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Abstract: This paper is concerned with how the singularity and delay in a feed forward neural network
affect generic dynamics and bifurcations. By computation of Hopf-pitchfork point in a two-parameter
nonlinear problem, the mode interactions in two parameters bifurcations with a single zero and a pair
of imaginary roots are considered. The codimension two normal form with Hopf-pitchfork bifurcations
are given. Then, the bifurcation diagrams and phase portraits are obtained by computing the normal
form. Furthermore, we find some interesting dynamical behaviors of the original system, such as the
coexistence of two unstable nontrivial equilibria and a pair of stable periodic orbits, which are verified
both theoretically and numerically. Through numerical simulation, we also find that this model has a
special signal enhancement property in Hopf bifurcation state. Using this feed-forward neural network,
we show that the gray scale picture contrast is strongly enhanced even if this one is initially very small.

Keywords: feed-forward; neural network; delay; Hopf-pitchfork Bifurcation; Hopf Bifurcation;
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1. Introduction

The theories and applications of neural networks have been extensively developed after the works
of Cohen [1] and Hopfield [2]. The research of neural network is quite extensive, which reflects the
characteristics of the multi discipline cross technology field. Due to the finite propagating speed in
the signal switching and transmission between the neurons, time delay is inevitable in the neural net-
work and thus should be incorporated in the mathematical model. Different types of neural network
systems with time delays have been proposed and developed. In these models, various types of dynam-
ical behaviors including stability, chaos, and bifurcation were investigated (see [3—7]). Furthermore,
the wide applications including pattern recognition of speech and images, associative memory, signal
processing have been done (see [8]).

In the classical Hopf bifurcation theorem for ordinary differential equations, as a pair of complex-
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conjugate simple eigenvalues crosses the imaginary axis, there is born a unique branch of periodic
orbits near an equilibrium point. This paper investigates the Hopf-zero singularity case of feed-forward
neural networks model with delay, in which the purely imaginary eigenvalues at criticality and zero
coexist. In this case, the Hopf-pitchfork can occur. Hopf-pitchfork bifurcation has been investigated
for a long time as an important dynamical behavior [9-14]. In particular, there are some works on
Hopf-pitchfork bifurcation in systems with delay [16—18]. For example, in 2015, Wang et al. [15]
investigated Hopf-pitchfork bifurcation in a two-neuron system with discrete and distributed delays.
In 2012, Dong et al. [7] studied Hopf-pitchfork bifurcation in an inertial two-neuron system with time
delay.

This paper partly deals with a simple case of feed-forward system. We consider the following
two-neuron feed-forward neural network model

Uy = —uy + (a + b)tanh(u,(t — 1)),

(1.1)

iy = —uy + atanh(uy(t — 7)) + btanh(u,(t — 7)).

There are many interesting properties in the feed-forward chain model which have great potential
application prospect. For example, signal propagation in the feed-forward neural network has been
discussed by some researchers, see [19-21]. In this paper, we will see that the simple model (1.1) can
show the complex dynamic properties. The rest of the article is organized as follows. In Section 2,
we derive the existence condition of the Hopf-pitchfork bifurcation with interaction coefficient and
delay as two parameters. In Section 3, we obtain and analyze the normal form and the unfolding
for Hopf-pitchfork bifurcation in the feed-forward neural network system with time delay, as well as
Hopf-pitchfork diagrams.

Studies have found that some neurons may exhibit forced vibrator behavior. This characteristic
of the system can detect and amplify signals of a specific frequency. M. Golubitsky [19] et al. con-
structed a nonlinear feed-forward network coupled oscillator mode, and utilized the inherent nonlinear
response near Hopf branch point of the oscillator to achieve a significant amplification effect on a small
frequency band width signal. In section 4 and 5, we discuss the existence and normal forms of Hopf
bifurcation. Through numerical simulation, we find that when Hopf branches occur, the model shows
properties similar to the conclusion of M. Golubitsky [19] et al..

Image enhancement is to highlight and strengthen the target area of the original image purposefully,
suppress the features that are not of interest, enhance the recognition of the image and improve the
visual effect of the image. Image enhancement allows the enhanced image to be inconsistent with
the original image. The final purpose of image enhancement is to facilitate the further analysis and
processing of images. Tiger and other animal images captured in the forest often have low contrast
due to natural factors such as trees, grass and equipment, which will further affect the effect of image
processing. In order to improve the sharpness of animal image and highlight its edge information.
In section 6, we use the feed forward neural network model to enhance the image. With the help of
dynamic properties, this algorithm can achieve a good signal amplification effect. Therefore, the image
enhancement effect is obvious, and it can improve the image clarity and contrast. In the final section,
we give some conclusions and future works.
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2. The existence of Hopf-pitchfork bifurcation

It is clear that (0,0) is an equilibrium point of Eq (1.1). The linearization of Eq (1.1) at the origin
leads to

Uy = —uy + (a+ bu(t — 1),
. (2.1
Uy = —uy + aur(t — 7) + buy(t — 7).
The associated characteristic equation of Eq (2.1) takes the form
A=ANA=Q+1-(@+Db)e™A+1—-ae™) (2.2)

In the following, if the characteristic Eq (2.2) has a simple root 0 and a pair of purely imaginary roots
+iw and all other roots of the characteristic equation have negative real parts, then the Hopf-pitchfork
bifurcation will occur. We make the following assumptions:

(Hl): a+b=1.
(Hy): a<-1.

Lemma 2.1 If the assumption (H,), (H,) are satisfied, then all the roots of Equation (2.2) have negative
real parts except a single zero root and a pair of purely imaginary roots when

1 1

T, = —(ijr+arccos—),(j:0,1,"'),
w a

w = Va*>-1.

Further, the transversality condition is satisfied at 7 = 7;,(j = 0,1,---)

da 1

Re|— =——>0
¢ (dT )r=r,~ w* + w?

Proof. Clearly, 4 = 0 is a root of Eq (2.2),ifa+ b = 1. If T = 0, then Eq (2.2) becomes 4 = 0 or
A =a— 1. There is no purely imaginary root for A; = 0. We only need to consider A, = 0. Let iw be a
root of A, = 0, then

iw+1—ae ™ =0.

Separating the real and imaginary parts we have the values of w and 7 are given by

1
T, = 2j7r+arcc0sa),(]':0,1,"‘),

w = Va?-1.

SH R

Through simple calculation, the transversality conditions are shown as follows:
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R dAa 1 0
e|— =—F
dr)._ . —w'+w?

Based on the work above, we can obtain the following Theorem.
Theorem 2.1 The system (1.1) undergoes Hopf-pitchfork bifurcation when the assumption (H;) and
(H,) are satisfied and t = 7;(j = 0,1,---).

3. Normal form for Hopf-pitchfork bifurcation

In this section, Center manifold theory and normal form method [12, 22] are used to study Hopf-

pitchfork bifurcation. After scaling r — £, system (1.1) can be written as

iy = T[—ul +(a+bu(t—1) — Lu(t - 1)° + 0(|M1|3)],

3 3.1
ity + auy(t = 1) + buy(t = D) = By (1 = 1)° = §ua(t = 1)° + 0(( \/m) )] "

Suppose that the system (3.1) undergoes Hopf-pitchfork bifurcation at the critical point b = by =
1 —a,v = 7y, with a pair of eigenvalues +itow and one zero, and all other roots have negative real
parts. Let 7 = 79 + uy, b = 1 —a + up, uy and y, are bifurcation parameters, choosing the phase space
C = C([-1, 0]; R?) with supreme norm and U, is defined by U,(6) = U(t+6),—1 < § < 0. Then system
(3.1) can be written as

bizZT

dU(t)
dt

= LU, + F(Uy, ), (3.2)

where
LU, = (1o + u1)AU; + (10 + 1) Bu)U(—1),

_ 3(d) + ollu 1)
F(Up, ) = =70 (a%(uz(_nf +3(1 z a)3:(uz(=1))* + 0(||U||3))
3 | 1+ 0
A——Iz, BWZ)_(I—Q+[12 Cl)

Thus, system (3.2) becomes an abstract ODE in the space BC

dU(t -
"0 = Auk XF Wi, (3.3)
where A is defined by
dU dU(0)
: C' - BC, U=—+Xo|Lou— —=
A — A i + Xo | Lol i ]
and

F(U,p) = [L(w) = LOIU + F(U, )
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and the bilinear form on C* X C (*stand for adjoint) is

0 0
W 0) = W(O)p(0) - f | fo W(E — O)dn(O)p(E)de

withp € C,y € C*.

Because L(0) has a simple 0 and a pair of purely imaginary eigenvalues +iw and all other eigen-
values have negative real parts. Let A = (iwt), —iwTy,0) and P can be the generalized eigenspace
associated with A and P* the space adjoint with P. Then the C can be decomposed as C = P& Q where
Q ={p e Cl(¥,9) =0 forall Y € P*}. . ‘

Choose the bases ® and ¥ for P and P* such that (‘\P(s), ®(0)) = I,® = ®J, and ¥ = —JY¥, where

IwTy 0 0
J=]1 0 —iwty O}
0 0 0

By calculating we choose

0 0 1
(D(Q) = (eiw‘roe e—iw‘roB 1)
and B . _ _
Dlle—wﬂos Dlle—lwros
\P(S) — D”eia)‘ros D”einos
D21 0
Witthl =1 D21 =_L

1+19+iwT)y’

Letu = ®x + y, that is

1+719°

up = x3 +yi(6),

uy = €% + e x, + x3 + y,(6).
Then Eq (3.3) is therefore decomposed into the system

i =Jx+PO)F(Dx + y, 1),

y = ﬂQIy + (I - ﬂ)XOF((DX + y,/.l) (34)
Using the idea of Faria [22] , we know that Eq (3.4) can be written as
X = Jx + Z %fjl(X,y,,U),
22 (3.5)

y=HAg, + gz 7 0.
=

where f;(x, y, ) are homogeneous polynomials of degree j in (x, y, ) with coeflicients in C>.
S| is spanned by

2 .
HiXi€1, X1X3€1, [LiX2€), XaX3€2, X X2€3, [l X3€3, X3€3,1 = 1,2
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: _ T _ T _ T
Wlth el _(13050) 762 - (O’ 170) 763 _(0’07 1) .
S, is spanned by
2 2 2 2 3
X1 X2€1, X1 X3€1, X1X,€2, X2X3€2, X1 X2X3€3, X3€3,

On the center manifold, Eq (3.5) can be transform as the following normal form

) 1 1
x=Jx+ Z—Igé(x, 0, + igé(x, 0,0) + h.o.t.

where
Diitopaxs + Dy[topaxs — pi(x1 + X2 + x3) + (1 — a)uyx3 + apy (e_iwmxl +ex, + x3)]
%fgl (X, Oa,u) = D“TQIUQX3 + Dll[T0ﬂ2X3 —,ul(xl + X + )C3) + (1 - Cl)/l1X3 + auy (e_i“’TOxl + e’““’xz + X3)]
Dy topzx3
1 api Xy
Egé(x, 0,1) = Projs, X f,(x,0, ) = |@ippt1x2
’ az 12 X3

70

and app = Dyjiw,ay; = D21T0 = T+rg"

_ _ _ . , 3

1 Dy, (—’3—°x§ + ,Ulﬂzxs) + Du[-@)@ -5 (e_woxl +eYx) + X3) + Hipax3]
1 _ _ » . 3

;fg (x,0,u) =| Dy, (—g—oxg + /Jl,uzxg) + Dll[—wxg -5 (e W0 1 + 0 x, + x3) + Ui o x3)

—D», (—Q—Oxi + ,U1#2X3)

1 l_mx%xz + 1_?12X1X§

ygé(x, 0,0) = Projs, X f31(x, 0,0) = b11x1x§ + blzxzx§
' bzzxg

and by = —Dyi7o(iw + 1), b1y = by, by =
Hence Eq (3.5) can be written as

—_To
3(1+79) "

X1 ITowx; + apuix; + bnx%xz + b12X1X% + h.o.t,

Xy = —ITowXy + i1 Xo + l_)nxlx% + l_)lzxzxg + h.o.t, 3.6)
X3 = Ay prX3 + bzgxg + h.o.t.
Through the change of variables x| = rcos@ — irsin6, x, = rcos6 + irsinf, x3 = Z, the system (3.6)
becomes
i = Re(a)uor + Re(bi))r* + Re(bi))rZ? + h.o.t,
Z = anpnZ + bpZ’,
—0 = tow + Im(a)uy + Im(by)r? + Im(b1»)Z°.
Let Z = Z\[bxl, # = r VIRe(11)], (Re(b11) < 0, by < 0), after dropping the hats, the equation becomes:
i=r(c,—r*—oZ?),

Z =Z(c, - Z%). S
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Re(b1)

where ¢; = Re(aip)p, €2 = azpy, 00 = = 7=,

In Eq (3.7), My = (r,Z) = (0, 0) is always an equilibrium and the other equilibria are

M : (VJc1,0), forc, > 0;
M5 : (0, £+/c2), forc, > 0;
M5 : (Ney — ocy, £e), forey >0,¢1 > ocy.

We obtain five distinct types of unfolding with respect to different signs in the system (3.7). Similar
to the work in [21], we have the following Theorem:

Theorem 3.1 The detailed dynamics of system (3.7) in D — D5 near the original parameters by, 7, are
as follows: (1) In Dy, Eq (3.7) has only one trivial equilibrium M, which is a sink.

(2) In D, the trivial equilibrium (corresponding to M,) becomes a saddle from a sink, and a stable
periodic orbit (corresponding to M) appears.

(3) In D3, Eq (3.7) has a pair of stable periodic orbits (corresponding to M3), a pair of unstable semitriv-
ial equilibria (corresponding to M5, an unstable periodic oribi(corresponding to M), and an unstable
trivial equilibrium (corresponding to M).

(4) In Dy, the unstable periodic orbits (corresponding to M7) disappear, the periodic orbit (correspond-

ing to M;) becomes stable, and the semitrivial equilibria (corresponding to M) become stable.

(5) In Ds, the periodic orbit (corresponding to M;) disappears, the trivial equilibrium (corresponding
to My) becomes a saddle from a source, and the semitrivial equilibria(corresponding to M5) remains
stable.

D D, C, =oC,
D, >
C2
Dl DZ

Figure 1. Bifurcation diagrams of Eq (3.7) with parameter (c, ¢;) around (0, 0).

Choosing a = —2,b = 3. By direct calculation, we obtain w = 1.732, 7y = 1.209, D;; = 0.2384 +
0.2260i, D,; = 0.4527.

(1) Choosing u; = —0.05, up, = —0.1, In this case, ¢; = Re(ax)u, = —0.0391, ¢, = au; = —0.0274.
By Theorem 3.1, Figure 3 shows M, is the only equilibrium in D;, which is a sink.

Mathematical Biosciences and Engineering Volume 17, Issue 1, 387—403.



394

D, D, D,
Z %/
r ——
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D, D

Figure 2. Phase portraits in D; — Ds.
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Figure 3. only one equilibrium M, of system(1.1) in D; , which is a sink. (u,un) =
(—0.05, —=0.1) with the initial values (0.5, -0.2) .

(2) Choosing p; = 0.05,u, = —0.1, In this case, ¢; = Re(ap)ur = —0.0391, ¢, = axpy = 0.0274.
By Theorem 3.1, the bifurcation occurs in D,. Figure 4 shows a stable periodic orbits appears.
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Figure 4. a stable periodic orbits appears in D, . (uy, u;) = (0.05, —0.1) with the initial values
(0.5,-0.2) for the red line and (-0.5, 0.2) for the blue line .

(3) Choosing y; = —0.05, u, = 0.1, In this case, ¢; = Re(ap)u, = 0.0391, ¢, = aypuy = —0.0274.
By Theorem 3.1, the bifurcation occurs in Ds. Figure 5 shows two stable equilibria appear.

ut:initial values(0,5,-0.2) 15 u2:initial values(0,5,-0.2)
1
0.54
5 Y 05
0.52
0
0.5 -0.5
0 50 100 0 50 100
t t
ut:initial values(-0,5,0.2) 05 u2:initial values(-0,5,0.2)
)
\ 0
-0.52 :
~— K — i
= \ S -0.5 'l\-,\v'\'“ ——————————————————— .
\ I
0541 I
.~ 9 5
-0.56 -1.5
0 50 100 0 50 100
t t

Figure 5. two stable equilibria appear in Ds . (u;, 1) = (—0.05,0.1) with the initial values
(0.5,-0.2) for the red line and (0.5, 0.2) for the blue line .
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4. The existence of Hopf bifurcation
We make the following assumptions:

(H3): -1<a+b<1.
(Hy): a<-1.

Lemma 4.1 If the assumption (H3), (H,) are satisfied, then all the roots of Equation (2.2) have negative
real parts except a pair of purely imaginary roots when

(2]Jr+arcc0s—) (G=0,1,---),

EIH

Further, the transversality condition is satisfied at 7 = 7;,(j = 0,1,---)

1
Re() = o0

4 2
dr) . w'+tw

Proof. Under the condition (Hj) , the roots of A; = 0 have negative real part. We only need to
consider A, = 0, then

iw+1—ae™@" =0.

Under the condition (H,) ,separating the real and imaginary parts we have the values of w and 7 are
given by

(2]71 + arccos—) (j=0,1,--+),

SIH

Through simple calculation, the transversality conditions are shown as follows:

R dA ! >0
e|— =—F
dr) _. o'+’

Based on the work above, we can obtain the following Theorem.
Theorem 4.1 (1) The system (1.1) undergoes Hopf bifurcation when the assumption (H3) and (Hy)
are satisfied and 7 = 7;(j = 0, 1, ---).

(2) Choosing a = —2,b = 2.5. By direct calculation, we obtain 7y = 1.209, Choosing 7 = 1 < 7,
then all the oscillators 1 and 2 are stable, see Figure 6.
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Figure 6. The wave plot of oscillator 1 and 2 witha = -2,b =2.5,7 =1 < 1y.

(3) Choosing a = =2, b = 2.5. By direct calculation, we obtain 7y = 1.209, Choosing 7 = 2 > 7,
then the oscillator 1 is stable and oscillator 2 is periodic, see Figure 7.

Figure 7. The wave plot of oscillator 1 and 2 witha = -2,b =2.5,7 =2 > 1.

5. Normal form for Hopf bifurcation

In this section, Center manifold theory and normal form method [22] are used to study Hopf bifur-

cation. After scalingt — £, system (1.1) can be written as

Mathematical Biosciences and Engineering Volume 17, Issue 1, 387—403.
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= Tl—uy + (a+ buy(t = 1) = LLuy( = 1 + o(lur )],

3 5.1
lir =T |—uy +aupy(t — 1) + buy(t — 1) — gul(t -1y - Sua(t = 1)*+ 0(( \/m) )] o

Denote 7. = 7;(j = 0,1,---) , suppose that the system (5.1) undergoes Hopf bifurcation at the critical

point T = 7., with a pair of eigenvalues +iwt, , and all other roots have negative real parts. Choosing the

phase space C = C([—1, 0]; R?) with supreme norm and U, is defined by U,(0) = U(t+6),-1 <6 <0.
Let u = 7 — 7., then u is the bifurcation parameter and the system (5.1) becomes

iy = (u+ T)[—uy + (a+ by (t = 1) = “2uy (1 = 1) + o(luy )],

(5.2)
liy = (U + T =ty + aup(t — 1) + buy (t = 1) = 2uy (1 = 1)* = Sur(t = 1) + o( (Jud + ud)*].
The linearization of system (5.2) at (0, 0) is
Uy = —T.Up + Tc(a + b)ul(t - 1),
. (5.3)
Uy = —Tolp + Tohu(t — 1) + T.auy(t — 1).

Let
n(0) = Aé(0) + Bo(0)

where 6(0) is dirac-delta function and

-1 0 a+b O
a=nfy O) m=e(" )

1

_ u _ F
Define X = (uz) and F(X,u) = (F2

), where

(u+7.)(a+Db)

3 (ui(t — D) + ho.t

F' = —puy + pu(a + byuy(t = 1) —

+7.)b + T,
F? = —puy + pbuy (t — 1) + pawn(t — 1) %(ul(t _ 1y - w(uz(t D) + hot
Then system (5.2) can be transformed into
X = LX, + F(X,, ). (5.4)

The bilinear form on C* X C is

0 0
W @) = W(0)p(0) — f | fo W(E — O)dn(O)p(é)de

with o € C, ¢ € C*.
Define the infinitesimal generator A

Ap = ¢ + Xo[Lp — ¢(0)]

Mathematical Biosciences and Engineering Volume 17, Issue 1, 387—403.
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Let A = (iw, —iw) and P can be the generalized eigenspace associated with A and P* the space adjoint
with P. Then the C can be decomposed as C = P® Q where dimp =2and Q = (¢ € C : (Y, p) =
0 forally € P").

Choose the base @ and ¥ for P and P* respectively such that

(P(s), DO) =1, D = DJ, P = —JV.

where [ 1s 2 X 2 identity matrix and J = 1wt 0 )

0 —iwrt,
It can be computed directly that

_ —iwTt.0 —iwTtH 1
‘D:(eo 0 ),\P:(De De )’D

it pmiwred _Dewtd  peiwred = m-
We use the idea of Faria [22], Let
BC = {¢ 1,01 - B ¢ € C[-1,0), 7 lim 6(6) € R2}
The elements of BC can be expressed as ¢y = ¢ + Xoa with ¢ € C,a € R?. Define the projection

n:BC — Pby
(¢ + Xo) = P[(Y, ¢) + ¥(0))]

Letu=®x+ywithx e R>andy € Q' = {p € O : ¢ € C}, namely,
uy = y1(6),
Uy = €7 Ox; + e %0x, + y,(6).

_ (Y1 Y12\ _(-D D
Let 'P(0) = ( o %2)— (_ D DJ then system(5.2) can be decomposed as

x=Jx+¥YO)F(Dx +y,u),
y=HAgy + U - m)XoF(Dx +y, ). (5.5)
Which can be rewritten as
x=Jx+ 3 l,fjl(x,y,,u),
=3 (5.6)

y=Agy+ Y 170y 0.
=Ygl

Where 1 ,
F (-x,yvll) + l/’lZF (xayaﬂ)
(XY, p) = (l/m 1 5 ;
ROV =y LGk, yoga) + U P2, 0
F3(x,y, 1) + Y12 F3(x, y, 1)
1x, , — (lﬁll 3 ) 3 L&) ,
j;’( ylu) lr/IZIFé(x,yvﬂ)+w22F§(x7yaﬂ)

F)(x,y, u))

By = (I =X, ( Fxro

Mathematical Biosciences and Engineering Volume 17, Issue 1, 387—403.
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Fl(x, y,#)).

[y = I -mXo ( F2(x. yop)

with
FF)(x, y, 1) = —uy1 (0) + p(a + by (-1,
530y, 1) = —p(xy + x2 + y2(0) + pbyi(—1) + pa(e ™™ xy + €% xy + yo(=1),
HF1y, 1) = =52y (-1))?,
3Py, 1) = =S (—1))° = B (e mx; + €“xy + yy(= 1),
Let M, denotes the operator defined in V23(C 2 x Kerm),with

My 2 V3(C?) > V3(C?), and My(p)(x, 1) = Dyp(x, ) x — J p(x, ),

where V;(C?) denote the linear space of the second order homogeneous polynomials in three
variables(x;, x,, 1), and with coefficients in C>. Then it is easy to check that one may choose the
decomposition

V3(C?) = Im(M3) & Im(M3)*

The complementary space Im(M; )¢ spanned by the elements

xiu) (O
0 /' \xou)
Let M5 denotes the operator defined in V3(C* X Kerm),with

M; 2 V3(C?) = V3(C?), and M5(p)(x, jt) = Dop(x, ) x = I p(x, ),

where V33(C2) denote the linear space of the three order homogeneous polynomials in three
variables(x, x», 1), and with coefficients in C?. Then it is easy to check that one may choose the
decomposition

V3(C?) = Im(M3) & Im(M3)"

The complementary space Im(M;)° spanned by the elements

x%xz 12 x 0 0
0 )\ 0 Plaxs) \ilx)

Then the normal form of system (5.4) on the center manifold of the origin near i = 0 has the form (see
[22])

X = iWTeX) + anpxy + apxix,
(5.7)

X) = —lWT Xy + Az ux, + azlexg.

where a;; = D(=1 + ae™™%),a;, = D(-t.ae™“%),as; = ar;,a» = ap;. Since x; = X,, through the
change of variables x; = w; — iw;, x, = wy + iw,, and then a change to polar coordinates according to
wy = rcosé, wy = rsiné, system (5.7) becomes

i = Re(ay)ur + Re(a)r?,

& = —Im(ai)p — Im(ap)r. (5.8)
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Figure 8. Low-contrast image and its corresponding histogram.

Figure 9. Output image and its corresponding histogram when a = =2,b =2.5,7 =2 > 1.

6. Image contrast enhancement using the Feed-Forward neural networks

According to the property of system (1.1), neuron 2 can enhance the weak signal input by neuron 1
through coupling action. Using this property, we set up an algorithm for image enhancement:

The following are specific implementation steps of image contrast enhancement algorithm: Contrast
enhancement is a phenomenon of increasing gray difference in coherent regions. The image has low
contrast, does not present a clear scene, and contains no obvious objects. In a low contrast image,
the pixel values (grayscale) of all pixels are very similar. This means that the difference between any
two pixels of an image is small. Think of each pixel of an image as one oscillator with properties of
sections 4 and 5. The standard coding of images defines a white level for x = 1, and a black level
for x = 0, the other gray levels being included between these two values. The maximal values of
oscillators 1,2 is 1, that is matching result to describe the pixels dynamics between the range [0, 1].
The input image of The tiger image is loaded (as initial conditions) in oscillator 1. Given the initial
value (x;;, 0), where x,; the initial gray level of the pixel and i will traverse all the pixel point.

The Figure 8 present a low-contrast tiger image, the neuron 2 has the effect of enhancing the
amplitude of the signal, so it can be used to enhance the contrast of the tiger image. Choosing
a=-2,b =25, then 7y = 1.209. Choosing 7 = 2 > 7, then the oscillator 1 is stable and oscil-
lator 2 is periodic, and can be use to enhance the contrast, see Figure 9.

It can be seen from the processed tiger image has a better processing effect and higher image con-
trast.
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7. Conclusion

In this paper, we have investigated the Hopf-pitchfork bifurcation of a simple feed forward neural
network system with time delay. By analyzing the distribution of the eigenvalues of the correspond-
ing transcendental characteristic equation of its linearized equation, we find the critical values for the
occurrence of Hopf-pitchfork bifurcation. Using the normal form method and the center manifold the-
orem, we have derived the normal form of the reduced system on the center manifold and discussed the
Hopf- pitchfork bifurcation with the parameter perturbations, and completely determined the stability
and bifurcation of the zero solution near the critical value.

In this paper, we also considered the application of Hopf bifurcation in image processing. The
results show that the contrast of gray image processed by oscillator 2 is enhanced. This is due to the
Hopf bifurcation caused by delay. This paper presents a novel image processing method based on
Hopf bifurcation. Numerical experiments show that this method has obvious advantages in processing
low-contrast images. Our work is helpful in the application of the complex phenomena of feed forward
neural network system.

Acknowledgments

Our deepest gratitude goes to the anonymous reviewers for their careful work and thoughtful sug-
gestions that have helped improve this paper substantially.

Conflict of interest

The authors declare there is no conflict of interest.

References

1. M. Cohen and S. Grossberg, Absolute stability of global pattern formation and parallelmemory
storage by competitive neural networks, IEEE T. Syst. Man. Cy-s., 13 (1983), 815-825.

2. J. Hopfield, Neurons with graded response have collective computational properties like those of
two-state neurons, P. Natl. Acad. Sci. USA, 81 (1984), 3088-3092.

3. J. Wei and S. Ruan, Stability and bifurcation in a neural network model with two delays, Physica
D, 130 (1999), 255-272.

4. L. Li and Y. Yuan, Dynamics in three cells with multiple time delays, Nonlinear Anal-Real., 9
(2008), 725-746.

5. C. Zhang, B. Zheng and L.Wang, Multiple Hopf bifurcations of symmetric BAM neural network
model with delay, Appl. Math. Lett., 22 (2009), 616—-622.

6. Y. Song and J. Wei, Local Hopf bifurcation and global periodic solutions in a delayed predator-
prey system, Math. Anal. Appl., 301 (2005), 1-21.

7. T. Dong, X. Liao, T.Huang,et al., Hopf-pitchfork bifurcation in an inertial two- neuron system
with time delay, Neurocomputing, 97 (2012), 223-232.

Mathematical Biosciences and Engineering Volume 17, Issue 1, 387—403.



403

. C. Zhang, X. Zhang and Y. Zhang, Dynamic properties of feed-forward neural networks and

application in contrast enhancement for image, CHAOS Soliton. Fract., 114 (2018), 281-290.

9. A. Algaba, E. Freire, E. Gamero, et al., A tame degenerate Hopf-pitchfork bifurcation in a modified
van der pol-duffing oscillator, Nonlinear Dyn., 22 (2000), 249-269.
10. A. Algaba, E. Freire, E.Gamero, et al., A three-parameter study of a degenerate case of the Hopf-
pitchfork bifurcation, Nonlinearity, 12 (1999), 1177-1206.
11. A. Algaba, E. Freire and E.Gamero, Hypernormal form for the Hopf-zero bifurcation, Int. J.
Bifurcat. Chaos, 8 (2011), 18575-1887.
12. J. Carr, Applications of centre manifold Theory, Springer-Verlag, New York, 1981.
13. L. Li and Y. Yuan, Dynamics in three cells with multiple time delays, Nonlinear Anal-Real., 9
(2008), 725-746.
14. J. S. W. Lamb, M. A. Teixeira and K. N. Webster, Heteroclinic bifurcations near Hopf-zero bifur-
cation in reversible vector fields in R3, J. Differ. Equations, 219 (2005), 78—115.
15. H. Wang and J. Wang, Hopf-pitchfork bifurcation in a two-neuron system with discrete and dis-
tributed delays, Math. Method Appl. Sci., 38 (2015), 4967-4981.
16. J. Wei and M. Li, Global existence of periodic solutions in a tri-neuron network model with delays,
Physica D, 198 (2004), 106-119.
17. X. Wu and L. Wang, Zero-Hopf bifurcation analysis in delayed differential equations with two
delays, J. Franklin 1., 354 (2017), 1484-1513.
18. B. Zheng, H. Yin and C. Zhang, Equivariant Hopf-Pitchfork Bifurcation of Symmetric Coupled
Neural Network with Delay, I. J. Bifurcation Chaos, 26 (2016), 11650205.
19. N. J. McCullen, T. Mullin and M. Golubitsky, Sensitive Signal Detection Using a Feed-Forward
Oscillator Network, Phys. Rev. lett., 98 (2007), 254101.
20. Y. Qin, J. Wang, C. Men, et al., Vibrational resonance in feed-forward network, Chaos, 21 (2011),
023133.
21. Y. A. Kuznetsov, Elements of Applied Bifurcation Theory, Springer-Verlag, New York, 1998.
22. T. Faria and L. Magalhaes, Normal forms for retarded functional differential equation with param-
eters and applications to Hopf bifurcation, J. Differ. Equations, 122 (1995), 181-200.
] ©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
@gé; AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Mathematical Biosciences and Engineering Volume 17, Issue 1, 387—403.


http://creativecommons.org/licenses/by/4.0

	Introduction
	The existence of Hopf-pitchfork bifurcation
	Normal form for Hopf-pitchfork bifurcation
	The existence of Hopf bifurcation
	Normal form for Hopf bifurcation
	Image contrast enhancement using the Feed-Forward neural networks
	Conclusion

