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Abstract: Free vibration of summation resonance of suspended-cable-stayed beam is investigated in
the article. A 3-DOF model of the coupled structure is built, with the main cable and sling (vertical
cable) considered to be geometrically nonlinear, and the beam is taken as linear Euler beam.
Hamilton’s principle is used to derive the dynamic equilibrium equations of the coupled structure.
Then, the dynamic equilibrium equations are solved by means of multiple scales method, the second
order approximation solutions of single-modal motion of the coupled structure are obtained.
Numerical examples are presented to discuss time history of free vibration of the summation
resonance, with and without damping. Additionally, fourth-order Runge-Kutta method is directly
used for the dynamic equilibrium equations to complement and verify the analytical solutions. The
results show that the coupled structure performs strongly nonlinear and coupled characteristics,
which is useful for engineering design.
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1. Introduction

The sling or the vertical cable is widely used in suspension bridge. By connecting the main
cable with the beam, the sling plays a decisive role in transmitting force. However, in recent years
as the span of the suspension bridge increases, length of the sling also increases, which directly
leads to protruding nonlinear characteristics of overall structures. Furthermore, the coupling among
the sling, the main cable and the beam results in new mechanisms of the internal resonance.
Therefore, the study of nonlinear characteristics of the sling, especially the coupled characteristics
with other structural members, is of considerable importance to mechanical and structural
engineers. In recent years, cable structures have been intensive study by many researchers all over
the world. Among the known solutions of them, there are harmonic balance method [1,2], multiple
scales method [3] (including discretization approach and direct approach), finite element method [4,5],
finite difference method [6], numerical integration method [7] and experimental method [8].

Since the beginning research of cable, some articles only forced on a single cable [9-12],
which can not reveal the totally nonlinear characteristics of the whole structure.

From the perspective of the overall structure, Sun and Wang [13] established a 2-DOF cable-
beam coupled model by simplifying the cable to a taut string and reducing the beam to a mass-
spring system; he proved the displacement curves of the cable and beam have the characteristic of
“beat”. Fujino and Warnitchai [14] established another kind of 3-DOF cable-beam coupled model;
in this model, the beam was considered to be linear Euler beam, with one end point fixed and
another end point connected to the cable, the cable was taken as string with sag. Based on the same
model, Xia and Fujino [15] further studied the behavior of the system under a random excitation.
Then, Xia et al. [16] established a cable finite element to analyze the nonlinear vibration of cables
in cable-stayed bridge; by comparing with the available analytical solutions, they demonstrate that
the cable finite element can capture nonlinear vibration, in particular auto-parametric vibration of
stay cables under harmonic and random loadings. Gattulli [17,18] established the similar kind of
cable-beam coupled model and studied linear and nonlinear behave of the system. Gattulli and
Lepidi [19] set up a finite element model and verified the results of theoretical analysis and finite
element model through experiments. By considering the nonlinearity of the beam, Wang et al. [20]
researched the nonlinear behavior of the coupled system. Wei et al. [21] investigated the nonlinear
dynamics of a cable-stayed beam driven by the sub-harmonic resonance of the beam and the
principal parametric resonance of the cable. For the first time, Wang and Li [22] researched the
nonlinearity of cable-beam coupled structure under the thermal loads. Kang et al. [23] discussed
the effects of some key parameters of the stay cable, such as initial tension force, damping and
inclination angle, and the excitation frequency and amplitude on the nonlinear behavior of the
combination structure. With the method of transfer matrix, Zhao and Kang [24,25] investigated the
free vibration of the cable-stayed arch bridge.

Though many papers had studied the nonlinear vibration of cable-beam coupled structure and
got some available conclusions of coupled characteristics of cable and beam, they mainly forced on
the cable-stayed bridge, in which the stay cable is only under one kind of excitation on one end
point and the coupled model is 2-DOF. However, in suspension bridge, the sling or the vertical
cable is under two kinds of excitation on two end points. To well understand the coupling among
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the sling, the main cable and the beam, the coupled model will be 3-DOF. There exists new kind of
internal resonance, such as summation resonance. This will be new and interesting topic for us.

About summation resonance, Nayfeh and Mook [26] introduced the fundamental theory of it,
which can be used in many areas, such as ship engineering, civil engineering and so on. Zhao et al. [27]
studied the summation resonance of a classic Spar platform under long periodic regular wave.
Chen et al. [28] investigated the steady-state transverse vibration of a parametrically excited
axially moving string with geometric nonlinearity and obtained the steady-state response of the
summation resonance. There are also many other papers of summation resonance, which well
guide us to introduce the theory of summation resonance into the suspension bridges.

In the paper, free vibration of summation resonance of the coupled structure is investigated
with and without damping respectively. Firstly, a 3-DOF model is built, which treated the main
cable and the sling as nonlinear taut string and the beam as Euler beam; secondly, Hamilton’s
principle and multiple scales method are used to derive and solve the dynamic equilibrium
equations; thirdly, numerical integration method is used to discuss the nonlinear characteristics of
the coupled structure. The conclusions show the three degrees of freedom strongly couple with
each other and have the typical characteristics of “beat”.

2. Derivation of governing equation

In order to simplify the problem, some assumptions are made in this paper, as follows:

The material nonlinearity of the coupled structure is not considered;

The sag curve of the main cable under gravity is approximately parabolic;

The flexural rigidity, torsional stiffness and shear stiffness of the main cable and sling are not
considered;

The cable force of the main cable and sling are constant along the longitudinal direction;

The main cable and sling keep linear elastic during vibration.

Dynamic configuration

Dynamic configuration | |Static configuration

Figure 1. Configuration of the coupled structure: a: reference; b: instantaneous.

In Figure 1, the Cartesian coordinate system is established, with the main cable descripted in
the system of 0, — XaYa, the sling descripted in the system of o, — Xy, the beam descripted in the
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system of 0. — XcYc; la, Ip and I donate the span of the main cable, sling and beam, respectively; I,
is the distance between the installation position of sling on the main cable and the left end of the
main cable; Iy is the distance between the installation position of sling on the beam and the left end
of the beam.

In particular, due to self-weight, the static configurations of the main cable, sling and beam
exist. For simplicity, we neglect the contribution of static configurations of the sling and beam to
the motion equations [29-31]. The static configuration of the main cable can be written as [32,33]:

m,9 2
Ya(X)==—"2=(1,X, —X 1)
a() 2Ha(aa a)
2
a

where d is the sag of the main cable, H, is the axial component of the initial cable force of the
main cable.
The Lagrangian strain of the main cable and sling can be written as [30]:

2
—%%+ayi%+l[avij i=a,b

8' = —_— —_ —
' 0s 0s, 0s 05 2\ 05,

3)

According to Hamilton’s principle and ignoring the movement of axial direction, the
differential equation of lateral vibration of the coupled structure can be written as [18]:

ma\'/'a+ca\'/a—Havg—(y"+vg)ha:F(t)§(xa—lp) (4a)
MoV + GV, + Bl W = F (1) 5 (%, ~ 1) "

where m,, mp, m. are the mass of the main cable, sling and beam per unit length; c,, cp, C. are the
damping coefficients of the main cable, sling and beam; v,, vy, V. are the main cable, sling and
beam displacement components in the lateral direction respectively; Hy is the axial component of
the static cable force of the main cable and sling; Eg, I; are the Young’s modulus and moment of
inertia of the cross section of the beam.

ha and hy, are the increment in the axial component of cable force of the main cable and sling,
which can be written as [30]:

0

ha _ EaAa J‘|a|:yévé +%(Vé)2j|dxa
(5a)

(5b)
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where A, Ay are the areas of the cross section of the main cable and sling.
F(t) is dynamic cable force of the sling, which can be written as:

F(t)=Hp+h, ©)

For convenience, Eqs 4-6 is nondimensionalized by defining the following variables:

~ y o~ ~ | ~ Vl ~ Cl -
=—’t= t, =—, =—, L = 1= |b1
y r apt, X ] V; ] o " i=a,b,c
d Iy lg EaA EvA
—— =L =9 , = Ly, =bTD v
v L S1 L ) I, X1 H, X2 H, )
Ha Hb Eclc
= Ky = Ky = ,apy=1.0rad/s
T i gl O
Substituting Eq 7 into Eqs 4-6 yields
Va +Cava —K |:Vg _Zl<02y”+vg)'ea:| =F (t)5(l—g1) (8a)
Vi +CoVhy — i (Vh — 2oV, ) =0 (@b)
.. . 4
V, +CV, + vl = F (t)o(1-5,) (80)
l ’ ! 1 !
e, = IO [uyava +E(va)2}dxal 8
1, ,
& =~ Up (1) +Uy (0)]+§_[O(Vb )deb (80)
F(t)=r(1+ 128,) (8f)
The boundary conditions of the coupled structure can be written as:
V,(0)=v,(1)=0 (%)
Yy (0) =V, (1)=0 (9b)
Ve (0) =V (1)=v{(0)=v(1)=0 (9¢)
Va(61)=Uy (0).Vc (52) =ty (1) (od)

In the procedure of Galerkin, basis functions that satisfy boundary conditions are used. In
order to investigate the coupling among the main cable, sling and beam, this paper only deals with
single-modal lateral vibration of the coupled structure. Then the displacements are assumed as

w=G(U)(x). i=abc (10
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where q;(t) and #(x;) are the generalized coordinate and mode shape of the linearized problem of
the coupled structure respectively.
Substituting Eq 10 into Eq 8 yields

qa (t)_"luaqa (t)+w§qa (t) = e3Hb +e4qc (t)+€5q€ (t)+e6q§ (t)"_e7q;13 (t) (118.)
Gy (1) + 2,85 (1) + @5, (1) = F30, () 0 () + F405 () 0 (1) + foay (1) (11b)
qc (t)+:ucqc (t)+ a)czqc (t) = mBHb + m4qa (t)+ qut? (t) (11C)

The coefficients presented in Eq 11 are interpreted in the Appendix A.

In Eq 11, quadratic and cubic nonlinear terms simultaneously exist, showing strong
nonlinearity. By square nonlinear term, the main cable and beam couple with the sling and provide
parametric excitation for the sling, which produces many kinds of internal resonance. The
summation resonance is one of them and will be discussed in the following sections.

3. Solution procedure

Both quadratic and cubic nonlinear terms are included in Eq 11, so the method of multiple
scales can be used to solve the dynamic equilibrium equations. A small parameter ¢ should be
introduced so that the damping and constant terms appear in the same perturbation equation. Eq 11
is then rewritten as

Ga (1) + 2260, (1) + @20, (1) = 36°Hy + 640, (1) +e507 (1) +ega2 (1) +e,a3 (t) (12a)
Gy (1) + 24,20 () + Gy (1) = Fa0la (1) (1) + £ (1) (1) + 505 (1) (12b)
Ge (t) + €0, (t) + @f 0, (t) = mee®Hy, + myed, (t) +mgap (t) (12¢)

Introducing the time scales

(13)
an approximate solution can be given by
Oa (1) = €0as1 (To, T T2 ) +£°0a1z (To Ty o ) + €013 (To T T ) (14a)
O (1) = €01 (To T T )+ %0 (To Ty To ) + €503 (To T T ) (14b)
O (1) = 031 (To, T T2 ) + €%0e2 (To, T T2 ) + %033 (To T T ) (14c)

Substituting Eq 14 into Eq 12, and equating the coefficients of &', ¢* and & in both sides of the
equation, we obtain
Order &'
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D3 Gang + @501y =0 (15a)
D3 Gng + @ Gz1 = O (15b)
D) Gear + @5 Gear =0 (15¢)
Order &
D30, + ©2Ggp =—2D, +€40cq; + €501 + €503
0 a1z T @2 Gan2 0 D101 +€40c31 + 850021 €601 (16a)
2 2
Do Obzz + @ Obzz = ~2D0Dilos + f30an10z1 + T40b210ca (16b)
2 2 2
Do0csz + @ Gezp = —2DgDilcgy +My ey + Mgl (16¢)
Order &°
D§ 013 + @303 = —2D Dyl —(D12 +20,0, )Qam —6Dy0q; +8Hy +6 s, (17a)
+ 26501022 + 26501z +& O
D5 thzs + @6 tpzs = ~2DoDyllyzz — ( D/ +2D,D, ) Gn21 ~ 10001 + Ta0a110b22
+ Falarathos + Falhoaear + Falboobeas + fo (17b)
D§ Qg + @ Qg5 = —2DgDiGlz, — ( D +2D,D, ) Gear =M Dol +MsHy,
+ M, Q1 +2Mg 0102 (17¢)
where D, =9/aT,
The complex solution of Eq 15 can be written as
Oaz = A (T, T )€ +cc (18a)
Opor = A (T1, T, ) €P™ +cc (18b)
Oear = A (Ty, T, ) €6 +cc (18c)

where Ai(T1,T2), Ax(T1,T2), As(T1,T,) are unknown complex functions, and cc is the complex
conjugate part to the preceding terms.
Substituting Eq 18 into Eq 16 yields

AL | | B

ngalz + wgqalz = —Za_ﬁ-la)aela)aTO +e4A3e|a)CTO +eSA22e2|%T0 n A2A2
1

+egAZe?@al0 4 cc 19)
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1

n f4A2A3ei(wo+wc)To + f4,K2ABei(“’c_“’o)T0 +ce

A

2 2 _ H i T i0,T 2, 2iawyT N
D§0csp + @5 Uesn __2_8T o +m,Ae“*° +m,Aje ° +AA, +cC
1

When the resonance does not occur, for the elimination of secular terms, we obtain

Ao, i-123
Tl

Solving Eq 19, we can get

2 N 2
2

Oty = _ 572 +cC
a2 wF —af w: — 4ot o 30f
oo = — fsAA . pi(@ata)To . faAA . pi(@a=an)To
@ — (@ + @) @ — (@, - )
N f4A A pil@+ac)lo faPoAs ell@—a)To |
2 2
wg_(wn'i'a)c) wg_(a)c_a)n)
- 2 - N
Oez2 = r2]14'6&2 g0 4 ;115A2 2 e?0 4 AQ?Q +ee
w; — Wy w; — 4wy ;5

Substituting Eqgs 18 and 21 into Eq 17 yields

D205 + @205 = N + h,e%9aT0 4 heltTo 4 e2ibT0 4 pgil@at2b)To | 1y oil2ab=ea)To

+ h78|(2%+wC)T0 + hBel(a)C_z%)TO + I*]gel(wa+wC)T0 + hloel(wa_wC)TO + hl]_ +CC

2 2 i alopTy = 3iayT - (ot )T, < ilaon+a )T,
+ jsel(%_wa)TO + jﬁel(%_wC)To + j7el(2wa+%)T0 + jBeI(a)D+2(()C)T0
- (20— )T, s (2w, - )T, . i(@aton+@ )T it )T
_|_Jge( C%)0+Jloe( a%)O_I_Jlle(a% C)0+lee(wb (] 3)0

+ leeI(wa+MC7%)TO + j14e|(a)a+a)07wC)T0 +CC

- - ! i i(a+ 201 )T
D 0lzg + 0 Uz = K@ “F'0 +koe? P10 +kye'“aT0 + ke%aT0 1 k5e'(wa+ a)To

+ k6e|(2a}0+wC)T0 + k7e|(2%_a)a)-r0 + k8e|(2w0_a)0 )TO + kg +CC

The coefficients presented in Eq 22 are interpreted in the Appendix B.

(19b)

(19¢)

(20)

(21a)

(21b)

(21¢)

(22a)

(22b)

(22¢c)

From Eq 22, we can know that there are many kinds of internal resonance when the
frequencies of the main cable, sling and beam satisfy some special relationship, such as 1:1 (wa~
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w¢) and 1:2 (wa= 2wy, w.= 2wyp) internal resonance. This paper only deals with the situation when
the sum of w, and w. approaches two times of wp (wa + W= 2wy).
Introducing a detuning parameter ¢ and supposing

@, + 0, =20 + %0 (23)

Substituting Eq 23 into Eq 22 and eliminating the secular terms yields

oA . : e,m 2e; f A 2e f A
—Z—Allwa—ﬂapilwa+ z; 4A1 y 5 3A1A2A22+ y 5 3A1A2A22
T, W — W WIO —(W, + Wy )" Wy —(wy — Wy, )
et AhR 26NA AR g g TR o g
T T &) -

oA, . f32A1'E§LA2 fs2 AAA 395A2 Ay
o9 ;
o, b Al Wg_(w +Wb)2+w§—(wa—wb)2 W2 — 40

+2f395A22'&2 +2f396A&'K1A2 f msAzAz 2f4m5A22,5\2+ i Ao gy (24b)

2 2 2 2 2
Wa Wa Wg —4wg A W — (W, + W, )

WrhA o 2R, 4| alARA L fTARA

W — (W, —w,) Wg—(wc—wb)2 wg — (W, Wb)

—Z%IW — A, + 4e4A3 2mg T, A Ay Ay 2m5f4A2,&2A3

T, W () =~ )

2mg f, A A ei9T2 _
2 2
Wy — (W, — W)

+ eIO'T2 — O

(24c)

The complex functions can be expressed as

A(T,)=a(T,)e™, =123 (25)
where a;, 6; are real functions with respect to Ts.

Substituting Eq 25 into Eq 24, and setting the real and imaginary parts to be zero, respectively,
we then get

2e.f,a0a;
20, + Uy Wody +—— 2= sin 1 =0
W, — (W — W ) (26a)
2Wpa5 + L4, Wy — 2f3f4a1a2a3 =+ 2f3f4a1a2a3 > sinA=0
Wh — (W =)™ wh — (W, —w ) (26b)
2m. f,aa;
2W 8y + U Wedg +— 2 sin A1 =0
) (26¢)
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2 2 2
€My 2e; faaya; N 2e; faaya; +4e6e5a1a2

Wo-wh (w4 Wi (wy—wy )t W

!’
2w, .0, +

2elal . 4ela’ 2¢; f,ala,

3W2 2

+3e,a> + ~CosA=0
W Wy — (W, — W) (26d)

2.2 2.2 3
fyara, N fya7a, N f3e53;
2

!’
2wW,a,0, + .

W —(Wa+Wb)2 Wh — (W, —w) w2 —an?

2f.ea5 2feafa, f,mgas 2f,mzas ffa,a2
+ T 2172 4 + AT

2 2 2 2
W WS — AW, W, W — (W, + W)

Wy

2 2
f a,a3 fif a8, N fi frana,a,

cos A=0

3
> +3fsa; +

W — (W, — W ) wg—(wc—wb)2 wtf—(wa—wb)2

(26e)

2 2
M€485 2m; f,a58, . 2m; f,a58,

Wa Ve g (W W) W (W —wp )

!
2W a6, + 5

2m f,a,a2

> 5 cosA1=0
Wy _(Wa _Wb) (26f)

where

/’{,:01‘{‘03_2024‘51-2 (27)

From Eq 26, if not considering the damping of the system, then we can obtain

2e;5 W, 2mMsW, (28)

where E is a constant of integration proportional to the initial energy of the system. If fz/es and
f4/ms have the same sign and E is positive definite, Eq 28 shows that a;, a, and a3 are always
bounded. In the paper, we assume that the system does not contain regenerative elements [34], so
that fs/es and f4/ms have the same sign.

When considering the damping coefficients of the coupled structure, a;, a, and az are also
bounded, but E will decrease with time, which will show in the following section.

4. Numerical results and discussion

In the following numerical investigations, the basis functions used here are [35-37]

#(%)=sin(zx), i=ab,c (29)

which satisfy the boundary conditions in Eq 9.
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4.1. Frequency of the sling

In the section, ten slings of Aizhai suspension bridge are taking as an example, the
fundamental parameters of which are listed in Table 1. And then, a full bridge model with MIDAS
CIVIL and a single sling model with ABAQUS are made to obtain the finite element values of the
frequencies of the slings. Furthermore, we have measured the slings at the bridge construction site
to get the measured values of the frequencies of the slings. At last, the frequencies of the slings
obtained by Eq A9 are compared with those are measured and got by finite element models.

The calculation process of the finite element value of the frequency of the sling is: at first, a
full bridge model is built with MIDAS CIVIL and from the model, we can get the cable force of
the sling at the service stage of the bridge; then the cable force of one sling is used in the single
cable model, which is built with ABAQUS, and from the model, we can get the frequency of the
sling. In the full bridge model, the suspension and the sling are simulated with tension-only truss
element, the beam and the tower are built with beam element. In the single cable model, the sling
is simulated with the type of T3D2 of truss element. The screenshot of the finite element model of
Aizhai suspension bridge is shown as follows, and the ten slings have been marked in red, the NO.
is JO1 to J10 from left to right.

| 1 .:.mHHHH'H]H';-”-,. .......... ,.n-rm']'ll"|.H

Figure 2. The finite element model of Aizhai suspension bridge.

Table 1. Parameters of ten slings of Aizhai suspension bridge.

Parameters Jo1 J02 JO3 J04 J05 J06 J07 J08 J09 J10

Length(m)  90.59 85.55 80.66 75.92 71.34 6691 6264 5851 5454  50.73

Mass (kg/m) 345 34.5 16.9 16.9 16.9 16.9 16.9 16.9 16.9 16.9
Cable force (N) 2.27e6  2.07e6  2.06e6  2.05e6  2.05e6 2.04e6 2.04e6 2.03e6 2.03e6 2.02e6

i —e—analytical solutions
- —@—measured values
i —*—finite elements values

frequencies (Hz)

10 72 ——

5 i i i i i i i i
Jo1 Jo2 J03 J0o4 JOS Jo6 JO7 JO8 JO9  JI0
the slings

Figure 3. Comparison of the analytical solutions with measured values and finite element
values of frequencies of the ten slings.

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7230-7249.



7241

Figure 3 shows the validity of the reduced models in Eq 10 for deriving formulas of this paper.
A good agreement can be obtained. The frequency differences of analytical solutions with
measured values and finite element values are in an allowance range of 5%.
4.2. Time history of amplitude

The initial parameters of the coupled structure are shown in Table 2.

Table 2. The initial parameters of the coupled structure.

M, 1214.9 kg/m My 34.5 kg/m M. 3256.5 kg/m
la 327.1m Iy 90.59 m le 327.1m
Ea 1.96 x10'! Pa Ep 1.15e x<10* Pa E. 2.1 <10" Pa
Ha 1.37 <108N Hy 2.28 <10°N I 98.9 m*
Aa 0.464621 m? Ay 0.003977 m?

I, 39.25m P 39.25m

Time history of amplitude of the summation resonance of the coupled structure is analyzed.
According to the parameters given above, the frequencies of the main cable, sling and beam will be
wa = 4.456, wp, = 8.911, w. = 13.367 (Example A), which satisfies the condition of summation
resonance of Eq 23 and & = 0. Then, via Eq 26, time history of amplitude can be obtained and
shown in Figures 4-5. Figure 4 does not consider the damping coefficients of the coupled structure,
while Figure 5 considers four kinds of damping coefficient of the sling. Furthermore, a;°, a,°, as°
and t° in Figure 4 stand for the first peaks of the amplitudes of the main cable, sling, beam; t°
stands for the time when a;, a,, az reach the first peaks, which we call it triggering time in the
following sections.

From Figure 4 the following can be observed: Without damping, the summation resonance of
the coupled structure is periodical, stable and bounded; total energy of the coupled structure is
conserved and transferring among the main cable, sling and beam, which has typical characteristic
of “beat”; the main cable and beam are energy provider while the sling is energy recipient in the
first half cycle of each cycle.

Figure 5 shows with damping, the summation resonance of the coupled structure still has the
characteristic of “beat”, but total energy of the coupled structure is gradually consumed with time
going on. For any kind of damping, though we only take the damping coefficient of the sling into
account, the peaks of the amplitudes of the main cable and beam also change. Therefore, we can
conclude that due to the internal resonance, we can adjust the attenuation law of one degree by
changing the damping coefficient of another degree. As the damping coefficient of the sling
increases, the first peaks of the amplitudes of the main cable, sling, beam decrease and the
triggering time becomes larger. It shows the inhibitory effect of the damping on the coupled
structure increases. Thus, we can get that the increasing damping not only gradually decreases the
amplitude of the coupled structure, but also makes the energy exchange become slower.
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Figure 4. Time history of amplitude of summation resonance of the coupled structure
without damping: a: main cable; b: sling; c: beam.
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Figure 5. Time history of amplitude of summation resonance of the coupled structure with
damping (u«,= 0.01, 0.02, 0.04, 0.08): a: main cable; b: sling; c: beam.
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4.3. Time history of displacement

In the section, numerical investigations are used directly for the dynamic equilibrium
equations to complement and verify the analytical solutions above. The initial solutions are set to
Dg.=0, Dgy, =0, Dg. = 0, g, = 0.001, g, = 0.1, g. = 0.1, where D indicates differentiation with
respect to time t. By fourth-order Runge-Kutta method, time history of displacement of summation
resonance with damping and without damping can be obtained and as shown in Figures 6—7.
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4
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Figure 6. Time history of displacement of summation resonance of the coupled structure
without damping: a: main cable; b: sling; c: beam.

Figure 7. Time history of displacement of summation resonance of the coupled structure
with damping: a: main cable; b: sling; c: beam.
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From Figures 6-7, it can be observed that with and without damping, the displacement curves
of the main cable, sling and beam have the characteristics of “beat”; the main cable and beam are
energy provider and the sling is energy recipient in the first half cycle of each cycle of amplitude;
total energy of the coupled structure is transferring among the main cable, sling and beam; total
energy of the coupled structure is conserved, while with damping, total energy decreases with time.

The conclusions obtained above well verify the results got in Section 4.2, and further
demonstrate the correctness of theoretical analysis obtained by multiple scales method.

4.4. Amplitude-frequency response
41.1. (3.10, 3.20, a3°, to) -0

Given that some parameters of the coupled structure always vary, the sum of the frequencies
of the main cable and beam is not always just two times of that of the sling. Therefore, based on
the previous section, we slightly change the initial parameters of the coupled structure to make w,
+ w, slightly deviate from 2wy,. Then, the first peaks of the amplitudes of the coupled structure as
functions of frequency (a:°, a,°, as’ — ) and triggering time as function of frequency (t°— ) can be
obtained and shown in Figure 8.

0027, 0.34;
-

0.025

o 0023

0.019) \ —

3
9=

1600 0.009

1400

0.008
1200
0.007
=. 1000 5"

800 0.006 L |

600 o \
0.005
o

i

-1 0.5 0 0.5 1 i o3 m

Figure 8. The first peaks of the amplitudes and triggering time as functions of frequency: a:
main cable; b: sling; c: beam; d: triggering time

From Figure 8, it can be observed that all the curves are single-valued and nonlinear. With the
increase of o, the first peaks of amplitudes of the main cable and beam decrease, while the first
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peak of the sling and triggering time increases. It means as ¢ increases, the main cable and beam
provide more energy and the sling receive more energy, but the energy exchange becomes slower.

412,  (a° &P ad, t° — (0c— wa)
Changing the initial parameters of the coupled structure to make the frequencies of the main

cable and beam to w, = 8.911, w. = 8.911 (Example B) and comparing the numerical results with
that of Section 4.2 (without damping).
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Figure 9. Comparison of time history of amplitude of Example A and Example B (without
damping): a: main cable; b: sling; c: beam.

Figure 9 shows under the condition of summation resonance, different frequency
combinations of the main cable (w,) and beam (w¢) get different peaks (a;°, a,°, a3°) and triggering
time (°). The following section will discuss the effect of the frequency combination of the main
cable and beam on a;°, a,°, a3 and t°.

Many kinds of frequency combinations of the coupled structure are analyzed. Due to space
limitations, only some of them are shown in Table 3. The influence curves of the frequency
combination on a;°, a,°, as®and t° are obtained and shown in Figure 10 (without damping).
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Table 3. The frequency combinations of the coupled structure.

[N Wp ¢ We— gy
8.911 8.911 8.911 0
7.911 8.911 9.911 2
6.911 8.911 10.911 4
5911 8.911 11.911 6
4.911 8.911 12.911 8
3.911 8.911 13.911 10
2911 8.911 14.911 12
1.911 8.911 15.911 14
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Figure 10 The effect of the frequency combination of the main cable and beam on peaks
and triggering time of the amplitude-time responses: a: main cable; b: sling; c: beam; d:
triggering time.

Figure 10 shows with the increase of w; — w,, a;,° and a3’ decrease first and then increase,
while a,° and t° increase first and then decrease, there exists inflection point when w. — w, gets the
value of about 6.2. Thus, it indicates as w. — w4 increases, the main cable and beam provide more
energy with the sling until the inflection point and after then less energy will be provided. In the
inflection point, the sling receives the most energy, having the biggest amplitude and the coupled
structure has the longest triggering time, showing the energy exchange is the slowest.
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5. Conclusions

The paper investigates free vibration of summation resonance of the suspended—cable—stayed
beam. At first, a 3-DOF model is built, which treated the main cable and the sling as nonlinear taut
string and the beam as Euler beam; then, Hamilton’s principle and multiple scales method are used
to derive and solve the dynamic equilibrium equations; at last, numerical integration method is
used to discuss the nonlinear characteristics of the coupled structure. We can yield the following
conclusions:

1. Without damping, the free vibration of summation resonance of the coupled structure
will be periodical, stable and bounded; total energy of the coupled structure is conserved and
transferring among the main cable, sling and beam, which has typical characteristic of “beat”; the
main cable and beam are energy provider and the sling is energy recipient in the first half cycle of
each cycle.

2. With damping, total energy of the coupled structure is gradually consumed; due to the
internal resonance, we can adjust the attenuation law of one degree by changing the damping
coefficient of another degree; as the damping of the coupled structure increases, the peaks of the
amplitudes decrease and the energy exchange becomes slower.

3. As o increases, the main cable and beam provide more energy and the sling receive more
energy, but the energy exchange becomes slower.

4. As the difference of the frequency of the beam and main cable (w. — wy) increases, the
main cable and beam provide more energy with the sling until the inflection point and after then
less energy will be provided. In the inflection point, the sling receives the most energy and the
energy exchange is the slowest.
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