly

by Lemma 2.2 of [2], it is easy to prove that P+
xy

(
r

a+r ,
r

a+r

)
is unstable (respectively non-hyperbolic) if

(2.10) (respectively (2.11)) hold. �

It is noted that if (2.11) holds then λ1|(2.11) = −1 but λ2|(2.11) is neither 1 nor −1 by computation.
Hence flip bifurcation exists if (a, r) goes through the following curve:

FB|P+
xy( r

a+r ,
r

a+r ) =

(a, r) : r =
a − 2 −

√
4 + 4a − 3a2

a − 2
, a, r > 0

 . (2.12)
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Remark 1: It is necessary to mention here that results regarding local dynamics along with topological
classifications and Neimark-Sacker bifurcation are already published by Khan et al. [19] if ∆ = (2 −
r)2 − 4

(
a+r−ar−r2+ar2

a+r

)
< 0.

3. Flip bifurcation analysis

Here in this section, flip bifurcation about P+
xy

(
r

a+r ,
r

a+r

)
is explored. It is noted that flip bifurcation

take place if (a, r) goes through the curve, which is depicted in (2.12). Hence considering r in a small
neighborhood of r∗, i.e, r = r∗ + ε with ε << 1, then (1.15) becomes

xt+1 = xt + (r∗ + ε) xt(1 − xt) − axtyt, yt+1 = yt + ayt(xt − yt), (3.1)

with equilibrium point: P+
xy

(
r

a+r ,
r

a+r

)
. Now one transform P+

xy

(
r

a+r ,
r

a+r

)
into P00 (0, 0) by the transfor-

mation:

ut = xt − x∗, vt = yt − y∗, (3.2)

where x∗ = r
a+r , y∗ = r

a+r . Utilizing (3.2) into (3.1) one gets:

ut+1 = `11ut + `12vt + `13u2
t + `14utvt + δ01utε + δ02u2

t ε,

vt+1 = `21ut + `22vt + `23utvt + `24v2
t ,

(3.3)

where

`11 = 1 + r∗ − ay∗ + 2r∗x∗,

`12 = −ax∗,

`13 = −r∗,

`14 = −a,

δ01 = 1 − 2x∗,

δ02 = −1,
`21 = ay∗,

`22 = 1 + ax∗ − 2ay∗,

`23 = a,

`24 = −a.

(3.4)

Now (3.3) becomes

(
Xt+1

Yt+1

)
=

(
−1 0
0 λ2

) (
Xt

Yt

)
+

(
P(ut, vt, ε)
Q(ut, vt, ε)

)
, (3.5)
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where

P(ut, vt, ε) =
`13

ρ − %
u2

t +
`14 − %`23

ρ − %
utvt −

%`24

ρ − %
v2

t +
δ01

ρ − %
utε +

δ02

ρ − %
u2

t ε,

Q(ut, vt, ε) = −
`13

ρ − %
u2

t +
ρ`23 − `14

ρ − %
utvt +

ρ`24

ρ − %
v2

t −
δ01

ρ − %
utε −

δ02

ρ − %
u2

t ε,

u2
t = ρ2X2

t + 2ρ%XtYt + %2Y2
t ,

utvt = ρX2
t + (ρ + %) XtYt + f Y2

t ,

v2
t = X2

t + 2XtYt + Y2
t ,

utε = ρXtε + %Ytε,

u2
t ε = ρ2X2

t ε + 2ρ%XtYtε + %2Y2
t ε,

(3.6)

by (
ut

vt

)
:= T

(
Xt

Yt

)
, (3.7)

where

T =

(
ρ %

1 1

)
. (3.8)

with

ρ = ar − r2 − r
√

r2 − 2ar − 3a2, % = ar − r2 + r
√

r2 − 2ar − 3a2. (3.9)

Now the center manifold McP00(0, 0) about P00(0, 0) for (3.5) is explored in a small neighborhood of ε
where

McP00(0, 0) =
{
(Xt,Yt) : Yt = l0ε + l1X2

t + l2Xtε + l3ε
3 + O

(
(|Xt| + |ε |)3

)}
. (3.10)

After computation, one gets

l0 = 0,

l1 =
1

(ρ − %)(1 − λ2)

[
ρ2(`23 − `13) + ρ(`24 − `14)

]
,

l2 =
−γ01ρ

(ρ − %)(1 − λ2)
,

l3 = 0.

(3.11)

Finally, map (3.5) restrict to McP00(0, 0) as follows

f (xt) = −xt + v1x2
t + v2xtε + v3x2

t ε + v4xtε
2 + v5x3

t + O
(
(|Xt| + |ε |)4

)
, (3.12)
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where

v1 =
1

ρ − %

[
ρ(ρ`13 + `14) − %(`24 + `23)

]
,

v2 =
ρδ01

ρ − %
,

v3 =
1

ρ − %

[
2l2%(ρ`13 − `24) + l2(ρ + %)(`14 − %`23) + %l1δ01 + ρ2δ02

]
,

v4 =
%l2δ01

ρ − %
,

v5 =
l1

ρ − %

[
2%(ρ`13 − `24) + (ρ + %)(`14 − %`23)

]
.

(3.13)

So, in order for (3.12) undergoes flip bifurcation, following holds [20, 21]:

Γ1 =

(
∂2 f
∂xt∂ε

+
1
2
∂ f
∂ε

∂2 f
∂x2

t

)
|P00(0,0) , 0,

Γ2 =

1
6
∂3 f
∂x3

t
+

(
1
2
∂2 f
∂x2

t

)2 |P00(0,0) , 0.
(3.14)

After calculating, one has

Γ1 =
r(r − a)(a − r − rα11)

4ar2α11
, 0, (3.15)

and

Γ2 =
(ar−r2−rα11)2

4r2(r2−2ar−3a2)

[
a+r

1−α12

(
2(ar − r2 + rα11)(ar2 + r3 + r2α11) − 2ar(a − r)(1 − ar + r2 − rα11)

)
+ (a + ar2 − r3 − r2α11)2

]
, (3.16)

with α11 =
√

r2 − 2ar − 3a2, α12 = 2a+2r−ar−r2 +rα11. So one has the following following theorem
based on above analysis:

Theorem 3.1. About P+
xy

(
r

a+r ,
r

a+r

)
, model (1.15) undergoes flip bifurcation if ε varies in the neigh-

borhood of P00(0, 0). Likewise, if Γ2 < 0 (resp. Γ2 > 0), then the period-2 points bifurcating from
P+

xy

(
r

a+r ,
r

a+r

)
are unstable (resp. stable).

4. Numerical simulations

Here some simulation will be presented in order to justify correctness of obtained results in section
2 & 3. For instance, let a = 0.95 then from equation (2.11) one gets: r = r∗ where r∗ = 3.149197.
By lemma 2.2, P+

xy

(
r

a+r ,
r

a+r

)
is stable node if r < r∗, change the behavior if r = r∗, unstable node if

r > r∗ and hence flip bifurcation take place if r > r∗. Let r = 1.5 < r∗ then from Figure 1a, unique
positive fixed point: P+

(0.612245,0.612245)(0.612245, 0.612245) of (1.15) is stable node. Similarly for rest
of bifurcation values, i.e., r = 1.524, 2.12, 2.5, 2.81, 2.99 the corresponding fixed point is also stable
node (see Figure 1b-1f) and hence simulations agree with the obtained results in section 2. But if
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r = 3.2 > 3.149197 then λ1 = −1 but λ2 = −0.149197 , 1 or − 1. Moreover if a = 0.95 and r = 3.2
then from (3.15) and (3.16) one gets: Γ1 = −0.943672 and Γ2 = 2933.6713945 > 0, which implies that
stable period-2 points bifurcate from P+

xy

(
r

a+r ,
r

a+r

)
. The 2D bifurcation diagrams with corresponding

maximum Lyapunov exponents (M.L.E) are plotted in Figure 2a-2c. Finally, the trajectories associated
with Figure 2a-2b are also plotted in Figure 3a-3f that indicates (1.15) exhibits complex dynamics
having orbits of period-2, 8, 11, 17, 20 and 22.

(a) r = 1.5 with (0.4, 0.5) (b) r = 1.524 with (0.6004, 0.60002)

(c) r = 2.12 with (0.6004, 0.60002) (d) r = 2.5 with (0.61, 0.61)

(e) r = 2.81 with (0.3, 0.6) (f) r = 2.99 with (0.624, 0.622)

Figure 1. Stable node of the model (1.15).
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(a)

(b)

(c)

Figure 2. (2a-2b). Bifurcation diagram with r ∈ [2.1, 6.95], a = 0.95 and (0.4, 0.5). (2c).
M.L.E corresponding to (2a-2b).
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(a) r = 3.41 with (0.4, 0.5) (b) r = 3.423 with (0.4, 0.5)

(c) r = 3.523 with (0.04, 0.02) (d) r = 4.12 with (0.61, 0.61)

(e) r = 4.8 with (0.0023, 0.6) (f) r = 4.835 with (0.24, 0.22)

Figure 3. Complex dynamics of model (1.15.)

4.1. Fractal dimension

This designated strange attractors of the system, which is represented as follows [22, 23]:

DL =  +

∑ 
i=1 λ 

|λ |
, (4.1)

with lyapunov exponents are λ1, λ2, · · · , λn and largest integer  s.t.
∑ 

i=1 λ  ≥ 0 and
∑ +1

i=1 λ  < 0. For
the model under consideration (1.15), the fractal dimension becomes of the following form:

DL = 1 +
λ1

|λ2|
. (4.2)
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Hereafter two Lyapunov exponents are numerically computed for parametric values of a and r. If
a = 1.3 then λ1 = 2.564421 (resp. λ1 = 3.273967) and λ2 = −0.584036 (resp. λ2 = −0.977670) for
r = 3.1 (resp. α1 = 3.5). So fractal dimension for the model (1.15) are

dL = 1 +
2.564421
|−0.584036|

= 5.390861 for r = 3.1,

dL = 1 +
3.273967
|−0.977670|

= 4.200557 for r1 = 3.5.
(4.3)

For above chosen parametric values, strange attractors are also plotted in Figure 4a-4b that demonstrate
(1.15) has a complex dynamical behavior if r increases.

(a)

(b)

Figure 4. The strange attractors if r = 3.1 (resp. r = 3.5) with (0.2, 0.3).
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5. Chaos control

By the method of state feedback control, here chaos control is explored motivated from existing
literature [24, 25]. By adding ut as a control force, model (1.15) becomes

xt+1 = (1 + rh)xt − rhx2
t − bhxtyt + ut,

yt+1 = chxtyt + (1 − dh) yt,

ut = −l1 (xt − x∗) − l2 (yt − y∗) ,
(5.1)

where li(i = 1, 2) represent feedback gains and x∗ = r
a+r = y∗. The JC|P+

xy(x∗,y∗) of (5.1) is

JC|P+
xy(x∗,y∗) =

(
n11 − l1 n12 − l2

n21 n22

)
, (5.2)

where

n11 = 1 −
r2

a + r
,

n12 = −n21,

n21 =
ar

a + r
,

n22 = 1 − n21.

(5.3)

Not its auxiliary equation is

λ2 − tr
(
JC|P+

xy(x∗,y∗)

)
λ + det

(
JC|P+

xy(x∗,y∗)

)
= 0, (5.4)

where

tr
(
JC|P+

xy(x∗,y∗)

)
= n11 + n22 − l1,

det
(
JC|P+

xy(x∗,y∗)

)
= n22 (n11 − l1) − n21 (n12 − l2) .

(5.5)

If λ1,2 are roots of (5.4) then
λ1 + λ2 = n11 + n22 − l1, (5.6)

and
λ1λ2 = n22 (n11 − l1) − n21 (n12 − l2) . (5.7)

Now it is noted here that lines of marginal stability determine from solution of λ1 = ±1 as well as
λ1λ2 = 1, which gives |λ1,2| < 1. If λ1λ2 = 1 then from (5.7), one gets:

L1 :
(
1 −

ar
a + r

) (
1 −

r2

a + r
− l1

)
+

ar
a + r

( ar
a + r

+ l2

)
− 1 = 0. (5.8)

If λ1 = 1 then from (5.6) and (5.7) one gets:

L2 : l1 + l2 + r2 = 0. (5.9)
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Finally if λ1 = −1 then from (5.6) and (5.7) one gets:

L3 :
(
2 −

ar
a + r

)
l1 −

ar
a + r

l2 + 2r +
ar2(r − a)
(a + r)2 − 4 = 0. (5.10)

Hence L1, L2 and L3 in (l1, l2)- plane delimit the triangular region, which give |λ1,2| < 1 (see Figure
5a). Finally, Figures 5b- 5c also presented which shows that about P+

xy

(
r

a+r ,
r

a+r

)
the chaotic trajectories

is stabilized.

(a)

(b) (c)

Figure 5. To control chaotic trajectories of (5.1) for a = 1.3, r = 2.5 with (0.4, 0.5) (5a).
Stability region in (l1, l2)− plan. (5b-5c). Phase portrait for xn and yn.
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6. Existence of periodic point

Existence of periodic point for (1.15) is explored in this section.

Theorem 6.1. P+
xy

(
r

a+r ,
r

a+r

)
of the model (1.15) is periodic point with prime period-1.

Proof. From (1.15),
G := ( f , g) , (6.1)

where
f = x + rx(1 − x) − axy, g = y + ay(x − y). (6.2)

After straightforward manipulation, one gets:

G|PP+
xy( r

a+r ,
r

a+r ) = PP+
xy( r

a+r ,
r

a+r ). (6.3)

From (6.3) this complete the proof. �

Remark 2: In similar way, it is easy to establish that P+
xy

(
r

a+r ,
r

a+r

)
of (1.15) is a periodic point of

period-2, 3, · · · , n.

7. Concluding remarks

In this work, we have explored the local dynamics, flip bifurcation, chaos control and existence of
periodic points of the predator-prey model with Allee effect. We have proved that ∀ a, r model has
a fixed point: P+

xy

(
r

a+r ,
r

a+r

)
, which is unique and positive. Further about P+

xy

(
r

a+r ,
r

a+r

)
, local dynamics

with topological classifications have investigated if ∆ = (2− r)2−4
(

a+r−ar−r2+ar2

a+r

)
≥ 0. In particular, we

have proved that P+
xy

(
r

a+r ,
r

a+r

)
is stable and unstable node if respectively (2.9) and (2.10) hold. More-

over if (2.11) hold then P+
xy

(
r

a+r ,
r

a+r

)
is non-hyperbolic. Further, it is investigated that flip bifurcation

occurs if (a, r) passes through curve, that is represented in (2.12). Some numerical simulations not only
exhibit our results with the theoretical analysis but also show the complex dynamical behaviors, such
as the period-2, 8, 11, 17, 20 and 22 orbits. Further, in order to show the presence of chaotic behavior in
the model, M.L.E and fractal dimension are also computed numerically. By applying method of state
feedback control, chaos control is also explored.
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