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Abstract: Bald’s concentric sclerosis (BCS) is considered a variant of inflammatory demyelinating
disease closely related to multiple sclerosis characterized by a discrete concentrically layered lesion in
the cerebal white matter. Khonsari and Calvez (Plos ONE. 2(2007)) proposed a parabolic-elliptic-ODE
chemotaxis model for BCS which describes the evolution of the densities of activated macrophages,
cytokine and apoptotic oligodendrocytes. Because “classically activated” M1 microglia can produce
cytotoxicity, we introduce a linear production term from the activated microglia in the ODE for
pro-inflammatory cytotoxic. For the new BCS chemotaxis model, we first investigate the uniform
boundedness and global existence of classical solutions, and then get a range of the chemosensitive
rate y where the unique positive equilibrium point is exponentially asymptotically stable.

Keywords: Bald’s concentric sclerosis; chemotaxis model; uniform boundedness; asymptotic
behavior

1. Introduction

Bald’s concentric sclerosis (BCS) was first described by Marburg [1] in 1906, but became more
widely known until 1928 when the Hungarian neuropathologist Josef Balo published a report of
a 23-year-old student with right hemiparesis, aphasia, and papilledema, who at autopsy had several
lesions of the cerebral white matter, with an unusual concentric pattern of demyelination [2].
Traditionally, BCS is often regarded as a rare variant of multiple sclerosis (MS). Clinically, BCS is
most often characterized by an acute onset with steady progression to major disability and death with
months, thus resembling Marburg’s acute MS [3,4]. Its pathological hallmarks are oligodendrocyte
loss and large demyelinated lesions characterized by the annual ring-like alternating pattern of
demyelinating and myelin-preserved regions. In [5], the authors found that tissue preconditioning
might explain why Balé lesions develop a concentric pattern. According to the tissue preconditioning
theory and the analogies between Bald’s sclerosis and the Liesegang periodic precipitation
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phenomenon, Khonsari and Calvez [6] established the following chemotaxis model

i,=  DAyii - Vy-(i(a-a)ve) + L@ — i) ,
~—— |
diffusion of chemoattractant attracts production of activated macrophages

activated macrophages surrounding activated macrophages

—EAXV = 04 +ﬁW , (11)
——— ~————
diffusion of chemoattractant degradation\production of chemoattractant
-~ uo . _
W, = k——ia(w-w) |,
u-+u

destruction of oligodendrocytes

where @1, ¥ and W are, respectively, the density of activated macrophages, the concentration of
chemoattractants and density of destroyed oligodendrocytes. i and w represent the characteristic
densities of macrophages and oligodendrocytes respectively.

By numerical simulation, the authors in [6, 7] indicated that model (1.1) only produces
heterogeneous concentric demyelination and homogeneous demyelinated plaques as y value
gradually increases. In addition to the chemoattractant produced by destroyed oligodendrocytes,
“classically activated” M1 microglia also can release cytotoxicity [8]. Therefore we introduce a linear
production term into the second equation of model (1.1), and establish the following BCS chemotaxis
model with linear production term

ii, = DAii — Vy - (Pl — i) V) + pii(ii — it),

—EAxT + @V = B + 7, (12)
Wy = K — ).
i+
Before going to details, let us simplify model (1.2) with the following scaling
uzgj v:’%f/, wz%, t=puur, x= %X,
X::Y—#, a:%’ ﬁ:ﬁw, v =y, o=%
then model (1.2) takes the form
u,=Au—-V-Qu(l —w)Vv) +u(l —u), xeQ,t>0,
—Av + av = Bw + yu, xeQ,t>0,
W, = 6——u(1 - w), xeQ>0, (1.3)
1+u
Ogu = 0,v =0, x€eoQ, t>0,
u(x, 0) = up(x), w(x,0) = wo(x), x € Q,

where Q C R" (n > 1) is a smooth bounded domain, 7 is the outward normal vector to €2, 9, = d/0n,
¢ balances the speed of the front and the intensity of the macrophages in damaging the myelin. The
parameters ), « and ¢ are positive constants as well as 8, y are nonnegative constants.

If 6 = 0, then model (1.3) is a parabolic-elliptic chemotaxis system with volume-filling effect and
logistic source. In order to be more line with biologically realistic mechanisms, Hillen and Painter
[9,10] considered the finite size of individual cells-*“volume-filling” and derived volume-filling models

{ u, =V - (Du(q(u) — ¢’ Wu)Vu — quyux (M) Vv) + f(u, v),

1.4
v: = D,Av + g(u,v). (1.4
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q(u) is the probability of the cell finding space at its neighbouring location. It is also called the
squeezing probability, which reflects the elastic properties of cells. For the linear choice of
q(u) = 1 — u, global existence of solutions to model (1.4) in any space dimension are investigated
in [9]. Wang and Thomas [11] established the global existence of classical solutions and given
necessary and sufficient conditions for spatial pattern formation to a generalized volume-filling
chemotaxis model. For a chemotaxis system with generalized volume-filling effect and logistic
source, the global boundedness and finite time blow-up of solutions are obtained in [12].
Furthermore, the pattern formation of the volume-filling chemotaxis systems with logistic source and
both linear diffusion and nonlinear diffusion are shown in [13—15] by the weakly nonlinear analysis.
For parabolic-elliptic Keller-Segel volume-filling chemotaxis model with linear squeezing probability,
asymptotic behavior of solutions is studied both in the whole space R" [16] and on bounded
domains [17]. Moreover, the boundedness and singularity formation in parabolic-elliptic Keller-Segel
volume-filling chemotaxis model with nonlinear squeezing probability are discussed in [18, 19].

Very recently, we [20] investigated the uniform boundedness and global asymptotic stability for the
following chemotaxis model of multiple sclerosis

U = A~V - (y@)Vv) + u(l — ), X(u):X#, xeQ,1>0,
u

™V, = Av—Bv+aw + yu, xeQ,t>0,

2w, xeQ,t>0,

W= 61 +u
subject to the homogeneous Neumann boundary conditions.

In this paper, we are first devoted to studying the local existence and uniform boundedness of the
unique classical solution to system (1.3) by using Neumann heat semigroup arguments, Banach fixed
point theorem, parabolic Schauder estimate and elliptic regularity theory. Then we discuss that
exponential asymptotic stability of the positive equilibrium point to system (1.3) by constructing
Lyapunov function.

Although, in the pathological mechanism of BCS, the initial data in model (1.3) satisfy
0 < up(x) < 1,wp(x) = 0, we mathematically assume that

(1.5)

uo(x) € CUQ) with 0 <, # up(x) < 1in Q,
wo(x) € C*(Q) with0 < v < 1 and 0 < wy(x) < 1in Q.

It is because the condition (1.5) implies u(x, ty) > O for any 7, > 0 by the strong maximum principle.
The following theorems give the main results of this paper.

Theorem 1.1. Assume that the initial data (uy(x), wo(x)) satisfy the condition (1.5). Then model (1.3)
possesses a unique global solution (u(x, t), v(x,t), w(x, t)) satisfying

u(x, 1) € CO%(Q x [0, 00)) N C>1(Q X (0, 0)),
v(x, 1) € C°(0, ), C*(Q)), (1.6)
w(x, 1) € C*(Q x [0, 0)),

and
+ -
O<ulx,n)<1, 0<v(x, 1) < ,8_7’ wo(x) < w(x, 1) <1, in QX (0, o).
o
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Moreover, there exist av € (0, 1) and M > 0 such that

||ullc2+v,l+v/2(g><[1’oo)) + ||V||C0([1,OO),C2+V(Q)) + ||W||CVJ+"/2(Q><[],00)) <M. (17)
Theorem 1.2. Assume that3 >0, y >0, B+v > 0and

i {2«/271 @}, B>0,y>0,

=
5

By
x<{ B B>0.y=0, (1.8)
2‘/27’, B=0,y>0.

Y

Let (u,v,w) be a positive classical solution of the problem (1.3), (1.5). Then

(-, 1) = ullzoy + VG, 1) = Vi) + [IWCS 1) = WWlw@) = 0, ast — oo. (1.9)
Furthermore, there exist positive constants A = A(y, a,y,d,n) and C = C(|Q, x, @, 8,7, ) such that

lu = U=y < Ce™, v = vilie@) < Ce™, Iw = W= < Ce™, >0, (1.10)
where (u*, v, w*) = (1, [%, 1) is the unique positive equilibrium point of the model (1.3).

The paper is organized as follows. In section 2, we prove the local existence, the boundedness and
global existence of a unique classical solution. In section 3, we firstly establish the uniform
convergence of the positive global classical solution, then discuss the exponential asymptotic stability
of positive equilibrium point in the case of weak chemotactic sensitivity. The paper ends with a brief
concluding remarks.

2. Boundedness and global existence

The aim of this section is to develop the existence and boundedness of a global classical solution
by employing Neumann heat semigroup arguments, Banach fixed point theorem, parabolic Schauder
estimate and elliptic regularity theory.

Proof of Theorem 1.1 (i) Existence. For p € (1, ), let A denote the sectorial operator defined
by

Au= ~Auforu € D(A) := |p € WZ’P(Q)|£¢| =0).
on’ 1oa

A1 > 0 denote the first nonzero eigenvalue of —A in QQ with zero-flux boundary condition. Let A; =
—A + a and X' be the domains of fractional powers operator Al, I > 0. From the Theorem 1.6.1 in [21],
we know that for any p > nand [ € (%, %),

Izl < ClIALZllrg) forall z € X', 2.1)
We introduce the closed subset

S = {M € X|||”||L°°((O,T);L°°(Q)) <R+ 1}
in the space X := C°([0, T]; C°(Q)), where R is a any positive number satisfying

llto(X)||= ) < R
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and T > 0 will be specified later. Note F(u) = -, we consider an auxiliary problem with F(u)
replaced by its extension F(u) defined by

3 {F(u)u if u>0,
F(u) = )
—F(-u)(—u) if u<O.

Notice that £(u) is a smooth globally Lipshitz function. Given &t € S, we define Wit = u by first writing
wx, 1) = (wo(x) = De b F@Hs 4 1 xeQ t>0, 2.2)
and
wo <w(x,t) <1, xeQ, t>0,

then letting v solve

{—Av+av:,3w+7'7l, xe€Q, 1e(0,T), (2.3)

v =0, x€0Q, te(0,T),

and finally taking u to be the solution of the linear parabolic problem

u, = Au—xV-@l-a)vv)y+a(l —u), x€Q, te(0,7),
Oyu =0, x€eoQ, te0,7),
u(x,0) = upg(x), x € Q.

Applying Agmon-Douglas-Nirenberg Theorem [22,23] for the problem (2.3), there exists a constant
C such that
IMlwz@) < CBIWIL@) + Ylitllr@)

i 2.4)
< CPIQI» +y(R+ 1))
for all # € (0, T'). From a variation-of-constants formula, we define
! !
W(@) = e up — x f "IV - (@1 — a)Vv(s)) ds + f e (s)(1 = iu(s))ds.
0 0
First we shall show that for 7 small enough
Y@l =010 < R+ 1
for any & € S. From the maximum principle, we can give
lle" uollz=(@) < lluollr=c, (2.5)
and
! !
f lle™a(s)(1 = a(s))l|z=yds sf la(s)(1 = a(s)llz=ds
0 0 (2.6)

<R+ DR +2)T

Mathematical Biosciences and Engineering Volume 17, Issue 5, 5134-5146.



5139

for all t € (0, T'). We use inequalities (2.1) and (2.4) to estimate

!
X f lle"" VAV - (@(1 = 2)VV(s))l| o ds
0
!
<C f (t — )l T2V - (a(1 = 2)Vv(s))l|rds
0

!
<C f (t =) 2|1 - WVv(s)llzrds
0

<CT* (R + DR + 2)(BIQI7 + (R + 1))

2.7)

for all t € (0, T'). This estimate is attributed to 7 < 1 and the inequality in [24, Lemma 1.3 iv]

1€Vl < Ci(1 + £ 2)e ||zl for all z € C(Q).

From inequalities (2.5), (2.6) and (2.7) we can deduce that ¥ maps S into itself for 7 small enough.
Next we prove that the map ¥ is a contractive on S. For iy, it, € S, we estimate

¥ (@) = Y@l

<x fol(t — )73 ()1 = fa(5) = () = 13 ()] Vva(s)rdls
+Xf0l 12 (s)(1 = @1 ()(VVi(s) = Vva(s))llryds
+ f: e[ (5)(1 = () = fia(s)(1 = o (Nl dls

<x fot(l — )7 @R + Dty (s) = i (IxIVva(s)llrds

+Xx fo (R + D)(R +2) (Blwi1(s) = wa($)llrry + VIt (s) — ii2()llry) ds

+ f R + Dllin(s) = ita(s)llxds
0
<x f (t = )2 @R + Dllin(s) = ta(IVVa()lunels
0

!
+ 2,35Xf (R + 1)(R + D)tllity (5) = ()| + Vit (s) = to($)|rd's
0
!
+ f(QR + Dllity (s) = tia(s)l|xds
0

< (CXT%—’(zR + 1)(BIQI + (R + 1)) + 2B T(R> +3R +y +2) + TR + D) [l (s) = dia(s)llx-
Fixing T € (0, 1) small enough such that

(CXT%—I(zR + D(BIQI + y(R + 1)) + 286y T(R* + 3R +y +2) + T(2R + 1)) <

| =

It follows from the Banach fixed point theorem that there exists a unique fixed point of V.
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(i1) Regularity. Since the above of T depends on ||ug|l =) and [[wollz~) only, it is clear that
(u, v, w) can be extended up to some maximal T, € (0,00]. Let Q7 = Q X (0,T] forall T € (0, Tpay)-
From u € C°(Qr), we know that w € C%!(Qr) by the expression (2.2) and v € C°([0, T], W;(Q)) by
Agmon-Douglas-Nirenberg Theorem [22,23]. From parabolic L”-estimate and the embedding relation
W;(Q) — C"(Q), p>n, wecan getu € Wi’l(QT). By applying the following embedding relation

n+2
2

W2l (Qr) = C*(0r), p > (2.8)
we can derive u(x,t) € C**(Qr) with 0 < v < 2 — %. The conclusion w € C*'*/2(Qr) can be
obtained by substituting u € C*"/?(Qy) into the formulation (2.2). The regularity u € C**'*/2(Qy)
can be deduced by using further bootstrap argument and the parabolic Schauder estimate. Similarly,
we can get v € C°((0,T), C**(Q)) by using Agmon-Douglas-Nirenberg Theorem [22,23]. From the
regularity of u we have w € C>™1"2(Qp).

Moreover, the maximal principle entails that 0 < u(x,7) < 1, 0 < v(x, 1) < %. It follows from the
positivity of u that F(u) = F(u) and because of the uniqueness of solution we infer the existence of the
solution to the original problem.

(ii1) Uniqueness. Suppose (u, vy, wy) and (up, v, w,) are two deferent solutions of model (1.3) in
QAX[0,T]. LetU =uy —upy, V=vi—vo, W=w; —wy fort € (0, 7). Then

1d
2dr

SXf i (1 —up) = up(1 — up)|[ Vi |IVU| + up(1 — up)|[VV|IVU|dx
Q

Uzdx+ f IVU|Pdx
Q

+ f ey (1 = 1) — up(1 — up)||Uldx (2.9)
Q

1
S)(fIUIIVvlllVU|+—|VV||VU|dx+f|U|2dx

2 2
f |VU|2dx+ f IVV|*dx I S e f |Udx,

where we have used that |Vv;| < K results from Vv, € C°([0, T], C%(Q)).
Similarly, by Young inequality and wy < w; < 1, we can estimate

2 a 2 B 2 y? 2
flVVI dx + —flVI dx < —fIWI dx + —flUl dx, (2.10)
Q 2 Jo a Jo a Jo

d
— f W2dx < 5f U + |W|*dx. (2.11)
dt Jo Q

Finally, adding to the inequalities (2.9)—(2.11) yields

d
—( f U’dx + f Wzdx)sc( f U’dx + f Wzdx) forall 7 € (0, 7).
dt\ Jo 0 o 1)

The results U = 0, W = 0 in Q x (0, T') are obtained by Gronwall’s lemma. From the inequality (2.10),
we have V = 0. Hence (11, vi, w1) = (up, vo, w,) in Q X (0, T).

and

Mathematical Biosciences and Engineering Volume 17, Issue 5, 5134-5146.
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(iv) Uniform estimates. We use the Agmon-Douglas-Nirenberg Theorem [22, 23] for the second
equation of the model (1.3) to get

IVllcogrienmz@y < € (lullr@xiresny + IWllzr@xin) < Ca (2.12)

for all £ > 1 and C, is independent of 7. From the embedded relationship W) () — C%Q), p > n, the
parabolic L”-estimate and the estimation (2.12), we have

”””W}'(Qx[r,m]) <G

for all + > 1. The estimate ||u|| C4 for all + > 1 obtained by the embedded

v <

CP2(Qx[Le+1]) = =

relationship (2.8). We can immediately compute ||w|| M @] S Cs for all + > 1 according to the

regularity of u and the specific expression of w. Further, bootstrapping argument leads to

IVllcograrir.cr@y < Ce and ||”||c2“~”%(s‘2x[z,t+1]) < C; for all > 1. Thus the uniform estimation (1.7) is

proved. O
Remark 2.1. Assume the initial data 0 < ug(x) < 1 and wy(x) = 0. Then the BCS model (1.3) has

a unique classical solution.
3. Exponential stability of positive equilibrium point

In this section we investigate the global asymptotic stability of the unique positive equilibrium point
(1, [%, 1) to model (1.3). To this end, we first introduce following auxiliary problem

Ug =Aue— V- (u(l —u)Vve) +u(l —u.), x€€, t>0,

—Ave + ave = Bw, + v, xeQ, t>0,
u> + e

We = 0———(1 —w), xeQ, t>0, (3.1)
1+ u

Oyute = 0pve = 0, x€eo, t>0,

u(x,0) = ug(x), we(x,0) = wo(x), x € Q.

By a similar proof of Theorem 1.1, we get that the problem (3.1) has a unique global classical
solution (u, ve, we), and there exist a v € (0, 1) and M; > 0 which is independent of € such that

”uEl|C2*V’1+V/2(§_2><[1,oo)) + ”Vel|C2*V’1+V/2(§_2><[1,oo)) + ”We”CV’”V/z(QX[I,oo)) < M,. (3.2)

Then, motivated by some ideas from [25,26], we construct a Lyapunov function to study the uniform
convergence of homogeneous steady state for the problem (3.1).
Let us give following lemma which is used in the proof of Lemma 3.2.

Lemma 3.1. Suppose that a nonnegative function f on (1,00) is uniformly continuous and
f]w f(Hdt < oo. Then f(t) > 0 ast — oo.

Lemma 3.2. Assume that the condition (1.8) is satisfied. Then
e, 1) = Uiz + Ve D) = Vi) + [Iwe( 1) = 1|2 = 0, £ — oo, (3.3)
where v* =

B+y
=

Mathematical Biosciences and Engineering Volume 17, Issue 5, 5134-5146.
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Proof We construct a positive function

1
E() := f(ug—l—lnu6)+—f(we—1)2, t>0.
Q 256 Q

From the problem (3.1) and Young’s inequality, we can compute

—E(t)<— f Vv > dx — f (u. — 1)2dx — f (we — 1D%dx, t>0. (3.4)

We multiply the second equations in system (3.1) by v, — v*, integrate by parts over Q and use Young’s
inequality to obtain

Y’ B
f Vveldx < 27— f (ue — 1)?dx + — f (we —1)%dx, 1> 0, (3.5)
Q 2a 2a Q

and
%\2 2y2 2 2 > 2
We=Vv)dx<—= | (ue—Ddx+— | (we—1)dx, t>0. 3.6)
Q a? Jo a? Jo

Substituting inequality (3.5) into inequality (3.4) to get
d 2 2
—E(t) < —Cg (ue — Ddx+ | (we— 1)%dx|, t>0,

where Cg = min{l XB ,1 —u} > 0.
Let f(t) == [ (ue — 1)2 + (we — 1)%dx. Then

f f(t)dt<—<oo t>1.

It follows from the uniform estimation (3.2) and the Arzela-Ascoli theorem that f(#) is uniformly
continuous in (1, ). Applying Lemma 3.1, we have

f (Ue(-, 1) = 1)? + We(-,1) — 1)?dx - 0, 1 — oo. (3.7)
Q

Combining inequality (3.6) and the limit (3.7) to obtain

f(vs(', ) —v)dx >0, t > .
Q

O
Proof of Theorem 1.2 As we all known, each bounded sequence in C**'*3(Q X [1, )) is
precompact in C>!(Q x [1, c0)). Hence there exists some subsequence {ug, >, satisfying €, — 0 as
n — oo such that
}1_)11; I, — u*||C2~1(f2><[1,oo)) =0.

Similarly, we can get
lim [Ive, = villeay = 0,

Mathematical Biosciences and Engineering Volume 17, Issue 5, 5134-5146.
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and
lim ||we, = Wellco1@xii,00) = 0-
n—oo

Combining above limiting relations yields that (u.,v.,w,) satisfies model (1.3). The conclusion
(Ui, v, W) = (u,v,w) is directly attributed to the uniqueness of the classical solution of the
model (1.3). Furthermore, according to the conclusion, the strong convergence (3.3) and Diagonal
line method, we can deduce

(-, 1) = Ula) + Ve, 1) = Vi) + W, 1) = g — 0, t— oo. (3.8)
By applying Gagliardo-Nirenberg inequality
lzllzs < Clldliey lldlyig s 2 € W (), (3.9)

comparison principle of ODE and the convergence (3.8), the uniform convergence (1.9) is obtained
immediately.
Since lim,_, o, |[u(-, 1) — 1||z~) = 0O, so there exists a #; > 0 such that

u(x,t) > % forall xe Q, > 1. (3.10)
Using the explicit representation formula of w
w(x, 1) = (wo(x) — DedhF0uds L 1y e >0
and the inequality (3.10), we have
W, 1) = Ul < €30, 1> 1. (3.11)

Multiply the first two equations in model (1.3) by u — 1 and v — v*, respectively, integrate over € and
apply Cauchy’s inequality, Young’s inequality and the inequality (3.10), to find

dlf(u—l)zdx< fIVv|2dx—f(u—1)2dx r> 1. (3.12)

2 a 2 :32 2 v 2
f|vV| dx+—f(v v)ldx <=~ f —1)dx+—f(u—1)dx, t>0.  (3.13)
Q 2 Jo Q @ Ja

Combining the estimations (3.11)—(3.13) leads us to the estimate

2.2 202
if(u—l)zdxs Xy f(u—l)zdx+)ie_g(’_"), > 1.
Q Q 32«

dt 32a
Let y(1) = [ (u— 1)*dx. Then

() < ()(3_27 - 1) (1) +X ﬁ e SN sy

Mathematical Biosciences and Engineering Volume 17, Issue 5, 5134-5146.
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From comparison principle of ODE, we get

202 2 202
o) < [y - 3P —(1—%)041) + 3B e—g(;_tl)’ > 1.
32a(3 - 6) — x*y2 32a(3 - 6) — x*y?
This yields
f (u—1)2dx < Coe™™ > 1, (3.14)
Q
. 2.2 252 252
where A, = min{1 - £, g} and Cy = max {IQI — 320(3)—(56—)(272’ 320(33)_‘6';3_)(272}.
From the inequalities (3.11), (3.13) and (3.14), we derive
,3+’)/ ? —A(t—t)
(v _ 7) dx < Croe 20 1> 1y, (3.15)
Q

where C1y = max {ZQL;Cg, 2:%2} By employing the uniform estimation (1.7), the inequalities (3.9), (3.14)
and (3.15), the exponential decay estimation (1.10) can be obtained.
The proof is complete. m|

4. Concluding remarks

In this paper, we mainly study the uniform boundedness of classical solutions and exponential
asymptotic stability of the unique positive equilibrium point to the chemotactic cellular model (1.3) for
Balé’s concentric sclerosis (BCS). For model (1.1), by numerical simulation, Calveza and Khonsarib
in [7] shown that demyelination patterns of concentric rings will occur with increasing of chemotactic
sensitivity. By the Theorem 1.1 we know that systems (1.1) and (1.2) are uniformly bounded and
dissipative. By the Theorem 1.2 we also find that the constant equilibrium point of model (1.1) is
exponentially asymptotically stable if

X

- 2 [2Duaé
W i’
and the constant equilibrium point of the model (1.2) is exponentially asymptotically stable if

2Duacé 1 1
/% <2 /;la’f min {—~, j} .
wh uy

u

According to a pathological viewpoint of BCS, the above stability results mean that if chemoattractive
effect is weak, then the destroyed oligodendrocytes form a homogeneous plaque.
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