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Abstract: In this paper, an age-structured within-host viral infection model with cell-to-cell transmis-
sion and general humoral immune response is investigated. We give a rigorous mathematical analysis
on some necessary technical materials, including the relative compactness and persistence of the solu-
tion semiflow, and existence of a global attractor. By subtle construction and estimates of a Lyapunov
functional, we show that the global dynamics is determined by two sharp thresholds, namely, basic re-
production number R, and immune-response reproduction number R;. When R, < 1, the virus-free
steady state is globally asymptotically stable, which means that the viruses are cleared and immune-
response is not active; when R; < 1 < R, the immune-inactivated infection steady state exists and is
globally asymptotically stable; and when R > 1, which implies that Ry > 1, the immune-activated
infection steady state exists and is globally asymptotically stable. Numerical simulations are given to
support our theoretical results.
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1. Introduction

Since a basic within-host viral infection model introduced by Nowak et al. [1], the dynamics of
viral infection such as hepatitis B virus (HBV), hepatitis C virus (HCV) and human immunodeficiency
virus (HIV) infection models have been widely studied by incorporating various biological factors.
Consider age as a continuous variable, writing the production rate of viral particles and the death rate
of productively infected cells as two continuous functions of age, Nelson et al. [2] studied a HIV


http://http://www.aimspress.com/journal/MBE
http://dx.doi.org/10.3934/mbe.2020075

1451

infection model with infection-age, the model is described as follows:

dT
% = A= T(t) - BT(OV (),
o a\. .
(E v %) i(t,a) = ~8(@)i(t,a), (1.1)
? - f p(@)i(t, a)da — u, V(1)
! 0

with the boundary and initial condition

{ i(t,0) = BT()V (), (1.2)

T(0) =T, >0, V(0)=V,>0 and i(0,a) = ip(a) € L (0, ),
where 7 (¢) and V(¢) denote the densities of uninfected target cell and free viruses at time ¢, respectively;

i(t, a) denote the density of infected cells at time 7 with infection-age a. The parameters of model (1.1)
are biologically explained in Table 1.

Table 1. Parameters and their biological meaning in model (1.1). All these parameters are
assumed to be positive.

Parameter Interpretation

A Constant recruitment rate;
B Virus infection rate;
m Mortality rate of uninfected target cell;
U Mortality rate of free viruses;
o(a) Mortality rate of infected cell with age a;
p(a) Production rate of viral particles.

Nelson et al. analyzed the local stability of the model by evaluating eigenvalues and its related
characteristic equation. In [3], Rong et al. extended the model with combination antiretroviral therapy,
and analyzed the local stability of the model. Huang et al. [4] have been further investigated the
global stability of the model (1.1) with (1.2) by using Lyapunov direct method and LaSalle invariance
principle. For some recent works on viral models with age structure, we refer readers to the papers
[5-13].

Recently, experimental work [14] shows that direct cell-to-cell transmission also contributes to
the viral persistence. In a more recent work [15], the authors reveals that environmental restrictions
limit infection by cell-free virions but promote cell-associated HIV-1 transmission. In fact, cell-to-cell
transmission could be also found in other viral infection for human and animals. For example, hepatitis
C virus [16]; bovine viral diarrhea virus [17]; vaccinia virus [18]. Due to this fact, Lai and Zou [19]
formulated a HIV-1 viral model with direct cell-to-cell transmission and studied the global threshold
dynamics. Yang et al. [20] studied a cell-to-cell virus model with three distributed delays, they also
obtained the global stability of each equilibrium for the model. Wang et al. [21] investigated an age-
structured HIV model with virus-to-cell infection and cell-to-cell transmission, the model takes the

Mathematical Biosciences and Engineering Volume 17, Issue 2, 1450-1478.



1452

following form:

LD — At -prove - [ KaToic.ada
0
o 0). _ -
(6_t + %) i(t,a) = —6(a)i(t, a), (1)
? = f p(a)i(t,a)da — w1, V (1),
t 0

with the boundary and initial condition

i(#,0) =BT (V) + f“’ k(a)T (1)i(t, a)da,
0

T()=Ty >0, V(0)=V,>0 and i(0,a) = ip(a) € L. (0, ).

(1.4)

By constructing suitable Lyapunov functional, Wang et al. were able to complete a global analysis for
the model (1.3). In [22], Zhang and Liu studied the Hopf bifurcation of an age-structured HIV model
with cell-to-cell transmission and logistic growth.

In viral infection, the host immune system play a critical part on the progress of the infection. The
role of the immune system is to fight off pathogenic organisms within the host, for example, cytotoxic
T lymphocyte cells (CTLs) attack infected cells, and antibody cells attack viruses (humoral immunity
response). In [23], Murase et al. studied an viral infection model with humoral immunity response:

dTr

% = A — T @) - BTV (@),

di(») =BT (V(t) — al(t),

d?/t(l) (1.5)
T =arl(t) - MzV(t) - kV()Z(1),

dz

d—il) = hV(Z(t) — u3Z(1),

where T'(1), I(t), V(¢) and Z(¢) denote the densities of uninfected cells, infected cells, free viruses and
humoral immunity response released by B cells, respectively; the viruses are removed at rate kZ by
the humoral immunity response; the humoral immunity response are activated in proportion to hV(t)
and removed at rate u3. The global dynamics of model (1.5) were obtain in [23]. Consider the de-
lay between viral entry into a cell and the maturation delay of the newly produced viruses, Wang et
al. [24] studied a virus model with two delays and humoral immunity response. They established the
global dynamics based on two threshold parameters, and they found that the three equilibria are glob-
ally asymptotically stable under some conditions. For another delay, which is the time that antigenic
stimulation needs for generating immunity response, Wang et al. [25] considered another virus model
with delay and humoral immunity response, they found that this delay could lead to a Hopf bifurcation
at the infected equilibrium with immunity. In [26], Kajiwara et al. proposed a age-structured viral
infection model contains humoral immunity response and the effect of absorption of pathogens into
uninfected cells, they also proved the global stability of each equilibria. Duan and Yuan [30] con-
sidered an infection-age viral model with saturation humoral immune response, the local and global
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stability of this model are obtained. Additionally, for the virus model with CTL immune response, we
refer readers to the papers [27-29,31-34] and the reference therein.

Based on the above facts, we propose an age-structured viral infection model with cell-to-cell trans-
mission and general humoral immune response in this paper. Precisely, we study the following model:

dgt) =A - T® -BTHOV() - foo k(a)T (t)i(t, a)da,
0
a 0 ) _ ,
— 4+ — l(l, a) = —5(a)l(t, a),
(d(z/t da . (1.6)
dit) — fc: p(a)i(t, a)da — ,UQV(t) — QV(l)f(Z(t)),
dz
% = V() FZ(1) — psZ(0)
with the boundary and initial condition
i(1,0) = BT()V (1) + f‘x’ k(a)T (t)i(t, a)da,
; (1.7)

T)=Ty>0, V(0)=V,>0, ZO0)=Z, >0 and i(0,a) = iy(a) € L.(0, ),

where L! is the set of integrable functions from (0, +o0) into [0, +00). T(f), V(¢) and Z(f) denote the
densities of uninfected target cell, free viruses and antibody responses released from B cells at time ¢,
respectively; i(z, a) denotes the density of infected cells at time ¢ with infection-age a; k(a) denote the
infection rate of productively infected cells with age a; gV/(¢) f(Z()) is the neutralization rate of viruses
and cV(¢) f(Z(1)) is the activation rate of antibody responses. The antibody responses vanish at rate us.
Other parameters of model (1.6) have the same biological meaning in the Table 1.

We made the following assumption on parameters and nonlinear function f : R — R.

(A1) k(a), 6(a), B(a), p(a), c(a) € LT(0, o), with respective essential supremums &, 6,
6, p, ¢ and respective essential infimums k, 4, 0, p, C.

(A2) f(Z)>0forZ >0, f(Z) = 01if and only if Z = 0; f is Lipschitz continuous on R,.
(A3) f(Z) is differentiable such that f’(Z) > 0 and f(Z) is concave down on R,.

Here are some examples on function f(Z) satisfies (A2) and (A3):

(i) f(Z(t)) = Z(¢r) which is the bilinear function (see [23]);

(ii) Saturation immune response function f(Z(¢)) = hf(zt()t) (see [30)]).

The paper is organized as follows. In Section 2, we introduce the existence and uniqueness of the
solutions to system (1.6), the steady state and reproduction numbers are also determined in this section;
In Section 3, we show that system (1.6) is asymptotically smooth; Section 4 is devoted to proving the
local stability of each steady state; uniform persistence and global stability of each steady state is
considered in Section 5; We perform a numerical simulation of a special case in Section 6; Section 7
provide some brief discussions.
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2. Preliminaries

In this section, we show the existence and uniqueness of the solutions to system (1.6) by a standard
method [36] (see also [37,38]), which is to rewrite system (1.6) as an abstract Cauchy problem.

2.1. Integrated solution

For convenience, we first denote the following notations.

I'a)=e b omdr - p f ) p@I'(a)da, K = f ) k(a)I'(a)da.
0

0

It is easy to see that
I'0)=1 and I'(a) = -6(a)['(a).

Set the following spaces:
X =RxL'R,R)IXRXR, X, :=R, xL'(R,,R) xR, xR,
with the following norm

lle(-), @1, 2, Psllx = Nl + 1d1] + la| + I3,

Furthermore, define
Xo = {0} x L'R,,R)XRxRXR, Xo, := {0} x L'(R,,R) x Rx R, xR,

Let A : Dom(A) ¢ X — X be the following linear operator:

)] ()

Al ¢ |= —H1H1 (2.1)
05 —H2¢>
@3 —H303

with Dom(A) = R x {0} x W!1(0, +00) x R x R. In the following, we apply the method in [36] since
Dom(A) = X is not dense in X. Consider the nonlinear map F : Dom(A) — X defined by

0 Bords + [, k(@)prp(a)da
( ¢ ] 0
Fl ¢ |=| A-Bsig2— [ k@)ip(a)da
¢ | pla)e(a)da — ¢ f ()
#3 chrf($3)
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One can see that F is Lipschitz continuous on bounded sets. Let

0
i(t,-)

where T represents transposition. Then we can rewrite system (1.6) as the following abstract Cauchy
problem:

T
u(t) = (T(t), ( ) , V(), Z(t)) ,

du(t) B
5 =AU+ Fu@), 1>0, (2.2)

M(O) = Uy € X()+.
In order to use the method in [36], we need to show that A is a Hille-Yosida operator. Denote p(A) be
the resolvent set of A. The definition of Hille-Yosida operator is:

Definition 2.1. (See [36, Definition 2.4.1]) A linear operator A : Dom(A) C X — X on a Banach
space (X, || - |) (densely defined or not) is called a Hille-Yosida operator if there exist real constants
M > 1, and w € R, such that (w,+o) C p(A), and

(A —-A)"| < for n €N, and all 1> w.

A-w
Now, we prove the following lemma.

Lemma 2.1. The operator A defined in (2.1) is a Hille-Yosida operator.

Proof. Let
)13
@(a) @
(-4 b1 = & |
b 5]
s ¢3
by some simple calculations, we have
d)l:/lfﬁl = $> = b3
+ A+ A+ 3

and .
o(a) = Goe” Iy +6(s)ds n f P(r)e [ (A+5(s)ds g
0

A

T
Denote ¢ = (( C:EZ) ),(2)1,<$2,g?>3) , then

[T - 4)""¢|, =l0] + fo o(a)da + || + || + ||

:f oa)da + |1 N |2 N 3]

0 A+ ] A+ po| A+ sl

< %ol N o)z, N 1] N |- N ||
A+pul  (A+pul A+l A+l A+
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1
"1+ 1l -
where ¢ = min{u,, u», i3, 6}. By the Definition 2.1, the operator A is a Hille-Yosida operator. This ends
the proof. m|
0 T
Let X, = (TO,( ; ) VQ,ZO) € Xo,, by using [36, Theorem 5.2.7] (see also in [37,39]), we have
0

the following theorem.

Theorem 2.1. There exists a uniquely determined semi-flow {U(t)};s0 on Xo. such that for each X,
there exists a unique continuous map U € C([0, +0), Xo,) which is an integrated solution of Cauchy
problem (2.2), that is

!
f U(s)Xods € Dom(A), Yt >0,
° t . (2.3)
UnXo = Xo+ A f U(s)Xods + f F(U(s)Xo)ds, ¥t > 0.
0 0

Let

Q= {(T, 0,i(-),V,Z2) € Xo+ | T(t) + f ) i(t,a)da < A, V() + iIZ(t) < A‘l_z } , 2.4)
0 Ho ¢ Hop

where 1y = min{u;,} and /i = min {, u3}. We show that Q is a positively invariant set under semi-
flow {U(0)}10.

Theorem 2.2. Q is a positively invariant set under semi-flow {U(t)}s0. Moreover the semi-flow
{U(1)}10 is point dissipative and Q attracts all positive solutions of (2.2) in Xy,.

Proof. Integrating the second equation of (1.6) along the characteristic line t — a =constant, yields

i(t—a,0)I(a), t>a>0,

(t,a) = r (2.5)
b ipla — t)l"(a(ci)t)’ a>t>0.
Then
j; " it ayda = fo i(t — a,0)[(a)da + ft it - t)r(l;(ci)t)da
_ f o O — oo + f i@ Dy
0 0 F(a)

Note that I'(0) = 1 and I"’(a) = —6(a)I'(a), thus

d [~ 9 ‘. d . TI@+a
= fo i(t.a)da = = fo (0, Ot — o)dor + = fo W@ =gy

=i(t,0) - foo o(a)i(t, a)da.
0
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One has that
i (T(t) + f+°° it, a)da) =N -, T(t) - foo o0(a)i(t,a)da
dr 0 0

<A — o (T(t) - foo o(a)i(t, a)da) .
0

We have . A
lim sup {T(t) + f iz, a)da} <—, t=0.
0

t—0o0 Ho
From the third and forth equations of (1.6), it is easy to check
Ap

A0

HoM

lim sup (V(r) + gZ(t)) < t>0.
c

>0

Hence
U Xollx, <II,

where I = ;on (1 + f + ;—5). Therefore, for any solution of (2.2) satisfying X, € Q and U()X, € Q for
all t > 0, Q is a positively invariant set under semi-flow {U()};-9. Moreover the semi-flow {U(t)},>0 is

point dissipative and Q attracts all positive solutions of (2.2) in Xj.. O

2.2. Steady state

In this subsection, we concern with the existence of steady states for system (1.6). Obviously, the
system (1.6) always has a virus-free steady state £y = (7,,0,0,0) = (,UAI’O’ 0,0). E is the unique
equilibrium if Ry < 1, where R = Bz—‘f + TyK is the basic reproduction number of system (1.6). If

Ry > 1, there exists an immune-inactivated infection steady state E; = (Ty,1(a), V{,0), which is the
same situation in [21], that is,

T 1 1 [
Tl*:ﬁ, i*[(a):A(l—ﬁ)F(a), V;":#—2 j; p(a)ij(a)da. (2.6)

There also exists another immune-activated infection steady state E, = (T5,i3(a), V5, Z]), which is
satisfies

A= mT; = i50) = BTV + f k(a)T;iy(a)da,
0

di@)
da - d@ia), 2.7)

f pla)iz(a)da — w(Z;)V; =0,
0

V3 (Z3) - 32 = 0,

where
@(Z3) = i + qf(Z3).

By some calculations, we have

i3(@) = () (). (2.8)
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From the third equation of (2.7), yields

I p@is(@)da
= (29)
2 @(Z})
Substituting (2.8) and (2.9) into the first equation of (2.7) one has that
w(Z3)
= — 2.10
2T BP+w(Z)K (2.10)
and .
BO) = A - Ts = A — —T5) @2.11)
=AM =R e K '
In the following, we show that Z7 > 0. In fact, combining the last two equations of (2.7) give us
* mw(Zy) ) w2y (Zy)
(a) (A —————|I(a)da — ———=— =0. (2.12)
fo P BP + =(Z)K cf(Z3)
Denote . z) Zo(Z)
. @£, H3£, T4,
O(ZY) = f (a) (A - —*)F(a)da -—
o P BP + w(Z)K cf(Z)
and AcPf'(0 1
%1 = —C f( )(1——)
M3 Ro
Then

lim ®(Z5) >0 R, > 1.
Z;-0

It is easy to check %Z:) < 0 and limz-_,,, ®(Z*) — —oo. Hence, there is only one positive root for
(2.12) if Ry > 1. By the expressions of R and R, we have R; > 0 = R, > 1, then there is the
following theorem on the existence of steady states.

Theorem 2.3. For system (1.6), there are two threshold parameters R and R such that
(i) if Rg < 1, there exists only one positive steady state E;

(i) if Ri < 1 < Ry, there exists two positive steady states Ey and E;;

(iii) if R > 1, there exists three positive steady states E, E| and E;.

The following lemma on immune-inactivated infection steady state and immune-activated infection
steady state will be used in the proof of global stability.

Lemma 2.2. The immune-inactivated infection steady state (T}, 1;(a), V},0) satisfies

SIBT o BOTOVO) o GOTita)]
fo [Zp (a)”(a)(l_ i 0TV, )+T1k(a)”(a)(l_ il(t,0>T1*i’f(a>)]da_0’ &1

and immune-activated infection steady state (T, 13(a), V5, Z]) satisfies

f"" BT; 1 LO)T@)V(r) {— L(O)T ()i, a)
0

M2+ qf(Z3) i(t,0)1,V; ir(t,0)T,i5(a)
Mathematical Biosciences and Engineering Volume 17, Issue 2, 1450-1478.
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Proof. For the immune-inactivated infection steady state (7}, }(a), V{,0), it follows from the third
equation of (2.6), we have

BTy l(O)T(f)V(l‘) BLOTOV() [~ .
f pla)i| () AR _W 5 p(a)ii(a)da
i*(0)
i(¢,0)

Recall that i(#,0) = BT (1)V(¢) + fom k(a)T (t)i(t,a)da in (1.7), hence

BT (0T (V) S e a, JHOT®)i(t, a)
f — ( ) ( )Wda + fo Tl k(a)ll(a)mda
;10 ) 17(0)

i(2,0 i(,0)

+ T(1) f k(a)i(t, a)da
=i;(0)

=BTV} + f k(a)Tyii(a)da,
0

Thus, (2.13) holds true. The proof of Eq (2.14) is similar to (2.13), so we omitted it. This ends the
proof. O

3. Asymptotically smooth

In this section, we show that the semi-flow {U(¢)},>o is asymptotically smooth. Since the state space
Xy, 1s the infinite dimensional Banach space, we need the semi-flow {U(7)},5( is asymptotically smooth
to proof the global stability of each steady states. Rewrite U := @ + ¥, where

O(NXo : = (0, (-, 1),0,0), (3.1)
YOXo : = (T(0), @o(, 1), V(1), Z(1)), (3.2)

with

0, t>az>0, i(t,a), t>a>0,
@ (1) = and @,(-,1) =
i(t,a), a=t=>0, 0, >120.

We are now in the position to prove the following theorem.

Theorem 3.1. For any X, € Q, {U()Xy : t > 0} has compact closure in X if the following two
conditions hold:

(i) There exists a function A : R, X R, — R, such that for any r > 0, lim,_,, A(t,r) = 0, and if Xy € Q
with || Xol||lx < r, then ||O()Xyllx < A(t,r) fort >0

(ii) Fort > 0, Y(1)Xo, maps any bounded sets of Q into sets with compact closure in X.

Proof. Step I, to show that (i) holds.

Mathematical Biosciences and Engineering Volume 17, Issue 2, 1450-1478.
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Let A(t,r) := e‘Str, it is obvious that lim,_,., A(¢, ) = 0. Then for X, € Q satisfying || Xy|lx < r, we
have

I@®%M=KWhIIWMMMm+M+M
0

(7L T@

—j: ip(a I)F(a—t)'da

:f iO(S)F(s+t) ds

0
<e™ f lio(s)|ds
0

I'(s)
e Xollx

<
<A@, r), t20.

This completes the proof of condition (i).

Step 11, to show that (ii) holds.

We just have to show that @,(t, a) remains in a precompact subset of L! (0, c0). In order to prove it,
we should show the following conditions hold [40, Theorem B.2]:

(a) The supremum of fooo w,(t, a)da with respect to X € Q is finite;
(b) lim,_,c fu ~ @, (t,a)da = 0 uniformly with respect to X, € Q;
(¢) lim, ¢+ fooo(wz(t, a + u) — @w,(t,a)da = 0 uniformly with respect to X, € Q;

(d) lim,_,o+ fu * @, (t,a)da = 0 uniformly with respect to X, € Q.

Conditions (a), (b) and (d) hold since @,(t,a) < (/% + l_c) 2—22 Next, we verify condition (c). For
0

sufficiently small u € (0, 1), set K(¢) = fooo k(a)i(t, a)da, we have

f |@(t,a + u) — @, (t,a)lda
0

:f_ul(ﬁT(t—a—u)V(t—a—u)+K(t—a—u)T(t—a—u))F(a+u)
0

-BT(t-a)V(it—-—a)+ Kt —a)T(t —a)l'(a)da

+ f 0 -BT(t—-a)V(t—a)+ Kt —a)T(t—a)l'(a)lda

—u
f—u

< BTt—a-uwVit—-a—-u)+Kit—a-uwT(t—-a-u)l'(a+u)—-TI(a)da
0

+ f_u BT (t —a—-u)V(t—a—u)—BT({t—-a)V(t—-a)ll(a)da
0

f—u 2 —
+ f K(t —a—wT(t —a—u)— K(t — a)T(t — )T (a)da + u (ﬁ) (Tp + k) .
0 Ho M

Mathematical Biosciences and Engineering Volume 17, Issue 2, 1450-1478.
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Since I'(a) is non-increasing function with respect to @ and 0 < I'(a) < 1, we have

f_u I'(a + u) —T'(a)|lda = f_u T'(a) —T(a+u))da
0 0

= f _uF(a)da— f I'(a)da
0 u

f—u U
< f I'(a)da + f I'(a)da < u.
0 t—u

Then
00 A 2 — _
f |wo2(t, a + u) — w,(t,a)|lda < 2u (—) (ﬁTp + k) + =,
0 Mo H
where

= = f_u BT(t—a—-u)V(t—a—-u)—-BT(t—-a)V(t—a)l(a)da
0
+ f_u IK(t—a—-uw)T(t—a—-u)— K@t -a)T(t—-a)l'(a)da.
0

Thanks to the argument in [41, Proposition 6], T(-)V(-) and T(-)K(-) are Lipschitz on R,. Let M; and
M, be the Lipschitz coeflicients of 7'(-)V(-) and T'(-)K(-) respectively. Then

t—u —u M M
E < (BM, + My)u f T(a)da < (BM, + M>)u f [a)da < "M+ M)
0 0

Hence
2,
A) (ﬁ_p + ]_() + M(ﬁM1~+ Mz)’

f |wH(t, a + u) — wy(t,a)|lda < 2u(
0 Ho H2

which converges to 0 as u — 0%, the condition (c) holds. Let Y/ C X be a bounded closed set and B be

a bound for Y, where B > A. It is easy to check M, and M, are only depend on A, that is M, and M,
are independent on X. Consequently, @, (¢, a) remains in a precompact subset Y of L} (0, +c0) and thus

Y@, Y) < [0,B] xY x[0,B] x [0, B],
which has compact closure in X. The proof is completed. O
4. Local stability of steady states

In this section, we show the local stability of system (1.6) at each steady states.

4.1. Local stability of virus-free steady state

Theorem 4.1. If Ry < 1, then the virus-free steady state E of system (1.6) is locally asymptotically
stable.
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Proof. Denote T,(t) = T(t) — Ty, i,(t,a) = i(t,a), V|(t) = V(t) and Z,(t) = Z(?), the linearized equation
of (1.6) at E as follows:

dT(1)
dt

=~ T1 (1) = BTo V(1) —f Tok(a)i(t, a)da,
0

(2 + i)fl(t, a) = =8(a)i(t,a),

ot da

dVl(t) _ foo p(a)a(f, a)da _#2\71([), (41)
dt 0

dz =
dlt(t) = —u3Z(1),

i1(t,0) = BToVi(1) + f Tok(a)iy(, a)da.
0
Let the solution of (4.1) has the following exponential form:
T\(t) = Tie", Vi(t) = VieV, Zi(1) = Zie" and §(t,a) = ij(a)e",

then o
AT, = =y Ty = BTV, — f Tok(a)i\(a)da,
0
dil (a)

Ai(a) + = —6(a)ii(a),
da

/Wq:\f p@)iy(@)da — 1V, (+2)
0

AZy = —37,,

11(0) = BTV, + f:o Tok(a)i;(a)da.
Solve the second equation of (4.2) yields

i1(a) = 11(0)e T (a).
We can write the characteristic equation as following

A+ To [ k@eT(ayda BT,
0 1-Ty [ kae ™ I(@)da —pT,
0 - [T p@eT(ada A+
=AW + 1)
:O’

where

AQ) = A+ up — AT, f ) k(a)e ™ “T'(a)da — u> T, f ) k(a)e™“T'(a)da — BT, f ) pla)e T (a)da.
0 0 0
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Since 4 = —u; < 0, then we only need to consider the root of A(1) = 0. By way of contradiction, we
assume that it has an eigenvalue A, with Re(4y) > 0. We have

A+ | = ‘(/1 +u2)To f i k(@)e™“T(a)da + BTy f i p(@e“T(a)da
0 0

BTo [, p@)e“T(a)da
A+ o

<A+ ol | T f k(a)e T (a)da +
0

BT | p(a)F(a)daJ

< A+ ol Tof k(a)I'(a)da +
0 M2

Hence,

00 T [ p(a)(a)d
T, f k(a)F(a)da+'B b I;( Alta)da 1,
0 2

which is impossible because R, = 'BZ—Z’D + TyK < 1. This completes the proof. O

4.2. Local stability of immune-inactivated steady state

Theorem 4.2. If R| < 1 < Ry, then the immune-inactivated steady state E7 of system (1.6) is locally
asymptotically stable.

Proof. Denote To(1) = T(t) — T}, i(t,a) = i(t,a) — i{(a), Vi(t) = V() — Vi and Z,(t) = Z(¢), the

linearized equation of (1.6) at E7 as follows:

dTg(l)
dr

= _ﬂTikVQ(t) - f Tfk(a)fz(t, a)da — (BVf + uy + f i’[(a)k(a)da) T,(1),
0 0

(2 + ﬁ)?z(t, a) = —6(a)i\(t, a),

ot da
dv P v Z
dzt(t) = f p(a)ix(t,a)da — up Va(t) — qf (0)ViZy (1), @
0
dz > 5
d2t(’) = cf OV Zo(t) — 1375(2),

ir(1,0) = BT V(1) + BV Ta(1) + foo T k(a)iy(t,a)da + foo ij(@)k(a)Ty(t)da.
0 0

Let T»(t) = TreY, Vo(t) = Vae', Zo(t) = Z,e" and ir(t,a) = ir(a)eV, thus we have the following
characteristic equation:

0=@-cf (O)V] + )+ )+ w2) (1 -7y fo k(a)e‘””l“(a)da)
— (A =cf O)V] + )+ )BTy fo pla)e™“T(a)da

+ (@A =cf O)V] + 13)(A + 12) (ﬁVik + fo k(a)iT(a)da) .
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Note that R < 1 and using (2.6), we can obtain that y3 —cf’(0)V; > 0, then the characteristic equation

is equivalent to
(A + ) (1 - T f k(a)e‘“l“(a)da) - BT; f
0 0

+ (A + 1) (ﬁVf + f ) k(a)i! (a)da) . (4.4)
0

00

0 =(A+ )

p(a)e_ﬂ“l“(a)da]

By way of contradiction, we assume that it has an eigenvalue A, with Re(1y) > 0. Obviously, 4 = —
and A = —u, are not the roots of (4.4) and note that

P _ * * P ﬂTik * P
O =T | k@i@da+ =L | p@ii(@da

=T] f i k(a)ij(O)[(a)da + ATy f ) p(@)i; (O (a)da.
0 M2 Jo

Then we have

LBV i k@)i;(a)da
Ao + g

o0 1 00
=Ty f k(a)e T (a)da + BT f p(a)eT'(a)da
0 Ao + J75) 0

0

=1,

<|Ty f ) k(a)'(a)da + @ f ) p(a)(a)da
0 M2 Jo

which is impossible since Vi > 0 and ij(a) > 0. Accordingly, the immune-inactivated steady state E}
of system (1.6) is local asymptotically stable if R; < 1 < R,. O

4.3. Local stability of immune-activated steady state

Theorem 4.3. If R, > 1, then the immune-activated steady state E of system (1.6) is locally asymp-
totically stable.

Proof. Applying similar method in the proof of the Theorem (4.2), we have the characteristic equation
as following:

A+ ) [+ o + qf (D)) A = Vo f(Z3) + p3) + qeVa f(Z) f/(Z)] (1 - fo Ti‘k(a)e_”‘F(a)da)

+ A+ p)(A = cVy f(Zy) + u3)BT, fo p(@e“T(a)da

== [+ w2+ qf () = Vi f'(Zy) + 3) + qcVa f( ) f(Z3)] (ﬂVS + f k(a)ié(a)da) : (4.5)
0
By way of contradiction, we assume that it has an eigenvalue 1; with Re(4;) > 0. From the concavity

of function f in (A2), we have u3 — cV; f(Z3) > 0 since u3Z; — cV; f(Z5) = 0. Note that 1 = —pu;,
A =—(uy +qf(Z3)) and A = ¢V} f(Z]) — p3 are not the roots of (4.5), then we can rewrite (4.5) as

1+E= f Tsk(a)e T (a)da. (4.6)
0
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where
_ (1= [ Tsk@e T (@)da) qeV; (25 f(Z3) AT ;" pl@e“T(a)da
T A+ qfZ)) A= cVif(Z) + ) A+ +qf(Z5)
LBVt [ K@i@da geVifZ)f ) (BV; + [ k@iy(@)da)
A+ (A + pa + qf(Z))A = Vi fI(Z) + p3)
Then

11+5| =

f ) T;k(a)e T (a)da
0

<

1 00
i;(_())( fo i5(0)Tsk(a)e T (a)da +

<1,

_ P f i iZ(O)p(a)l"(a)da)
2+ qf(Z3) Jo

which is contradictory. Here we use the fact:

1 - f ) Tik(a)e T (a)da = L (ﬁT;v; + f ) Tik(a)|1 - e i;(a)) > 0.
0 12(0) 0

This completes the proof. O

5. Global stability of steady states

In this section, we discuss the global stability of system (1.6) by using Lyapunov direct method and
LaSalle invariance principle. We first give the result on uniform persistence.

Theorem 5.1. Assume that Ry > 1. Then there exists a constant { > 0 such that

liminf 7(f) > ¢, liminf[li¢-, )l > ¢, Hminf V(©) > ¢
I—+00 t—+00

t—+00

for each Xy € X.

The proof of Theorem 5.1 is similar with that in [21, Section 4] or [30], so we omit the details. In
the following, we proof the global stability of each steady states.

5.1. Global stability of virus-free steady state
Theorem 5.2. The virus-free steady state E, of system (1.6) is globally asymptotically stable if Ry < 1.

Proof. Let

@i(a): = f w(uip(é + T°k<6>) el i e, (5.1)
a 2
gx):=x—-1-Inux (5.2)
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By direct calculations, we have @(0) = R, and o/ (a) = d(a)a(a) — (%0 pla) + TOk(a)). Define the
following Lyapunov functional:
H(t) = H,(1) + Hy(1),

where

Hy () = Tog (TT(;))+’[%V()+ ‘Iﬁﬂozm (5.3)

Hy(r) = fm a1 (a)i(t, a)da. 5.4
0

Calculating the derivatives of H,(¢) and H,(¢) along system (1.6), we have

dH\ (1) _ (1 ) dT (1) N BTodV (1) . gBT, dZ(1)
dr T(r)) dt w, dt cup,  dt

_ Ty T\ qBTous
~Hifo (2 @ To ) 0= Cl2 T

+ fm k(a)Tyi(t,a)da + ﬁﬂ f‘x’ p(a)i(t,a)da,
0 M2 Jo

and
dHy(t) (™ ﬁl(t a)
20 fo o1 (@)
_ f al(a)al(t D 4 - f a1 (@)8(@)i(t, a)da
0 a 0
=Ri(t,0) — f (@p(a) + Tok(a)) i(t,a)da,
0 1 2%)
thus
dH() Ly T@ 3 _ qBTous
T =Ty (2 0 To ) + (Ro — Di(2,0) - Z( <0 (5.5

if Ry < 1. Note that dH(t)I(l 6y = 0 implies that T'(t) = Ty, i(t,0) = 0 and Z(r) = 0, then the largest
dH(1)

invariant subset of { li16) = 0} is {Ep}. Therefore, the virus-free steady state E, of system (1.6) is
global asymptotically stable if Ry < 1 by Lyapunov-LaSalle theorem. This ends the proof. O

5.2. Global stability of immune-inactivated steady state

Theorem 5.3. The immune-inactivated steady state EY = (T7,ij(a), V{,0) of system (1.6) is globally
asymptotically stable if R, < 1 < R,.

Proof. Let

ax(a) : = f ) (?ﬁ(ew Ti“k(e)) e Lo de. (5.6)
a 2
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Define the following Lyapunov functional:

W(1) := Wi (1) + Wa(2) + W3(0),

where
T(1)
W](l) = T ( Tl ),
N N Y\

Wh(n) @ = a(a)ij(a)g

0 1( )
WD) : _PTLy g(v(f))+ ikl LZ().

M2 V] Clr

The derivative of W;(¢) is calculated as follows:

W, (1) _(1_ Ty )dTl(r)
dr T(r)] dr
:(1_ 7 )(A— wT(@) —BT(OV() - f ook(a)T(t)i(t,a)da)
T() 0
- Iy T@ Ty
=T (2—70 T*) (i1(0) — i(t, 0))(1—T(I))
Note that
. d [i(t,a) i(t,a)
ll(a)@(ff(a) —1-In i*(a))
@) dit, a) _ ha@)
‘(1 i(t,a)) ga O )(1 i, a))
which leads to
* ii(a) \ di(t,a)
fo az(a)(l_i(t,a)) oa da
:az(a)i’f(a)(%—l—ln ’l_(f(’;’))) 4 f A(@)8(a)il(a) - it, a))lda
1 0

< [i(t,a) i(t,a)\ (das(a) 0ii(a)
_j; (f;(a) —1=In 1(a))( da 1@+ a@— ) a
iz, O))

= hm as(a)i* (a)g(l(t( a))) a2(0)i1(0)g ( )

" f " (@0@li (@) — itr, @) lda — f wg(’.(f’“))(d“““) (@) + ar(@y 20 ))
0 0 i*(a) da

By some calculations, we have

*

_ Loy = BT,
@(0) =1, ay(a) = d(a)az(a) -
J25)

pla) + Ty k(a)),

(5.7)

(5.8)

(5.9)

(5.10)
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and using the fact that

di}(a) ,
(lia = —8(a)i(a).

* i1(a) \ di(t, a)
fo al(a)(l i(t, a)) oa
- lim axt@ @1 “))) 10 LR+ [ a@dnio - .o
+ f (T{‘k(a)i*(a) "(a )) (l(t a))da-
0 *(a)
Then we have the derivative of W,(¢) as follows:
dWo(t) (™ _ (@) ) di(t,a)
dt _fo a(a)(l it, a)) o
_ a B i*(a) \(0i(t,a) ,
= L a(a)(l i, a))( % + o(a)i(t, a)) da

= — hm Cl’(a)l (a)g( (t( ))) ( ) (l(*t(,(g))))

- f Tl*k(a)i*(a)g( .(*’a))da - f Rk p(a)i*(a)g(i,(f’ a))da.
0 i*(a) 0 M2 i*(a)

dws(t) BT| (1 A )dV(t) N gBT dZ(1)
V()

Hence

For W5(%), we have

dt 1w dr cuy dt
A T 00 T
P f p@it, ada 1 P p(a)i(r,a>da+ﬁ Ly
M2 Jo Ha M2 V(f) )
gpTy _ . qpT}
+ =LV f(Z(0) - —LpsZ(0).
H2 Clr

Hence,

WO o A7)
t T T,

T* 00 T* 00
~ BTV} —— — f k(a)T;ii(a)=——da + f k(a)T}i(t, a)da
T(@) 0 0

T(1)
. o ] Z o ' t’O ” N L
_ 31_)1130 a(a)ij(a)g (lé(;))) —i7(0)In li(T(O)) - f(; P(a)ll(a)g( i (a)))
. :3T1 0 1 V1
2 V(@) Jo
CIIB Ly s f(Z() - qﬁﬂzl 3Z(1). .11
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Recalling that V| = fo @) jx ((@)da and ;(0) = BTV} + fo k(a)T{ij(a)da. Substituting (2.13) into

M2
(5.11), after some calculatlons and rearranging the equation yield
dW() Ty T i(t,a)
=uT{2— ——-—|-1i
dt /”tl 1 ( T( ) T* alm a/(a)l (a)g lT(a)

* BTy . Ty Vii(t, a) i(1,0) i(t,a)
+f0 Ep(a)ll(a) (2 - T - VO @ —1In i) +In @) )da

. Ty L i0) . ia)
+f0 Tik(a)i) (a)(1 - m ~In i7(0) +in i’f(a))da

' f i@ (1 - —’l.(O)T(”V(”) da
0o M2

i(t,0)T;Vy
) HOYEGIA
’ fo TTk(a)ff(a)(1 - %) "
’ 1“1
T, Tt .
=i Ty (2 - Fl) - %) - llm a(a)i} (a)g(li(i(;z)))

BT T: V:it, a) HOTOVO
- [ Sarar el olvtar) * <oy ) o

. T; HOT@)it, a)
— f(; le(a)ll(a) {g(T(t)) + g(m)} da

T*
s Py iy - Pz,
Ha CH2
Note that
PLvi iy - Elpz <20 [Acpfl(()) (1 - 9% ) } 1]
He CH2 CH2 Hop3 0
:qﬁTl (R - 1).
CH2

Thus 22,6 < 0 when R, < 1 < Ro, &0 = 0 if and only if (T(),i(t,a), V(1), Z(1)
(Ty,11(a), V{,0). Applying Lyapunov-LaSalle theorem, the immune-inactivated steady state E}

(Ty,i;(a), V;,0) of system (1.6) is globally asymptotically stable if R, < 1 < R,.

5.3. Global stability of immune-activated steady state

Theorem 5.4. The immune-activated steady state E5 = (T},i5(a), V},Z5) of system (1.6) is globally
asymptotically stable if Ry > 1.

Proof. Let

a3(a) : = f ) (ﬁ(Tz{)me) B T;k(a) el ode (5.12)
a 2

Define the Lyapunov functional as follows

L(1) := Li(0) + Lo(1) + L3(1) + La(2),
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where

T
L) := T;g( (t));

Ly(n) = = fo az(a)iﬁ(a)g(

T,

i(t,a)
da;
o)

* * Z(1) *
Ly(1) : ﬁﬂT *g(v(t))+ ik (Z(z)—z; - f 1) (Zz)dr).
2 zZ

%4 Clr f@

Using the results in the proof of Theorem (5.3), after some calculations, we have the derivative of L(f)

as follows:
dL(t)

dt =M

T*( T; T

2 _ —) - lim CZ3(Cl)l;(a)g(

it, a))
W T,

i5(a)

2

o w(Z) (1) V(i (a) i(t,0)T; V3

Y 7 L(O)T(1)i(t, a)
_ fo T k(a)iz(a) {g(T(t)) + g( i OT@ )} da

, BLVIfZ) (za) _ f(Z(t)))( @) 1)

@(Zy) Z,  [(Z) J\f(Z(®D)

* BT} @il ){ ( T; )+g( V;i(.t, a))+g(i;.(0)T(t)V(t))} da

It follows from follows (A2) and (A3) that (% - fﬁz“”)( L2~ 1) <0, thus 40| ;) < 0 and 442 = 0

F&Z5) J\fZ®)

if and only if (T'(9), i(t,a), V(1), Z(1)) = (T5, i5(a), V5, Z3). Therefore, the immune-activated steady state

E, of system (1.6) is global asymptotically stable if R > 1 by Lyapunov-LaSalle theorem.

6. Special case and numerical simulation

6.1. Example

O

In this subsection, as special case for the age-infection model (1.6) and (1.7) with general nonlin-
ear immune response f(Z), we introduce the following age-infection model with saturation immune
response function, which have been used for modeling HIV infection in [30,42].

dT(z)

o - ATmT@O-pTOVQ) - foo k()T (1)i(t, a)da,
0

(ﬁ + ﬁ) i(t,a) = —6(a)i(t, a),

ot Oa
avi) (™ . _ _qV()Z(1)
& fo p(a)i(t,a)da — V(1) Yz

dZ(r)  cV(DHZ()
it h+Z@)

— U3 Z(1)

with the boundary and initial condition

i(t,0) =BTV + foo k(a)T (1)i(t, a)da,
0

T)=Ty>0, V(0)=Vy,>0, ZO0)=Z, >0 and i(0,a) = ip(a) € L. (0, ).
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The model without cell-to-cell transmission of system (6.1) with (6.2) has been studied in [30]. It is
easy to see that f(Z) = hf(z%) satisfy (A2) and (A3). System (6.1) with (6.2) is a special case of the
original system (1.6) and (1.7).

The virus-free equilibrium of system (6.1) with (6.2) is similar to the previous one, Ey =
(Ty,0,0,0), where T, = l% By some calculation, we obtain the basic reproduction number and

immune-activated reproduction number of system (6.1) with (6.2) as Ry = BLP ToK and R =

M2
AcP
T
Corollary 6.1. For system (6.1) with (6.2), there are two threshold parameters Ro, and Ry, with
%01 > %11 such that

(1 - %LO) respectively. We have the following corollary:

(i) If Ro1 < 1, there exists a virus-free steady state Ey,, and Ey, is globally asymptotically stable;

(i) If R11 < 1 < Ry, there exists a immune-inactivated steady state E1y which is globally asymptoti-

cally stable;
(iii) If Ry > 1, there exists a immune-activated steady state E»; which is globally asymptotically
stable.
Table 2. Parameter values for numerical simulations.
Parameter  Value Unite Case 1 Case2 Case3 Ref.

A 0~ 100 cells ml—day‘1 1.2 8 100 [44]
B 5%x1077 ~0.5 ml virion-day™! 0.001 0.001 0.001 [42]
Ui 0.007 ~ 0.1 day ! 0.01 0.01 0.01 [44]
o 24~3 day ! 6 6 6 [44]
U3 0.3 day -1 0.3 0.3 0.3 [45]
q 0.006 ml cell™! day ~! 0.006 0.006 0.006 [45]
c 0.1 ml virion~!day ! 0.1 0.1 0.1 [45]
h 1~ 100 Saturation constant 10 10 100 Assumed

6.2. Numerical simulation

In this subsection, we perform some numerical simulations to the validity of the theoretical result of
this paper. Specifically, we focus on the age-infection model with saturation immune response function
(see model (6.1)).

The parameter values will be used in numerical simulation are listed in Table 2. Furthermore, we
set the maximum age for the viral production as a' = 10 and we set

d(a) =0.03 (l + sin (@- S)N) . pla) =29 (1 + sin (a IOS)R)
and
k(a) = 0.0003 (1 +sin @ 105)”),

Thus, the averages of d(a), p(a) and k(a) are 0.03, 2.9 and 0.0003, which are the same in [20,43].

Mathematical Biosciences and Engineering Volume 17, Issue 2, 1450-1478.



1472

Numerical simulation shows the following three cases:

Case 1: Choose parameter values as in Case 1 of Table 2, then we can calculate the basic reproduc-
tion number as Ry ~ 0.8093 < 1. Corollary 6.1 asserts that the virus-free steady state of system (6.1)
with (6.2) is globally asymptotically stable. From Figure 1, one can observe that the levels of all com-
partmental individuals tend to stable values, where T'(¢), V(¢), i(t,a) and Z(¢) converge to a virus-free
steady states (100,0,0,0).

1000

T(t)

0 100 200 300 400 500
Time t

Time t

0 2‘0 40 60 80 100 0 20 40 60 80 100
Time t Time t

Figure 1. The long time dynamical behaviors of system (6.1) with (6.2) for R, = 0.8093 < 1,
that is, the virus-free steady state of system (6.1) with (6.2) is globally asymptotically stable.

Case 2: Choose parameter values as in Case 2 of Table 2. By some computing, we can obtain that
Ro ~ 5.3952 > 1 > R =~ 0.9040. From Corollary 6.1, we derive that immune-inactivated infection
steady state is globally asymptotically stable. Numerical simulation illustrates this fact (see Figure 2).

Case 3: Choose parameter values as in Case 3 of Table 2. Similarly, we can obtain that R, ~
29.9893 > 1 and R ~ 1.3408 > 1. Numerical simulation shows that the levels of all compartmental
individuals tend to stable values (see Figure 3), that is, immune-inactivated infection steady state is
globally asymptotically stable.
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Figure 2. The long time dynamical behaviors of system (6.1) with (6.2) for Ry ~ 5.3952 and
R ~ 0.9040, that is, the immune-activated steady state of system (6.1) with (6.2) is globally
asymptotically stable.
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Figure 3. The long time dynamical behaviors of system (6.1) with (6.2) for R, ~ 29.9893 >
1 and R, ~ 1.3408 > 1, that is, the immune-activated steady state of system (6.1) with (6.2)
is globally asymptotically stable.
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7. Conclusion and discussion

In this paper, we proposed and investigated an age-structured within-host viral infection model
with cell-to-cell transmission and general humoral immunity response. We have shown that the global
stability of equilibria of model (1.6) are determined by the corresponding basic reproduction numbers
R and the basic immune reproductive number R ;. That is, when R < 1, the virus-free steady state
is globally asymptotically stable, which means that the viruses are cleared and immune response is
not active; when R; < 1 < Ry, the immune-inactivated infection steady state exists and is globally
asymptotically stable, which means that viral infection becomes chronic and humoral immune response
would not be activated; and when R; > 1, the immune-activated infection steady state exists and is
globally asymptotically stable, in this case the infection causes a persistent humoral immune response
and is chronic.

Now, we show the relevance of model formulations between our age-structured model (1.6) and the
standard ODE models. We consider 6(a) = 6, k(a) = k and p(a) = p in model (1.6). Letting

1(r) = foo i(t,a)da.
0

i(t,0) =BT (OV(t) + kT (1)1(1),

Recall that

then we have

di(ty (7 di(t,a) , _ © (0i(t,a) .
T _L Py da = fo ( P +51(t,a))da
:i(t,O)—f oi(t,a)da
0

=pT)V(t) + kT (0)I(t) — 61(¢),

here we assume that lim,_,, i(f,a) = 0, which means that there is no biological individual can live
forever. Thus, system (1.6) is equivalent to the following ODE model as

dr

% = A — iy T(t) = BTV — KT (DI(D),

di@) =BTV (t) + kT(0)I(t) — 61(1),

d 3/ t(,) (7.1)
T = p[(t) —/.le(t) - qV(t)f(Z(f)),

dz

% = V(D f(Z(1) — usZ(1),

which is the model studied by [23] when f(Z) = Z and k = 0. In fact, we have not found the above
model in any existing literatures, but we think it has the same dynamic behavior with (1.6).

It is necessary to mention it here, in the proof of Lemma 4.1, there may exists zero eigenvalue if
Ry = 1, and it may lead to more complex dynamic behavior. For example, Qesmi et al. [46] propose a
mathematical model describing the dynamics of hepatitis B or C virus infection with age-structure, and

Mathematical Biosciences and Engineering Volume 17, Issue 2, 1450-1478.



1475

they found that when R = 1, the system may undergo a backward bifurcation. In a recent work [22],
Zhang and Liu studied an age-structured HIV model with cell-to-cell transmission and logistic growth
in uninfected cells. They have shown that there exists Hopf bifurcation of the model by using the Hopf
bifurcation theory for semilinear equations with non-dense domain. Introducing logistic growth in
uninfected cells to model (1.6), it will be interesting to investigate the existence of a Hopf bifurcation.
We leave the above two studies for future consideration.
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