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Abstract: The human-animal interface plays a vital role in the spread of zoonotic diseases, such as
plague, which led to the “Black Death”, the most serious human disaster in medieval Europe. It is
reported that more than 200 mammalian species including human beings are naturally infected with
plague. Different species acting as different roles construct the transmission net for Yersinia pestis
(plague pathogen), in which rodents are the main natural reservoirs. In previous studies, it focused
on individual infection of human or animal, rather than cross-species infection. It is worth noting that
rodent competition and human-rodent commensalism are rarely considered in the spread of plague. In
order to describe it in more detail, we establish a new multi-host mathematical model to reflect the
transmission dynamics of plague with wild rodents, commensal rodents and human beings, in which
the roles of different species will no longer be at the same level. Mathematical models in epidemiol-
ogy can clarify the interaction mechanism between plague hosts and provide a method to reflect the
dynamic process of plague transmission more quickly and easily. According to our plague model, we
redefine the environmental capacity K with interspecific interaction and obtain the reproduction num-
ber of zoonotic diseases RY, which is an important threshold value to determine the zoonotic disease to
break out or not. At the same time, we analyze the biological implications of zoonotic model, and then
study some biological hypotheses that had never been proposed or verified before.

Keywords: zoonotic reproduction number R%; plague transmission; human-animal interface

1. Introduction

Plague is an exceedingly virulent infectious disease that has a high mortality rate without treatment
[1-3]. The most serious symptom of plague is its typical bubonic form, which will lead to 40%-—
70% mortality [2]. It has caused at least three significant pandemics with millions of deaths [1,2,4,5].
During the Second European Pandemic, plague was called ”Black Death” because of its special clinical
symptoms, namely blackening and death of tissue in human extremities [6]. Although the “Black
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Death”, as one of the turning points of Western Civilization [1], should be listed as the most important
biological environmental event in European history, people know little about the dynamic mechanism
of plague transmission. More importantly, it seems not only of historical significance, but also plague
is still threatening human health today [2, 7, 8]. According to the latest report, local health officials
confirmed the two cases of pneumonic plague in Beijing (China) on November 13, 2019 [9]. Therefore,
reconsideration of the spread of plague, especially in China, a country with a large natural plague foci,
must be re-emphasized [10].
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Figure 1. The interspecific interactions between wild rodents, commensal rodents, and hu-
mans in plague transmission.

Plague is caused by the bacterium Yersinia pestis [11] and is transmitted primarily by the bite of
adult fleas from an infected rodent to other mammals [1]. It is reported that more than 200 mammalian
species are naturally infected with Yersinia pestis [1]. In which, rodents are the main enzootic (mainte-
nance) host and epizootic (amplification) host of plague [1,12], and they play important roles in plague
long-term survival. Global infectious disease eradication schemes have achieved two remarkable suc-
cesses in smallpox and rinderpest, which spread only from person to person, but the plague eradication
program has proven elusive in more complex ecosystems [13, 14]. Most wild rodents are the main
enzootic host [15], while most commensal rodents are the main epizootic host [1, 12]. For humans,
they are infected by wild rodents in rural settings, or by commensal rodents that move freely between
villages, forests and urban area [2]. Although the transmission route of plague is very complex and
may contain more than 200 kinds of mammals and their flea ectoparasites, wild rodents-commensal
rodents-humans is the common transmission route for human beings [1,2,12], as is shown in Figure 1.

In the absence of dramatic climate change, the surviving species should maintain a stable population
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size in their respective communities, which is called environmental capacity or K [16]. However, K
will be affected by interspecific competition between rodents [17, 18], which determines the decrease
of stable coexisting population size (Figure 2A) [16, 19]. After the human colonization, this balance
between rodents will be broken again(Figure 2B). If there was no plague-death, we assume that the
presence of rodents has little effect on the changes in the size of human population. After all, rodents
do not eat enough food to reduce the birth rate of humans in times other than famine. Therefore, the
size of the red circle representing the human population in Figure 2B has not changed.
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Figure 2. Effect of interspecific interaction on host population size change. We suppose that
wild rodents are the dominant species (N, blue points), and commensal rodents (N,, green
points) are the inferior species in an unexploited area. The competition between them re-
duces their population sizes as A. After human colonization (N3, red points) , the commensal
rodents always get more benefits than the wild rodents due to their commensal proclivity.
Then they become the dominant species with a larger population size as B.

The development of agriculture and the accumulation of food waste in cities provide more food
for commensal rodents [20,21]. The process of human urbanization is eating away the natural habitat
of wild rodents, thus increasing the opportunities for rodents to come into contact with humans [22].
The human-animal interface promotes the cross-species spread of plague, leading to the epidemic
of plague in humans. Therefore, the interaction between different rodents should be considered in
plague transmission, which has been neglected in previous studies [4, 5,24-27]. This paper establish
a new multi-host mathematical model to describe the complex plague ecosystem composed of three
host populations (wild rodent, commensal rodent and human). Then we redefine the environmental
capacity K with interspecific interaction and reconstruct the zoonotic basic reproductive number RY.

In addition, we also analyze the biological implication of our plague model and test some biologi-
cal hypotheses, such as the reason for introducing and receding of the European plague pandemic [22].
Burrowing rodent(wild rodent)-black rat(commensal rodent)-human interface may result the plague
spread into Europe. Biologists speculate that the black rat was identified as the culprit during the Sec-
ond Plague Pandemic, which colonized western regions along trade routes(Silk Road) and flourished

Mathematical Biosciences and Engineering Volume 17, Issue 5, 44224442



4425

in the great late Roman cities [22,23]. However, the receding plague epidemics from the eighteenth
century may be due to the colonization of Europe by the brown rat with stronger commensal proclivity,
which does not harbor anthropophilic fleas and their chances of transmitting plague to humans through
fleas are much smaller [22]. The competition between black rat and brown rat, and their commensalism
with human may lead to the disappearance of plague in Europe. The absence of data may prevent us
from finding out the truth of plague history, but the simulation of multi-host plague model may allow us
to find out the possible plague transmission process and prove the rationality of speculation in plague
historical research.

2. Methods

A new multi-SIRs model is established to reflect the spread of plague among wild rodents, com-
mensal rodents, and humans, as Figure 3. The notation N, (¢) (wild rodents), N,(¢) (commensal rodents)
and N;(7) (humans) represent the population size of these populations at time ¢. Each population are
assumed to be divided into 3 epidemiological compartments: susceptibles (S (7)), infectives (/;(¢)), and
recovered individuals (R;(¢)) at time ¢, i = 1,2,3. Competition between wild rodents and commen-
sal rodents is represented by the notation B, and B;;. Commensalism between rodents and humans
is represented by the notation B3 and B3, where B3 < Bys;. Wild rodents, commensal rodents and
humans have the maximum environmental capacity at K, K, and K3 respectively, and they satisty the
logistic growth curve, dN;(t)/dt = r;N;(t)(1 — Ny(t)/K;), where r; represents the intrinsic growth rate of
the populations.

Wild rodents N1 Commensal rodents N:

mansN, ¢ ‘/V

Figure 3. Multi-host plague model with interspecific interaction. The brown arrows indi-
cate the interactions between different populations. The bold black arrows indicate the in-
traspecific plague transmission routes. The bold red arrows indicate the interspecific plague
transmission routes. The little black arrows indicate the births and deaths in different com-
partments.
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with the initial conditions S;(0) = S| > 0,;(0) = I, > 0,R;(0) = R} > 0. i =1,2,3.
The parameter r; = b; — d;, in which b; represents the birth rate while d; represents the natural
mortality rate. The notation i denotes the recovery rate, and e; is the disease-induced mortality rate.

Ni(t aiBuNy () | afB sNa(f) Na(t a,B; Nl(t) a’) By3N3(t) N3(t
1) = — U — Tl DR 0 (n) = - - = and ¢5(1) = — 232 represent
the eontrlbutlon of inter- and 1ntraspec1ﬁc 1nteracti0ns into the births change. ¥ (f) = M +

(1- a')BlzNz(t) (1- a”)B|3N3(t) _a )N ([) (1- a’)leNl(t) (1-a%)B3 N3 (1) ¢! N3 (6)
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the COIltI‘lbuthIl of inter- and 1ntraspe01ﬁc interactions into the deaths change. The notatlon a; is the
parameter subdividing the contribution of intraspecific competition into the births decrease (a;) and
deaths increase (1-a;), with 0 < g; < 1. a] is the parameter subdividing the contribution of interspecific
competition into the births decrease (a’;) and deaths increase (1 — a’;), with 0 < a’; < 1. While a” is
the parameter subdividing the contribution of commensalism from human to rodents into the births
increase (a”’;) and deaths decrease (1 —a”’;), withO <a”; < 1.

The parameters §;; represents the per capita incidence rate from population j to population i, where
i, j = 1,2,3. The transmission of the pathogen from rodents to humans is assumed to be unidirectional,
with a low probability of occurrence for transmission in the other direction. Therefore, we assume that
B31 = Bz = 0. We assume that all parameters are positive above. In this model, we will no longer set
the fleas as the separate compartment, and the effect of them is attributed to the change of §;;, which
will make a final decision to the propagation speed of the pathogen and the value of plague basic
reproductive number.

2.1. Equilibrium points and zoonotic reproduction number R)

After calculation, we summarize that there are at most 15 equilibrium points of the plague model,
Ey, E\, E,, E5, E4, Es, Es, E;7, Eg, BE,, BE,, BE3;, BE,, BEs, BE¢. Their existence and stability
conditions are shown in Table 1, Appendix A and Appendix B.
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Table 1.

Conditions for existence and stability of equilibrium points

Equilibrium Existence? Stable?
E, = (0,0,0,0,0,0,0,0,0) Yes No
E, = (K,,0,0,0,0,0,0,0,0) Yes No
BE, = (5,1}, R},0,0,0,0,0,0) R, >1 No
E, = (0,0,0,0,K,,0,0,0,0) Yes No
BE, = (0,0,0,S3, I, R}, 0,0,0) R,>1 No
E, = (0,0,0,0,0,0,0,0,K,) Yes No
BE; = (0,0,0,0,0,0, 53,13, R3) R;>1 No
B12K,-K By1K1—K B,K, — K B, K, — K.
m. — 1282 1 , O\O. 21101 2 , O\0.0.0.0 1232 1 O. 2171 2 0 ZO
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Then, we define the zoonotic reproduction number RY for the plague transmission, including all
elements considered in the introduction of this article [28-30].

Bk BuN]  B1aN;
R) = max{RY,R),) = max{ —F22 51 @ 2|t

* Ak
by +ys+e3—ayry | PuN Py
1 -

here p(:) is the spectral radius.

By the persistence theory [31-33], we can get the existence conditions of Eg. However, the exact
expression of Eg is unknown. Similarly, we did not get the exact expression of BE,, BE,, BE;, BE,,
BEs, and BEg, either. Even if their exact expressions are unknown, we can obtain the uniqueness
condition for their existence. Fortunately, if this condition is met, their stability is obvious when they
already exist in the system. The unique variation trend of some fixed initial values and parameters can
be obtained according to the continuity of the solution and the continuous dependence on the initial
values. This is enough to reflect the spread of plague, which is the main issue to be discussed later.

3. Results

3.1. Wildlife extinction caused by human colonization without hunting or predation

Under stable and limited environmental conditions, the population size always tends to a constant
value, which is usually called the environmental capacity K. However, if we consider more than two
populations [16], the constant K is no longer applicable due to interspecific interactions between them,
such as predation(+, —), competition(—, —), mutualism(+, +), commensalism(+, 0), amensalism(—, 0)
[16,34]. Therefore, the equilibrium point mentioned above is proposed to redefine the capacity K. The
equilibrium point is the mathematical result of ODE model representing the final population size. E|,
E,, and E; in Table 1 reflect the environmental capacity K;, K>, and K3 corresponding to the three
host populations, respectively. E4, Es, and E¢ describe the environmental capacity of coexistence of
(Ny,N3), (N1,N3), and (N,,N3). And E; describe the environmental capacity of coexistence of the three
host populations without plague.

According to the calculation of our plague model, not all of the equilibrium points could exist all
the time. Their existence should be satisfied with the conditions shown in Table 1. The change of
these conditions would be the quantitative and qualitative evidence to answer the questions shown in
Figure 2. For example, if we do not consider the infectious disease, E7 is globally asymptotically stable
in its domain of definition when B, B,; < 1. E; is a saddle point when B;B,; > 1. Compared with the
classic Lotka-Volterra competitive mathematical model [34], the participation of the third population
will not change the stability condition of the internal equilibrium point, but will change its existence
condition. The threshold values turn from By, = % and By; = % in [34] (the notations Bj, and B,

instead of b, and b,; in [34]) to By, = % and By, = % in our plague model. When taking
appropriate experimental parameters, Figure 4(a) and (b) show that the existence of humans would
break the original balance between the first two competitive rodent species. The wild rodents (V) have
a more exceptional ability to survive in wild field. However, after human colonization, N; declines from
dominant species to inferior species, even to extinction, as shown from point A to point B in Figure 4(a).
However, the commensal rodents N, develop to a bigger population size. Therefore, we can infer that
the original ecological balance will be changed only due to human colonization through commensalism

of animals in different degrees, which has not been discussed in previous quantitative studies.
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Figure 4. (a): Change of the equilibrium points; (b): Dynamic behavior after human partic-
ipation as the third populations. N;(0) = K; = 2 and N,(0) = K, = 1. N3(0) is gradually
increasing at the arrowhead.

Then, considering the plague into its host populations, the incidence of plague deaths leads to the
change of equilibrium points, shown by the point C in Figure 4(a) and the green curve in Figure 4(b).
Disease-free boundary equilibrium points Ey, E,, E3, E4, Es, Eg, E7 change to BE,, BE,, BE3, BE,,

K2+Bz3ﬁ3

BEs, BEg, Eg, respectively. The threshold values then turn to By, = % and By, = B in
2 231V3 1 134V3

which Nj represents the equilibrium point of N3 without plague deaths. It is easy to know that N3 < K.
However, because of the complexity of the plague model, we cannot give the exact mathematical
expression of N3. More simulation results will be discussed in the following part.

3.2.  Effect of zoonotic infectious disease on host population size change

Wild animals cause most zoonotic infectious diseases, but they are not toxic to them. Some wild
plague infections can only cause inapparent to mild illness [1]. However, in humans, the plague oc-
curs in bubonic form and pneumonic form, which has a high mortality rate without treatment. The
simulations about the effect of plague on population size change are shown in Figure 5(A1) and (A2).
The two simulations reflect the population change of rodents and humans with By, < 2%22 and
By, < %, which guarantees the existence of E;. If R% < 1, Eg does not exist and E5 is stable.
However, the process of population size change could be different with disease-induced mortality rate
e; = 0 or not. The time to the equilibrium points would get longer with bigger e; as the direction
of the arrows in Figure 5(A1). If R) > 1, Ej is existent and stable. The value of equilibrium points
depend on ¢; = 0 or not. If e¢; = 0, (Ny(?), N2(t), N3(t)) — E; with t — oo. However, if ¢; > 0,
the equilibrium points would change depending on I7*, ¢; and r;. Choosing appropriate experimental
parameters, Figure 5(A2) shows that if ¢; > 0, inferior species N, once again turn to be the dominant
one. Plague is the protection of N,’s existence. It proves the importance of One Health, which empha-
sizes the coordinated health of human beings, animals and ecosystems as the best way to face a new
zoonosis [22]. Furthermore, when humans invade the original habitat of animals, they will not only
encounter physical defense of animals, but also attack by poisonous pathogens.
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Figure 5. (A). The simulation of population size change with e; = O(solid line), e; > 0(dashed
line), (Al): R) < 1; (A2): R), > 1. ¢; is increasing at the arrowhead. (B). The simulation
of infected population size change (B1) and death population accumulation (B2) with N, >
O(solid line), N, = O(dashed line). (C). The simulation of infected population size change
with (C1): R} > 1, R%, > 1 and 0 < 31,83 < 1. R} > I(solid line), R} = O(dashed line),
RS is increasing at the arrowhead; (C2): R) > 1, R}, > 1 and R} = 0. 31, 83 > 0(solid line),
Bs1, P32 = O(dashed line). B3, and B3, are increasing at the arrowhead; (C3): Rg > 1, R(l)2 <1
and Rg > 1. B31,B3 > 0(solid line), B31,B3, = 0(dashed line). B3; and B3, are increasing at
the arrowhead.
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3.3. Effect of interspecific interaction on the zoonotic infectious disease

The colonization of Europe by the brown rats might be regarded as one of the biological hypotheses
for the receding plague epidemics from the eighteenth century [22]. The brown rats would depend more
on human beings than the black rats, which flourished in the great late Roman cities in Europe [22].
Because of their strong commensal proclivity, they drove the black rats out of the city. However, brown
mice do not harbor anthropophilic fleas, so their chances of transmitting plague to humans through
fleas are much smaller. In our model, we take N; as the black rats and N, as the brown rats. Then we
suppose that By; > By > 0 and B3; > B3, > 0. Because we do not get the exact data of all animals
from the Second Plague Pandemic in the Middle Ages, we only choose some special experimental
parameters in [24] in order to verify the different results with or without interspecific interaction. Figure
5(B1) and (B2) show that the existence of N, in our model would lead to the extinction of the plague
epidemic. If N, = 0, the colonization of new areas by humans would continued to be troubled by
plague without any prevention and control measures. However, if N, > 0, the competition and the
commensalism would lead to the disappearance of plague in Europe. In Figure 5(B1), the human
infections diminish gradually with N, replaced by N, in cities. And the deaths caused by plague would
remain unchanged shown in Figure 5(B2). In the absence of historical data, through dynamic process
simulation, it is proved that the mathematical model can prove the rationality of speculation in plague
historical research.

3.4. The advantage of zoonoses mathematical model with interspecific interaction

Comparing to the human infectious disease mathematical model [24], our plague model has more
complicated zoonotic reproduction number RY.

In order to discuss the effect of zoonotic reproduction number RY, we suppose that ¢; = 0 to elim-
inate the effect of population size variation by zoonoses and I = 0 to intensify the infection from
animal hosts. Furthermore, we suppose that at least one of $3; and 3, is bigger than 0, or else there
is no transmission between animals and humans. Figure 5(C1) shows that the infected population size
change with R) > 1, R%, > 1 and 0 < 331,83 < 1. Even if B3, and B3, are small enough to transmit
the pathogen from animals to humans and R} = 0, we still can not neglect the infected population
with low incidence due to I(c0) > 0 with R% > 1. Moreover, the human morbidity will increase with
the increasing of RY, which represents the basic production number of human plague model. In the
previous studies, we have always believed that human epidemics will only occur when there is con-
tinually transmission in humans, that is Rg > 0. The results in Figure 5(C1) seem to be evidence of
low infection rates. However, if we choose 31 and 33, bigger enough as is shown in Figure 5(B2), the
zoonoses would break out in humans similar to the results with Rg > 0 in Figure 5(B1). Therefore, we
can get the opposite conclusion to the results. Figure 5(C3) shows the coefficient of 53, 53, and Rg.
Although the parameters 33; and 3, does not appear on the expression of RY, and they do not deter-
mine the outbreak of zoonoses in the humans, these two parameters could affect on the equilibrium of
I5. And then, they can determine the density of human infection, which is essential in the prevention
and control of zoonotic diseases.

It is worth noting that the variation of 83, and B3, in Figure 5(C2) and (C3) also reflects the influence
of human ectoparasitic fleas in plague transmission. Different from the method in [24], the effect of
ectoparasitic fleas is explored by the addition of flea compartments and the selection of the models
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by fitting historical data, we judge the impact of fleas by simulating the sensitivity of parameters S,
and ,832.

Meanwhile, with the continuous acceleration of urbanization, the contradiction between economic
development and ecological environment is becoming increasingly prominent. In previous studies, the
quantitative results of the impact of urbanization on zoonosis are rarely involved. By our plague model,
we get that R), is increasing with the increase of K3 by the exact mathematical expression, which is the
maximum environmental capacity of humans. The urban environmental capacity would increase as
the efficient land utilization with increasing food production and convenient transportation [35]. Kj
value will increase with the process of urbanization, and then with a higher RY, value to increase the
risk of infectious disease transmission. To sum up, many dynamic processes of disease ecology can be
reflected by research on zoonosis models.

4. Discussion

Our study establish a new plague mathematical model to reflect the dynamic process of plague
transmission with interspecific action between wild rodents, commensal rodents and humans, in which
the roles of different species will no longer be at the same level. Mathematical models in epidemiology
can elucidate the mechanisms underlying plague transmission among its hosts and provide a way to
more quickly and easily reflect the dynamic process of plague transmission [36]. By our new plague
model, we find that the human-rodent interface has promoted the cross-species transmission of plague
and resulted in the prevalence of plague in humans. In addition, the threshold values of population
development and disease transmission are also discussed in order to provide scientific basis for future
health decision makers in plague prevention and control.

The introduction of multiple hosts into zoonotic disease model leads to the failure of constant K in
describing the environmental capacity. Therefore, we refine it by the boundary disease-free equilibrium
points calculated by our plague model. These equilibrium points represent the property of population
size in a particular environment, including interspecific interaction. Correspondingly, we have to rede-
fine the threshold conditions that affect their existence and stability conditions. And then we propose
the zoonotic reproduction number RY, which is more applicable to the study of plague transmission.
These results reflect the methodological value of plague model.

In the biological application of our plague model, we focus more on the interaction between inter-
specific relationships and zoonotic disease transmission. Our model uses a combination of quantitative
and qualitative methods to study many biological hypotheses. For example, we prove the change of
threshold conditions for rodent coexistence after human colonization. Without hunting or predation,
human colonization may lead to the extinction of wild animals due to commensal proclivity. Further-
more, we simulate the plague epidemic with or without commensal rodents, which may answer the
rationality of one of the hypotheses for disappearance of the Second Plague Pandemic.
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Appendix A

If e; = 0, we integrate N;(¢) = S;(¢) + I;(t) + Ri(¢),i = 1,2, 3 of system (2.1), then we get system

B B

dN (1) = N1 - Ni() BN, (1) N 13N3)’

dr K K, K,
dN,(1) Ny(t)  ByNi(t)  ByNs(1)

=rN>(|1 - — , 4.1

” 1Ny (1) X, K + 5 ) 4.1)
dN5(1) N3()

et Nz (1) |1 K )

with the initial conditions N;(0) = Nj, = S + [ + R} > 0,i = 1,2, 3.
System (4.1) always has the following equilibrium points:

EO = (0’ O’ O)’ El = (Kla 07 O)’ E2 = (07 K27 0)9 E3 = (O’ O, K3)’
Es = (N1,0,N5) = (Ki + B13K3,0,K3), Eg = (0, N2, N3) = (0, K> + B23Ks, K3)

B Kr-K By K| —-K;
If Buke-Ki o 21 K1 —-K>
B12By1—1 O’ Bi2B21 -1

> 0, then there exists a unique positive boundary equilibrium:

BIZKZ - K] B21K1 - KZ

BIZBZI - 1 ’ BIZBZI - 1 ’

If B Ky —K 1 +(B12B23—B13)K3 >0 By K1 —K>+(B21 B13—B23)K3
b

. Bi2B2i-1 Bi2Byi -1
equilibrium:

Ey=(N'1,N'2,0) = ( 0).

> (0, then there exists a unique positive internal

BixK> — Ky + (B12Bys — Bi3)K3 By Ky — Ky + (B2 Bis — B3)Ks

, , K3).
Bp2By — 1 )

E; = (N;. N3, N3) = ( e
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Lemma 1. The set Q = {(N;,N,,N3)IN; > 0,i = 1,2,3,N; < K; + B3K3,j = 1,2,N; < Kz} isa
positively invariant region for Model (4.1). Moreover, every trajectory of Model (4.1) is eventually
staying in a compact subset of Q.

Theorem 1. For Model (4.1), Ey, E\, E,, E3 and E, are always unstable. As for the existence and the
stability of Es, E¢ and E7, there are 4 cases:

1.

2.

If B, < 82B58s ind By, > 5228585 yhere is no internal equilibrium point E;, and Es is locally

K>+B»3K3 R KITBISKS, .
asymptotically stable in Q, E¢ is a saddle point.
K]+B]3K; K2+Bz3K3 . . ’ . . .
If Bio > gpog, and By < g0, there is no internal equilibrium point Eq, and Eg is locally

asymptotlcally stable in Q, E5 is a saddle point.

If By, > i‘ :g”? and By > %, there exists a unique internal equilibrium point E;, which is
a saddle point. Both Es ana’ E¢ are locally asymptotically stable.
If By, < % and By, < % there exists also a unique internal equilibrium point E;,

which is locally asymptotlcally stable in Q, while either E5 or Eg is unstable.

Proof. The Jacobian of system (4.1) is

(1 — 21vl B][i{\’z BHNg) _r NlB|2 FN B Bi3
J= _erz le 7”2(1 2N2 _ BZlNl BzaNz) ’,ZNz@
0 0" (1 - B
rr 0 O
For Ey =(0,0,0), we have Jg, =|0 r, 0 |[. So Ej is unstable.
0 0 n
- —r1By, rBi3
For E, = (K;,0,0), wehave Jg, =| 0 (1 - BZI'(—ZM) 0 |. So E; is unstable.
0 0 r3
n(l-222) 0 0
For E, = (0, K;,0), we have Jg, = —rBs; —ry 1Bz |. So E; is unstable.
0 0 r3
(1 +225) 0 0
For E5 = (0,0, K3), we have Jg, = 0 r(l + B%?) 0 |. So Ej; is unstable.
0 0 —r3
For E; = (N'1,N'5,0) = (@1122’;221 1, B2, 0), we have
—rlNK—/I‘ —rlN’l K. rN’, B”
Jeg, = —er’z% —rz%z N’y %23 . So E, is unstable.
0 0 r3
For Es = (ﬁ],O E) = (K| + B13K;3,0, K3), we have
ri(-1- B”Kg) —ri (K + 313[(3)312 ri(K; + ]3131(3)BK—113
JE5 — 0 ra(1 = le(KllzrzBlsK%) Bzsz) 0
0 0 —r3

If B)1K,| — K> + (By1B13 — B23)K5 > 0, Es is locally asymptotically stable.
If B1K| — K, + (By1B13 — B23)K3 < 0, Es is a saddle point, which is unstable.
For E¢ = (0, N, ﬁ:,') = (0, K, + B»3 K3, K3), we have
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rl(l _ BIZ(KZI;BHK}) n 31121](3) 0 0
T = —ra(Ky + Bz3K3)% (=1~ lezsz) (K, + Bzﬂﬁ)% .
0 0 —rs

If BjxK; — Ky + (B12By;s — B13)K5 > 0, Ej is locally asymptotically stable.

If BixK; — Ky + (B12By;s — B13)K3 < 0, Ej is a saddle point, which is unstable.

For E; = (N*, NI, N¥) = (BIZKZ_K1+(BIZBZ3_BIS)K3 By K1 —K>+(B21 B13—-B»3)K3 K;), we have
b 2’ 3 b b o

. Bi2By1—1 Bi2B21—1
—rljl\;—: —rlNT*Bl;]Z r Nikl[illa
Jg, = —rgN;% —rz%’ eré‘lI?; .
0 0 —r3

If B1»B,; < 1, E7 is locally asymptotically stable.
If B1»B,; > 1, E7 is a saddle point, which is unstable.

Appendix B

If e; > 0, we focus on the equilibria of model (2.1) and study their stability.
At first, we only consider the third species N3 (human species) of model (2.1). If 1,(0) = 1,(0) =0
then we get model as follows:

B30 = [y — r3gs (D] N3(t) — [ds + r3p3(D)] S3(8) — Bz l5()S 5(0),
W0 — B L(0S (1) — [ds + e3 + 73 + 133 (D] (1), 42)
M = y315(8) = [ds + r3p3 (1) | R3 (1),

Lemma 2. ( [42,43])

For model (4.2), if Rg = lmwﬁf% < 1, the free disease equilibrium E; = (K3,0,0) is globally
asymptotically stable in Q3 = {(S3,13,R3)|S3>0,13>0,R; >0,0<S3+13+R; <K;3}.

If Rg = zmﬁ% > 1, there exists a unique equilibrium E* = (S}, I3, R;), which is globally

asymptotically stable in Q3 = {(S3,13,R3) | S3>0,13>0,R; >0,0< S5+ 13 +R; < K3}.

According to the definition of basic reproduction number in [30]. If J is the Jacobian matrix of in-
fective compartments, then let J = F'—V, F be the rate of appearance of new infections in compartment
I, V be the rate of transfer of individuals out of compartment /. We call FV~! be the next generation
matrix for the model (2.1) and set p(FV~!) at epidemic equilibrium point be the basic reproduction
number, where p(A) denotes the spectral radius of a matrix A.

For the single population, such as human population N3, F' = $3353, V = b3 +y3 + e3 — asrs, and its

epidemic equilibrium point is (K3, 0, 0), then we can obtain that RO FV-! Wryfi:—fm

Similarly, for the basic reproduction number defined in two populations, such as N, and N,, R(l)2 can

be obtained by
F:(gnsl ,31251)
2182 BnS2)’

v i (dl tei+y +r ( (I-a 11<)313N3 + (1 al)Nl
= awag (1-a" 2)323N2 (1 az)Nz :
dy + e+ yr+ (= K, )
0 _ Bi1Ki . p0 _ BnkK . p0 _ B33Ks3
Furthermore’ let Rl T bityiter—air;? T2 T bytyrter—axry’ T3 T by+yzt+es—aszrs’
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BuN1 BN

0 _ a3 y .

R12 =P BNy BuaNa |
a3 g

0 _ B33K3 B11(K1+B13K3) .

R13 = max {b3+y3+e3—a3r3’ d1+el+71+r1(—(l_u”}{)leKS+(1_a1)(121+Bl3K3)) 4
K B2 (Ka+B23K3)

R% = max B33 K3 .

23 a bi+yz+e3—azrs”’ d2+62+72+r2(— (l—a”Iz()sz3K3 +(1_a2)(K1§2+823K3>) ’

with @z = dy + ey +yy + ry (G 4 B0 o = dy + e; +y, + (2 4 (2l

RY, i =1,2,3, is the reproduction number in single population N;, while R?j is the basic reproduction
number in two populations, N; and N, i, j = 1,2,3.
The choice of the basic reproductive numbers of different groups above references [29,36]

Lemma 3. The set Q() = {(S1,11,R1,Sz,IQ,Rz,S3,I3,R3)|S,', I,‘,Rl' > O,l = 1, 2, 3» Sj + Ij + Rj <
Ki+BjKs, j=1,2,83+13+R3 < K3} is a positively invariant region for Model (2.1). Moreover, every
trajectory of Model (2.1) is eventually staying in a compact subset of €.

System (2.1) always has the equilibria E; = (0,0,0,0,0,0,0,0,0), E| = (X;,0,0,0,0,0,0,0,0),

=(0,0,0,0,K,,0,0,0,0), £ = (0,0,0,0,0,0,0,0, K3). E, E, E’, and E, are always unstable.

If R(]) > 1, there exists the boundary equilibrium point BE; = (57,1}, R;],0,0,0,0,0,0) with N,(0) =
N3(0) = 0 by Lemma 3.

If Rg > 1, there exists the boundary equilibrium point BE, = (0,0,0, 57, I3, R}, 0,0,0) with N,(0) =
N3(0) = 0 by Lemma 3.

If Rg > 1, there exists the boundary equilibrium point BE; = (0,0,0,0,0,0, S7%, I3, R}) with N;(0) =
N,(0) = 0 by Lemma 3.

% > (0 and % > 0, there exists the boundary equilibrium point E) =

(N'1,0,0,N'5,0,0,0,0,0) = (32221, 0,0, 225=52.0,0,0,0,0). E is always unstable.

Bi3By1—1° > BB
If R), > 1 and 325 > 0, 220002 > 0 there exists the boundary equlhbrlum point BE, =

(S’ l,I’l,R 1,S’2,I’2,R 2,0 0,0) [32] Here we always assume that [;(0) < N;(0), i = 1,2,3. The
infective compartment is just the part of human species. BE|, BE,, BE; and BE, are always unstable.
For E5 and E in model (4.1), we can also isolate the boundary equilibrium point EZ, BEs, E7 and
BE¢ in model (2.1).
E; = (N1,0,0,0,0,0,N3,0,0) = (K + B13K3,0,0,0,0,0,K3,0,0),

BES = (S_l’ T]’ IT]’ 07 0? O’ Sv_3’ E’ R_3)’
= (0,0,0,N2,0,0,N3,0,0) = (0,0,0, K, + By3K3,0,0, K3,0,0),

BE; = (0, 0, 0,52,12,R2,53,13,R3).

The existence of boundary equilibrium E/ and internal equilibrium Eg depends on the conditions

B12K>—K1+(B12B23—B13)K By K1—K>+(B B —-Bx»3)K
that Z2K=Ki (B12B23-B13)K3 > () and Buki=Ks (B21B13—B23)K3 > 0.
Bi2By1 -1 B12B21—1

E’ = (Ny,0,0,N5,0, 0,N3,0,0)
_ (312K2 — K + (B12B23 — B13)K3 By 1K — K; + (By1Bi13 — By3)K3

’O’()’ - ,0,0,KS0,0 .
312321 -1 312321 -1

If 312321 < 1, BI2K2 - Kl + (312323 — Blg) K3 > (0 and B21K1 - K2 + (321313 — 323) K3 > 0, there
exists stable boundary equilibrium E7, by Theorem 1.
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However, the existence of internal equilibrium E{ with infection is more complex. Inspired by
the [32], we discuss the existence of E{ by its persistence isolated from other equilibria.
The internal equilibrium E§ of model (2.1) could satisfy the equations as follows:

2
[b1 + g1 (D] N1 (1) — [di + ripi(1)] S 1(2) - Zlﬁljlj(f)sl(f) =0,
i

2

Zlﬂljlj(l)sl(l) —[di +ei +y1 + @] 1i(1) = 0,

=

yili(t) = [dy + ri@i(D] Ri (1) = 0,
2

(D2 + 122 ()] Na(t) — [da + rapa(0)] S 2(1) — _Zlﬁzjlj(f)sz(f) =0,
j:

2 4.3
ZlIBZjIj(t)S (1) = [da + €2+ y2 + ()] (1) = 0, 4.3)
J:
V2o (8) = [dy + r02(1)] Ry(1) = 0,
3
[b3 — r3¢3 ()] N3(t) — [ds + r3p3(1)] S3(8) — Zlﬁ3j1j(t)s3(t) =0,
J:
3
Zlﬁ3j1j(l)53(l) —[ds + e3 + 3 + r303(0)] I3(1) = 0,
J:
y3l3(t) — [d3 + r3@3(D] Rs(t) = 0,
Integrate N;(¢) = Si(¢) + I;(t) + Ri(¢), i = 1,2, 3 of equations in (4.3), then we get
nNi(1 - - Beley Bulh _ an) —
PNyl =2t N s oy (4.4)
}"3N3(1 — % - :33—[{2) = O
. Bi2Ka—Ki +(Bi2By3—B13)N3+ <L HL—B1, 2 12
From (4.4), we get N3 = K;3(1 — ﬁ;,—i), N, = e 21231;_1 N TEh N , and N; =

321K1*K2+(B21313*Bz3)1\’3+i*21*2*321f*l[*l o .. . .
T 2 "M Set Y := 4, i = 1,2,3. Note that conditions in Lemma 3 im-

plythat 0 < Y; < 1,since 0 < I; < Ni. 13 > e; implies the existence of steady state of N3 and
K5(1 — f—j) <N 3S K;. Next, we get the following results for the existence of internal equilibrium in
the view of persistence theory.

Let
BuNy BN,
RO = max B33 K3 o _1(1” : —1(2,22
Z bs + V3 + €3 — Cl3l’3’ BuNy  BnN; |

) a

with

1—-a"1)B;3N; 1-a))N; 1—-da’\)B;aN;
@y =d1+el+71+r1(—( i 3+( ) 1+( DB 2)

K, K, K, ’
0 =do + 0+ v 4 P (_(1 - a"z)Bz3N§< 4 (1 - Clz)N§ + (I- a'z)leNf)
2 =dy 2T Y2T 2 X, X, X .

Theorem 2. For system (2.1), if 2Rt Ceincfnls » o Eaf-ftaPu-Palls > (, ByBy < 1 and

Rg > 1, there exists an € > 0 such that liminf, , min{l,(t), (1), I3(t)} > €, for any solution with
N1(0) > 0, N»(0) > 0, N3(0) > 0 and I1,(0) > 0 or I,(0) > 0 or I3(0) > 0.
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Proof. Define
D={S1,11,R,S2,L,R:,S3, 3, R3)|I0< ;< S, +; + R; < k;,i = 1,2,3}.

Dy ={(S1,1;,R,52,,,R:,S3,13,R3)|[, =00r I, =00r 5 =0,0<S; + [; + R; < k;},
D, = D\D,, k) = K| + B;3K3,ky = K, + B23K3, k3 = K3,
D, = {S1,1IL,R,S2, 1, Ry, S3, I3, R3)0< [; < S+ [; +R; < k;j,i =1,2,3}.

D, and 52 are forward invariant.

Let Q" consist of equilibria Ej, E}, BE,, E’,, BE,, E}, BEs, E}, BE,, E, BEs, E;, BEg, and E.
These equilibria cannot be chained to each other in D;. By analyzing the flow in neighborhood of each
equilibrium, it is easy to see that Q" is isolated in D and D, is a uniform strong repeller for D;.

If the solution x(7) = (S (), [1(?), S 2(¢), I>(?)) of system (2.1) stays close to E;,, we have two cases:

e if N1(0) = N2(0) = N5(0) = 0, then N, () = N2(2) = N5(1) = 0;
e if Ni(0) > 0 or N2(0) > 0 or N3(0) > 0, then N,(zr) > 0 or N»(¢) > 0 or N3(¢) > 0. Ej is isolated in
D.

If x(¢) stays in a small neighborhood of E’, we have three cases:

e if 7,(0) = N2(0) = N3(0) = 0, then I;(r) = Nx(t) = N3(1) = 0;
e if N»(0) > 0 or N5(0) > 0, then N,(f) > 0 or Nx(f) > 0, since 228K+ BaBu=Bn)is o g BB < 1
Bi2B21-1
by Lemma (3);
o if [;(0) > O, then I,(¥) > 0,V ¢ > 0. Since (S(?), [,(?), R,(?)) satisfying system (2.1) has no
invariant subset other than E] in its neighborhood. E] is isolated in D.

Similarly, we can prove that BE,, E7,, BE,, E”,, BE3, E)|, BE,, E:, BEs, E¢, BEg, and E? are isolated
in D.

Using Proposition 4.3 in [31], we can prove that D is a uniform weak repeller for D; and using
Theorem 4.5 in [31], we can prove that D, is a uniform strong repeller for D,.

Then we get that there exists an € > 0 such that

lim inf,_,min{l(t), I(t), [3(t)} > €,

with N{(0) > 0, N»(0) > 0, N5(0) > 0 and 7;(0) > 0 or 1,(0) > 0 or I3(0) > 0.
More details have been shown in [31-33], we won’t repeat the process in this paper.
O
Theorem 3. For system (2.1), if 22R=ftfuln=bulls » o BafftCaBu-falls > 0, B,B,; < 1 and
Rg < 1, the equilibrium E’ is stable; and system (2.1) is not persistent with Ni(0) > 0, N,(0) > 0,
N3(0) > 0 and I,(0) > 0 or I,(0) > 0 or I3(0) > 0.

Corollary 1. ( [32,33]) If 2effptluin-Bulks » ( SaufifatCalufnlls > 0, BiyBy < 1 and RS > 1,

there exists at least one internal equilibrium of system (2.1).

System (2.1) is subdivided from system (4.1). The local stability of E is similar with Ej, which is
unstable. Likewise, E', BE|, E/, BE,, E}, BE3, E)|, and BE, are unstable. However, the local stability
of £z, BEs, Ef, BEs, E”, and Ej are more complex for the complexity of Es, E¢ and E7.

By Theorem 1 and the classical theory about basic reproductive number in [29], we can get the
following results.
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If B51 Ky — K5 + (B21B1s — Bx3)K3 > 0, Es is stable. So BE5 is stable when R(l)3 < 1, E% is when
R(1)3 > 1. If By Ky — K> + (B2 B3 — Bp3)K3 < 0, Es is unstable. So EZ, BEs are unstable.

If Bi»K, — K + (812823 - B13)K3 > 0, Eq is stable. So BE¢ is stable when R(2)3 <1, Eé is when
R(Z)S > 1. If B,K, - Ky + (312323 - Bl3)K3 <0, Eg is unstable. So E7, BEg are unstable.

If 2efeofr@einbulhs  , 20RO Bl > 0 and BipBy > 1, E; is a saddle point, which is
unstable. So E7, E} are unstable.
If 2 12K2—Kg2(g§1_9 213_3 K 0, B”K‘_ng(gil_glf_BZ”K" > 0 and BB, < 1, E7 is globally asymptotically

stable. So E! is stable when R < 1, Ej is stable when R), > 1.

Theorem 4. For system (2.1), the equilibria E|, E', E’, and E’, always exist.
IfR(l) = Bk S (or Rg = B2l g, Rg = B8 5 1) the equilibrium

bi+yi+ei—air by+yz2+ex—asxrs b3+ys+e3—azrs

BE (or BE, or BE5) could exist.
If Bk ki 5 0 and %1_12 > 0, the equilibrium E exists.

B12By1 -1 4 NBI2B2]_ BN
11V 12N2
N N
JFRO. = bityiter—ain g btyte-ang: L th librium BE Id exi
IfR), = p BNy B> > 1, the equilibrium BE, could exist.
N N
b1+71+€1—a1F17} b2+72+€2—02r2,7§

All these equilibria above are unstable.
The equilibrium E7 and E{ always exist.
As for the existence and the stability of BEs, BEs, E!

5 and Ej =
S L5 RY, S, LY Ry, S, I, RYY), there are 4 cases:

K1 +B13K3 K>+B3 K3 ar . 0 ’ . : 0 .
e I[f B, > KBk and By, > I then E% is stable with R}, < 1, E is stable with Ry, < 1; BEs

exists with R(1)3 > 1, BEg exists with Rg3 > 1; BEs and BEg are stable; E’, always exists; Ej exists
with R) > 1; E} and Ej are unstable.

Ki+B13K3 K> +By3 K3 ’ . : 0 . : . 0
o I[f B, < KorBke and By > KABaK then EY is stable with R}, < 1; BEs exists with R, > 1 and

BE;s is stable; Eg always exists;, BEg exists with R(2)3 > 1; E{ and BEg are unstable; E’, and Eg do
not exist.

e I[f B, > % and By, < %, then E always exists; Bs exists with R(1)3 > 1, E% and BEs
are unstable; E is stable with R(2)3 < 1; BEg exists with R(2)3 > 1 and BEj is stable; E’, and E{ do
not exist.

e I[fB); < % and By, < %, then E and Ej always exist; BEs exists with R?3 > 1, BEg
exists with Rg3 > 1; EX, E, BEs and BEg are unstable; E, is stable with Rg < 1; E§ exists with

Rg > 1 and Eé is stable.

Proof. The existence of equilibria in system (2.1) has been discussed in section 2.1. Next, we use
Theorem 2 in [30] to discuss the reproduction numbers of system (2.1).
The Jacobian of (I, I,, I3) is
cin PSSt 0
J=|BuS2 ¢ 0,
3183 B3S3 ¢33

with
(1-a”1)Bi3Ns (1 —a))N, (1 -ad'1)B;2N,
=BuS:1—ldi+e +y +r(- + + ,
e =BuS1—ldi+e +y +ri( X, X X, )]
1 —-a",)B»N 1—-a,)N. 1-a5)By N
sz=ﬁ2252—[d2+€2+72+r2(—( a’7)Bx 3+( az) 2+( a’2)By) N
K> K, K>
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(1 —a3)N
33 =P3S3—[ds+e3+7y; + 73(%)]-
3

Let J = F -V, F be the rate of appearance of new infections in compartment /, V be the rate of
transfer of individuals out of compartment /. Then, we get

BusS: BnS: 0
F=1B1S2 BnS>» 0 |,
5153 BnSs B33S3

(1-a”1)B13N (1-a;)N (1-d’1)B12N:
di+e +y +r(- é‘33+ <t — %)
V = dlag dZ + e + 0 + ’”2( (1-a 12()23231\/3 + (1 az)Nz + (1-a Z)BZINl)

d3+€3+’)/g+r((1 “3) 3)

Set Rg = p(FV~Y) at E!, where p(A) denotes the spectral radius of a matrix A.

Then we get
BuN;  BiaN;
RO = max ﬁ33K3 p( @y (122)
z- _ M BNy BN | (2
b3 + Y3 +e3 —asr; . o
. (1-a”1)B 1-a,)N; 1-d’|)B (1-a”’»)B
with @y = dy + e, +y1 +11(= 11<113 +( 1<1|)l+( et )Ckz—dz+ez+)’2+r2(_ 12<222—+
(l—az)N* (1 az)B2|N )
S1m11arly, set
BuN1 BN
0 _ a3 a.
R12 - p ﬁZlN'] ﬁzz;\lllz ’
a3 4
(1 al)N

(1-a’1)B;oN’ _ (1-ay)N’ (1-a’2)By N’
Wlth(ll—d1+€1+’}/1+l’1( + alK112 2),0’2—d2+€2+’)/2+7'2( L;?z Z 4+ a2K221 1). Set

RO = max B33K3 B (K + Bi3K3)
13 — > 1
by +ys+es—asrs dy+ep +y + (- EREE 4 Coalfink)
RO, = max B33K3 B22(K, + BK3)
23~ _ ’ (1-a’"2) B K (1-a2)(K,+B23K3)
b3+’)’3+€3 asrs d2+€2+’)/2+r2(— 12(2233-{- 2 K22 223)

Using Theorem 2 in [30], we can prove Theorem 4.
O
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