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Abstract: In this article, a delayed phytoplankton-zooplankton system with Allee effect and
linear harvesting is proposed, where phytoplankton species protects themselves from zooplankton by
producing toxin and taking shelter. First, the existence and stability of the possible equilibria of system
are explored. Next, the existence of Hopf bifurcation is investigated when the system has no time delay.
What’s more, the stability of limit cycle is demonstrated by calculating the first Lyapunov number.
Then, the condition that Hopf bifurcation occurs is obtained by taking the time delay describing the
maturation period of zooplankton species as a bifurcation parameter. Furthermore, based on the normal
form theory and the central manifold theorem, we derive the direction of Hopf bifurcation and the
stability of bifurcating periodic solutions. In addition, by regarding the harvesting effort as control
variable and employing the Pontryagin’s Maximum Principle, the optimal harvesting strategy of the
system is obtained. Finally, in order to verify the validity of the theoretical results, some numerical
simulations are carried out.
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1. Introduction

Blooms are considered to be a rapid and significant increase in marine phytoplankton populations.
It is generally believed that zooplankton is the primary predator of blooms. The zooplankton dissolves
phytoplankton blooms in the bud by feeding a large amount of phytoplankton, thereby achieving the
purpose of preventing and controlling algal blooms. It is clearly stated in an international research
plan that the dynamic changes of zooplankton in marine ecosystems control the change in the total
amount of primary productivity. This indicates that zooplankton plays a very important role in the
production of phytoplankton and the control of existing quantities. In addition, this is also one of the
significant reasons that the interaction between phytoplankton and zooplankton has been widely
concerned by many scholars [1-6] in recent years.
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Due to the importance of the interaction between phytoplankton and zooplankton in marine
biological systems, many scholars have proposed a large number of models to describe this
interaction. Moreover, they have continued to study this topic for the past few decades and have
achieved very significant results [7—13]. Chakraborty et al. [7] proposed a mathematical model
incorporating nutrient concentration, toxin producing phytoplankton (TPP), non-toxic phytoplankton
(NTP), and toxin concentration and explained that TPP species controls the outbreaks of other NTP
species when nutrient-deficient conditions are beneficial for the TPP species to release toxin. Saha
and Bandyopadhyay [8] analyzed a toxin producing phytoplankton-zooplankton model in which the
release of toxins from phytoplankton species follows a discrete time variation and discussed the basic
dynamics of the system. Banerjee and Venturino [9] proposed a phytoplankton-toxic
phytoplankton-zooplankton model and found that toxic phytoplankton population does not cause
zooplankton population to become extinct. Javidi and Ahmad [10] investigated the dynamics of a
time fractional order toxic-phytoplankton-phytoplankton-zooplankton system(TPPZS) and did some
numerical simulations to validate the theoretical results. Han and Dai [11] studied the spatiotemporal
pattern caused by cross-diffusion of a toxic-phytoplankton-zooplankton model with nonmonotonic
functional response and discussed the effect of toxin-producing rate of toxic-phytoplankton (TPP)
species and natural mortality rate of zooplankton species on pattern selection. In addition, Han and
Dai proposed a spatiotemporal pattern formation and selection driven by nonlinear cross-diffusion of
a toxic-phytoplankton-zooplankton model with Allee effect in [12]. Zheng and Sugie [13] studied a
three-dimensional system including phytoplankton, zooplankton and fish and gave a sufficient
condition to ensure that the equilibrium of this three-dimensional system is globally asymptotically
stable. Furthermore, they also proved that the equilibrium is asymptotically stable under relatively
weak conditions.

Because the seabed has a variety of sediments that can be used as a refuge for the prey, some
phytoplankton populations reduce the risk of being caught by zooplankton through refuge. Therefore,
some scholars [14—18] have considered the prey refuge in the predator-prey model in recent years.
Kar [14] proposed a prey-predator model incorporating a prey refuge and studied the influence of prey
refuge on the prey-predator model. Chen and Chen [15] investigated a predator-prey model with
Holling type II functional response incorporating a constant prey refuge and gave the basic dynamical
behaviors of the model. Tripathi et al. [16] studied a prey-predator model with reserved area and
found that the predator species would exist if the value of prey reserve does not exceed a threshold
value, beyond which the predator species would become extinct. Ghosh et al. [17] analyzed the effect
of additional food for predator on the dynamical behaviors of a prey-predator model with prey refuge,
they suggested that the possibility of extinction of predator species in high prey refuge ecosystems
can be eliminated by providing additional food to predator species. Samanta et al. [18] proposed a
fractional-order prey-predator model with prey refuge and derived some sufficient conditions to
guarantee the global asymptotic stability of predator-extinction equilibrium and co-existing
equilibrium.

Li et al. [19] considered the factors that phytoplankton protects themselves from being eaten by
zooplankton by releasing toxin and taking refuge, and proposed a toxic phytoplankton-zooplankton
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model with refuge

bty = rP(1 - Ly PrP—m)
PO =rP(1 = ) = 2o 2, .
Z(t):MZ—dZ— opP Z

a,+(P—m) a + P

where P(7) and Z(¢) denote population size of phytoplankton and zooplankton at time ¢, respectively;
r is the intrinsic growth rate; K is the environmental carrying capacity in the absence of zooplankton;
B1, B2 (0 < B, < By) and d describe the predation rate, the ratio of biomass conservation and the
natural death rate of zooplankton species, respectively; a; and a, are the half saturation constants;
0 represents the rates of toxin production per phytoplankton species; m is the constant refuge capacity
of phytoplankton population, then P —m denotes the number of unprotected phytoplankton is captured
by zooplankton species. Their results ultimately showed that phytoplankton refuge and toxin have
important effects on the occurrence and termination of algal blooms in freshwater lakes.

Actually, the choice of prey species growth function and predator species function response is
considered to be the most important element in the prey-predator model. Generally speaking, many
modelers choose Logistic growth form as prey species growth function without considering the
predator species. However, we all know that the resources in an ecosystem are limited, such as space,
food, basic nutrition and so on. Thus the average growth rate becomes a decreasing function of
population size as the population size increases gradually. When the number of population reaches the
environmental capacity K, the average growth rate decreases to zero; in addition, any population
number above the value K will have a negative growth rate. However, there are a lot of evidences that
the low population density is the opposite [20-25]. This phenomenon is the so-called Allee effect,
which is the positive density dependence of population growth at low density [22,26]. The main
causes of the Allee effect are the lack of a spouse, the reduced vigilance against predators, the
adjustment of the environment, the reduction of defenses against predators, and many other
reasons [20,22]. In general, the Allee effect is expressed by an equation of the following form [27]

B =X =S -,

d
where X(f) represents population size at time #; r and K are the intrinsic growth rate and the
environmental carrying capacity, respectively; Ky is the critical level of phytoplankton population.
When the population density is below the critical level, the population growth rate will decline and
population will tend to become extinct.

In recent years, more and more people consider time delay into population biological model [28-35]
to study its influence on dynamical behavior of system. What’s more, it is well known that most
countries of the world achieve the economic benefits of natural resource management by restoring
and maintaining the ecosystem’s health, the productivity and biodiversity and the overall quality of
life in a manner that integrates social and economic objectives. Of course, it also satisfies the need
for humans to benefit from natural resources. The prey-predator systems with harvesting have been
widely studied by a large number of scholars [6,34—40]. Meng et al. [40] studied a predator-prey
system with harvesting prey and disease in prey species and found that the optimal harvesting effort is
closely related to the incubation period of the infectious disease, and the maximum value of the optimal
harvesting decreases with the increase of the time delay. Furthermore, Meng et al. [34] investigated
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a nutrient-plankton model with Holling type IV, delay, and harvesting, their results indicated that the
nutrient increases first and then stabilizes as the harvesting time increases, the number of phytoplankton
and zooplankton decreases and even stabilizes as the harvesting time increases. Zhang and Zhao [36]
considered a diffusive predator-prey system with delays and interval biological parameters and believed
that the overfishing can lead to species extinction.

Motivated by the work mentioned-above, we propose a delayed phytoplankton-zooplank-ton model
with Allee effect and linear harvesting. The results of this paper can be seen as a complement to
system (1.1). As far as we know, although a large number of scholars have studied the interaction
between phytoplankton and zooplankton, system (1.1) including the Allee effect, time delay and linear
harvesting has not been studied yet.

The content of this paper is organized as follows. A delayed phytoplankton-zooplankton model with
Allee effect and linear harvesting is described in section 2. In this section, we give the boundedness
of the model. Section 3 demonstrates the existence and stability of the equilibria of system (2.1). A
detailed discussion of the Hopf bifurcation in section 4. We not only give the existence and property
of Hopf bifurcation when the system has no time delay, but also give the existence and property of
Hopf bifurcation when the system has time delay. In section 5, the optimal policy is derived by using
Pontryagin’s Maximum Principle. In section 6, some numerical simulations are given for illustrating
the theoretical results. The problem ends with a brief concluding remark.

2. Model and its basic properties

In this paper, based on the work of the reference [19], we propose a delayed
phytoplankton-zooplankton system with Allee effect and linear harvesting described by

p(f) — PP _AP-mZ
PO = rP(1 = Q) = D= ST — qiEP, .
20 - PuPt-7)-mZ _ _ OPZ iz

a1+(P(t—T)—m)_ a, + P
where K, (0 < Ky << K) is the critical level of the growth of phytoplankton; ¢, and g, are catchability
coeflicients of the two species; E represents the harvesting effort. The delay 7 in system (2.1) can be
regarded as the maturation period of zooplankton species. For biological significance, system (2.1)
must satisfy the following initial conditions

P@) =9,(0) >2m, Z(@) =3,00) >0, 3,(0)>m, 3,(0)>0, 6¢c[-1,0],
where (3(6),%,(0)) € C([-, 0],Ri) and C([-T, O],Ri) represents the Banach space formed by all
continuous functions from [, 0] to R%, here R? = {(x1, x2) : x; > m, x, > 0}.
When 7 = 0, system (2.1) becomes
Bi(P-mZ

a) + (P - m)
pP-mz _ .,  0PZ

P(t) = rP(1 Py r 1 EP,
(t)_r(_f)(fo_)_ G EP,

(2.2)

a1+(P—m)_ a, + P

and system (2.2) must satisfy the following initial conditions

Z(t) = - q,EZ,

P0) >m, Z(0) > 0.
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As we all know, the boundedness of the model can ensure that the model has good dynamical
behaviors. So we have the following result when 7 = 0.

Lemma 2.1. All solutions of system (2.2) with initial conditions P(0) > m,Z(0) > 0 that start in
0O ={(P,Z2) | (m, +00) X (0, +00)} C R are uniformly bounded for all t > 0.

Proof. Let (P(t),Z(t)) be any solution of system (2.2) with positive initial conditions P(0) > m,
Z(0) > 0. Notice that there is Q; = {(P,Z) | K > P(t) > m, Z(t) > 0 for all t > 0} for system (2.2). So
we have P(r) < K forall ¢ > 0.

We define W(P,Z) = cP(t) + Z(t), here ¢ = %, thus

W() = cP(1) + Z(1)

K + Ky P?
= crP( P-1-——)—-cqEP-dZ - Z—-qEZ
KK, KK, a + P
K + K 2cr(K + K
< ~[dz + er® + Ko) O)P] J X Kr K,
KK, KK,
< _aw + 2K+ Ko
Ko
where @ = min{r, %}.
That is r(K 4 K
- +
W) + aw < 2K T Ko
Ko
So,

2cr(K + K
cr( 0)+

0 < W(P(), Z(1)) < Ko

e "W(P(0), Z(0)).

When t — oo, we have
< 2cr(K + Kp)

0O<W
CYK()
Therefore, all solutions of system (2.2) enter into the invariant set Q = {(P, Z) € @‘0 < W <
%I;KO)} The Lemma 2.1 is proved. O
[e2:40]

Next, we use the method in [41] to give the positiveness of solution of system (2.1) in the case of
7> 0.

Lemma 2.2. All solutions of system (2.1) with initial conditions that start in ® = {(P,Z) | (m, +00) X
(0, +00)} C Ri are positive invariant.

Proof. We consider (P,Z) a noncontinuable solution of system (2.1), defined on [—7,I'), where
I' € (0,00]. We have to prove that for all # € [0,I), P(f) > m, and Z(¢) > 0. Suppose that is not true.
Then, there exists 0 < T < I" such that for all r € [0, T), P(¢) > m, and Z(t) > 0 and either P(T) = m or
Z(T) = 0. For all ¢ € [0, T'), under initial conditions we have

_ "t o PO PG Bi(P(s) =m)Z(s)
P() = P(0)exp| j; | s e 1) PYar+ PO =) q:E|ds).
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"1 _Ba(P(s) —m) 6P (s)
Z(t) = Z(O)exp{ﬁ [al i_ (P(S) _ I’I’l) —-d- az+—P(s) - C[QE]dS}

As (P, Z) is continuous on [—7, T'], there exists a M > 0 such that for all t € [-7, T,

f P(s) P P(s) - m)Z
P(1) = P(O)exp| fo |r(1 - %)(KLZ) —1)- Pf;; (a(1S)+ P'('?) _(Sr)n) ~ qE|ds)
> P(0)exp(-T'M),
_ COBP)-m)  6P(s)
Z(t) = Z(0)exp| fo [al T d T 0.E|ds)

> Z(0)exp(-=TM).
Taking the limit, as t — T, we get
P(T) = P(O)exp(-TM) > m, Z(T) = Z(0)exp(-TM) > 0,

which contradicts the fact that either P(T) = m, or Z(T) = 0. Thus, for all ¢ € [0,T"), P(f) > m and
Z(t) > 0. The Lemma 2.2 is proved. O

3. The existence and stability of equilibria

3.1. The existence of equilibria

In order to get the conditions for the existence of the equilibria of system (2.2), we analyze the
following Eq (3.1) which is given by

P P By(P = m)Z
PO — oy - T2 pp =,
P - P - D= P2 g, .
Bo(P — m)Z oPZ :
PRI ME gz - — EZ = 0.
a,+ (P —m) a, + P

Obviously, the equilibria of system (2.2) are the intersections of the two equations of (3.1). In the
absence of zooplankton, that is Z = 0, the first equation of (3.1) becomes

r P r(Koy + K)

P+r+qE=0.
KoK KoK

r2(Ko+K)?—4KoKr(r+q E)
Let Al = K2
0

, then there is the following conclusion.

Theorem 3.1. The boundar)z) equilibria of system (2.2) are as follows. o
() IfA; =0, ie., E = "8K" ypon system (2.2) has a unique boundary equilibrium given by E{(P;,0),

4KoKq)
D Ko+K
here Py = ==,

(ii) If Ay > 0, ie., E < rftlg);{lzz, then system (2.2) has two distinct boundary equilibria 5273(52,3, 0),

here P, 3 = % + % \/(Ko + K)? - 4K0K(:+q1E).
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For positive equilibria, from the second equation of (3.1), we have
AP?+ AP +A; =0, (3.2)

where Ay = 2 — 0 —d — E, Ay = Br(ay —m) + O(m — ay) + (d + @ E)(m — a; — ay),
Az =ax(m — a))(d + q2E) — pama.
Let Ay = A3 — 4A A5 and h(P) = A\ P* + AyP + A;. From the first equation of (3.1), we have

_B]P4+BQP3+B3P2+B4P
KoKB\(P —m)

b

where By = —r, B, = r(m—a; + Ky + K), B; = —[r(Ko + K)(m — a) + KoK(r + ¢, E)],
B, = KoK(r + qlE)(m —ay).

Since the signs of A;, A, and Aj are uncertain, there are many cases where A(P) = 0 has positive
root(s). For the sake of discussion, let A, > 0, i.e., 5, < e(m_”‘”(d;q_za?(m_”'_“z). Furthermore, as long
as
m — a; — ap > 0. Thus, when A, > 0, h(P) = 0 will have possible positive root(s).

Through simple analyses, we obtain the following results about the existence of the positive
equilibria.

Theorem 3.2. Under the assumption that A, > 0 holds, the possible positive equilibria of system (2.2)
are as follows.

(i) System (2.2) has one positive equilibrium when one of the following nine conditions is satisfied

(a) A3 >0,A; >0,A, =0,h(m) > 0,h(K) > 0;

(b) A3 >0,A; >0,A;, >0,h(m) <0,h(K)>0;

(c) A3 >0,A; >0,A, > 0,h(m) > 0, (K) <0,

(d) A3 >0,A1 <0,A, >0,h(m) > 0,h(K) <O;

(e) A3 <0,A; =0;

(f) A3 <0,A; >0,A;, >0,h(m) <0, (K) > 0;

(g) A3 <0,A; <0,A;, =0,h(m) <0,h(K) <Oy

(h) A3 <0,A; <0,A; > 0,h(m) > 0,(K) <O0;

(j) A3 <0,A; <0,A; > 0,h(m) <0,h(K) > 0.

(ii) System (2.2) has two distinct positive equilibria when one of the following two conditions is satisfied
(k) A3 >0,A; >0,A, >0,h(m) > 0,(K) > 0,

(1) A3 <0,A; <0,A; >0,h(m) <0,h(K) <0.

In the case of (e) in Theorem 3.2, that is, when B, = 6 + d + ¢,E and

mma)dipl) o g, « UmadigpBm-ai-@) gipyyltaneously hold, system (2.2) has a positive equilibrium
m m—az

E*(P*,Z%), where

. o _ BUP* 4 BaP? 4 By 4 By’
Ay’ KoKB(P* — m) .

Remark 1. Due to the density of phytoplankton in system (2.2) is greater than the refuge constant m
at any time, so the existence of other possible positive equilibria of system (2.2) is complex, we will
not list them here. Therefore, we will focus our discussion about system (2.2) at positive equilibrium
E*(P*,Z").
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3.2. The local stability of equilibria
3.2.1. The local stability of boundary equilibria

When 7 = 0, we only discuss the local stability of the boundary equilibrium E\(P1,0) and can use
the similar methods to obtain the local stability of the other boundary equilibria.

Theorem 3.3. The boundary equilibrium E (F], 0) of system (2.2) is locally asymptotically stable if
and only if (Hy) holds, where
(Hy) : Y1 = Ko+ K—-2m>0,r(Ky + K)2 > 4KoK(r + qlE +d+ 6]2E)

Proof. The Jacobian matrix of system (2.2) at the boundary equilibrium Ei(P,0) is given by

~3rP2+2r(Ko+K)P B1(P1—m)
P By 7 S 2 TarsProm
E = - .
Bo(Pr—m) _ _6P;
0 al+}~)1—m a2+ﬁ| (d + qu)
Thus, we can get
Ci+Cr+C3+C4+Cs5+C
det(Jz ) = 1 2 3 4 5 6

4KOK(2611 + ’}/1)(202 + K() + K)’
D, + D)+ D;+ D,
4KOK(2611 + ’)/1)(2a2 + KO + K)’

tr(Jz,) =

where

y1 = Ko+ K —2m,C| = —r(Ky + K)*(d + ¢2E)2a; + y1)(2a; + Ky + K),

Cy = Boryi(Ko + K)’(Qaz + Ko + K), C3 = —r0(Ky + K)’2a; + 1),

Cy = 4KoK(r + ¢ E)(d + q2E)(2a; + y1)(2az + Ko + K),

Cs = —=4KoKBry1(r + 1 E)(2az + Ko + K), C = 4KoKO(Ko + K)(r + g1 E)(2a; + y1),
D, = r(Ky + K)*(2a; + y1)(2a, + Ko + K), Dy = 4KoKBy1(2a; + Ky + K),

D; = -4K\KO0(Ky + K)(2a; + 1),

D, = -4KyKQ2a; + y1)2a, + Ko+ K)(r + ¢1E +d + ¢ E).

From the above analysis, it is easy to know that if and only if (H,) holds, we have tr(J;) < 0
and det(Jz,) > 0. Hence, the boundary equilibrium E\(P1,0) of system (2.2) is locally asymptotically
stable if and only if (H) holds. This completes the proof. O

3.2.2. The local stability of the positive equilibrium

Here, we discuss the local stability of system (2.2) at the positive equilibrium E*(P*,Z*) when 7 = 0.

Theorem 3.4. If (H,) and (H3) simultaneously hold, then the positive equilibrium E*(P*,Z") of system

(2.2) is locally asymptotically stable, where
(H2) . N1+N2+N3;N4+N5+N6 < q1 < M|+M2+M3+IA112];45+M6+M7M8’

(H3) : v, = 3P" = 2(K, + K) > 0.
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Proof. The Jacobian matrix of system (2.2) at the positive equilibrium E*(P*, Z*) is given by

mpi0 Mol
JE* = B
mp19 Mo

where
—3rP? + 2r(Ky + K)P* praZ* (r+ ¢ E) B1(P* —m)
myi0 = - —(r , My = —————,
Ho KoK (a; + P* — m)? ¢ 1ot a+ P —m
Bra1Z* Oa,Z* Bo(P* —m) opP*
— - , = - —(d+ qE).
210 (a; + P —=m)?> (ay + P*)? ot a+P—m a+ P* (d+q:E)
Then characteristic equation of system (2.2) around E*(P*,Z") is
A2 — tr(Jp)A + det(Jg-) = 0, (3.3)
where

M, +M2+M3+M4+M5+M6+M7Mg—ql(L1 +L2)
KoK(ay + P 2(a, + P — m)? ’

N; + N>+ N3+ Ny + Ns +N6—qlL3

KoK(P* — m)(a, + P*)(a, + P* — m)?’

det(Jg-) =my10ma01 — Mig1Maip =

tr(Jg+) =m0 + Mmoo =

here
Y2 =3P - 2(Ky + K),
L, = KoKE(P* — m)(a; + P*)(a; + P* — m)[B,(P* — m)(ay + P*) — OP*(a, + P* — m)],
L, = KoKE[M;P*(P* + a, —m) — (P* —m)(d + ¢2E)(a> + P*)*(a; + P* — m)*],
Ly = KoKE(ay + PO[(P* — m)(a; + P* — m)* + a\ P*(m — a; — PY)],
M, = y,rP*(P* — m)(d + ¢,E)(a> + P*)*(a; + P* — m)?,
M, = v,rP?*(P* — m)(as + P*)(a; + P* — m)?,
M3 = =y, P*(P* — m)*(ay + P*)*(ay + P* — m),
My = —KoKrBo(P* — m)*(ay + P* — m)(ay + P*)*,
Ms = KoKr(P* — m)(d + ¢:E)(a, + P")*(a, + P* — m)*,
Mg = KoKrOP*(P* — m)(ay + P*)(a, + P* — m)?,

M; = a\0P (ay + P*) + a1(d + ¢ E)(as + P*)* — 8ax(P* — m)(ay + P* — m),

Mg = —rP* + [r(m — a; + Ko + K)IP* — [r(Ko + K)(m — a1) + KoKr]P** + KoKrP*(m — ay),
Ny = —yorP*(P* — m)(az + P*)(a; + P* — m)?,

N> = —KoK(P* — m)(a, + P )(a, + P* —m)*(r +d + ¢,E),

N3 = KoKBo(P* — m)*(ay + P*)(ay + P* — m)
N, = —KoKOP*(P* — m)(a, + P* — m)?,
Ns = ajr(ay + PYP™ — (m — a; + Koy + K)P? + [(Ky + K)(m — a;) + KoK]P*?},
Ng = —a1 KoKr(ay + P*)(m — a)P".
Through analysis and calculation, we can obtain tr(Jg-) < 0 and det(Jg-) > O if and only if (H,)

and (H3) hold. Thus, we easily get that the positive equilibrium E*(P*, Z*) of system (2.2) is locally
asymptotically stable when (H,) and (H3) hold. This completes the proof. m|

Mathematical Biosciences and Engineering Volume 17, Issue 3, 1973-2002.



1982

4. Hopf bifurcation of the positive equilibrium

4.1. Hopf bifurcation of system without time delay

In this section, we investigate the existence of Hopf bifurcation around E*(P*, Z*) of system (2.2).
Taking prey refuge m as the bifurcation parameter, the critical value of Hopf bifurcation is a positive
root of tr(Jg-) = 0, thus m = my which satisfies det(Jg:),u=m, > 0. As we know, when the value of m
exceeds its critical value m = my, the stability of the positive equilibrium E*(P*,Z*) will be changed
(Figure 1).

4t
2 mH
m

1 1
>
50 100 150 200 250 350 400

Figure 1. Parameter diagram of the existence of Hopf bifurcation.

In addition, we verify the transversality condition under which Hopf bifurcation occurs. By some
simple calculations, we have that %tr(] £ )m=my # 0, which implies that the stability of the positive
equilibrium E*(P*,Z") changes when the parametric restriction tr(Jg<) = 0 and the transversality
condition are satisfied simultaneously.

Therefore, we draw the following conclusion about the occurrence of Hopf bifurcation at the
positive equilibrium E*(P*, Z*).

Theorem 4.1. Under the condition that the positive equilibrium E*(P*,Z") exists, the stability of
system (2.2) at the positive equilibrium E*(P*,Z") is changed through critical value m = my.
In order to facilitate the discussion of the direction of Hopf bifurcation, we use the related theory
of [42] to calculate the first Lyapunov number /; at the positive equilibrium E*(P*, Z*) of system (2.2).
We transform the positive equilibrium E*(P*,Z*) of system (2.2) to the origin by translation P =
P— P and Z = Z — Z*. Then, system (2.2) in a neighborhood of the origin can be obtained

{P :mllop + ml()]Z + mleI_’z + mH]PZ + m13op3 + mm}_’zz + R(P,Z), (4 1)

Z :le()P + mzolz + m220P2 + mZ“PZ + I’}’I230p3 + mZ21p2Z + S(P, Z),
where m9, myo1, My19 and myg; are the elements of the Jacobian matrix at the equilibrium E*(P*, Z*).

So system (2.2) experiences the Hopf bifurcation at the equilibrium E*(P*, Z*), we have my o+ myp = 0
and A = det(Jg-) = my1omao1 — mig1mai9 > 0. The coeflicients my;(k = 1,2) are given by

(Ko + K)r — 3rP* BraZ* Bia;
, m =,
KoK (@i + P —myp T (@ + P —m)?

mizo =
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r BiaZ" Biay

myz = —[ + 7l moy = ————,
KoK (a;+ P*—m) (a; + P —m)
B Z" N Oa,Z* Bra a,
m = - , m = - ’
BT @+ P -mP (@ + P T T @+ P —m)? (ay+ P

,Bgalz* 9612Z* Zﬁzal 29612

mp3p = My =

- s - + s
(a; + P —m)*  (a, + P*)* 3(a; + P —m)>  3(a, + P*)?

and R(P,Z) and S (P, Z) are power series in (P, Z) with terms P',Z/ satisfying i + j > 4.
The calculation formula of the first Lyapunov number /; [42] determining the stability of the limit
cycle in the planar system is described by

[ Zi{[mnomzlo(m%u + my1Mmog + MygaMaiy) + mllOmIOI(n’l%U + Myo0MMay |
2myp1 A2
+ my1myn) + mim(mmmloz + 2mypamom) — Zmuomzlo(mgoz — Mi20Mi02)
— 2my19mi01(Myy — MasoMan) — Mgy (2Miz0mang + Magimang) + (Mig1Marg — 2mi )
(manimagy — mygiming)] — (M7 + Mi01ma10)[3(Ma10Mags — Mig1mi3o)
+ 2myyo(mig1 + ma12) + (Ma10mi12 — myo1maz)l}

=311
_ 2 2 2 2
=———{[muomaiomyy; + miomio1(myy + MizoManr) — 2myomig1myyy — My,
2m101A2
2 2
(2myn0mapng + Mo 1mang) — my1Mmig(Mig1Ma10 — 2m110)] - (m110 + my01M210)

[=3my01m30 + 2my10mi2; — Mig1Maai ]}

Based on the above analyses, we conclude the following conclusion about the direction of the limit
cycle.

Theorem 4.2. If I, < 0, then Hopf bifurcation is supercritical. If I, > 0, then Hopf bifurcation is
subcritical.

4.2. Hopf bifurcation of system with time delay
In this section, we will discuss the effect of maturation period of zooplankton 7 on the dynamical
behavior of system (2.1).

4.2.1. Local stability and the existence of Hopf bifurcation

The local stability of the positive equilibrium E*(P*,Z*) and the existence of Hopf bifurcation are
studied by considering the maturity delay 7 as bifurcation parameter. First, system (2.1) is linearized
at positive equilibrium E*(P*,Z*), we obtain

P’ = ay P(t) + anZ(1), 42)
7 = a21P(t) + ClzzZ(t) + b21p(t — T), ’
where
-3rP*? + 2r(Ky + K)P* BaZ* (r+ 1 E) Bi(P* —m)
ag = — —(r ,djp = —————,
" KoK (@, + P —m) DEA2 =T T h
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Ba,Z* Bo(P* —m) oP* Boa Z*
It = - —(d+ @E) by = — 242
(ay + P*)? 422 a+P—m a,+ P* @+ q2E), ban (a; + P* — m)?

az =

It is easy to see that corresponding characteristic equation of system (4.2) at positive equilibrium
E*(P*,Z")is
fA,1)=2+A1+B+Ce" =0, (4.3)
where A = —ay; — ax, B = ajjan — apnay, C = —anby;.
When 7 = 0, Eq (4.3) becomes

f(A,0) =2 +A1+B+C =0, (4.4)

then Eq (4.4) is equivalent to Eq (3.3). Hence, the positive equilibrium E*(P*,Z*) is locally
asymptotically stable when (H,) and (H3) hold.

When 7 # 0, in order to get the existence of Hopf bifurcation, let 4 = iwo(wy > 0) be a root of
Eq (4.3) and substitute it into Eq (4.3), then we have

~wj + B+ C cos wyt + i(Awy — C sin wyt) = 0.

By separating the real and imaginary parts, we obtain

— W} + B+ Ccoswyr =0,
) 4.5
Awgy — Csinwyt = 0.
From which, we have
wg— (2B - AMwi+ B> - C* = 0. (4.6)
Let u = wj, then Eq (4.6) deduces to
wW—-Q2B-AHu+B -C*=0. 4.7)

Record Eq (4.7) as f(u) = u> — (2B — A*)u + B?> — C?. From Eq (4.6), it follows that if
(H4):2B—-A*>>0, B>-C?>0, and A*-2A’B+4C* =0
holds, then Eq (4.6) has a unique positive root w%. Substituting a)g into Eq (4.5), we obtain
1 wi-B_  2nrn

Ty, = — arccos| 1+—,n=0,1,2---.
wo wo

If
(H5):2B—-A%*>0, B>-C?>>0, and 2B - A% > 4(B*> - C?
holds, then Eq (4.6) has two different positive roots w? and w?. We substitute w? into Eq (4.5), then

w;—B_ 2k
Ty = — arccos[— ]+—ﬂ,k=O,1,2'-'.
+ W

Let A be the root of Eq (4.3) satisfying RedA(r2,) = 0 (rep.Red(3,) = 0) and ImA(72,) = wy
(rep.ImA(73,) = w. ). Then, when 7o = min{r,, 7}, n,k = 0, 1, 2---, we have the following conclusion.
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Theorem 4.3. If f (1) > 0, since % and f () have the same sign, then “X&4 > 0 holds.
0

T=T( dr =170

Proof. From Eq (4.3), we can obtain

i e
dr  21+A-Cre '

Notice that Ce " = —(1%> + A1 + B). Thus, we obtain that

da 20+ A T
—) = - - 4.8
(dT) —AA2+A2+B) 2 48)

Substituting A = iw, into (4.8), we have

R (d/l)_l 2wj — (2B - A*)W} Wi f (W)
e(—)p, = = .
dr’™" (Awd)? + (W) — Bwy)?  (Aw})? + (w) — Bwy)?
Therefore,
dRe(1) ) da__ ) ,
gn ) = sign{Re(—2).L, ) = sign{f"(@))).
dr  le=r dr

If f"(w3) # 0, we have % ~ #0, then % >0 If % <0, then Eq (4.3) has the
roots of the real part when 7 < 7. This contradicts that the positive equi(l)ibrium E*(P*,Z") is locally
asymptotically stable when 7 € (0, 7). O

According to the Hopf bifurcation theorem given in [43], we can get the following result on stability
and bifurcation of system (2.1).

Theorem 4.4. For system (2.1), suppose (H4) and (HS) are satisfied. Then the positive equilibrium
E*(P*,Z7) is locally asymptotically stable when v € (0,7y), and system (2.1) undergoes a Hopf
bifurcation at E*(P*,Z") when T passes through its critical value T = 1.

4.2.2. Direction and stability of Hopf bifurcation

In the previous section, we have already obtained sufficient conditions to guarantee that system (2.1)
has a periodic solution at positive equilibrium E*(P*, Z*) when the critical value T = 7. In this section,
we will use the normal form theory and the center manifold theorem presented in Hassard et al. [43] to
obtain the properties of the bifurcating periodic solution.

Lett = 79 + 4, u € R. Then u = 0 is a Hopf bifurcation value of system (2.1). Without loss of
generality, we can choose the phase space as C = C([-7,0],®). Let u(t) = (u,(t), ur(1))" € O,u,(0) =
u(t + 0) € C, system (2.1) can be rewritten as

w(t) = Ly, (u) + f(u, u), (4.9)

where L, : C — ® and f : R x C — O are defined by

L.(¢) = G1¢(0) + G2(-7),
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0 0 ,
G(l):[a” a”],G(z):[ ],fw,w:(f‘(” w)],
by O

a daxn o, )
where
fi, @) = p191(0)2(0) + p247(0),
o, ) = o191(0)p2(0) + 0'290%(0) + 0'390%(—1) + 0401 (=1)p2(0),
here
_ ﬂ]d] _ 2r(K0+K)—6T'P* + ZﬁlalZ*
PP —me P27 KoK (a1 + P*—m)*’

9(12 29(122* —2,82(112* ,32(11
———, O3 = ,03 = , Oy = ———————
(@+PP 2 (@+P) T (@ +P-m® T (@ + P —m)?

o1 =

Based to the Reisz representation theorem, there is a bounded variation function
n(e, 1) : [-1,0] = ©>2 such that

0
Lig) = f dn(6,1)¢(). ¢ € C.

T

Then, we have a choice that

6112] ( 0
0(0)do +

21

a 0
dn(0,n) = [ ] 8(0 + 1)d6,

ar; dax
where ¢ is the Dirac function. For ¢ € C'([-1, 0], ®?), we define the operator A(u) as
de(6)

s 0 € [_Ta O)’
dg (4.10)

f dn(&, e, 6=0.

T

A(ep(0) =

Further, we can define the operator R(u) as

0, 6 e€[-1,0),

Hune® = {f(so W, 0=0

Then, we can rewrite Eq (4.9) as the following operator equation
u(t) = Ayu; + Ryuy. (4.11)

For y € C!([-7, 0], ®?), the adjoint operator A of Ag can be defined as

_ dy(s)
ds ’

Ag(s) = 0
f dn’ (1, 0)y (1), s =0,

T

s € (0,71,
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where 7" is the transpose of 7, and the domains of A, and A} are C'([-7,0],®?) and C'([0, 7], ®?),
respectively.
For ¢ € C!'([-7,0],®%) and ¢ € C'([0, 7], ®?), a bilinear form is given by
9

0
W, @) = ¥(0)p(0) - f o W€ = 0)dn(O)p(£)dé, (4.12)

where 17(6) = 1(6,0). Then A, and Aj are a pair of adjoint operators. By the results obtained in the last
section, we know that +iwy are the eigenvalues of Ay. Thus, they are also eigenvalues of Aj. What’s
more, we assume that g(6) is the the eigenvalues of A corresponding to iwy, then

Apq(6) = iwpq(6). (4.13)
By Eq (4.10), Eq (4.13) becomes

de (4.14)

{ M = iwpq(6), 6 € [-1,0],
Log(0) = iwoq(0), 6=0.

From Eq (4.14) we can get
q(0) = Ve, 0 € [-1,0], (4.15)

where V = (v, ;)T € @7 is a constant vector. By virtue of Eq (4.15), we may obtain

GV + Gre TV — jwolV = 0,

(0]

V= =\ iwg—an |-

V2 ap

On the other hand, if —iw, is the eigenvalue of A, then we have

Ayq (€) = iwog (&)

For the non-zero vector ¢*(¢), € € [0, 7o], we can obtain

which yields

GIV* + GLe™™V* + iwoIV* = 0.

Let g*(€) = DV*e"*, where & € [0, 7], and V* = (v}, v})" be a constant vector. Similarly, we get
V* _ iwg+ax
* 1 ap
V= = .
[ v, ] ( 1 ]

0 0
(a"9) = 4" (0)q(0) - f L 0 (€ = O)dn©)g(€)de.

In fact, by Eq (4.12), we have

0 0
D[V*TV _ f f V*Te—iwo(f—O)dn(G)Veiwofdf] (416)
-7 J&=0

D[V*TV + Toe_ionO V*TG2V]

= D[Vg + V_}k + Tob21e_i“’°T°].
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Actually, we can choose
D= [vo + V_T + Tobzle_lwom]_l.

From Eq (4.16) we obtain that (¢*, g) = 1. More importantly
—iwo{q", §) ={q", Aod) = (Apq", @) = (~iwoq", @) = iwq", ),

thus, (¢*, g) = 0 is easily verified.
Based on the above analysis, we can come to the following simple conclusion.

Theorem 4.5. Let g(0) = Ve, where 0 € [—1, 0], is the eigenvector of A, corresponding to iw,, and
let g*(s) = DV*e™®%, where s € [0, 7] is the eigenvector of A, corresponding to —iwy. Then

G qy=1, (G, =0, V=(~,w)", V=01,

where _ )
Vy = lwo — ay ’ VT _ _la)o + 6122, D= [Vz i V_T " Tob21€_iw0m]_l-
ap a
Next, we use the same notations as the previous part to study the stability of bifurcating periodic
solution. We shall calculate the coordinates to express the center manifold Cy at u = 0. Let u, be the

solution of u(t) = A u, + R,u, at £ = 0 and define

1) =4{q", ur), (4.17)
W(t,0) = u,(6) — 2Re[z(1)q(0)]. (4.18)

On the center manifold Cy, we have
W(t, 0) = W[z(), 2(2), 0],

and ) ) ;
Z Z

b4
Wlz,z,0] = Wzo(g)z + Win(0)zz + Woz(Q)E + W3o(9)€ +
where z and 7 are the local coordinates for the center manifold Cy in the direction of ¢* and g*. Notice
that W is real if u, is real. So here we only consider the real solutions.

For the solution u, € C of Eq (4.11), we have

&) = (q" i) = {q", Aou, + Rowr) = (Agq”, us) + ¢ (0) fo(0, ) = iwoz + ¢ (0)f (2, 2). (4.19)

Then Eq (4.19) can be rewritten as

(1) = iwoz + 8(z,2), (4.20)
where
) 7 _ 2 Pl
8(z,2) = 820(9)5 + g11(0)zZ + 802(9)5 + 830(9)€ + 4.21)

According to Eqgs (4.11), (4.17) and (4.18), we may obtain
W =1, — 29 - 2q
_ JAo(W) = 2Relq" foq(0)], 0 €[-7,0), (4.22)
Ao(W) — 2Relq" foqg(O)] + fo, 6 =0.
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We can rewrite Eq (4.22) as

W =Ay(W) + H(z,Z,0), (4.23)
where
i z z
H(z,%Z,0) = Hzo(Q)E + H1(0)zz + Hoz(e)z + H30(9)€ + - (4.24)

Substituting the corresponding series into Eq (4.22) and comparing the coefficients, we have

(Ao — 2iwo)Wr(8) = —H(0),
AogW11(0) = —H,1(0), (4.25)
(Ao + 2iwo )W (0) = —Hp(6).

According to Egs (4.19) and (4.20), we know
8(z,2) =q"(0)f(0)(W(z,Z,0) + 2Re(z(t)q(0)))

DG 1) P1¢1(0)2(0) + p2¢7(0)
= vy,
: 0’1901(0)802(0) + 0202(0) + 7302 (— 1) + 0401 (= 1)2(0)

2
_D((v;pl + 0'1)(W(1)(0) + W)z + W, ’(0)— + vz 4 Pi2)

=
X (W%)(O)— + W(z)(O)ZZ + W(()?(O)% +24+2)+ Fjp2+02)

2
X (WEIQ(O% + Wi (0)2Z + W(()‘Z)(O)— + 112+ 712)

2
+ a3(W§},)(—1)% + WO (=1)zz + W(gl;(—l)— + vyze T 4 zeinTo)2
Z2 Z2
+ 0'4(W(1)(—1)5 + W=Dz + W) (- DT+ vize™% 4+ 7ize ™)
x (W<2>(0) + WP(0)Z + W, >(0)— +2+32)).

Comparing the coefficients with Eq (4.21), it follows that

220 = 2D ViK1 + Ka1], g1 = D[V| K1z + K],
802 = 2D [ViKi3 + Kx3], 821 = 2D[ViKi4 + Koa],

where

K =pvi +p2vi,  Kip=pi(vi +91) + 2p0v1 71,
K21 —o v + 0'2\/% + 0'3\/%6_21001.0 + O'4V1€_iw0m,

K22 20_4(v1e—iw0‘r0 + ‘—)leiwo‘ro) + O'](Vl + \_)1) + 20'2\}1\_/1 + 20'3\/1\_/'1,
K3 :P1\71 + P21, Koz = 0101 + 0] + 0397 + oy eiwom

Ky =pi(= Wé}f(on W(0) + = Wé?(om + W20)w)) +205(5 W§5><0>v1 + W 0)w)),

Koy =0y(= W§33<0>+W“>(0>+ Wé%,)(0>v1+w O))
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1 = 1 = lwgT —Iw(yT
+ 20-2(§W;g)(0)vl + Wi Owy) + 203(§W§(1;(—1)v1e o0+ W (= Dvie )
1 1 . .
+ 05 Wy (=) + Wi (=1) + Wy (01 ™ + WP (O™ ™).

Since Wyy(6) and W;(#) appear in g;;, we need to compute them further.
Eqgs (4.22) and (4.23), we have that for 8 € [T, 0),

H(z,Z,0) = — 2Re[q"(0) fo(z, 2)q(0)] = —2Relg(z,2)q(0)] = —g(z, 2)q(0) — §(z, 2)4(0).

Comparing the coefficients with Eq (4.24) gives that
Hyo(0) = —8209(0) — 8204(0), H11(6) = —£119(0) — 8114(6).
From Egs (4.10) and (4.25), we have
Wao(0) = 2iwoWao(6) + g209(6) + Z02G(0),

and
Wi1(0) = g119(0) + 8113(0).
Solving for W,y(8) and W;,(6), we obtain

8209(0) ipe | 18029(0) _, .
Wa0(0) = 18204O) oo | 18024O) piens , it
Wo 3wy
and ‘ . o
Wy1(0) = —igng( )eiwoe + 18114( )e_l'wog +E,

wWo wo

From

(4.26)

(4.27)

(4.28)

(4.29)

where E, = (E', E?)) and E, = (E'", Egz)) are the following two-dimensional constant vectors, and

can be determined by setting 6 = 0 in H.
In fact, the following formula is true at 6 = 0,

H(z,Z,0) = - 2Re[q"(0) fo(z, 2)q(0)] + fo,

we have
o K
H>0(0) = —g209(0) — 8024(0) + )
K>,
and
o K>
H11(0) = —g119(0) — 211g(0) +
2

Substituting Eqs (4.28) and (4.29) into Eqgs (4.26) and (4.27), respectively, we get

ap ap 0 O
( ) Wa(0) + [ b0 ) Wao(=7) = 2iwoWa(0) — Ho(0),

dz; ax 21

(4.30)

(4.31)

(4.32)
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and

azy ax

ap; an 0 0
( JWH(O) + ( )Wll(—T) = —H,1(0).
by O

Substituting Eq (4.28) into Eq (4.32), we have

ag a ; 1 T 1 0 0), 1 ,
1 an [lgﬁ N 1802 4 El] + [@ oot
ar1 dx wo \%) 3(")0 \_)2 b21 0 wo %)

. 1) . ; 1 i 1
" 802 20T 4 Ele*ZIon] — _2iw0[1gﬂ + 102 + El] — Hy.
300 | 7, wo v, ) 3w\ 7,

Since iw is the eigenvalue of Ay and ¢(0) is the corresponding eigenvector, we get

0

(iwof - I " ¢“dn())q(0) = 0, ( - iwol - f e “dn(6))7(0) = 0,

T0 =70

o el o =l )
+ e = jwy ,
ay an )\ » by 0 )\ v 1%
ool o o Sl )
+ """ = jwy )
ay axp V2 by 0 V2 Va

By Eqgs (4.30) and (4.34)—(4.36), we obtain
2iwy — ay —apz Ky
. E = :
—ay1 — by e 2wy — axn K>

0 2
My My
Ml H 1 Ml H

that is

and

which leads to
I _
E =

where

M, = (21(1)() - a“)(2i(uo - azz) - (112((121 + bZIe—Ziwo‘r)

b

1 . 2 . —2i
M" = K1 Qiwy — axn) + Kyan, MP = Ky Qiwy —an) + Kii(az + bye ).

Similarly, substituting Eqs (4.29) and (4.31) into Eq (4.33), we have
[ —ap —aiz } ( K> )
E, = ;
—ay — by —an K>

) 2
2

M2 H 2 M2 H

which leads to

(4.33)

(4.34)

(4.35)

(4.36)
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where
1 2
M, = ayax — app(ax + by), M§) = —Kpax + Kxnais, Mé) = —Kpai1 + Kia(az + bay).

Through the above calculation and analysis, it is not difficult to see that each g;; depends on the
parameters and time delay of system (2.1). Thus, we can obtain the following expressions

i lgo2l*\ g2
Ci1(0) = — —2lgnl* - =,
1(0) o (gzogu lg11] 3 )+ >
_ _Re{Ci(0)}
= " Re i (ro)l (4.37)

B =2Re{C(0)},
_Im{C1(0)} + poIm { ' (70)}

2= s
wWo

which determine the direction of Hopf bifurcation and stability of bifurcating periodic solutions of
system (2.1) on the center manifold at the critical values 7. From the conclusion of Hassard et al. [43],
we summarize the following main findings.

Theorem 4.6. The values of the parameters p,, B and T, of (4.37) will determine the properties of
Hopf bifurcation of system (2.1).

(i) The sign of u, determines the direction of Hopf bifurcation: The Hopf bifurcation is supercritical if
Uy > 0 and the Hopf bifurcation is subcritical if u, < 0.

(ii) The sign of B determines the stability of bifurcating periodic solutions: The periodic solutions are
stable if B < 0 and unstable if B > 0.

(iii) The sign of T, determines the period of bifurcating periodic solutions: The period increases if
T, > 0 and the period decreases if T, < O.

5. Optimal harvesting policy

When 7 = 0, let ¢ be the constant harvesting cost per unit effort and p;, p, are the constant price
per unit biomass of phytoplankton and zooplankton, respectively. Then the net economic revenue to
the society is given by

n(P,Z,E,t) = (p1q1P + p2g2Z — O)E.

In order to study the optimal harvesting yield of system (2.2), we will consequently maximize the
full return from resource management. Hence we take the harvesting effort £ as a control variable and
consider a objective function defined by the present value J of a continuous time-stream of revenues

J = f L(X, E, r)dt, (5.1
0
where
LX,E, 1) = e (p1qiP + pagaZ - O)E,

where ¢ is the instantaneous annual discount rate. We consider that the present value of capital flow
over time depends on discount rate §. Here X = [P, Z]” is the vector of state variables, it can be written
as X = f(X, E), X(0) = X, by according to the state equations of (2.2).
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Our optimal control problem is to maximize Eq (5.1) subject to the state equations of (2.2) and to
the control constraint

0 < E(®) < Emax,

where E ., is the maximum harvesting effort.

Based on the Pontryagin’s Maximum Principle [44], we can obtain the optimal solution of this
problem. We know that the convexity of objective function with respect to E(¢), the linearity of the
control differential equations and the compactness of the range values of the state variables to ensure
the existence of optimal control.

The present value Hamiltonian function of the optimal problem is formulated by

HX,E,t) = LX,E,t) + " () f(X, E),

where A(f) = [4;(2), 1,(t)]” is the vector of constant or adjoint variables.
Next, we substitute A7(¢) and f(X, E) into above Hamiltonian function. Then, the Hamiltonian
function becomes

H(P,Z,E,t) =" (p1q\ P + p2g2Z — ¢)E

P P P -
+ /l](l)[l’P(l - E)(?O - 1) - %Z - qlEP]
Ba(P — m) opP
+ /lz(l)[mz —-d7zZ - o+ PZ — QQEZ]

To make H reach the maximum on the control set 0 < E(f) < En., the condition that the
Hamiltonian function H must satisfy is presented by

OH N
E - e (P11 P + prgaZ — &) — LI(Dq1 P — 1,()qxZ = 0. (5.2)

Pontryagin’s Maximum Principle [44] states that the optimal state trajectory, optimal control, and
corresponding adjoint variable vector must satisfy the following adjoint equations

—/'l(t) = Hx.

Obviously, the adjoint equations are

_du_oH
dt  OP
—3rP? + 2(Ky + K)rP ﬁlalz
=e " pig E + A (¢ - —r—q,E
¢ pPiqi 1()[ KoK (@ + P —m) r %]
ﬁ2a12 HaQZ
+ A (t — ,
2 )[(a1+P—m)2 (a2+P)2]
dl, OH
dt 0z
_ P —m) Bo(P —m) oP
=e " pygrE — A zﬁl(—m { - —d - qE|.
e " pP2q2 1()a1+P—m 2()[a1+P—m oy q> ]
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For the positive optimal solutions, which satisfy P = Z = 0 (in other words, P, Z are not dependent
on ¢ ) and from two equations of system (2.2), we have

_ BP-mZ

P TR g E =0, 5.3
Pla,+P-m~ 7 ©3)

P P
-2 = D

BoP—m) 0P

a+P-m a, + P

-q.E=0. (5.4)
From the above analysis, it is obvious that E is also independent of 7. Furthermore, we get

_% :/ll(t)[—Zer + (Ko + K)rP N Bi1Z(P — m)? —ﬁlmalZ]
dr KoK P(a, + P — m)?
BoaZ baZ
(@, +P—mp (ay+ Py

+ /12(2‘)[ ] + e_étplqlE,

and dAa
2 -5t
S E— A
g D¢ e 1(0)

Differentiating Eq (5.2) and replacing value of A;, A,, we get

PP —m)

. 5.5
a+P-m (5-5)

[—2rq1P3 + (Ko + K)rq, P L BPZ(q — @)I(P - m)* — aym| _,BICDCHPZZ]
KoK P(a, + P —m)?

Qo PZ - q10arPZ

(a+P-m)* (ar+ P)?

(5.6)
X /lle‘” + /1266[[

| = 6F - pGiEP - py3EZ.

By Eqgs (5.2) and (5.6), we can get

/ledt— P1+P2
€% = ————r,
01+ 0+ 03
5t P3+P4+P5
Qs+ 05+ Q¢

(5.7)

/126 (58)

where

Py = KyKqPZ(ay + PY*(ay + P — m)’[6F — E(p1g; P + p2q32)].,

P, = —KyKFq,8,a,P*Z(a, + P)* + KoKFq,0a,P*Z(a, + P — m)*,

Py = KoKq1P*(ay + PY(ay + P — m)’[6F — E(p1q; P + p232)),

Py = —rq\FP*(a, + P)*(a, + P — m)*(Ky + K — 2P),

Ps = —B1FKoKPZ(q) — g2)(az + P)’[(P — m)* — aym] + FKoKB1q2P*Z(ay + P)*,
01 = rq1q2P’Z(Ky + K — 2P)(a> + P)*(a; + P — m)*,

Q> = KoK:B1PZ*(q1 — q2)(az + P’[(P — m)* — aym] — KoKBig5a1 P> Z*(a + PY’,
Q3 = —KoKqiBra1 P*Z(ay + P)* + KoKqi6a,P*Z(a, + P — m)*,

Qs = KoKqiP*Z[Bray(as + P)* — Bax(a; + P — m)?],

Qs = —rq1q2P*Z(ar + P)*(ay + P — m)*(Ky + K — 2P),
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Qs = —B1KoKqiPZ*(q1 — g2)(az + P)*[(P — m)* — aym] + KoKB1qra1 P*Z*(as + P)*.
Now removing E from Egs (5.3) and (5.4), we obtain

Bi(P —m) Z:@[,Bz(P—m) _d- HP]
Pla+P-m q@lay+P-m a, + PV

P_P
r(1 - E)(Eo -D- (5.9)

which is the optimal trajectory of the steady state given by the optimal solutions P = Py, Z = Zs. Then,
we substitute 4; and A, into Eq (5.5) and obtain optimal equilibrium level of effort given by

_ 6/12(611 +P - m) + /hﬁl(P - m)e&
P2q2(ay + P —m) '

Es (5.10)

By solving Eqs (5.9) and (5.10) when assigning a certain value to 6, we can obtain the optimal
equilibrium level (Ps, Zs).
The optimal harvesting effort at any time is determined by

oH
Emin’ A >
9 <Y
oOH
E(r) = | E;, 9E 0,
OH
Emax’ - > Oa
OF

where E ., is the minimum harvesting effort.

6. Numerical simulations

In this section, we will do some numerical simulations to verify the theoretical results. The values
of all parameters in system (2.2) are sourced from Table 1. And the initial values of the system (2.2)
are assumed to be P(0) = 400, Z(0) = 800.

Table 1. Parameter estimation of system (2.2).

Parameter Description Value
r The intrinsic growth rate of phytoplankton 0.8
K Environmental carrying capacity of phytoplankton 500

B Predation rate of zooplankton 1
B> Growth efficiency of zooplankton 0.89
d Mortality rate of zooplankton 0.2
a Half saturation constant 0.5
as Half saturation constant 9.2
0 Toxin production rate 0.39
m Refuge capacity defaulted
Ky Critical level of the growth of phytoplankton 25
q1 Catchability cofficient of phytoplankton 0.03
q> Catchability cofficient of zooplankton 0.03
E Combined harvesting effort 10
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First, according to the case (e) in Theorem 3.2, there is a positive equilibrium E* = (343.2,1004.4)
of system (2.2). In addition, if assumptions (H2) and (H3) hold, the positive equilibrium E* is locally
asymptotically stable (Figure 2). We can clearly see that the solution curve starting from different
initial values eventually tends to the black point, that is, the positive equilibrium E* = (343.2,1004.4)

(Figure 2b).
1100 ;
— P(t)-phytoplankton
10001 — Z(t)-zooplankton }'
900, 1
§ 800
§ 700 -
g N
g 600F
E
2 5001
400\
3001
5 ‘ ‘
000 500 1000 1500
time t
(a)
Figure 2. When m =

300, local asymptotic stability of the positive equilibrium

E* = (343.2,1004.4) of system (2.2). (a) Stable behavior P(¢) and Z(#) with time, (b) phase

portrait.

Second, for the parameter values given above, we obtain my = 286.6 and the first Lyapunov number
l; = —0.0187 < 0 by simple calculation. This indicates that system (2.2) has a stable limit cycle around
the positive equilibrium E*. This result is shown in Figure 3.

1000

800

Number of population

400

2001

600

— P(t)-phytoplankton||
—— Z(t)-zooplankton

|

\\\\\\\\\\\\\\\\\\\\\W

1100

1000

300

400 450 500

Figure 3. When m = 200, system (2.2) undergoes a supercritical Hopf bifurcation around
positive equilibrium E*. (a) Dynamical behavior of P(¢) and Z(t), (b) phase portrait.

Next, for the given parameters, we get wy = 0.2354 and 7y = 0.011 when 7 # 0. According to

Theorem 4.4, we obtain that the positive equilibrium E*

(343.2,1004.4) is locally asymptotically

stable when 7 = 0.01 < 79 = 0.011 (Figure 4). Then, we choose the value of Tras 7 = 0.1 > 7y = 0.011
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and obtain that C;(0) = —0.0019-0.0152i, u, = 6.4946x1072! > 0, 8 = —0.0038 < 0, T, = 0.0065 > 0
by using formula (4.37). On the basis of Theorem 4.6, we know that the system (2.1) experiences a
supercritical Hopf bifurcation when 7 passes its critical value 7y. Other than this, system (2.1) has
stable bifurcating periodic solutions and the period of the bifurcating periodic solutions is increasing.
We clearly see from the Figure 5 that the positive equilibrium E* = (343.2,1004.4) is destabilized
through a Hopf bifurcation.

1100 w w ‘ ‘ 1006
1000 Z 10055}
900 / 1 1005}
800 1 10045}
o 7001 : 2 1o04f
600+ 1 10035}
5001 . 1003}
N 1 10025}
300 ‘ ‘ ‘ ‘ 1002 ‘ ‘ ‘ ‘ ‘
0 200 400 600 800 1000 342 3425 343 3435 344 3445 345
time t P(t)
(a) (b)

Figure 4. When 7 = 0.01 < 7y = 0.011, the positive equilibrium E* = (343.2,1004.4) is
locally asymptotically stable. (a) Stable behavior of P(¢) and Z(¢), (b) phase portrait.

1800 : ; 1800
—p
1600 F —Z0
1600
1400
1400
1200}
= A
800 b
1000}
600}
800}
A A TYYTYYYYY
200 ‘ ‘ 600 ‘ ‘ ‘ ‘ ‘
0 500 1000 1500 300 320 340 360 380 400 420
time t P(t)
(@) (b)

Figure 5. When 7 = 0.1 > 79 = 0.011, the positive equilibrium E* = (343.2,1004.4) is
destabilized through a Hopf bifurcation. (a) Dynamical behavior of P(¢) and Z(¢), (b) phase
portrait.
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Finally, we consider the following parameter values: p; = 1, p, =5, ¢ = 0.1, 6 = 0.2 and the
other parameters remain unchanged. Figure 6 shows the solution curve of the state variables with time.
Figure 7a,b show the variation curve of the adjoint variables A; and A,, respectively. It is easy to see
from the Figure 7 that the adjoint variables 4; and A, tend ultimately to O with the increase of time.
In addition, the effect of the constant refuge capacity of phytoplankton population m, the critical value
of the growth of phytoplankton K, the half saturation constant a; and the half saturation constant
a, on the optimal harvesting effort in Figure 8. It is not difficult to see that the optimal harvesting
effort decreases as m increases (Figure 8a), but the optimal harvesting effort increases as Ky, a; and a,
increase (Figure 8b—d).

410 : : 1100
400 ] 1050 -
390
1000
c
£ 380t §
& =
2 § 950f
2 g
2 ar0r S
9001
360 -
30l l ] 850
340 . : 800 . :
0 500 1000 1500 0 500 1000 1500
time t time t
(a) (b)

Figure 6. The solution curve of state variables of the control system (2.2): (a) phytoplankton,
(b) zooplankton.

4.5

3.5¢

< 2sr

151

0.5F

40 60 80 100 120 0 20 40 60 80 100 120
time t time t

(@ (b)

Figure 7. The curve of the adjoint variables of system (2.2): (a) 4, (b) A,.

Mathematical Biosciences and Engineering Volume 17, Issue 3, 1973-2002.



1999
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Optimal harvesting effort
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Optimal harvesting effort
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)
T

o
o

time t time t

() (b)

Optimal harvesting effort
w
Optimal harvesting effort

. . . . . . . . . . . .
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
time t time t

(©) (d)

Figure 8. The curve of the optimal harvesting of system (2.2) with respect to different
parameters: (a) constant refuge capacity of phytoplankton population m, (b) critical value of
the growth of phytoplankton K, (c) half saturation constant a,, (d) half saturation constant a,.

7. Conclusions

In this paper, we studied the dynamics of the phytoplankton-zooplankton system in which the
growth of phytoplankton is affected by Allee effect and the growth of zooplankton is affected by
maturation delay. For the positive equilibrium E*, due to the expression of the trace and determinant
of its Jacobian matrix are very complicated, so the stability of the positive equilibrium E* is verified
by the combination of theoretical derivation and numerical simulation. When the maturation delay of
zooplankton is not considered, the strict mathematical proof of the existence of Hopf bifurcation is
given by using the relevant bifurcation theory. In addition, we derive the expression of the first
Lyapunov number /; that determines the direction of the Hopf bifurcation. Furthermore, when
considering the maturation period of phytoplankton, we obtain some properties of the Hopf
bifurcation through the normal form theory and the center manifold theorem. Because plankton has
certain economic significance, we also consider linear harvesting for both phytoplankton and
zooplankton and obtain the optimal harvesting policy by Pontryagin’s Maximum Principle in this
paper.

Comparing with the study on the phytoplankton-zooplankton system in [19], our model is more
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realistically by considering Allee effect and maturation delay into growth of phytoplankton and
zooplankton, respectively. What’s more, both populations are linearly harvested. For phytoplankton,
we can predict the stability of system (2.2) at the positive equilibrium E* by selecting the parameter
values to determine the critical value my of the refuge capacity m. When we choose m > my,
system (2.2) is stable at the positive equilibrium E*, but when m < my, system (2.2) experiences a
supercritical Hopf bifurcation and loses stability. This indicates that increasing the refuge capacity m
is important for balancing ecosystem. For zooplankton, we regard the maturation delay of
zooplankton as a parameter to predict the stability of system (2.1). The positive equilibrium E* of the
system (2.1) is stable, if the maturation delay of zooplankton 7 < 7, which implies that the densities
of phytoplankton and zooplankton will tend to be stable constants, indicating the ecosystem is
balanced. But system (2.1) undergoes a Hopf bifurcation at the positive equilibrium E* if the the
maturation delay of the zooplankton 7 > 7y, which shows that the densities of phytoplankton and
zooplankton species will oscillate periodically.

Through the above analysis, we know that if the refuge capacity m < my of phytoplankton or the
maturation delay T > 7, of zooplankton, the densities of phytoplankton and zooplankton will change
periodically, which indicates the system becomes unstable. If the refuge capacity m > my of
phytoplankton or the maturation delay T < 7( of zooplankton, the densities of phytoplankton and
zooplankton will tend to be stable, which suggests a state of ecosystem balance. Thus, we can
maintain the ecological balance by adjusting the values of the refuge capacity m of phytoplankton and
the maturation delay 7 of zooplankton determined by system parameters.
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