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Abstract: Several studies have reported dual pathways for HIV cell infection, namely the binding of
free virions to target cell receptors (cell-free), and direct transmission from infected cells to uninfected
cells through virological synapse (cell-to-cell). Furthermore, understanding spread of the infection
may require a relatively in-depth comprehension of how the connection between organs, each with
characteristic cell composition and infection kinetics, affects viral dynamics. We propose a virus model
consisting of multiple compartments with cell populations subject to distinct infectivity kernels as a
function of cell infection-age, in order to imitate the infection spread through various organs. When
the within-host structure is strongly connected, we formulate the basic reproduction number to be the
threshold value determining the viral persistence or extinction. On the other hand, in non-strongly
connected cases, we also formulate a sequence of threshold values to find out the infection pattern in
the whole system. Numerical results of derivative examples show that: (1) In a strongly connected
system but lacking some directional connection between compartments therein, the migration of cells
certainly affects the viral dynamics and it may not monotonously depend on the value of migration rate.
(2) In a non-strongly connected structure, increasing migration rate may first change persistence of the
virus to extinction in the whole system, and then for even larger migration rate, trigger the infection
in a subset of compartments. (3) For data-informed cases of intracellular delay and gamma-distributed
cell infectivity kernels, compartments with faster kinetics representative of cell-to-cell transmission
mode, as opposed to cell-free, can promote persistence of the virus.
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1. Introduction

Several mathematical models in the field of viral dynamics simply regard the host of an infection
as a well-mixed compartment [1-3] and aim to theoretically determine the threshold, from an overall
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perspective for determining whether an infection is extinct or persistent. Under the assumption of
spatial homogeneity, various functions of different tissues and organs may be overlooked. Given the
complexity of the human body, it is essential to regard the host body as composed of multiple
compartments and to explore the effect of connection between compartments on the infection [4-6].

Viral propagation in human immunodeficiency virus (HIV) infection occurs mainly in lymphoid
tissues [5,7], which are composed of primary and secondary lymphoid organs. The primary lymphoid
organs include the thymus and bone marrow, which are where lymphocytes are generated; the lymph
nodes and the spleen constitute the secondary lymphoid organs, which maintain mature naive
lymphocytes and initiate adaptive immune response [8]. Between these tissues, connections are
constructed through afferent or efferent lymphatics (or both) [9-11], by which cluster or
differentiation 4 (CD4)-positive or CD8-positive T lymphocytes and other cells can migrate to execute
their functions. This gives rise to the need to explore how the connection of various tissues influences
the viral dynamics and curative effect of treatment.

To analyze the spatiotemporal patterns of viral progression, the authors in [12] proposed a
reaction-diffusion model by fitting the data to a radially symmetric propagation and numerically
identified the initial propagation of the infection front followed by a state of stagnation due to an
antiviral response. Infected CD4 T cells can actively migrate over different lymph nodes [13].
Accordingly, another scenario for studying the spatial heterogeneity of viral dynamics is using
multi-compartment models to describe the occurrence of infection in various organs. In [14], a
heterogeneous environment with various parameters for several grids was constructed, wherein the
virus randomly spreading between the grids was modeled as local diffusion. The main result showed
that the local dispersion of a virus can reduce the amplitude of viral oscillation. In a recent study [5],
the spread of HIV infection throughout the lymphoid tissue was considered from a perspective of
network structure. That study numerically determined that HIV infection may persist even under drug
administration because a portion of lymphoid tissues fails to receive a sufficient amount of the dose.
These studies clarify that considering the spatial heterogeneity is essential in studying viral dynamics.

Most within-host virus models assume transmission solely through virus-to-cell infection,
although it is now appreciated that there are multiple infection routes resulting in heterogenous
kinetics. The cell-to-cell transmission process of HIV infection has been explored in a compartment
such as the lymph nodes and the brain, because CD4+ T lymphocytes are densely aggregated and
frequently interact in lymphoid tissues, and the virus can disseminate through direct transmission
from infected cells to uninfected cells through the HIV virological synapse [15, 16]. Among the
studies that have considered the delayed intracellular reaction but without distinction on infection age,
HIV infection was explored in [1] by applying ordinary and delayed differential models, and
sustained oscillations of infection were revealed for certain culture parameters. In [17], the
infection-age-dependent infectivity of individuals was considered and the dynamics of HIV
transmission were studied in a population group. The age-dependent production rate of viral particles
and death rate of productively infected cells were considered in [18], in which an in vivo
age-structured model of HIV infection was constructed. In order to explore distinct intracellular and
extracellular infection kinetics, it is necessary to extend previous virus models by incorporating both
age-since-infection and a multi-compartment environment.

Global convergence in viral dynamics models is crucial for predicting the evolution of viral
infection, and age-structure of infected cells tends to complicate matters. Our single-compartment
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model considered in this paper is related to that in [19], wherein a susceptible-infective (SI) epidemic
model was incorporated with infection-age and an incidence function derived from the law of mass
action. In that study, the system was addressed using an integrated semigroup to determine the
persistence of disease; the results demonstrated global convergence to either disease-free or endemic
equilibrium through the application of Lyapunov functionals. Notably, the probability of disease
transmission was found to depend on the age of infection [19]. Another difficulty in the field arises
because of the multigroup structure of the models. In the recent study [20], the authors investigated a
multigroup (susceptible-infective-recovered) SIR model with age structure and elaborated on the
convergence dynamics when the morality and removal rate were age-independent; because of the
constant total host population, the model involved a constant boundary condition. Furthermore,
in [21], an aged model in a network environment was considered, and both the age-dependent
transmission rate and degree of the network connectivity were found to affect the spread of disease;
on the basis of the constant total population, the authors demonstrated that global convergence to the
endemic equilibrium occurs when it exists. In [22], a two-group model was adopted to investigate the
globally asymptotic behavior of a SI epidemic model incorporating the age of infection. The
Lyapunov functional employed in that study was skillfully constructed for the two-group structure.
The age-dependent infectivity of infected cells renders it impossible to rewrite the viral infection
model as the classic (without aged-structure) SIS or SIR epidemiological models or variant
predator-prey models, and it increases the difficulty of exploring the global convergence dynamics,
especially in deriving convergence to the endemic equilibrium state.

In this paper, we construct and analyze a virus model consisting of multiple compartments with
distinct cell infection-age structured infectivity kernels describing infection spread through various
organs. In section 2, we detail the model formulation, along with establishing boundedness and
compactness of the generated semiflow. In sections 3 and 4, we derive the basic reproduction number,
and show that it is a global threshold determining the viral persistence or extinction. Section 5
concerns extending analysis to non-strongly connected networks through a sequence of threshold
values controlling the infection pattern in the whole system. Finally in Section 6, we numerically
investigate the viral dynamics for different connection topologies, along with examples of distinct cell
infectivity kernels based on data for cell-free and cell-to-cell infection modes.

2. Model formulation and preliminaries

An infected host with n compartments is described by

dT,(t
D = - T - Tt f pe(@ix(t, a)da
= D maT0) + ) miTi(o),
jeNoy J€No
aik(l’ Cl) alk(t’ a) _ . . .
ot = —0@ikta) - ]ZN’:) m i (t, a) + ]ZN; myi(t,a), 2.1

for k € Ny :={1,2,--- ,n}, with the boundary condition

ix(1,0) = Ty (1) fo P(@)ix(t, a)da, (2.2)
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and the initial condition
T1(0) = Tyo > 0, ir(0,a) = ixo(@) € LL((0, +0),R), (2.3)

where L!((0, +00),R) is the nonnegative cone of L!((0, +o0),R). In the kth compartment, at time z,
T (¢) denotes the concentration of healthy cells, and i.(z, a) is that of infected cells with age a since
infection. The parameters A; and d; respectively represent the production and death rates of healthy
cells, and @, accounts for the rate of both virus-to-cell and cell-to-cell transmission. Here, we neglect
the virus compartment due to its fast kinetics. The function p;(a) accounts for the net infectivity of
infected cells from both infection routes, variant in the infection age, and 6,(a) represents the death rate
of infected cells. All these parameters describe the viral environment in the kth compartment. They
may be different from compartment to compartment because of individual function. For instance, the
infectivity kernel p;(a) may change according to primary transmission mode (cell-to-cell versus viral),
or infection induced death rate, 6;(a), may be different in distinct compartments based on predominant
target cell type (e.g. T-cell in blood vs. macrophage in brain). The parameter mj, j # k, denotes the
migration rate of the cells from the kth compartment to the jth compartment. Assuming no loss in the
process of migration, it satisfies that Z;le mj = 0 and then my, = - Z'J;k’ =1 Mk As mentioned in
Section 1, the migration may be asymmetric between any two compartments. In addition, there is no
isolated compartments to be considered, however this assumption is relaxed later in Section 5.
Here, we assume that the migration matrix M = (my;),x, 1s irreducible and, for k € Ny,

(A) A dy, ay > 0;

(A2) 6x(-) € C([0,+0),R,), di < 6¢(a) < Sgmax < o0, fora > 0;

(A3) pi(-) € C([0,+00),R}), 0 < pr(a) < prmax < 00, a € Iy, for some finite interval [ C [0, +o0), and
pi(a) = 0fora ¢ I.

Denoting 7(t) = (T((t),---,T,(0))" and i(t,a) = (i1(t,a), - ,i,(t,a))", where (-)" means the
transpose of a vector, the system (2.1) is equivalent to the vector form:

—dz,gt) = A = DT () — I'diag(T (1)) f‘” P(a)i(t,a)da + MT(¢),
0
Ot a)  ONL4) __py it @) + Mith, a), 24
ot da

with the boundary condition
i(t,0) = I'diag(T (1)) f P(a)i(t,a)da
0
and the initial condition T(0) = Ty > 0, i(0,-) = iy(-) € L}r((O,+oo),R”), where A = (4;,---,4,),

D = dlag(dl s Ty dn)’ I = dlag(al P an)’ dlag(T(t)) = dlag(Tl (t)’ ) Tl’l(t))’
D(a) = diag(6,(a), - - ,6,(a)), P(a) = diag(pi(a), - , p,(a)) and

- ZjeNo,j¢l mjy miz T miy
my = 2 jeNg.jz2 M2 n
JjeNo, j#2 "j n
M = . : (2.5)
my My T ZjENo,j;&n m;,
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Following the approach proposed in [23], we reformulate (2.4) as a semilinear Cauchy problem. To
this end, we first consider the extended state spaces

X = R'XR"XL, L=LY(0,+0c0),R"),
Xo = R"X{Op} XL,

X, = RIxR"xL,, L, = L'((0, +c0),R"),
Xor = XoNX,,

and equip the space X with the norm

l[all = Z (Iukl + il +f0 Iwk(a)lda), (2.6)

keNy

foru = (uy, -+ , Uy, v, sV, Wi(4), -+ ,wy(:))" € X. Define the linear operator A : Dom(A) c X —
X, Dom(A) = R" x {0} x WH1((0, +00), R"), by

T
A ORn =
i

where W!'! is a Sobolev space, and the operator F : Xy — X by

—-i(0)

(=D + M)T )
—i' — (D(-) — M)i ’

T A —Tdiag(T(0)) [ P(a)i(t,a)da
F| O |=| Tdiag(T() [~ P(a)i(t,a)da
By denoting u(?) = (T'(t), Ogs, i(?))7, we regard system (2.4) as the abstract Cauchy problem:
du(t
3—? = Au(?) + F(u(z)), fort > 0, u(0) € Xy, 2.7

and assert, by [23, Theorems 2 and 3], that there exists a unique solution semiflow W(7) : Xo, — X
related to system (2.7).

Next, by employing the boundary condition and the initial condition, we write (2.4) into the
Volterra-type equation,

—dzy N DT(#) - Tdiag(T (1)) f ) P(a)i(t,a)da + MT(p),
0
_ exp (= [ (D(s) - M)ds)iola—1), ifa>t,
l(t’ Cl) = ol .
exp (= [1'(D(s) - M)ds) Q(t - a), ifa<t,

where Q(¢) = i(t,0) and satisfies
Q@) = Tdiag(T(1)) f P(a) exp (— f(D(s) - M)ds) O(t — a)da +
0 0

I'diag(7'(1)) f ) P(a) exp (— f a(D(s) — M)ds) io(a —t)da. (2.8)
t 0
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Denote
Q(ag,a) = (ij(ao, a))m = exp (— f([)(s) - M)ds) .
ap
First, we show a priority about the matrix Q(ay, a).
Lemma 2.1. For fixed ag > 0, there exists a constant 'y > 0 such that
0 < j(ap, a) < ye 4 (2.9)

forallk, j € Ny and a > ay, where d = mingen,{dy/2} > 0.

Proof. Denote d = MaXeN, {Ok.max } + Maxgen,{—Mi} and I as the n X n identity matrix. Then, for a > ay,
the matrix — fa j D(s)ds + d(a — ay)I + (a — ap)M is nonnegative and

Q(a()’ a)

exp (—c?(a —ag)l - f D(s)ds + d(a — ap)I + (a — aO)M)

ap

exp (—J(a - ao)l) exp (— fa D(s)ds + d(a — ap)l + (a — ao)M) > 0.

ao

In addition,

Q(ay, a) exp (—c_l(a —ap)l — fa(f)(s) —dhds + (a — ao)M)

ao

exp (—d(a - ap)I) exp (— f a(D(s) —dDds + (a - ao)M)

exp (~d(a — ap)l)exp (a — ap)(~dI + M),

IA

where the last inequality holds since the fact that the quasi-positive matrices A = (ai;) < B = (by))
with 0 < ai; = by, for all k # j implies exp(A) < exp(B). Since the matrix —dl + M is strictly
diagonally dominant and each diagonal entry is negative, all its eigenvalues, say u;, j = 1,2,--- ,m,
m < n, have negative real parts [24, Theorem 6.1.10]. We write —dI + M in its Jordan canonical form,
J, with —dI + M = PJP~!, J = diag(J,,--- ,J,,) and each J ; 1s a standard Jordan block related to the
eigenvalue u;. Obviously,

exp((a — ap)(—dI + M)) = Pexp((a — ap)J)P™",
exp((a — ap)J) = diag(exp((a — ag)J1), - ,exp((a — ap)Jn)).

Since the real part of ; is negative,

ek (... 0 0 a—ay --- 0
exp((a —ap)J;) = 0 h : exp O h - © | >o,
: .. 0 : Loa—ap
0 oo 0 eleaol; 0 0 . 0

as a — ap — +oo. Thus, there exists a positive constant y such that exp((a — ao)(—dI + M)) < yT for all
a > ay, where 1 is the matrix with a value of 1 for all entries, and the assertion is true. m]
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Denote
Y=R"XL, Y. =R XL,, Yy={0r} XL,

and equip the space Y with the norm
(T, i)l = Z (lTkl + f Iik(a)lda) -
keNo 0
Then the semiflow generated by (2.1) is point dissipative, as demonstrated in the following lemma.

Lemma 2.2. The solution semiflow generated by (2.1) is point dissipative. Explicitly, the subset of
phase space

[1]

= {(T(t), i(t,a) e Y,

POEDY fo it a)da < > Al din

b
keNp keNp keNp }
is positively invariant and attracts all nonnegative solutions, where dy;, = mingen,{di}.

Proof. 1t is easy to show that all solutions of (2.1) are nonnegative. Denote the total infected cells by
I(t) = fow i(t,a)da and the total cells by N(¢) = T(¢) + I(¢). Integrating the i-equation in (2.4) with
respect to a leads to

% = diag(T(®)) fo  P@itt.ada - fo " Dlaitt, ada + MI().
Obviously,
% = A-DT(®)~- fo i D(a)i(t, a)da + MT (1) + MI(2),
and then

d Y reny Ni(t o0 .
% - Z A = Z diTi(1) - Z j(: or(a)ix(t, a)da

kEN() kEN() k€N()
< Z Ak - dmin Z Nk(t)-
kEN() k€No

By a comparison principle, we derive that

limsup " Ni()) < )" A/ din.

=% keNy keNo
Since each solution of (2.1) remains nonnegative, as previously mentioned, the assertion holds true. 0O

Deriving the uniform persistence and global properties of the solution dynamics is essential in
studying viral infection and it is necessary to show that the semiflow ®(z) generated by (2.1) is
asymptotically smooth. Denote

Puf) = f pe(@)iy(t, a)da, k € Ny.
0
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By integrating along the characteristic lines and incorporating the boundary condition and the initial
condition of the model, we write equation (2.1) in the following equivalent Volterra integral equation,

dT(t 00 '
dk( ) = A — diTi(t) — a Ty (1) f p(@)i(t, a)da — Z m Ti(0) + Z my; T (D),
t 0 Jj€No j€No
j - 2jeN, Sujla — 1, a)ip(a — 1), ifa>t,
i(t,a) = { X jeny (0, a)ajﬁj(t ~a)Tit-a), fa<t. (2.10)

Few studies have investigated asymptotically smooth semiflows in a system incorporating both the age
structure and the migration of a population. Here, we show the property in the semiflow ®(¢) by using
Lemma 2.1 and a result reported in [25, Lemma 3.2.3].

Lemma 2.3. The semiflow ®(t) generated by (2.10) ((2.1)) is asymptotically smooth.

Proof. Tt is easy to check that each function $(-) is bounded, say with the bound P, and Lipschitz
continuous on R,, say with the Lipschitz constant /; (see [26]). Define ®(¢) = A;(¢) + Ay(f), where

(Og»,0p), r>a,
(OR"’ l(t’ a))a az t’

(T(v),i(t,a)), t>a,

(A(Dx)(a) = { (T(1),0,) a>t

(A2 (D)x)(a) = {

for x € Y. From (2.10) and Lemma 2.1,

lie(t, )lda = ) f > Qula-t,a)ipa-nda
keNo ¥'?

J€No

IA1 (x|

IA Il

M M
8

INg

=<

[aY

=

4

5

-d
nye “|x]|.

IA

Define A(r, t) = nrye™¥. Then A(r,f) — 0 as t — +oo and ||A(H)x]| < A(r, t) for ||x]| < r.

Let B C Y be a bounded subset such that ®(¢#)B c B. Choose ry > 0 such that ||x|| < r, for all x € B.
Note, from Lemma 2.2, that Uz, ;,es{T(#)} 1s bounded in R" and then is precompact in R". Hence, in
order to show that A,(#)B is precompact, it suffices to verify that the set A,(f)B is precompact for

it,a), t>a,
OL, az>t.

(A2 (Dx)(a) = { 2.11)

From [27], it is sufficient to verify the following conditions:

(1) 1imy_0 Xken, fooo{|ik(t, a) — ix(t,a + h)|}da = 0 uniformly for i(¢,a) € Ay(1)B.
(ii) im0 Spen, J; {lit(t, @)l}da = 0 uniformly for i(t, a) € Ay(t)B.

From (2.11), > ien, fhoo{lik(t, a)|}da = 0 for h > t, and then the criterion (ii) holds for the set A,(7)B. To
show the criterion (i), we directly calculate for k € Nyp and h < ¢

f lix(2, @) — ix(t,a + h)lda
0
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da

t—h
I
t

; f

t—h

D (0, @)a;Ti(t - Pt —a) = > (0, a+ haTiit —a Pyt —a—h)

J€No J€No

D" Q0. @)a;T(t - P;(t - a)| da

Je€No
t—h
3 . ;(0,a + h)
< ye ¥ \a,T(t — a)P(t — a) — a,T(t — )P (t — a)—————|da
/EZNO f(; J5J J J=J J ij(o’ a)
t—h
_aa$2%j(0,a + h) - N
+,ZN;)f0 ye Wwﬁj(r —a)Pi(t —a)— a;Tj(t —a— Pt —a— h)lda
t ~
> f 140, @), Tj(t — a)P;(t — a)lda
j€No t—h
= C(D()X, h) + D(O()x, h) + E(D()X, h). (2.12)
Note that
t—h
~ ij((), a+h)
C(®()x,h) = f 76_4“0 T(t—-a)Pit—a)|l - ———|da
,EZNO 0 7 ’ ij(O, a)
© _ (0, a + h)
< ye “aq roP; |1 - ———l|da, (2.13)
Jlefo T Q0,0
and
E(@()x,h) < ) ya;roPh. (2.14)
JE€No

According to the assumption (A,), there exists a positive constant A, such that Qg]fo(g;h ) <2 for |h| < hg
J\Us

since that €;;(0, a) is continuous in a. Hence,

D(D()x, h) (2.15)
< > fo 2ye Yda sup |/ T(9IP(s) = Pj(s = W] + ;P (s = WIT(s) = Ty(s = h]
jEN() s€|n,t

Solve the equation (2.10) to obtain, for j € Ny,

A= diT{&) - T, EP ) + ) muT (&)

I ENQ

dé.

Tj(f) = T](O)+£

Accordingly, we have that

IT(s) =Ti(s=h)| < f | = d;TEl + a,;THEOP () + Z Im;|T (&) | dé
s=h 1Ny
< nlg[l()a:ié] [l/l] — dﬂ]l + ajnl_’j + IGZNO Imﬂan h =: Cj]’l (2.16)
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From (2.15), (2.16) and the Lipschitz constant, /;, of P, it holds that

D(®()x,h) < f 2ye % dq Z(ozjrolj + aijCji)h. (2.17)

0 JeNo

By (2.12)-(2.14) and (2.17), it concludes that the criterion (ii) holds for the set A,(1)B, and then A,(7)B
is compact. From [25, Lemma 3.2.3], the assertion is true. O

From Lemma 2.2, the semiflow ®(¢) is point dissipative and then there exists a positively invariant
absorbing set under the semiflow ®(¢), and then ®(7) maps any bounded subset of Y, to a precompact
set in Y, and is then compact for any 7 > 0. From Lemma 2.3, the semiflow is asymptotically smooth.
Combining these properties and the result on the existence of global attractors in [25, Theorem 3.4.6]
(or see [28, Theorem 2.6]), the following lemma is implied.

Lemma 2.4. The solution semiflow ®(t) generated by system (2.1) in Y, admits a compact global
attractor A C V..

3. Basic reproduction number

First, we demonstrate the existence of infection-free equilibrium by examining the convergence
dynamics of the no-infection model.

Lemma 3.1. ( /29, Sec. 2]) Consider the no-infection model

dT(t) 8 8 N .
o = A= A0 = Y mp Ty + 3 myTi(0). TyO) = Tho. (3.1)
t £ £
J€No J€No
There exists a positive equilibrium (T,,--- ,T,) that is globally asymptotically stable with respect to

R,

Hence, the model (2.1) admits an infection-free equilibrium E = (T, Og:)* = (T, -+, T,,,0,--+ ,0).
The linearization of (2.4) at the equilibrium £ is the system

% = —I'diag(T) f‘” P(a)i(t,a)da — DT (t) + MT (1),
0
Oi(t,a) 0it,a) _ Py .
” + rra (D(a) — M)i(t, a),
i(2,0) = Fdiag(T)f P(a)i(t,a)da. (3.2)
0

To determine the basic reproduction number of (2.1), we consider the decoupled i-equation in (3.2):

dit,a) | dit,a) _ —(D(a) - M)i(t, ),

ot oa
i(2,0) = Fdiag(T)f P(a)i(t,a)da,
0
i(0,-) = ip(-) € Ly ((0, +00), R™). (3.3)
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Define the operators A : L, — L, by
A@i(a) = (-D(a) + M)i(a),

and

0) —-f(0) 0) _ I'diag(T) f ~ P(a) f(a)da
A5 )= lor ) 25 ) 0 | G
Let ® = A + B and ®, be the restriction of ® in Y; that is, Dom(®y) = {(0, e (T)f € Yy}. It is easy

to see that (0, f)” € Dom(®y) if it holds that £(0) = fooo P(a)f(a)da. From the argument in [30, Sec.
6], the basic reproduction number of system (2.1) is

RO = p(_Bﬂ_l)a

where p(-) denotes the spectral radius of an operator (also for that of a matrix). In fact, for
(A )(x, )" = (0, f)", it holds that

f(a) =exp (— fa(D(s) - M)ds)x + fa exp (— f([)(s) - M)ds) g)dv,
0 0 v

_Bﬂ_l (-x’ g) =

( Tdiag(T) [~ P(a) [exp (= [;'(D(s) = M)ds) x+ ["exp (= ["(D(s) — M)ds) g(v)dv|da )
) .

and then

Note that the operator —BA~! has the same spectral radius on Y and R” x {0;}. Hence,
Ry = p(O), where

¢} I'diag(T) f ) P(a) exp (— f a(f)(s)—M)ds)da. (3.5)
0 0

By the result in [30] (Theorems 3.16, 3.17), R, plays the threshold value to determine local stability
of the infection-free equilibrium, as stated in the following theorem.

Theorem 3.1. The infection-free equilibrium E is locally asymptotically stable (unstable) in (2.1) if
Ro <1 (RO > 1)

Now, as a concrete example we consider a two-compartment system, n = 2, with 6;(-) = d(-) for
k=1,2. Then ® = ©,, where

(aTy O “( pita) 0 _f“ 6(s)+my  —my
®P« 0 @n)ﬁ( 0 m@J“% 0( —my 5®+m)wya

Through a direct calculation, we derive that

_ Q’IT1 0
®2 B ( 0 a’sz)x
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f“ [ p@exp (= [ 6(s)ds) (1 =m@)  pi(@exp(— [ 6(s)ds) na(a)
0

(/! (i d 9
pa(@yexp(= [ 6(s)ds)m@  pa@yexp(~ [ ()ds) (1 = maay) )
where

() = (1—e M4y f=1,2.

my + my

Since the matrix ®, is nonnegative and irreducible, p(®,) is real and positive [24]. Denote p(®,) = ¢*
for £ € R. Then

det (I - ¢™@,) = 0. (3.6)
To explore the effect of the migration rate on the dynamics of (2.1), we choose pi(a) = e™7¢,
ox(a) = 6, mp =m, k = 1,2, for positive p, 6 and nonnegative m. Then (3.6) is equivalent to

G,(&) = [%alf}e—f( ! + ! )—1

X
p+d p+o+2m

AT JoL s e ] Y
—apThe " -1|--a«a e -

272 p+o6 p+o+2m Vi p+o6 p+o+2m
= 0.

3.7
Referring to [31-33], we choose 4; = A, = 1,d; = d, = 1, a; = 0.00065, @, = 0.00035, p = 0.15,
0 = 0.4 and adjust m to determine the root of the function G,,. Figure 1 shows that (3.7) admits a
positive root, which indicates that p(®,) > 1, when m = 0, and there is no nonnegative root to (3.7),
which indicates that p(®,) < 1, when m = 2. Hence, different values of migration rate m may affect the
extinction or persistence of virus in (2.1). Explicitly, in this case, strong circulation facilitates clearing

the virus. In Section 6, we shall discuss the effect of the migration rate on the viral dynamics in more
cases.

G, ®
1 1
1
1
0.5r 1
1
0 1
1
! /s - = =m=2
-0.5 \ ’ R
\ 4
\ 4
-1 PR i4 i i i i
-3 -2 -1 0 1 2 3 4

Figure 1. The graph of function G,,, m=0, 2.

4. Threshold dynamics

4.1. Extinction of virus

When the reproduction number R, < 1, we will demonstrate that the virus becomes extinct. First,
the following lemma claims that infection can not occur under non-viable initial infection.
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Lemma 4.1. Consider the virus equation in an environment with a constant vector of healthy cells, T,

6ik(t,a) 8ik(t,a) (T _ .
ot e T (D(a) - M)i(t, a),

i(t,0) = I'diag(T)) foo P(a)i(t,a)da, 4.1)
0

with iy(-) € L, and fooo P(a)ig(a)da = 0. Then i(t,-) = 0(-) for all t > 0.

Proof. The well know result in [34] of linear age-structured models reveals that

i(t,a) = { xp (_ Jy (Do) = M)ds) iola—1), ifa>t,

exp (= [['(D(s) - M)ds) Ot - o), ifa<t,

where O satisfies
o@w = Fdiag(TO)f P(a)exp (— fa(D(S) - M)ds) O(t — a)da +
0 0
I'diag(Ty) f"o P(a)exp (— f(D(S) - M)ds) ip(a — da.
t 0

The initial condition, with [~ P(a)ig(a)da = 0, leads to

o) = Fdiag(To)f P(a)exp (— f(f)(s) - M)ds) Q(t — a)da.
0 0

Since O(0) = 0, we have that O(r) = 0 for all > 0, and then i(z, ) = 0(-) for all ¢ > 0. |

With both the multi-compartmental structure and infection-age, it is a challenge to demonstrate the
global dynamics in (2.1) by constructing a Lyapunov function [20]. However, the following theorem
shows that the virus goes to extinction in system (2.1) when the basic reproduction number is less than
or equal to unity.

Theorem 4.1. When R, < 1, the infection-free equilibrium E is globally asymptotically stable in (2.1).

Proof. We first show the assertion for the case with R, < 1. By the standard comparison theorem, the
solution of (2.1) satisfies that
Ti(1) < T(1), (4.2)

where T(?) is the solution to (3.1). From the assumption R, < 1, there exists a sufficiently small £ > 0
such that p(®,) < 1, where

0. =I(T + ¢ foo P(a) exp (— f(f)(s) - M)ds) da.
0 0

From Lemma 3.1 and (4.2), there is a #; > O such that T(¢) < Ty + &, k € Ny, for t > t,. Since
the matrix ®, is nonnegative and irreducible, p (®,) is a positive eigenvalue which corresponds to a
positive eigenvector, say v = (v, -+ ,V,), with V'O, = p(O,)v". Define

W) =v° foo P(a) f exp (— fa(f)(r) - M)dr) i(t, s)dsda.
0 0 K
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We calculate the derivative of W(t) along the solution of (2.4) and derive, for z > t;,

awa L Y A AP 9,
i vj; P(a)j; exp( fs(D(r) M)dr)atz(t,s)dsda
= 7 f wP(a) f aexp(— f a<D<r)—M>dr)(—%i<r, s) = (D(s) = M), s>)dsda
0 0 s
7 foo P(a) [exp (_ f([)(r) —M)dr) iz, S)] _ da
0 s s=0

= { P(a) exp (— fa(D(r) - M)dr) i(t,0)da — f‘x’ P(a)i(t, a)da}
0

= T{Fdlag(T(t)) f P(a)exp( f (D(r) - M)dr)da I} f ) P(a)i(t, a)da
0

=y [Fdiag(T(t))diag(T +e)'T7'0, - 1] f ) P(a)i(t, a)da
0

IA

OO = V") fw P(a)i(t,a)da < 0,
0

and the equality holds if and only if fow P(a)i(t,a)da = 0 for ¢t > t;. We claim that the largest positively
invariant subset M, of {% = 0} is {(T,0()|T € R"}. For X(¢t) = (T(?),i(t,a)) € M,, a solution of
(2.4), thereisaf; >0 SllCh tha~t fooo P(a)i(t,a)da = 0 for t > fl.~Den0te~510(-2 = i(f;, -) and consider the
time-rescaled solution Y(7) = X(¢ + 7;), but remain the symbol Y(¢) = (T(¢), i(t, @)). Then

i(t,a) < i(t,a), fort > 0, (4.3)

where i(z, a) satisfies (4.1) with Ty = T + &l and 7o(-) = go(+). Note that fooo P(a)go(-)da = 0. From
Lemma 4.1, i(z,-) = 0(-) for all # > 0. From (4.3), M, is in fact the set{(T, 0(-))|T € R"}. In addition, by
using the theory of asymptotically autonomous systems [35, Theorem 2.3] and [36], we show that E is
globally asymptotically stable in system (2.1), when Ry < 1.

When Ry = 1, we show it by contradiction. Suppose there is a ky € Ny such that
limsup,_,, ., fom ix,(t,a)da > 0, then by Lemma 4.1 we have

t—+00 —+00

€ := lim sup Py, (1) (: lim sup f Pro (@i, (2, a)da)>0
0

From T-equation in (2.1),

dTy, (1)

P Ay — iy Tio (1) — @ Py O T, (1) — Z M je T, (1) + Z my, ;i T ().

je€No Jj€No

We claim that limsup,_,, T, < Tj. Denoting P@t) = diag(ﬁ)l(t),~~- ,P.(1), we rewrite the
T-equation in system (2.1) into the vector form

% = A+ (=D + M -TP@)T(1. (4.4)
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From the variation of constant formula, the solution to (4.4) satisfies
! !
T() = e T(0) + f e IO Gs — f eI P()T (5)ds. (4.5)
0 0

From Lemma 3.1, we have lim,_,,..(e "?~™T(0) + fot e =ID-MAds) = T. We next estimate the third

k
l‘; 0)}

term in (4.5). Since the assumption €, > 0, there exist sequences of positive numbers { and {7}

with lim;_,e £ = +c0 such that Py, (1) > 2 for t € [V — 7, £/ + 7].
We claim that 73,’(0(t) is a bounded function. From the assumption (Aj3), it holds true whenever

f * %049 14 is a bounded function of #. In fact, (2.1) and (2.2) imply that

0 ot
o1 (l, a) ) 00 '
f kOTda _lko(t’ 0) - f 6k0(a)lko(t, Cl)da
0 0

- Z Mg, f ix, (2, a)da + Z kajfo ij(t,a)da

0 J€No

—ag, Ty, (1) f Pio(@iy, (1, a)da — f O, (@)ix, (1, a)da
0 0

- Z M jky f i, (1, a)da + Z My j fo i(t,a)da.

jeNo 0 JeNo
It shows that fooo 0”‘05(;’(1)
2.2. Hence 73,’{0(0 is a bounded function and then the sequence {;} can be chosen such that lim;_,,, 7; >
0. It is easy to show that 7(¢) has a positive lower bound. In addition, since the matrix e~ P~ ig
positive and irreducible, the ky-th component of j(;t e~ =ID-MPP()T(s5)ds has a positive lower bound.
Therefore, there exist £; > 0 and #; > 0 such that T} (t) < Ty, — € for ¢ > ¢,.
From the monotonicity of the spectral of nonnegative matrices ( [37, Corollary (1.5) in Ch2]), and
the assumption Ry = 1, we have p(®,,) < 1, where

da is a bounded function of ¢ due to the assumptions (A,) and (A3) and Lemma

®€ = Fdiag(Tlan' ’Tk()—laTk() _SlaTk0+17”' 7Tl’l)><

f‘x’ P(a)exp (— fa(D(s) - M)ds) da.
0 0

In addition, since the spectral of a matrix is continuous on each component, there exists a sufficiently
small &, > 0 such that p(®,, .,) < 1, where

O, = Tdiag(T) +&,-+ ,Tip-1 + &2, Thy — &1, Tigs1 + €2, , T + &) X

foo P(a) exp (— f([)(s) - M)ds) da.
0 0

By using the method in case of Ry < 1, we can show that i;(¢,-) — 0(:) as t — +oo for each k € N.
This contradicts to the assumption on i (Z, -). Therefore, we conclude that E is globally asymptotically
stable in system (2.1), when Ry = 1. O
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4.2. Uniform persistence

In this subsection, we study the uniform persistence for the model (2.4) when R, > 1, by using the
persistence theory developed in [38] (or see [19]). Recall that the semiflow ¥(7) is generated by the
Cauchy problem (2.7) which is equivalent to (2.4). Define

U = R'x{Op}xU,

U = {(Wl(-),-~~ ,wa() €L, Zf wi(a)da > 0},
keNg 0

AU = Xo. \U, 0U=L,\U.

Lemma 4.2. The subsets U and OU are positively invariant under the semiflow Y(t). Furthermore,
lim,,,co P(H)u = @t = (T, Og», 0,)7 for each u € OU.

Proof. First, we show the positive invariance of the set U. Let uy = (7, 0,iy(-))" € U. Denote

Y(®)(uo) = (T(), 0, (1)

T(t) = Z f ) ii(t, a)da.
0

keNy

and define

Since uy € U, T(0) > 0. Through a direct calculation, we have

(@) = Y f ) {ﬁikg’“) — 6u@ix(t, @) = Y muig(t,a) + Y myjis(t,a) |da
keNy ¥ 0 a keNo keNo
= Z (ik(t, 0) — f S(a)in(t, a)da)
keNg 0
> —Omax Z f ik(t, a)da = _5maxT(t)a
keNp Y0

where 0, = max;<<,{0rmax}- Hence, we obtain that

Y(t) > e om! Z f ivo(a)da > 0
k=1 Y0

for t > 0, and then WY(r)U c U.
Next, in order to show the positive invariance of the set U, we consider uy € dU. It is clear from
Lemma 2.2 that 7(f) < T for some T > 0. Then the comparison theorem implies that

i(r,) < it, ), (4.6)
where i(t, a) is the solution of the following system

dit,a) di(t,a) « .
o + 5 = —(D(a) - U)i(t,a),
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i(r,0) = I'diag(T) f ) P(a)i(t, a)da,
0
2((), SEENO) “4.7)

Since fooo io(a)da = 0 and the assumption (Aj3), it holds that fooo P(a)i(0,a)da = 0. From Lemma 4.1,
we obtain that i(z,a) = 0(-) for all # > 0. The comparison in (4.6) implies that i(¢,a) = 0(-) for all
t > 0 and then 9U is positively invariant under the semifolw (7). In addition, from Lemma 3.1, it is

clear that for the solution remaining in U we have T(tf) — T. Hence, lim,_ ., ¥(f)u = u for each
uedU. O

Next, we demonstrate uniform persistence of system (2.7).

Theorem 4.2. When Ry > 1, the semiflow Y(t) generated by (2.7) is uniformly persistent with respect
to (U, dU); that is, there exists a constant ¢ > 0 such that for each ua € U,

liminf d(W(H)u,0U) > g,
t—+00

where d(-,-) is the distance associated to the norm in (2.6). Furthermore, there exists a compact subset
A° C U which is a global attractor for {¥(t)}s0 in U.

Proof. In the following, we will prove that
ws(a}) N U = 0, where W({u}) = {u € Xo,|lim;5 .00 P(H)u = u}. Recall from Lemma 4.2 that the
infection-free equilibrium u is GAS in QU. It is sufficient to show that there exists o > 0 satisfying for
eachu € {v € U|||v —1|| < o} there exists 7, > 0 such that ||¥(7y)u — || > . Suppose by contradiction
that for each integer m > O there is au,, € {v € Ul||lv—-1u|| < ﬁ} such that [|[¥(H)u,, — 1| < ﬁ for

t > 0. Denote ¥()u, = (T"(1), 0 i"(t.a))T = (T7(t),--- ,T7(), 0, (1, @), ,i"(D))" then
[T7(t) = T}l < 715, j € Ny, for all £ > 0. Consider

0(ta) [ OTLA) b i gy + M a).
ot da

i"(t,0) = Tdiag(T" (1)) f ) P(a)i"(t,a)da,
0
T"(0) = Ty, i"(0,-) = i (),

with T3 = (Ty0, -+, Ti)" > 0, @) = @), -+, ()T = 0(-) and 3N, fooo ifo(a)da > 0. From the
comparison theorem,
i"(t, ) > 1", ), (4.8)

for t > 0, where (1, -) is the solution of the following system

aim(t, A"t X 5
! ( a) + ! ( a) = —D(Cl)im(t, a) + Mlm(ta a)7
ot da

~ - 1 °° ~
i"(1,0) = I'diag (T - —I)f P(a)i"(t,a)da,
m + 1 0

i"(0,) = ig' (),
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or equivalently
dx

- = (A + L,)x(1), (4.9)

for t > 0, x(0) € D(A), the closure of D(A) = {Ops} X (W'Y, where x(t) = (Ogn, "(1,-))” and the
operators A, I:m are defined as

A( 0 ) _ ( ) ~1"(0) )
") | — \ L9+ (-D(a) + M)i"(a) )’

i ( 0 ) ( Tdiag (T - -51) [7 P@)i"(a)da )
"\ ")

0
Since Ry > 1, there is a my > 0 large enough such that, for m > my,

Ry = (Fdiag (T - LI) foo P(a)exp (— fa(f)(s) — M)ds) da) > 1.
m + 1 0 0

The dominant eigenvalue A, of system (4.9) satisfies the characteristic equation A, (1) = 0, where

A,(2) := I - I'diag (T - ;I) f ) P(a) exp (— f a(/ll + D(s) - M)ds) da.
m + 1 0 0

Note that R > 1 implies the existence of 4;, > 0 such that A, (4;,) = 0. Denote the solution semiflow
of (4.9) by {‘i’m(t)},zo and let f[m(f() X > X, X := R"x L, be the projection of given X € X on the
eigenspace associated to the dominant eigenvalue A;,. By the result in [19, Section 2.3], we see an
explicit expression for the following projection

T (¥(D%0) = eI (%) = e lim (1= 4,)(AT = A = L,,)™'%o, (4.10)
for X9 = (Og», if'(+),)" and

W-A-L)"' =@ -A)"U-L,1-A"H" (4.11)
By using (4.11) and directly calculating (A7 — A)~", (I = L,,(AI — A)™")~! respectively, we obtain that
(A = A = L) Oz, 0(@))" = (Ops, @)

if and only if

Ha) = prexp (— f(/ll + D(s) - M)ds) + fa exp (— f(ﬂl + D(r) - M)dr)pz(s)ds,
0 0 0

and

A(/l)_ll"diag (T — ;I) fw P(a) f exp (— fa(/ll + D(r) - M)dr) o(s)dsda
m+1 0 0 s
o().

P1

02(%)
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Since A,,(4;,) = 0, we have

% * -1
lim 2= _ (dA(/l’")) . (4.12)

=4 Ay L da
By using Re 47, > 0,(4.10), (4.11) and (4.12), it deduces that lim,_, l7™()|| = +oo. The comparison
(4.8) implies lim,,, |[V"(#)]| = +oco, which is a contradiction to the boundedness of the solution.
Hence, W*({fu}) N U = 0. Accordingly, we derive from [38, Theorem 4.1, Theorem 4.2] that the
semiflow {W(#)};>0 is uniform persistence with respect to (U,0U). In addition, the result

in [28, Theorem 3.7] implies that there exists a compact global attractor A° c U for {¥(¢)};s0 in
U. |

Remark 1. According to Theorem 4.2, the uniform persistence of (2.4) indicates that there exists a
constant { > 0 such that for each solution in (2.4) satisfies

liminf f ) i(t,a)da > ¢. (4.13)
0

—o0
kGNO

We further note that there exists a constant {y > 0 such that
lim inff iy(t,a)da > ¢y, 4.14)
t—00 0

for each k € Ny. Otherwise, there is a kg € Ny such that lim,_, fooo ir,(t, a)da = 0, which contradicts to
the iy,-equation in (2.1) and the fact (4.13).

5. Non-strongly connected within-host structure

The dichotomy of viral persistence or extinction within a host is based on the assumption of
irreducible migration matrix. However, the migration matrix may be reducible due to functions of
afferent or efferent lymphatics. In this case, the theory of direct graphs developed in [39] provides a
method to describe directional connections between all within-host compartments (see also [40]). By
building n vertices and assigning a directed edge from vertex j to vertex k when a flow from the j-th
compartment to k-th compartment is available, we can associate the matrix M with a direct graph.
Then the graph of M reflects the connection structure within a host, and the matrix M is irreducible if
and only if for any pair of two compartments there is a path from one compartment to the other. In
such a case, we say that the viral environment assumes a strongly connected within-host structure,
whereas the case with a reducible matrix M is referred to non-strongly connected structure.

When the within-host structure in non-strongly connected, that is, the matrix M is reducible, one
can use a permutation operator to reach a triangular block form, still denoted by matrix M,

M, 0 - 0
My M. 0
m=|"" "7 5.1)
Mpl Mpp
where p < nand each M, 1 <[ < p, is a r;X r; irreducible square matrix. We denote Py = {1,2,--- , p}
and write Ny = UlepoNg), where Ng) = &2+ LE ry +2,--- 2L ry). By this way, we divide
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the whole within-host environment into p parts of which each part consists of strongly connected
compartments. We indicate, by block-1, the part consisting of k-th compartment for k € N(()l ). Explicitly,
given [ € Py with r; > 2, the compartments in block-/ are strongly connected, whereas r; = 1 means
that the block-/ consists of a single compartment. For later convenience, we denote Ng) =1{&, - ,fl},
thatis, & = /7 ry + 1 and ¢ = '_, r,. Notably, under the form of (5.1), there is a connection from the
block-/; into the block-1, only for 1 < I, < I, < p. Denote P = {ljl <T <1, Mj# O}for1 <[<p
and l_)g) ={l <I<p, My#0)forl <I<p. Eg) is the set of indexes of blocks where each one
is connected to block-/ through a directional pathway, whereas I_’g) is that of blocks where each one is
connected by a directional pathway from block-/.
Now, for [ € Py, we say that the block-/ is infection free if

lim i (z, -) = 0(), for k € N,
11—

for all solutions, and is infected if the infected population is uniformly persistent, that is, from
Remark 1, there exists a constant ¢, > 0 such that

lim inff ir(t,a)da > ¢, fork € N(()l).
0

—o0

We set the order of the blocks according to (5.1) and employ mathematical induction to analyze the
virus dynamics in (2.1). We first introductorily define a sequence of basic reproduction numbers. In the
system with only block-1, the basic reproduction number can be formulated as in (3.5) via replacing
the matrix M by M,,. However, when there are more than one block, it is necessary to reformulate the
threshold value to determine the viral dynamics. Explicitly, for k € N(()l), we have

dT(1) co .
= = A= AT - Ty f pr@ix(t, a)da
0
- Z mjka(t) - Z mjka(t)
jGNE)I) jEUTEPg)Ng)
+ Z my;T (),
jENE)])
i (t, i (t, ' ' '
lkét a) " lk(ga a) _ —0r(@)ix(t, a) — Z mi(t, a) — Z mix(t, a)
jeNf)U jEUiEpU)Ng)
0
+ > myij(ta). (5.2)
jeNf)l)
Denote X(t) = (Ti(0), -, Ta@®), yt,a) = (Gi(ta), - iat,a), LY = (A, ),
%)(1) = dlag(dl S, dgl)’ g(l) = dlag(al L, a(érl), dlag(X(t)) = dlag(Tl (t), e Tfl (l)),
DV(a) = diag(61(a), -+ ,5a(a)), PV(a) = diag(pi(a),- - , pa(a)) and
Y me, e
11 12 myg
= (1)
mp; m Myl
MP = . N (5.3)
m e 7 (‘1)
£ Megip mg:lg:l
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with

) = — M — m;
kk — Jk k-

JeNo.j#k , 0
J&7ep(hNo

We rewrite (5.2) into

d);it) =L Z)(l)X(f) - g(l)diag(X(t)) foo p(l)(a)y(t, a)da + M(I)X(Z),
0
AL + Oyt @) = DY)y, a) + MOy, a), (5.4)
ot oa

with .
(0.0 = Vdiag X)) [ P (@n(a)da
0
In order to determine the threshold value to conclude viral persistence or extinction in (5.2), we denote
R(()l) = p(®"), where

oW GVdiag(T™") f NP(I)(a)eXp(— f (f)(l)(s)—/\/(“))ds)da, (5.5)
0 0

and TV satisfies L — DOTH + MOTD = 0. Note that R| is not the basic reproductive number for
isolated block-1 except that P\’ = 0.

Next, we start the process to determine the viral dynamics from the first block and the following is
a straightforward result from Theorem 4.1 and Theorem 4.2.

Proposition 5.1. The first block is infection free when Rgl) < 1, whereas it is infected when Rg) > 1.

For given [ € Py, we suppose that from block-1 to block-(/ — 1) are all determined to be infected or
infection free. In an infection free block, it satisfies lim,_, T;(¢#) = T for constants T, > 0 derived as
in Lemma 3.1 and the virus goes extinction. Next, we check on the connection from these / — 1 blocks
to the block-I. Explicitly, we say that the block-/ is susceptible from an infected block if there exists
Ie(1,2,---,1— 1} such that the block-/ is infected and M;; # 0.

Here, we denote by an index to determine whether the block-/ is susceptible from an infected block.

First, we denote
0, if ellements of M; are all (s,

1, if one ellement of Mj; is nonzero.

S(My) = {

Then there is a (no) connection from the block-/ to the block-/ when SMpy) =1 (SMj;) = 0). We
further denote )
X = max {sign (max{Rg) -1, O}) X S(M,;)} .
1<i<l

Then the block-/ is susceptible from an infected [ block with [ < [ if y® = 1, whereas it is not
susceptible from any infected block-I with I < [ if y© = 0.

Suppose that the block-/ is not susceptible from any infected block-/ with [ < [, i.e. ¥ = 0. Then
the subsystem with k € Ng) has the limit system

di(l)
dt

= A& —dT(0) - a/ka(t)f pr(@)ix(t, a)da
0
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- Z mTi(t) — Z mj T(t)

N . 0)
eN
JENy jEUTEl_’g)NO
+ Z my, Ty + Z myTj(2),
. ) N
JEUZEE(({)NO JENg

0i(t, a) N 0i(t,a)
ot da

= @it @) = Y mpit,a) = D myit,a)

vt )
+ Z mkjij(t, a).
porl
Denote X(7) = (T¢ (1), --- , Ta()", y(t,a) = (ig(t,a),- - ,ia(t,a))", LY = (g, /_151)7—,

/_lk = A+ Z mijj,

; 0}
jEUkB(()])NO
Db = diag(dg, - ,dg), Ggh = diag(ag, - ,ag), diag(X()) = diag(Tg(1),
DP(a) = diag(6g,(a), -+ ,6a(a)), PV (a) = diag(pg(a), - - - , pa(a)) and
= (I)
Meg  Mager w00 Mg
MO = Mer1g Mg g4 Mg
cee g
Mg, Megig) 11 m§1 &l
with
- Y ome N om
kk — jk k-
Jj€No, j#k jeul‘epg) Ng)

We rewrite (5.6) into

d);it) = L0 _ Z)(I)X(l) - g(l)diag(X(t))f P(l)(a)y(t, a)da + M(I)X(t),
0
oy(t,a) N oy(t,a) _ — DY@yt a) + MOy(t, a),
ot da

with .
y(t,0) = G"diag(X(z)) f PO (a)y(t, a)da.
0

(5.6)

(5.7)

L, Ta(D),

(5.8)

In order to determine the threshold value to conclude viral persistence or extinction in (5.8), we denote

Rg) = p(®"), where

0¥ = Gdiag(T") f PD(a)exp (— f (i)(’)(s)—M(’))ds) da,
0 0

(5.9)

and T satisfies LO — DOTO + MOT® = 0. Note that R is not the basic reproductive number for

isolated block-/ except that P’ U P = 0.
Accordingly, the virus dynamics in the block-/ can be determined as the following.
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Theorem 5.2. For 1 <1< p, if ¥ = 1, that is, the block-1 is susceptible from an infected block-I with
[ < I, then the block-1 is infected; if ¥ = 0, that is, the block-1 is not susceptible from any infected
block-I with I < I, then the block-1 is infection free when Rg) < 1, whereas it is infected when Rg) > 1.

Proof. Consider the block-/ with X = 1. It holds that, for k € N,

Qi (1, a) . 0ix(t, a)
ot oa

> —O maxlk(f, a) — Z mji(t, a) + Z my;ii(t, a).

J€No JE€No

Also note that there exists #, and T}, such that T(r) > T} for all k € Ng) for t > t,. Hence, we consider
an auxiliary system

Oig(t,a)  0ix(t,a) < < N
ot e = ~Okmdi(t,0) = Y mydi(ta) + ) myli(t.a). ke NG,

jeNo Jj€No

with 7,(1,0) = o, T fooo pi(@)i(t,a)da and 7,(0,a) = ix(a). By a comparison theory, it reveals that
iw(t,a) > 1i(t,a) fora > 0 and ¢ > 1. Denote I;(f) = fooo ix(t, @)da for k € N, then it satisfies that

dI (1) < g 3 s
= W0 = S i(0) = Ym0+ Y myT(0)
J€No Je€No
> —Spmadk(t) — Z m L (1) + Z myi(t, a) + Z myL(1)
JeNo jeNY JeU!NY
> —Spmadi(t) — Z m D (1) + Z m L) + &
JjeNo jeNg)

where 7 = Zjeu’-1N<7> my jg“él) and g“(()l) is the lower bound in (4.14). Note that the assumption X = 1
=170

implies Z; > 0. We further consider the auxiliary system

dli(1) . ; _— ;
= ka0 = Y mali) + ) migli(0) + L ke NG,

J €Np jeNg)

Since the matrix M, is irreducible, there exists a positive equilibrium which is globally asymptotically
stable as in Lemma 3.1. Thus we reveal that

lim inf I(r) > lim inf Ii(7) > &, k € N?,

—00 11—

for some positive constants Zk. In addition, since i;(t,a) > i;(t,a) for a > 0 and ¢ > t,, we see that
fooo i(t,a)da > fooo 1,(t, a)da and then

lim inf f ix(t,a)da > liminf f in(t,a)da > &, ke N,
—o0 0 —o0 0

which concludes that the virus population uniformly persists in block-/.

Next, we suppose that the block-/ is not susceptible from any infected block-/ with [ < I, that is
X® = 0. Then in the block-/ we obtain a limit system as in (5.4) for k € Ng). Therefore, the value of
Rg) will determine the viral dynamics and it completes the proof. O
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Remark 2. Note that, for k € Ng), the value of A in (5.7) may depend on the connection from block-I
with [ < I. From Theorem 5.2, we see that even if the block-1 is not susceptible from any infected block-I
with [ < I, the involved viral dynamics may be affected by the connection from an infection free block.

6. Effects of connection structure and distinct compartments

Considering each compartment with or without afferent and efferent lymphatics, there are several
different connection structures to build the whole system. In this section, we investigate the viral
extinction and persistence in the model (2.1) in cases of strongly and non-strongly connected structures,
along with compartments containing distinct infection characteristics.

6.1. A strongly connected circular chain

Deep lymph nodes of the head and neck are arranged in a vertical chain along the internal jugular
vein and a circular chain consisting of occipital nodes, submental nodes, submandibular nodes, buccal
or facial nodes and parotid nodes [41]. Hence, it is necessary to consider the group as a circular chain
and to study the influence of removing one connection between lymphoid tissues on the viral infection.
In this subsection, we consider three-compartment models with two types of connection matrices; one
with a complete connection and the other without the path from compartment 3 to compartment 2, see
Figure 2. To explore the effect of the connection topology on the viral infection, we assume identical
compartments, 4y = A, d, = d, ay = @, pi(-) = p(-), and 6;(-) = d(-), k = 1,2,3, and an identical
migration rate, my; = m for k # j. In the case with the complete connection, it yields that

Aa 0 a (5(S) +2m —-m -m
0= 7f P(a) exp —f -m o(s) +2m -m dslda.
’ ’ -m “m 8(s)+2m
A direct calculation gives
5(8) +2m —-m -m
exXp|— [ -m o(s) +2m -m ds
—m —-m o(s) +2m
(a)(3 + ge_?’ma) ¢(a)(3 —_ %6_3’”‘1) ¢(a)(% _ %e—3ma)
= (]5(01)(3 — % ~3may ¢(a)(3 %6_3’"“) ¢(a)(% _ %e—3ma) ’
@) — 1) ga)(d - L) g(a)(d + Ze )

where ¢(a) = exp (— foa 5(s)ds) Denoting Q,(m,a) = 1 + 3¢ and Qy(m, a) = 1 — 1e7™, we derive
that

" 0. " p(@)p(@Qi(m,a)da 0. ” p(@)p(@Q(m,a)da 0. " p(a)p(@)Q(m, a)da
0 = %” 0. " p(@)p(@)Q(m, a)da & 0. "~ p(@)p(@)Qi(m, a)da %C' 0. "~ p(a)p(@)Q(m., a)da
p(@$p(a)Qy(m,a)da , P@¢(@)(m,a)da , P@¢(@Q(m,a)da
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Note that Ry > 1 if and only if there exists a positive constant & such that det(I — e®) = 0, which is
equivalent to that the determinant

1-8i¢m) =8(&m) =8 m)
=S&m) 1=-8i(Em) =S:(6m) | =0, (6.1)
—S(&m) =Sém) 1 -8i(E,m)

where

Si(&,m)

ot f ) p(@)d(@)Q(m, a)da,
d Jo

Sa(&,m)

Aa [T
e f P@P@Q(m, a)da.
0

Equation (6.1) holds if and only if

A « A «
éﬂgf;mm@fmmzlmft?f;wm@m:L

d Jo d Jo

Hence, there exists a positive & satisfying det(I — e*®) = 0 if and only if
A « A °°
-gfp@mm%%wlmgj‘mw@M>L (6.2)

0 0

that 1s A .
ﬁj\mW@M>L (6.3)
d Jo

Thus, the migration of cells between three nodes has no influence on the viral dynamics.

@ @ b @
@@ @%j@

Figure 2. The diagrams of connected three compartments, (a) with a complete connection,
(b) lacking the path from compartment 3 to compartment 2.

However, in the case without the path from compartment 3 to compartment 2,

00 af 0(s) +2m —-m -m
@ = adiag(T,, T,, T3)f P(a) exp —f -m o(s) + 2m 0 ds|da,
0 0

-m —-m o(s)+m

where the infection-free equilibrium (7,0, 75,0, 73,0) is obtained as in Lemma 3.1. A direct
calculation reveals that

af 0(s)+2m —-m -m
exp (—f { —-m o(s) +2m 0 ]ds] =
0 -m —m 5(s) +m
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Pa)(t + Ze73m) pla)(t — Le3ma P(a)(z — 3e7>")
¢(a)(é _ %e—3ma + %e—Zma) ¢(a)(é + %e—Sma + %e—Zma) ¢(a)(é + %e—3ma _ %e—Zma) ,
pa)d - dem) st Lo pad - Lo

and then
oy [ pla)dp@@n(m,ayda oTy [ pla)d(@Qu(m,ayda oT [~ p(a)p(a)Qiz(m, a)da

© = | ofy |, p@h@@Qimayda aT |, p@d@)Qn(m ayda T, |," pla)p@)Qxs(m, a)da |,
oTs [ plap(@Qsi(m,a)da oTs [ p@)d(a)@u(m,a)da oT; [ pla)d(@)Qss(m, a)da

where

~ 1 2
Q]](m, a) = g + 5€—3mu’
2 1 1 —3ma 3
Qaima) = 3 =3¢ = Qu(m,a),
~ 1 2 1
Q21(I’I’l, a) = 6 — 56_3’"“ + Ee_zmu’
A I 1 1
Qyn(m,a) = c + ge—?mm " Ee_zma’
2 1 1 —3ma 1 —2ma

, = —+ = __ ’
Qo3(m, a) g 36 26
2 1 1 —2ma N
Qulm.a) = 5= 5¢ = Qy(m, a),
9 ! 1 —2ma
Q3(m,a) = 5~ 5¢

In this circular chain, we choose parameters d = 0.09, 1 = 10, p(a) = ¢ %%, § = 0.4 [42] and
change the value of a to see possible effect of migration rate, m, on the viral persistence. When
a = 0.0046, there is a m* > O such that Ry < 1 for 0 < m < m* and Ry > 1 for m > m*. Hence
sufficiently slow migration of cells will drives the virus to extinction, whereas faster migration of cells
will lead to viral persistence, which is different from the non-influence of migration in the completely
connected circular chain. Moreover, when @ = 0.0042, there exist positive constants m™ < m™* such
that Ry < 1 for 0 < m < m™ or m > m™ and Ry > 1 for m™ < m < m**. It means that the influence
of migration on the viral dynamics is complicated, from eradicating virus in the whole system with
sufficiently small migration rate to initiating viral infection by medium value of migration rate, and
eradicating virus again with sufficiently large migration rate.

6.2. Two non-strongly connected blocks

Consider a host consisting of four compartments as in Figure 4, where the 1st and 2nd compartments
(involved in block-1) are strongly connected and also for the 3rd and 4th compartments (involved
in block-2). The only connection between the two blocks is from the 2nd compartment to the 3rd
compartment, that is, the block-2 may be susceptible from the block-1 when the latter one is infected.
Denote m = ms,. Hence, Rg]) = p(@W), where

0" = gMdiag(T™) f P(”(a)eXp(— f (DY (s) = MV)ds | da,
0 0
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Figure 3. Influence of the migration rate m on the value of Ry. When @ = 0.0046, there is a
m* > 0 such that Ry < 1 for 0 < m < m* and Ry > 1 for m > m*. When a = 0.0042, there
exist positive constants m*™ < m*™* such that Ry < 1 for0 <m < m™ or m > m™* and Ry > 1

for m™ < m < m*™*.

I I I I I
0.5 1 1.5 2 25 3
m

D(l) = diag(dla dZ)’ g(l) = diag(ah a’Z)a @(1)(a) = diag(dl(a)’62(a))’ P(1)(a) = diag(pl(a)’ pZ(a))’

70 - (/11) MO = (_mZI miy )

mpy  —mpp—m

and T = (Tfl), Tél))f = (DD — MD)=1 £ By direct calculation, it yields that

Aimyy + A (dy + myp)
(di + may)(dy + myp + m) —mppymy;

TV (m) =

The inner integral in ®! is a positive matrix because of the irreducibility of matrix M", and then @
is positive for all m > 0. We see how the value of m affects that of R(()l) in the following. All proofs in

this subsection will be postponed to Appendix.
Proposition 6.1. The value of R(()l) is decreasing in m.

On the other hand, 7%52) = p(®?), where
0@ = gPdiag(T?) f P (a)exp (— f (DP(s) - M(Z))ds) da,
0 0

D(Z) = diag(d37 d4)’ Q(Z) = diag(a’:% CL’4), @(2)(61) = diag(53(a)764(a))’ p(Z)(a) = diag(p3(a)’ p4(a)),

1o (/13 + mTél)(m))’ MO = (—m43 M3y )’

Ay Mmy3  —M3y

and 7?® = (sz), Tf))f = (DP — MP)~1 L@ Accordingly, we can also see how the value of m affects
that of R”.

Proposition 6.2. The value of Réz) is increasing in m.
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O—0 0=

Figure 4. Two blocks that are non-strongly connected. The 1st and 2nd compartments
(involved in block-1) are strongly connected and also for the 3rd and 4th compartments
(involved in block-2), but the only connection between the two blocks is from the 2nd
compartment to the 3rd compartment.

Biologically, a unidirectional connection between two blocks benefits the one with exportation in
viral eradication but damages the other one with importation.

In these two non-strongly connected blocks, we fix the viral environment in each block, including
migration rates within the blocks, and change the migration rate between two blocks to explore its
influence on the viral dynamics. Explicitly, we choose parameters relevant to block-1 by a; = a, =
0.0085,d, =d, =0.09, 1, = A, = 10, my; = my» = 1,6 = 0.4, p(a) = ¢ %5 and those relevant to
block-2 by a3 = Q4 = 000275, d3 = d4 = 009, /7.3 = /7.4 = 10, mysz = Mzq = 1, 0= 04—, p((l) = 6_0'15“.
As depicted in Figure 5, the value of Rgl) is decreasing in the migration rate, m, whereas the value of
Rf)z) is increasing in m. There exist positive constants m, < m., with ﬂé])(m*) = 1 and Rgz)(m**) = 1.
Hence, according to Theorem 5.2, we observe the change of viral dynamics from viral persistence in
the whole system with small value of m (0 < m < m,) to virus extinction in the whole system with
medium value of m (m. < m < m,,), and to virus persistence only in the block-2 when the value of m
is sufficiently large (m > m,.).

1.8
- - =R®
1.6 o |
1 RE)Z)
\
141
8o
a4
s
n: .
0 ‘
0 05 1 1.5

Figure 5. Decreasing ﬂgl) and increasing Réz) related to the migration rate, m, from the 2nd
compartment to the 3rd compartment.
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6.3. Distinct gamma distributed infectivity kernels with delay

Recent studies show that for HIV the viral production and cell infection kernels are gamma
distributed [43, 44] after an intracellular delay for integration of viral genome. The predominant
infected cell type or infection mode may determine the shape characteristics of the kernels. In
particular, cell-to-cell transmission results in faster infection kinetics [44], and certain tissue
compartments may have cells arranged closer together facilitating this infection model [45]. In order
to model, compartments with distinct infection kinetics, we consider infected cell death rates dy(a)
and infectivity kernels p;(a) of the following piecewise form:

d. 0<a<rt 0 O0<a<t
or(a) = , pila) = (6.4)
Vi Tr<a gila—1) T <a,

where 7y is the intracellular delay, v, is the cell death rate after integration of viral genome, and g.(s)
is the gamma-distributed (g, ~ Gamma(ky, 6y)) infectivity kernel, for compartment k € N(()l). Note that
the mean of the gamma distribution g;(ky, 6;) is (. = ki /6, representing the mean time of (secondary)
cell infection for an infected cell in the absence of death. In the special case that each compartment has
identical delays 7, = 7 and gamma p.d.f.s, g, = g(k, 8), with shape parameter x = n as a positive integer,
then the linear chain trick can yield the following equivalent system of delay differential equations:

% = A - DT(t) - Tdiag(T(1))Y,(f) + MT(t),
di},( 2 Texp(—(D — M)7) (T (1 — 1) 0 Y,(t — 7)) — (D = M)Y, (1) — 6Y,(p), (6.5)
di;;([) = 01 (D) = YD) =D = MY, (D), m=2,...n,

where ¥,,(1) := [~ 29 e i1, + T)da, m = 1,...n, D = diag(v), and T(t = 1) 0 Y,(t - 7) refers

to entry-wise product of the vectors. Note that previous examples fall under this scenario with n = 1
and 7 = 0. Thus for the previous results on how migration rate affects R, in Figure 3 and Figure 5, we
can verify extinction versus persistence by transforming to the ODE to obtain numerical solutions. For
the general case of patches with distinct intracellular delays and/or gamma distribution parameters in
(6.4), however the system will be infinite-dimensional as our original PDE model (2.1) and we utilize
a finite-difference method for example simulations below.

We explore the dynamics in this general setting by considering parameters representative of the
study [44], where distinct modes of infection produce different infectivity kernels. Here we consider
the case of three compartments connected in a circular chain lacking path from compartment-3 to
compartment-2, as in Figure 2(b), with infectivity kernels as (6.4). In Figure 6, we display
time-dependent solutions for 3 distinct scenarios; all compartments utilize cell-free infection, all
compartments utilize cell-to-cell infection, and finally a mix where the first two compartments display
cell-free while compartment-3 utilizes cell-to-cell infection. We also investigate how varying
intracellular delay, 73, and gamma distribution mean, u3, of compartment-3 affect the overall R,. The
fixed parameters utilized are d = 0.09, 4 = 100, v = 0.4, @ = 0.0011, m;; = m = 1, and in Figure
6(a)-(c), intracellular delay 7 = 2/3 and gamma distribution mean uy, u,, u3 either equal to 4/5
(cell-free infection) or 1/2 (cell-to-cell infection) with shape parameter « fixed at 4. Shorter values of
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Figure 6. Three compartment circular chain lacking path from compartment-3 to
compartment-2 in the case of example (6.4) with intracellular delay and gamma distribution
infectivity kernel. Time-dependent solutions of () = fooo ir(t,a)da are shown for
intracellular delay 7, = 7 = 2/3 day and gamma distribution mean (a) y, = u = 4/5,
)y = =1/2,and (c) uy = up = 4/5, us = 1/2, consistent with cell-free infection, cell-cell
infection, and mixed compartment infection mode, respectively. For the mixed compartment
case in (c), the intracellular delay 73 and gamma distribution mean 3 are varied and the
contour plot of Ry is plotted in (d).

7, and gy, result in larger Ry, along with faster infection dynamics and larger number of infected cells.
Thus, compartments which facilitate cell-to-cell infection may be important for allowing the virus to
persist and establish reservoirs, which has been found in studies of HIV under drug treatment [46] or
during initial bottleneck of host infection [16].

7. Conclusion and discussion

The assumption of well-mixed viral environment may ignore diversity of viral dynamics, for
example, the existence of viral sanctuary sites and variant viral clearances, and then underestimate the
infection within a host. We propose a multi-compartment model incorporating age-since-infection to
imitate the migration of cells through afferent and efferent vessels between diverse organs. A
threshold, depending on the rate of cell migration, the structure of organic connection and infection
kinetics, was found to determine the extinction or persistence of infection. Accordingly, in this paper,
we theoretically discussed the effect of the connection structure on the extinction or persistence of
infection. Comparing systems with complete connection (with bi-directional connection between any
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two compartments of the system) and only lacking one connection, we see the influence of the
migration rate in latter case. In both strongly connected systems, the influence may
non-monotonously depend on the migration rate. As for a non-strongly connected system, we
constructed a sequence of threshold values to conclude the infection pattern within a host and
revealed that increasing the migration rate from a strongly connected block to another strongly
connected block does not always help to eradicate virus in the whole system. Furthermore our
inclusion of cell infection-age allows for organ-specific infectivity kinetics based on predominance of
cell-free versus cell-to-cell transmission or target cell type. In particular, we demonstrated that
individual compartments dominated by cell-to-cell infection may precipitate viral persistence in a
strongly connected system with distinct gamma-distributed infectivity kernels representative of
experimental studies. These findings complement and extend research on models consisting of a
well-mixed compartment.

In this study, the global convergence to the infection-free equilibrium was demonstrated in the case
when the basic reproduction number is less than or equal to unity. On the other hand, the global
convergence to the unique infection state is a challenging problem. In [20] for studying a multi-group
SIR epidemic model with an age structure, an analogous problem was partially solved by using the
method of Lyapunov functional and graph theory. However, the convergence dynamics to an infection
state in this study remains as an unsolved problem since the model incorporates both the age structure
and the migration behavior of cells. Moreover, the connection topology between a group significantly
affects the evolution dynamics, and hence attracts researchers to contribute toward either theoretical
analysis or application-oriented studies. A portion of a host body can be imitated by a strongly
connected structure in which the viral dynamics holds clearance or uniformly persists in the complete
part. However, biological evidences show that a functional system within a host, for example, the
lymphatic system or the blood circulation system, consists of several such portions which are not
strongly connected. Motivated by the study in [40] for infectious diseases via transportation networks,
we systematically constructed a sequence of threshold values to find out the infection pattern in the
whole system.

We explicitly explored the effect of connection topology or cell infection-age kinetics on the viral
dynamics in two basic structures: (a) a strongly connected circular chain with or without a certain
directional connection, and (b) a system with one pair of two-compartment blocks connected via a
unidirectional pathway. In the first example, either with or without the indicated directional
connection, it remains the type of strongly connected. Nevertheless, in the latter case, it may show
multiple switches between viral eradication and viral infection in the whole system when increasing
the identical migration rate of cells. The second example was devoted to study the connection
topology between two strongly-connected blocks. In particular, we explored the effect of the
unidirectional migration between two compartments, each is located in a strongly-connected block.
An explicit formula shows that increasing the migration rate between two blocks may first change the
viral persistence only in the first block to viral eradication in the whole system, and then, for even
larger migration rate, trigger the infection in only the flow-in block. Biologically, this unidirectional
connection between two blocks benefits the one with exportation in viral eradication but damages the
other one with importation. Although these example structures may be limited in number of
compartments, they reveal the necessity in distinguishing the connection topology within a host.
Finally, we investigated how incorporating intracellular delays and distinct gamma distributed
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infectivity kernels based on cell-free and cell-to-cell infection data [44] can affect viral dynamics in
the strongly connected circular chain. We find that the faster kinetics associated with cell-to-cell
infection promote viral persistence and spread, even when only a single compartment in the chain has
this transmission mode.

Variable time-dependent drug efficacy is another issue that requires consideration. For drug
treatments, such as those administrated through targeted therapy, the treatment focuses on the targeted
organ (the target compartment), and the drug efficacy is constant in each compartment. However,
under several traditional therapies, drugs may spread throughout the entire body of a host via the
circulatory system, in which the drug efficacy would no longer be constant in each compartment.
Therefore, it is necessary to formulate the drug circulation among neighboring compartments along
afferent and efferent vessels. These considerations will be explored in our next research.
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Appendix.

To show the dependence of Rg) and 7%62) on the value of m, we begin first from a property of the
following exponential matrix S o(8).
Lemma A.1.
Given ¢, d > 0, the value of each component of the matrix

Su(B) = exp( Ol )

is decreasing in S, for 8 > 0.

Proof. The following matrix can be written into with its diagonal form

—C d B .
( ¢ —d—ﬁ)_PDP ’ (7.1)

where

b [ANerd+p?—4cB-c-d-p)2 0

0 (Vc+d+B? —4B-c—-d-p)2 )
_ Y@+ B) Y1 (B) -2 (B)
P ( Vi B+a@rP+ac2 1B +2(8)>+4c? ]
2c 2c s
Vi@ @y B @) +4c

with

Ui (B) Vic+d+B)* - 4cB,
B = c—d-p

Note that ¥ (8) > 0, (¥1(B))* — (W2(B))* = 4cd > 0, and then ¥, (B) — ¥»(B) > 0 and ¢, (B) + ¥ (B) > 0.

In addition, direct calculations give

’ wl(lé) ’
(B = ——=, yi(B) = —1. 2
1 ) wz(ﬂ)’ 2 ) (7 )

Hence, from (7.1), we have

Sll SlZ
S = )
o) (521 522)
where
e¢
Su) = 5 (€W B) + B + O B) - ().
1
de™®
ShB) = VBB _ Jr B0 B)/2)
0 = e )
Sa(B) = = (e(l//l(ﬂ)+l//2(ﬁ))/2_e(llfz(ﬁ)—llfl(ﬂ))/z)’

Ui(B)
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e—C

S2B) = 7 (ﬁ)( VPO, (B) — ya(B)) + eV Iy (B) + ya(B)))
By direct calculations and using (7.2), it yields that
’ d 2 1 1
SuB = gn P (" PPy (B) +2) + ¢ O (B) - 2)
d
SulB) = 3 %ew D2 (PO Qun(B) -y (Ba(B) — v (BY)+

e B2 (B) -y B (B) + Wl(ﬁ)z))
5B = =ShB).

SHB) = dj G7 (=2 B2y, (B) — ya(B)) — eV OE 2y (B) + ya(B))?
8cd B2 B2 _ —wl(m/z)
l/’l(ﬂ) (e ))-
Define
ki (B) = PP +2)+ e PPy (B) -

" B2y (B) — v (BB — ¥ (B)) +
e PR (=22(B) = Y1 (BY(B) + Y (B)).

h(W1(B), ¥2(B))

It is easy to show that k(x) > O for all x > 0 and A(x,y) < O for all x > 0. Finally, the fact ¢(8) > 0
implies S’ j(,B) < Ofori, j=1,2, and it completes the assertion. O

Based on this property, we see the dependence of Rgl) on m.

Proof of Proposition 6.1:

Proof. Since the spectral of a positive matrix positively depends on each component, it suffices to show
that, for a fixed a > 0, the value of each component of the matrix

S(m) :=exp (— fa(f)(l)(s) - M(l))ds)
0

is decreasing in m. For given a > 0, if foa O0r(s)da > foa 01(s)da, we rewrite S (m) into

_ ~ [ 61(9)ds 0 —ma. - ma
Stm) = e (( O 0 - foa 01(s8)ds "\ ma —maa — Bm)
_ ~ [ 81(s)ds 0 —ma - ma
_ exp( 0 0 [ si(s)ds PP\ e —mpa—Bm) ) (7.3)

where

B(m) = ma + f (02(s) — 01(5))ds.
0
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Note that g(m) > 0 and '(m) > O for all m > 0. From Lemma A.1, the value of each component of
the matrix exp(— foa(f)(”(s) — MW)ds) is decreasing in m. A similar argument can be proceeded by
exchanging 6,(-) and 6,(-) in (7.3) when foa 01(s)da > foa 02(s)da. In addition, since the spectral of a
positive matrix positively depends on each component, the value of Rf)l) is decreasing in m. i

Proof of Proposition 6.2:

Proof. In ®®, T® is the only term tdepending on the value of m and, since the inner integral is a
positive matrix, the spectral of ®? depends increasingly on Téz). It is easy to see that the spectral
bound of the matrix —(D® — M®) is negative and then by the Perron-Frobenious Theorem, the matrix
(DP—-MP)~!is positive. Hence, the value of Téz) positively depends on the value of F(m) := mT\"(m).
Moreover, since

(Aimyy + Aa(dy + moy))((dy + my)(dy + myg) — mpamyy) S
((dy + may)(da + myz + m) — myamy;)?

F'(m) = 0,

we conclude that the value of Réz) 1s increasing in m. O
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