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Abstract: Recently, it has been proved that for the diffusive viral infection model with cell-to-cell
infection, the virus-free steady state E, is globally attractive when the basic reproduction number
Ry < 1, and the virus is uniformly persistent if Ry > 1. However, the global stability analysis in the
critical case of Ry = 1 is not given due to a technical difficulty. For the diffusive viral infection model
including a single equation with diffusion term, global stability analysis in the critical case has been
performed by constructing Lyapunov functions. Unfortunately, this method is not applicable for two
or more equations with diffusion terms, which was left it as an open problem. The present study is
devoted to solving this open problem and shows that E is globally asymptotically stable when Ry = 1
for three equations with diffusion terms by means of Gronwall’s inequality, comparison theorem and
the properties of semigroup.
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1. Introduction

HIV spreads through either cell-free viral infection or direct transmission from infected to healthy
cells (cell-to-cell infection) [1]. It is reported that more than 50% of viral infection is caused by the
cell-to-cell infection [2]. Cell-to-cell infection can occur when infected cells encounter healthy cells
and form viral synapse [3]. Recently, applying reaction-diffusion equations to model viral dynamics
with cell-to-cell infection have been received attentions (see, e.g., [4-6]). Ren et al. [5] proposed the
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following reaction-diffusion equation model with cell-to-cell infection:

aT(at; 1 _ V- (d\(x)VT) + Ax) = B1()TT" = Bo(x)TV —d(x)T, t >0, x € Q,
—0T*(§Z’ Y V - (dy(X)VT™) + B1()TT" + Bo(x)TV — r(x)T*, t > 0, x € Q, 0
avg; L V- (d;(x)VV) + NxX)T" —e(x)V, t >0, x € Q,

T(0, x) = T°(x) > 0, T*(0, x) = Tg(x) = 0, V(0, x) = Vo(x) 2 0, x € Q.

In the model (1.1), T(z, x), T*(¢, x) and V(¢, x) denote densities of healthy cells, infected cells and
virus at time ¢ and location x, respectively. The detailed biological meanings of parameters for the
model (1.1) can be found in [5]. The well-posedness of the classical solutions for the model (1.1) have
been studied. The model (1.1) admits a basic reproduction number R, which is defined by the spectral
radius of the next generation operator [5]. The model (1.1) defines a solution semiflow ¥(¢), which has
a global attractor. The model (1.1) admits a unique virus-free steady state Ey = (Ty(x), 0, 0), which is
globally attractive if Ry < 1. If Ry > 1, the model (1.1) admits at least one infection steady state and
virus is uniformly persistent [5].

It is a challenging problem to consider the global stability of E in the critical case of Ry = 1. In [6],
Wang et al. studied global stability analysis in the critical case by establishing Lyapunov functions.
Unfortunately, the method can not be applied for the model consisting of two or more equations with
diffusion terms, which was left it as an open problem.

Adopting the idea in [7-9], the present study is devoted to solving this open problem and shows that
E) is globally asymptotically stable when Ry = 1 for the model (1.2). For simplicity, in the following,
we assume that the diffusion rates d;(x), d>(x) and d3(x) are positive constants. That is ,we consider
the following model

oT (¢, x)
ot

oT*(t,
6(t X) _ AT + B1(X)TT* + Bo(x)TV — r(x)T*, t > 0, x € Q, 12

avgt’ *) =d3AV + N(xX)T" —e(x)V, t >0, x€ Q,

T(0, x) = T°(x) > 0, T*(0, x) = Tg(x) = 0, V(0, x) = Vo(x) > 0, x € Q,

=d\AT + A(x) = B1(X)TT* = B(x)TV —d(x)T, t >0, x € Q,

with the boundary conditions:

or(t, x) oT*(t, x) 0V, x)

= @) 1.3
5 5 5 0,1>0, x€0Q, (1.3)

where Q is the spatial domain and v is the outward normal to Q2. We assume that all the location-
dependent parameters are continuous, strictly positive and uniformly bounded functions on Q.
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2. Main result

LetY =C (5, R3) with the supremum norm || - ||y, Y* = C (5, Ri) Then (Y, Y*) is an ordered
Banach space. Let 7 be the semigroup for the system:

oT*(t,
% = d, AT +,81(X)TO(X)T* +ﬁ2(x)T()(X)V _ F(X)T*,
avgt, X) _ BAV + NOOT” — e(x)V,

where T((x) is the solution of the elliptic problem d\AT + A(x) — d(x)T = 0 under the boundary
conditions (1.3). Then 7 has the generator

T= oA + B1(x0)To(x) — r(x) Ba(x)To(x)
- N(x) A —e(x) |’

Let us define the exponential growth bound of 7 as

1
(7 = tim TN

t—+00 t

w
and define the spectral bound of A by

s(g) = sup {Rexl, A€ O'(A)}.

Theorem 2.1. If Ry = 1, Ey of the model (1.2) is globally asymptotically stable.

Proof. We first show the local asymptotic stability of E, of the model (1.2). Suppose ¢ > 0 and let
vo = (T T}, Vo) with |lvg — Eoll < . Define my(t, x) = 222 — 1 and p(r) = max, g (m(t, x), O} .

To(x)
According to diATy(x) + A(x) — d(x)Ty(x) = 0, we have ’
om, VTo(x)Vm; ~ A(x) BiOTT*  Br()TV
— —diAmy —2d = - - .
o MG T T T T

Let 7'(7) be the positive semigroup generated by

VTo(x)V  A(x)

di\ + 2d -
BT T

associ;aited with (1.3) (see Theorem 4.4.3 in [10]). From Theorem 4.4.3 in [10], we can find ¢ > 0 such
that ||T1(t)|| < M,e™? for some M; > 0. Hence, one gets

mi(, 1) = Ty(t)myg — f T\(t - 5) ds,

0

[ﬁl(')T(', )T, s) N BT, 9V, )
To(») To(»)
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where mg = Tox) — 1. In view of the positivity of Tl (1), it follows that

To(

p(t) = max {w(t, x), 0}
xeQ

_ 0o NTC, T, N, V-,
= r?:g( {T1(t)m10 —j(; Ti(t—s) ['Bl() (Toi?) ¢, 9 + 0 (TO(S; ( S)]ds, O}

< max {T] (H)my, 0}
xeQ

< ||71(f)m10||

< Mle_q'

0
|
To(x)

[ Mye

<
T,

9

where T, = min _5{To(x)}. Note that (7", V) satisfies

oT™ (1,
% = doAT* + B1(X)To(X)T* + Br(X)To(x)V — r(x)T*
T 3k
+A@To(n) (To(x) B 1) T" + B2(x)To(x) (To(x) — 1) V,
6Vﬁ9tt, X) = BAV + NOT — e(x)V.

It then follows that
(.0 _ Ty
( Ve, 1) )—T(f)( V(()) )
0 T(, s) i T(, s)
v f T(t_s>[ﬁ1<')T0<')( 0 —1)T(-, S)+/32(')T0(')( 0 -1)v<-, ) ] e
0

0

From Theorem 3.5 in [11], we have that s (;1) = sup {Re/l, A€ U(A)} has the same sign as Ry — 1. If
Ry =1,thens (X) = 0. Then we easily verify all the conditions of Proposition 4.15 in [12]. It follows

from Ry, = 1 and Proposition 4.15 in [12] that we can find M; > 0 such that |7 (¢)|| < M, for ¢t > 0,

where M, can be chosen as large as needed in the sequel. Since p(s) < ’(MTleiqx , one gets

max {[|7°C, Dll, IVC, DI} < My max {[|Tgll, IVoll}

+M1(||[31||+|L32||)||To||£ p(s)y max {[|T(s)ll, IV(s)ll}ds
<M+ Mz(f e max {[IT" (sl IV()ll}ds,
0

where
MBI+ BTl

M, a
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By using Gronwall’s inequality, we get
i —qs My
max (|7, O, IVC, Dll) < MZeb 2574 < pyze™

Then % —diAT > A(x) —d(x)T — M, Zje% (B1(x) + B2(x)) T. Let u; be the solution of the system:

6&\1((92, X) =d\Auy + A(x) — d(x)u; — Mlge% (Br(x) + Bo(X) Ty, xE€Q, 1> 0,
am(;r, D 0 xed 150, @.1)
%

Ui(x, 0)=T° xeQ.

Then T(t, x) > u(t, x) for x € Qandt > 0. Let T/(x) be the positive steady state of the model (2.1)
and m(t, x) = u(t, x) — T¢(x). Then m(t, x) satisfies

amgt’ 9 _ g, AT - () + Mize T Bi(0) + o) |, x e @, 150,
om(t, x) _ 0, x€9Q, 1> 0,
ov

m(x, 0) = T° — Ty(x), x € Q.
For sufficiently large M;, from Theorem 4.4.3 in [10], we have |F;(?)|| < M;e™', where @, < 0 is

a constant and F(?) : C(ﬁ, R) - C(ﬁ, R) is the Cy semigroup of d;A — d(-) subject to (1.3) [5].
Hence, we have

A, 1) = Fi(0) (T° - Te(x)) fo Fi(t = )MiZe™ (Bi() + Ba() (-, $)ds.

|, 0| < My ||T° = To()|

o4 fo M2 e T (B + IBOID [[FiC, 9)||ds.

LetK = Mf{e% (18111 + 11821)- By employing Gronwall’s inequality, one gets
[ C. 0) = T )| = |[ic, 0| < My |70 = Te(x)|| "
Choosing ¢ > 0 sufficiently small such that K < —%, then
[1C, ) = T)|| < My ||T = Ty(x)|| €™,
and
T(, )= To) 2w (, )~ Ux)

= 7/!\1(', t) - U,T(X) + Uﬂ(x) - ﬁ(x)
> =My — (M + D||T(x) = To()l-

Since p(t) < %, one gets T(-, 1) — To(x) < (M, %, and hence

T
IT (. 1) = Tyl = max {ng + Oy + DT — Tool, £ O(X)ll}.

T
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From
}if% Ty (x) = To(x),

by choosing ¢ small enough, for ¢ > 0, there holds |T°(-, £) — To(X)Il, IT*C, DI, IV(, DI < &, which
implies the local asymptotic stability of E.

By Theorem 1 in [5], the solution semiflow ¥(¢) : Y* — Y* of the model (1.2) has a global
attractor I1. In the following, we prove the global attractivity of E,. Define

aylz{(f,'r”*,?)ew: ’T‘*:V:O}.

Claim 1. For vy = (T°, T}, Vp) € I1, the omega limit set w(v,) C 9Y.
Since ‘Z—{ < d|AT + A(x) —d(x)T, T 1s a subsolution of the problem

OT (1 = T
(a; ) _ diAT + A(x) —=d()T, x € Q, t>0,
—~ 2.2
‘9Tgv’x):o,xe0§2,t>0, -

T(x, 0) = T°(x), x € Q.

It is well known that model (2.2) has a unique positive steady state Ty(x), which is globally attractive.
This together with the comparison theorem implies that

limsup 7'(¢, x) < limsup T(t, x) = To(x),
t—+00 >+
uniformly for x € Q. Since vy = (T°, T, Vo) € IL, we know T° < Ty. If T} = V,, = 0, the claim easily
holds. We assume that either 7{; # 0 or Vj, # 0. Thus one gets 77(¢, x) > 0 and V(¢, x) > 0 for x € Q
and ¢t > 0. Then T'(¢, x) satisfies

T
d gt ) _ diAT + A(x) —d(x)T(t, x), x€Q, t >0,
oT(t, x) _ 0. xc 80 £ 50,

ov

T(x, 0) < Ty(x), x € Q.
The comparison principle yields T(z, x) < Ty(x) for x € Q and ¢ > 0. Following [7], we introduce
ht, vo) = inf (R € R : T, 1) <y, V(- 1) < hohs).

Then A(t, vy) > 0 for ¢t > 0. V_Ve show that A(t, vy) is strictly decreasing. To this end, we fix t, > 0, and
let T#(-, ) = h(ty, vo)p, and V(-, t) = h(ty, vo)¢3 for t > t;. Due to T'(-, 1) < Ty(x), one gets

% > doAT* + B1(X)TT* + Bo(X)TV — r(x)T*,
avgt’ Y _ AT + NOT — eV, 2-3)

T*(x, to) > T*(x, 1), V(x, 1) = V(x, 1), x € Q.
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Hence (F(r, x), V(t, x)) > (T*(t, x), V(t, x)) for x € Q and t > t,. From the model (2.3), one

gets h(ty, vo)pa(x) = T(t, x) > T*(, x) for x € Qandr > to. Similarly, we get h(ty, vo)p3(x) =
V(t, x) > V(1 x) for x € Qand 7 > f,. Since 1, > 0 is arbitrary, h(t, vy) is strictly decreasing.
Let h, = 1_1>£n h(t, vo). Then we have h, = 0. Let Q = (Q1, O, Q3) € w(vy). Then there is {t;}
with 1, —>I +; such that ¥(f)vo — Q. We get h(t, Q) = h, for t > 0 due to tlim P(t + ti)vy =
Y (1) t1_1)r+n Ptivo = YOQ. If O, # 0 and Q3 # 0, we repeat the above discussion_)st) illustrate that
h(t, Q) ios0 strictly decreasing, which contradicts to A(z, Q) = h.. Thus, we have O, = Q3 = 0.

Claim 2. I1 = {E,}.

Since {Ey} is globally attractive in Y, {Ey} is the only compact invariant subset of the model (1.2).
From the invariance of w(vy) and w(vy) C dY, one gets w(vy) = {Ep}. By Lemma 3.11 in [9], we get
IT = {Eo}.

The local asymptotic stability and global attractivity yield the global asymptotic stability of Ey. O
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