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Abstract: Protein synthesis is one of the most fundamental biological processes. Despite existence
of multiple mathematical models of translation, surprisingly, there is no basic and simple chemical
kinetic model of this process, derived directly from the detailed kinetic scheme. One of the reasons
for this is that the translation process is characterized by indefinite number of states, because of the
structure of the polysome. We bypass this difficulty by applying lumping of multiple states of translated
mRNA into few dynamical variables and by introducing a variable describing the pool of translating
ribosomes. The simplest model can be solved analytically. The simplest model can be extended, if
necessary, to take into account various phenomena such as the limited amount of ribosomal units or
regulation of translation by microRNA. The introduced model is more suitable to describe the protein
synthesis in eukaryotes but it can be extended to prokaryotes. The model can be used as a building
block for more complex models of cellular processes. We demonstrate the utility of the model in two
examples. First, we determine the critical parameters of the synthesis of a single protein for the case
when the ribosomal units are abundant. Second, we demonstrate intrinsic bi-stability in the dynamics
of the ribosomal protein turnover and predict that a minimal number of ribosomes should pre-exists in
a living cell to sustain its protein synthesis machinery, even in the absence of proliferation.
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1. Introduction

Production of proteins is one of most fundamental cellular processes, taking up to 75% of cellular
resources in terms of chemical energy, in simple microbes [1]. The transcription-translation process
description, mentioning only the most basic ”elementary” processes, consists in:

1. production of mRNA molecules (including splicing),
2. initiation of these molecules with help of initiation factors (e.g., the initiation can include the

circularization step though it is not universally required),
3. initiation of translation, recruiting the small ribosomal subunit,
4. assembly of full ribosomes,
5. elongation, i.e. movement of ribosomes along mRNA with production of protein,
6. termination of translation,
7. degradation of mRNA molecules,
8. degradation of proteins

Despite quite “linear” description of this process, a difficulty in the kinetic modeling of it arises
when one tries to take into account the phenomenon of polysome [2, 3], when several ribosomes are
synthesizing peptides on a single mRNA at the same time. This leads to multiplicity of possible states
of mRNA with various ribosome numbers and potentially different dynamics, interaction between
ribosomes and other complex phenomena. This difficulty was evident already in the first published
mathematical models of protein synthesis [4–6].

The process of protein synthesis and translation is a subject of mathematical modeling since long
time ago starting from detailed kinetic models [4, 5, 7], taking into account stochastic aspects of
translation [8] and using computer simulations for the case of large polysomes [9]. A number of
chemical kinetics-based models of protein synthesis have been developed and analyzed in the last four
decades [10–12]. Beyond chemical kinetics, various modeling formalisms such as Totally
Asymmetric Simple Exclusion Process (TASEP) [13–15], Probabilistic Boolean Networks
(PBN) [16], Petri Nets and max-plus algebra [17] have been applied to model the detailed kinetics of
protein synthesis or some of its stages [18].

In the context of specific questions and applications of mathematical modeling to translation,
dealing with detailed kinetic description of translation might be not optimal, and simplified models of
translation can become more suitable. Thus, few attempts have been made in order to simplify the
detailed kinetic description of protein synthesis. For example, two simple kinetic models of
translation were introduced before in [19] and analyzed in detail in [20]. However, they were
introduced without strict derivation from the detailed translation kinetics and did not allow taking into
account neither degradation of mRNA nor existence of polysomes. Ad hoc simplified models of
protein synthesis have been exploited for addressing specific contexts of translation
regulation [21–23]. Using simplified models allows more direct determination of the most important
control parameters of protein translation regulation.

We share the point of view that “useful models are simple and extendable” [24]. Following this
paradigm, one needs to create the simplest kinetic model of protein synthesis and suggest a way to
complexify it if needed to address a particular observation. Despite very long history of the
mathematical modeling of protein synthesis, to our knowledge, no basic and simple kinetic
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description of the process, directly and formally derived from its detailed representation, was
suggested until so far. This is the gap we close in this study.

In the following we start with a (1) detailed mechanistic description of the translation process
with explicit representation of every state of translated mRNA, followed by (2) deriving the simplest
and basic kinetic model of coupled transcription, translation and degradation, and (3) extending the
model in order to take into account various effects. In this paper, the extensions will describe the
saturation of mRNA initiation rate and the regulation of translation by microRNA.

The basic model is constructed by (1) correct lumping of the detailed model states and by
(2) separating the descriptions of ribosomal turnover and the translation initiation through introducing
a variable representing the pool of translating ribosomes. The simplest model remains linear under
assumption of that the local concentrations of ribosomal subunits or initiation factors remain constant
or their values change relatively slowly. To avoid non-physiological properties (such as a possibility
of infinite number of ribosomes per mRNA), we modify the model by introducing delays in the
initiation of ribosome and the effects of ribosome interactions. In this form, the model becomes more
realistic but non-linear in some extensions.

2. Results

2.1. Detailed kinetic model of translation

Let us introduce the following notations:
L – length of mRNA (in nucleotides);
lm – length occupied on mRNA by fully assembled ribosome (in nucleotides);
kt – rate constant of production of mRNA molecules;
kd – rate constant of degradation of mRNA molecules;
kr – speed of movement of translating ribosome along mRNA (nucleotise/sec);
IF – various initiation factors;
S40 – small ribosome component;
S60 – large ribosome component.
Further we will use squared brackets to denote the concentrations of the corresponding molecular

species: for example, [S40] will denote the local concentration of S40 ribosomal subunits. For the
amounts of the components we keep the same notations as for the components themselves. Thus, R is
amount of amount of ribosomes and the total amount of mRNA molecules is MT .

The simplest assumption about the production and destruction of mRNA is that the degradation
process does not depend on the state of mRNA. Under this assumption the total pool of mRNAs is
produced at rate kt and destroyed with rate constant kd, i.e. its dynamics is simple and autonomous:

dMT
dt

= kt − kd × [MT ].

It is worth to notice that the production rate kt is an extensive quantity (it scales with the total volume
of the system) whereas all rate constants are intensive ones.

The total pool of mRNA molecules can be separated in sub-pools of mRNA molecules in different
states:
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R0 – mRNA molecules in non-initiated state (not ready for translation)
R0 – mRNA molecules in initiated state (ready for translation, with 40S subunit sitting at the mRNA)
R1 – mRNA molecules with one single ribosome assembled and moving along the mRNA
R1 – mRNA molecules with one ribosome assembled and initiated for new incoming ribosome
R2 – mRNA molecules with two ribosomes assembled and moving along the mRNA
R2 – mRNA molecules with two ribosomes assembled and initiated for new incoming ribosome
. . . .
Rnmax – mRNA molecules with nmax ribosomes assembled and moving along the mRNA
Rnmax – mRNA molecules with nmax ribosomes assembled and initiated for new incoming ribosome
The sum of all sub-pools of mRNA should be equal to MT:

MT =

nmax∑
i=0

(Ri + Ri)

The number nmax is defined as the maximum number of ribosomes able to sit on mRNA: it may be
roughly evaluated as

nmax = L / lm . (2.1)

Schematically, the process of translation can be represented as in Figure 1.
The time of passage of one ribosome along mRNA may be evaluated as

tp = L/kr, (2.2)

hence, the reaction rate constant of protein production and subsequent release of ribosomes from
mRNA (shown in Figure 1 by backward arrows) may be evaluated as:

k3 = kr/L. (2.3)

The transformation of states is described by the following chemical equations:
Ri → Ri (with rate constant k1), i = 0. . . nmax

Ri → Ri+1 (with rate constant k2), i = 0. . . nmax-1

Ri → Ri−1 (with rate constant k3), i = 1. . . nmax

Ri → Ri−1 (with rate constant k3), i = 1. . . nmax

Ri → Ri−1 (with rate constant krd), i = 1. . . nmax

Ri → Ri−1 (with rate constant krd), i = 1. . . nmax
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Figure 1. Schematic process of detailed translation representation. It requires 2 x (nmax+1)
mRNA states.

2.2. Basic model of protein synthesis, constructed by lumping the states of the detailed model

To avoid using 2×(nmax+1) states (which potentially can be large) to represent translation, we lump
the description of the detailed process in the following way. We denote

M – amount of mRNA with translation initiation site not occupied by assembling ribosome,
F – amount of mRNA with translation initiation site occupied by assembling ribosome,
R – amount of ribosomes sitting on mRNA synthesizing proteins,
P – amount of proteins.
In terms of Ri and Ri variables, M and F represent the lumped values:
M =

∑nmax
i=0 Ri, F=

∑nmax
i=0 Ri and MT = M + F.

There are two lumped reactions and two reactions representing the turnover of ribosomes (as a
result of translation termination and protein synthesis or spontaneous ribosome drop-off from mRNA
without protein production):

M → F with reaction rate constant k1,
F→ M +R with reaction rate constant k2 ,
R→ null with reaction rate constant k3 .
R → null with reaction rate constant krd+kd (ribosome drop-off and degradation without protein

production).
The reaction network describing transcription, translation and mRNA degradation is represented in

Figure 2. We will denote this model as M0.
The corresponding list of equations is



•

M = kt − kd M − k1M + k2F
•

F = k1M − kdF − k2F
•

R = k2F − k3R − krdR − kdR
•

P = k3R − kpP

(2.4)
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which has the following solution for zero initial condition M(0) = F(0) = R(0) = P(0) = 0

M(t) =
kt

kd

k2(k1 + k2 + kd)(1 − e−kdt) + k1kd(1 − e−(k1+k2+kd)t)
(k1 + k2 + kd)(k1 + k2)

,

F(t) =
kt

kd

1
(k1 + k2 + kd)(k1 + k2)

[
k1(k2 + kd) − k1(k1 + k2 + kd)e−kdt + k1kde−(k1+k2+kd)t

]
R(t) = kt

kd

k1k2
(k3+krd+kd)(k1+k2+kd)

×
[
1 − (k3+krd+kd)(k1+k2+kd)

(k3+krd)(k1+k2) e−kdt +
(k3+krd+kd)kd

(k3+krd−k1−k2)(k1+k2)e
−(k1+k2+kd)t +

(k1+k2+kd)kd
(k3+krd−k1−k2)(k3+krd)e

−(k3+krd+kd)t
]
,

P(t) =
kt

kd

k1k2k3

kp(k1 + k2 + kd)(k3 + krd + kd)

[
1 − αde−kdt + α12e−(k1+k2+kd)t + α3e−(k3+krd+kd)t − αpe−kpt

]
,

(2.5)

αd =
(k3 + krd + kd)(k1 + k2 + kd)

(k3 + krd)(k1 + k2)
kp

kp − kd
, α12 =

(k3 + krd + kd)kd

(k3 + krd − k1 − k2)(k1 + k2)
kp

kp − kd − k1 − k2
,

α3 =
(k1 + k2 + kd)kd

(k3 + krd − k1 − k2)(k3 + krd)
kp

kp − kd − k3 − krd
, αP = 1 − αd + α3 + α12

The simplest model M0 can be made more complex if some particular aspects of translation are
needed to be represented in more details. Below we build several such modifications. In the model
M0’ we explicitly model the first round of mRNA initiation which can be longer than the consequent
rounds of 40S recruitment and production of translating ribosomes in the pool. In the model M1 we
explicitly model the step of binding of 40S and 60S subunits to mRNA. In the model M1’ we also
explicitly add the binding of the initiation factors. In the model M0’reg we introduce the effect of
irreversible binding of a regulatory molecule to mRNA which can be, for example, a microRNA.

Figure 2. Basic and the simplest model M0 of protein synthesis.

2.3. M0’ model: Distinguishing the initial initiation stage in the basic model

An assumption implicitly made in the simplest model M0 is that the process of the first translation
initiation (on a just transcribed mRNA) takes the same amount of time as consequent translation
initiations on the mRNA already having translating ribosomes. In reality, the time needed to process
transcribed mRNA into the form ready for translation can take significant time, including such steps
as splicing, circularization, etc.

In order to model this additional initial delay, specific states of mRNA such as R0 (free mRNA) and
R0 (initiated mRNA) can be separately represented in the model. Let us denote the amount of mRNA in
these states as M0 = R0 and F0 = R0 . The corresponding reaction network is shown in Figure 3. This
model is able to represent specific states of just produced, non-initiated mRNA. This model contains
two additional parameters: k01 and k02, which are rate constants of the first round of mRNA initiation
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and firing the first assembled ribosome into the pool. Evidently, these constants cannot be smaller than
k1 and k2 , because they include some additional events: k1 corresponds to recruiting 40S while k01

corresponds to initiating the new-born mRNA and recruiting 40S on it. Thus, typically k01 << k1.
If k02 << k2 then this can also represent translation with membrane-bound ribosomes or SRP cycle

[26], when there is a transient translation arrest in the initiated monosome state (the very beginning of
the translation).

Separating M0 and F0 states also allows estimating the average number of ribosomes RB sitting on
an initiated mRNA (the pool represented by M and F states in M0’).

Figure 3. Reaction network representing translation process with explicit representation
of the fraction of initiated F0 and non-initiated, free (more exactly, “early born”) mRNA
M0 (model M0’).

The corresponding system of equations is

dM0
dt = kt − (kd + k01)M0

dF0
dt = k01M0 − (kd + k02)F0

dM
dt = k02F0 + k2F − (kd + k1)M

dF
dt = k1M − (kd + k2)F
dR
dt = k02F0 + k2F − (kd + krd + k3)R
dP
dt = k3R − kpP

(2.6)

which has the following steady-state solution:

M0 =
kt

k01 + kd
, F0 =

ktk01

(k01 + kd)(k02 + kd)
,

M =
kt

kd

k01k02(k2 + kd)
(k01 + kd)(k02 + kd)(k1 + k2 + kd)

, F =
kt

kd

k01k02k1

(k01 + kd)(k02 + kd)(k1 + k2 + kd)
,

R =
kt

kd

k01k02(k1 + kd)(k2 + kd)
(k01 + kd)(k02 + kd)(k1 + k2 + kd)(k3 + kd + krd)

,

P =
k3

kp

kt

kd

k01k02(k1 + kd)(k2 + kd)
(k01 + kd)(k02 + kd)(k1 + k2 + kd)(k3 + kd + krd)

,

MT = M0 + F0 + M + F =
kt

kd
,

RB =
R

M + F
=

(k1 + kd)(k2 + kd)
(k1 + k2 + kd)(k3 + kd + krd)

. (2.7)
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The relaxation times are

rtM0 =
1

k01 + kd
, rtF0 =

1
min(k01 + kd, k02 + kd)

, (2.8)

rtM = rtF =
1
kd
, rtR =

1
kd
, rtP =

1
min(kd, kp)

.

The M-F subsystem has the kinetic matrix with eigenvalues –kd and –kd–k1–k2.

2.4. Models M1 and M1’: Explicit representation of 40S, 60S and initiation factors binding

One of the undesired features of the simplest translation models M0 and M0’ is a possibility of
unrealistic increase of the number of translating ribosomes in the pool. The kinetic rate constants k1

and k2 implicitly include the concentrations (not amounts) of 40S and 60S subunits correspondingly.
Increasing these concentrations might lead to the unlimited growth of the steady-state amount of
ribosomes (2.5).

Therefore, in order to create a more detailed and realistic representation of reaction M → F, one
can include the intermediate step of reversible binding of mRNA to the small ribosomal subunit M +

40S → M:40S and the scanning step during which 40S bound to mRNA search for the start codon:
M:40S → F . Here F represents a state of mRNA with 40S positioned at the start codon and ready
to recruit 60S. The time needed for finding the start codon (∼1/ka) is a complex function of the local
concentrations of certain initiation factors and, possibly, length and the secondary structure of 5’UTR.

Similar to M0’, we can decouple the two initial states of mRNA in M1 and produce the model
M1’, in which binding of initiation factors can be represented explicitly (Figure 5). The process of
protein synthesis involves a variety of initiation factors whose exact function can significantly differ
even within the same cell. In order to avoid complications, we will abstractly denote two major types
of initiation factors as IF1 and IF2. Initiation factors of type IF1 initiate mRNA by binding to the
cap structure, poly-A tail, etc. In turn, IF2 initiate assembly of ribosomes and can be RNA helicases
or other helper molecules [25]. IF1 factors are released only when the initiated states of mRNA (all
besides M0) are degraded. IF2 are released in the end of each ribosome assembly.

It is important to make a notice on the usage and recycling of 40S, 60S and IFs. All these molecules
make a pool of resources (together with ATP and GTP, aminoacids, tRNAs, etc.) shared between
many protein syntheses in the whole cell. The equations (2.4), (2.6) are written down for the amounts
of the corresponding proteins, while 40S, 60S and IFs are consumed with the rates proportional to
their local concentrations (Figure 5). 40S, 60S and IFs molecules are returned to the pool of cellular
resources in four ways: (1) in each act of mRNA degradation (except for the just transcribed M0 state of
mRNA) with rate constant kd, (2) release of ribosomes from mRNA with rate constants k3 and krd, (3)
in backward reactions of 40S detachment from mRNA with rate constants k−1 , k

−
01 (not shown explicitly

in Figure 5), (4) in releasing a new translating ribosome with the rate constants k2, k02.
We assume that each individual protein synthesis does not significantly change the pool of cellular

resources and, therefore, the local concentrations of 40S, 60S and IFs remain constant. With such quite
a realistic assumption, the models remain linear and analytically tractable. However, this might not be
completely satisfactory approximation for the in vitro cell-free systems for studying translation, when
the amounts of 40S or 60S or IFs are made comparable to the amounts of the translated mRNA. In
this case recycling of ribosomal subunits and initiation factors might be a limiting (and fast) process,
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thus it should be represented explicitly, taking into account the effective volume occupied by 40S or
60S or IFs in the system (because the kinetic rates of resources release give the amount of the released
translation factors while their consumption rates are proportional to their concentrations).

Figure 4. Reaction network representing translation process with explicit presentation of
40S and 60S binding (model M1).

Figure 5. Reaction network representing translation process with explicit presentation of
40S, 60S and initiation factors (IF) binding (model M1’).

The steady state solution of the model M1, assuming that the ribosomal units 40S and 60S are
available in excess is:

MS S =
kt

kd

k2[60S ] + kd
k+

1 k2
k−1 +ka+kd

[40S ][60S ] + kd + k2[60S ] +
k+

1 (ka+kd)
k−1 +ka+kd

[40S ]

FS S =
ktk+

1 ka

kd

[40S ]
k+

1 k2[40S ][60S ] + kd(k−1 + ka + kd) + k2(k−1 + ka + kd)[60S ] + k+
1 (ka + kd)[40S ]

(M : 40S )S S =
ktk+

1

kd

[40S ](k2[60S ] + kd)
k+

1 k2[40S ][60S ] + kd(k−1 + ka + kd) + k2(k−1 + ka + kd)[60S ] + k+
1 (ka + kd)[40S ]

RS S =
kt

kd

ka

k3 + kd

[40S ][60S ]

[40S ][60S ] +
kd(k−1 +ka+kd)

k+
1 k2

+
k−1 +ka+kd

k+
1

[60S ] +
ka+kd

k2
[40S ]

(2.9)

PS S =
kt

kd

ka

k3 + kd

k3

kp

[40S ][60S ]

[40S ][60S ] +
kd(k−1 +ka+kd)

k+
1 k2

+
k−1 +ka+kd

k+
1

[60S ] +
ka+kd

k2
[40S ]
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2.5. Model M0’reg: extending the basic model of translation with microRNA-based regulation

Let us assume that the translation process is regulated by a molecule which can irreversibly bind
to mRNA and, as a result, can change one or several kinetic rates of translation. Typical example of
such a molecule is microRNA [27], so we will call it like this further. MicroRNAs are short stretches
of RNA, able to regulate translation of the majority of human proteins, playing an important role in
normal physiological processes and diseases such as cancer [28, 29].

For our purposes (representing microRNA-based regulation), it is important to distinguish states
M0 and F0 to be able to represent the initiation of mRNA and the effect of microRNA on the initiation
process. MicroRNA can act on k01 step (M0 → F0), thus inhibiting the early initiation process, or
on k1 step (M → F), thus, inhibiting step of 40S binding on already initiated mRNA, or on k2 step
(F → M+R), thus inhibiting ribosome assembly process [20, 27, 30].

To take into account the action of microRNA on translation, the model of translation shown in
Figure 3 is supplied with mRNA states representing mRNA with a microRNA bound to it (states M’0,
F’0, M’, F’, R’). The rate of microRNA binding is kb which determines irreversible conversion of the
microRNA-free states (without prime) to microRNA-bound states (primed). The corresponding rate
constants which might be different from normal translation process are marked with prime symbol as
well. In addition, we introduce a special state B which describes reversible capturing of mRNA in
P-bodies, where they can be specifically degraded at a higher rate kbd than during the microRNA-free
translation (Figure 6A).

The M0’reg model was used in [27] to produce the kinetic signatures of nine different mechanisms
of microRNA action or their combinations. It was shown that each of the nine possible mechanisms
has its own characteristic kinetic signature, which gives to experimentalists a tool to discriminate
between them in their particular experimental system. The provided characteristic kinetic signature of
an individual mechanism represents a characteristic plot with the predicted dynamics of 3 measurable
biochemical variables (mRNA concentration, the corresponding protein concentration, the average
number of ribosomes at a translated mRNA) in the case when a microRNA act on a given mRNA via
this exact mechanism only.

The model M0’reg was used in [27] to shed light on certain controversies in the experimental
detection of a concrete mechanism of microRNA action. It was suggested that the actual observable
mechanism depends on the rate-limiting steps in the complex translation machinery. For rather
complex reaction mechanisms such as M0’reg, the notion of the rate-limiting step should be replaced
by the dominant system [34]. Analysis of M0’reg showed existence of 6 dynamic types (dominant
systems) each of which can correspond to several biological mechanisms of microRNA action. These
dynamic types are: unmodified translation without strong effect from microRNA (Figure 6B), rapid
degradation of mRNA after microRNA binding (Figure 6C), exporting mRNA to specialized
compartments with further degradation (Figure 6D), limiting ribosomal assembly step (Figure 6E),
limiting translation termination step (Figure 6F), translation of a relatively stable mRNA affected by
the presence of microRNA (Figure 6G). These dynamic translation regulation types are discussed in
more details in [27]. In all scenario, the mRNA degradation rate constant plays an important role in
defining the rate limiting steps.

Mathematical Biosciences and Engineering Volume 16, Issue 6, 6602–6622.
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Figure 6. The model M0’reg of microRNA-based translation regulation [27]. (A) The
reaction network schema. (B–G) Six asymptotic dynamic types of translation regulation
corresponding to various mechanisms of microRNA action. Thicker lines show reactions
having significantly larger fluxes than the thinner ones.

2.6. Other possible model extensions

The basic lumped model can serve as a basis for other model extensions by explicit splitting of
particular states from the lumped states and other modifications. Let us list several possible scenarios:

Mathematical Biosciences and Engineering Volume 16, Issue 6, 6602–6622.
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1. More explicit representation of translation termination or elongation, description of ribosome
stalling phenomenon.

2. More detailed representation of the mRNA initiation process. For example, formation of the
M0:IF1:40S complex in Figure 6 should proceed in several elementary steps, with particular role
and order of binding of scaffold initiation proteins and other initiation factors, with subsequent
recruitment of 40S.

3. Description of phenomena connected with uneven distribution of ribosomes along mRNA, such
as described in recent literature on explicit studies of ribosome positioning on mRNAs [31].

4. Explicit modeling of the mRNA codon usage.
5. Mean-field models of the ribosomes’ interaction: The simplest method to include the interaction

of ribosomes in the lumped model is a dependence of the ribosome drop-off constant krd on the
average concentration θ of the ribosomes per initiated molecule of mRNA: krd=krd(θ). For
example, for the scheme presented in Figure 3 it may be krd(θ) = a/(b–θ), where θ = R/(M+F).

6. Mean-field models of how the property of the mRNA (such as its stability) might change
depending on the state and also on the history of mRNA. For example, one can imagine a (very
hypothetical) version of mRNA kinetics with “mRNA aging” such as each new round of
translation makes mRNA more fragile and prone to destruction. Or, in opposite, mRNA can
become more stable with ribosomes sitting on it.

7. Modeling distribution of model parameters, leading to existence of population of mRNAs with
different speeds of different steps of translation.

8. Explicit modeling of competition of various protein syntheses processes for resources (ribosomal
subunits and initiation factors). The most interesting is to include in this picture the production of
the resources themselves (transcription, translation, degradation), which will introduce complex
global regulatory feedbacks.

2.7. Example of application: determining factors limiting translation in the M1’ model

In order to illustrate what distinguishes two particular translation models described above, we
performed a numerical experiment in which we varied the concentrations of ribosomal subunits and
studied their effect on the average number of translating ribosomes per mRNA. We compared two
models M0’ and M1’, without and with an intermediate state of mRNA bound to 40S ribosomal
subunit but with 40S not yet positioned at the start codon. Our purpose is to demonstrate two points:
(1) that the step of late initiation might be very sensitive parameter and lead to efficient regulation of
translation (which is consistent with experimental findings [32]; (2) that without this step a simpler
model M0’ can lead to non-physiological unlimited growth of translating ribosomes per mRNA
(Figure 7).

As one can see from Figure 7, the steady state value of the average number of translating ribosomes
per mRNA is not limited in the model M0’, if the concentrations of small and large ribosomal subunits
are increased simultaneously. Increasing only concentration of 60S with fixed concentration of 40S is
not sufficient: to increase the number of complexes one has to supply the system with both components.

By contrast, in the model M1’, simultaneous increase in the concentrations of 40S and 60S makes
RB insensitive to them (Figure 7, right plot). This can be easily understood from the model shown in
Figures 4 and 5. If one assumes that the rates of mRNA degradation and synthesis are slower than the
translation rate then it is easy to show that the steady-state value of the average number of translating
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ribosomes per mRNA is

RB =
1
k3
×

kak+
1 k2[IF1][IF2][40S ][60S ]

k2[60S ](ka[IF2] + k−1 ) + k+
1 [IF1][40S ](k2[60S ] + ka[IF2])

.

Hence, if both ribosomal subunits are in excess then

RB
∣∣∣[60S ],[40S ]→∞ =

ka[IF2]
k3

. (2.10)

This is the limiting value of the average number of translating ribosomes per mRNA in the models M1
and M1’.

Formula (2.10) has an important biological consequence: in the excess of ribosomal subunits the
most sensitive parameter of protein synthesis (which is determined by RB) is the availability (or,
equivalently, efficiency) of the initiation factors facilitating fixation of 40S bound to mRNA at the
start codon (collectively denoted as IF2 in Figure 6). Good candidates for this type of initiation
factors are RNA helicases whose role is to disentangle the 5’UTR regions of mRNA [25, 32]. The
early initiation factors, collectively denoted as IF1 in Figure 6, can play less important role, if the
ribosomal subunits are in excess (they do not enter into (2.10)).

If both initiation factors are in excess, then there is saturation with respect to their values. For fixed
concentrations of the ribosomal subunits we get

RB
∣∣∣[IF1],[IF2]→∞ =

k2[40S ][60S ]
k3

.

Therefore, saturation with respect to ribosomal subunits and initiation factor concentrations is not
symmetric: the limiting parameter value with respect to infinite increase of initiation factors depends on
both 40S and 60S concentrations while the limiting value with respect to infinite increase of ribosomal
subunits depends only on the concentration of IF2.

Figure 7. Number of translating ribosomes per mRNA (RB) in M0’ and M1’ models of
translation as a function of concentrations of small (S40) and large (S60) ribosomal subunits
for fixed concentrations of the initiation factors. The set of parameters used in this simulation
is provided in the Methods and Materials section.
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2.8. Example of application: modeling ribosomal protein synthesis

Models developed in the previous sections can help understand general and global properties of
protein synthesis in a living cell. Instead of focusing on a single protein synthesis, one can consider a
global machinery of synthesis of all cellular proteins or some abundant groups of them.

Therefore, it is interesting to consider applying the basic model of protein synthesis to the model
the synthesis of ribosomal proteins, because in this case there exists an intrinsic feedback mechanism
regulating the amount of ribosomal proteins in a living cell.

At first, we exploited for this purpose model M1 (Figure 4) which suggests how in a quasi-steady
state the number of translating ribosomes RS S depends on the concentrations of 40S and 60S
components (see formula (2.9)). Assuming physiological translation (efficient binding of 40S to
mRNA and not too strong mRNA degradation), we can put ka >> k−1 , kd << ka, kd << k3and simplify
(2.9) to

RS S =
kt

kd

ka

k3

[40S ][60S ]

[40S ][60S ] +
kdka
k+

1 k2
+ ka

k+
1
[60S ] + ka

k2
[40S ]

=
ka

k3

MRS [40S ][60S ]
[40S ][60S ] + nm + m[60S ] + p[40S ]

,

(2.11)
whereMRS = kt

kd
, m = ka

k+
1
, n =

kd
k2
, p = ka

k2
. The meaning of MRS parameter is the total number of

mRNAs of a given protein or a protein type.
In order to study very general features of ribosomal protein synthesis, let us assume that [40S] and

[60S] components are identical and denote them collectively as S = [40S] = [60S] and use the rate
equation (2.11) :

dS
dt

= kaMRS S 2

S 2 + (p + m)S + mn
− ksS (2.12)

The equation (2.12) is characterized by a possibility of bistability, with two non-zero steady states
(one of which is stable and another one is unstable):

S High =
1
2

MRS ka

ks
− (p + m) +

√(
MRS ka

ks
− (p + m)

)2

− 4mn


S Low =

1
2

MRS ka

ks
− (p + m) −

√(
MRS ka

ks
− (p + m)

)2

− 4mn


Three steady states of the protein synthesis system (S = 0, S = SHigh, S = SLow) exist only when(

MRS ka

ks
− (p + m)

)2

≥ 4mn, (2.13)

which we can consider as a general condition of cell viability, because otherwise sustainable protein
synthesis is not possible.

In the important asymptotic case
(
MRS ka

ks
− (p + m)

)2
>> 4mn, one has

S High ≈ MRS ka

ks
− (p + m) = ka

(
kt

kd

1
ks
−

1
k2
−

1
k+

1

)
,
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S Low ≈
mn

MRS ka
ks
− (p + m)

=
kd

kt
kd

k+
1 k2

ks
− (k+

1 + k2)
. (2.14)

The meaning of S Low is the minimum number of ribosomes needed to maintain the translation (when it
is possible, accordingly to the condition (2.13)). If the number of ribosomes drops below this threshold,
then the translation will collapse to the zero steady state (Figure 8A). Interestingly, in the asymptotic
case (2.14), S Low decreases with increasing efficiency of translation initiation (k+

1 ,k2 coefficients) and
does not depend on ka. S High, which meaning is the stable number of ribosomes in a cell, has the
opposite behavior: it increases with more efficient translation and linearly scales with the scanning rate
ka. This behavior is illustrated in (Figure 8B) for some realistic estimation of the protein synthesis
parameters.

This analysis shows that for a biologically relevant set of parameters, the critical necessary minimal
number of ribosomes in a cell seems not to exceed few thousands. It becomes larger in the case when
the ribosomal protein translation is slow due to its rate limiting initiation. For large intervals of values
of initiation rates, the critical amount can approach 1 ribosome, which means that theoretically, a cell
can recover from drastic (close to complete) ribosome depletion, by synthesizing a new complete pool
of them. As a strong speculation, one can suggest that evolutionary the parameters of translation are
chosen such that a cell could robustly recover its protein synthesis machinery.

Figure 8. Simplest model of ribosomal production predicts existence of a critical number
of ribosomes needed for cell survival. (A) Time series showing the dynamics of the number
of ribosomes S from different initial amounts. Here parameters kt , kd , ks are estimated as
described in the text, while ka = 0.1, k2 = 2 ·10−5, k+

1 = 0.1k2. Here black dashed line denotes
the amount in 1 ribosome, which is considered as the viability threshold. (B) S Low and S High

value dependence on the translation parameters. Dashed grey lines denote typical range of
the number of ribosomes in a unicellular eukaryotic cell (yeast). S Low < 1 denotes a regime in
which a cell can theoretically recover its protein synthesis from close to complete depletion
of ribosomes.
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3. Materials and method

Numerical simulations were made using MATLAB. Executable model definitions are provided from
http://github.com/sysbio-curie/ProteinTranslationModels.

Rough parameter estimation was made using numbers from [33] and http://book.bionumbers.org,
using data for a simple eukaryotic cell, such as yeast. Typical mRNA half-life was assumed in 20–30
minutes, which is reflected in the value kd = 8 · 10−4 sec−1. The number of mRNA molecules for a
particular protein was estimated on average in 1000, which leads in kt = 103kd. Typical protein half-
life was assumed in 30–60 mins which gives ks = 4 · 10−4 sec−1. We assumed the stable number of
ribosomes in a cell in 2 − 5 · 105 which constrains the value S High and the protein/mRNA ratio in 102

by the order of magnitude. For other parameter values (k+
1 , k2, ka ) we did not fix the exact parameters

but rather scan their ranges, assuming that the initiation of mRNA with 40S is faster than full ribosome
assembly (k+

1 = 10 k2 ) and that the 5’ scanning step is relatively fast (ka >> k+
1 ). We underline here

that these parameter values’ choice does not change the formulas derived in the manuscript and the
conclusions about the model’s dynamic behavior but rather used for illustrative purpose.

The meaning of different kinetic parameters introduced in different protein synthesis models is
specified in Table 1.

4. Discussion

In this paper we introduce several simple models of protein synthesis which are directly derived
from a simplification of detailed kinetics of protein translation, describing the phenomenon of
polysome. The simplification is achieved through lumping, one of the common approaches from
reaction network asymptotology toolbox [34]. This derivation distinguishes the model from other
simpified models of protein synthesis introduced ad hoc in various studies. Simple explanatory
illustration of the nature of the suggested model is provided in Figure 9 (“opening/closing door”-type
modeling).

When introducing the protein synthesis model, we used notions and terms specific to eukaryotes
(e.g., we explicitly named the risobomal subunits 40S and 60S). In the current form, the model is
indeed directly applicable to describing the translation in a typical eukaryotic cell. Adapting the model
to translation in prokaryotes is possible though it will require to take into account such phenomena as
translation from polycistronic mRNA, spatio-temporal coupling of DNA replication, transcription and
translation processes, and other effects.

The main use of simple and basic models of protein synthesis is identification of sensitive (e.g.,
rate limiting) parameters of the protein synthesis machinery, whose change can efficiently regulate
translation. In the past, such an approach was used by us in order to identify the mechanisms of
microRNA action by following through the dynamics of the basic observables of translation: amount of
mRNA, amount of protein and the polysomal profile, in the presence and in the absence of microRNA.
An unsolved inverse problem remains in the case when a regulatory molecule (such as a microRNA)
can affect simultaneously several translation parameters. In this case, it is desirable to have an effective
mathematical tool allowing “deconvoluting” the mixed effect of the regulation into a vector of strengths
of individual translation parameter modulations.
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Table 1. Kinetic parameters used in different protein synthesis models and their meaning.

Parameter Model(s) Parameter meaning in a specific model and relation to
other parameters

kT M0, M0’, M1,
M1’, M0’reg

Rate constant of transcription process

k1 M0, M0’,
M0’reg

Rate constant of translation initiation. It includes the 40S
subunit binding and scanning for the start codon. In the
simplest model M0 it denotes both the rate of the first
round of initiation and all further initiation events on already
translated mRNA.

k2 M0, M0’, M1,
M1’, M0’reg

Rate constant of ribosome assembly, including possible
transient arrest of ribosomes before starting translation.

k3 M0, M0’, M1,
M1’, M0’reg

Rate constant of translation elongation step; it also includes
the rate of translation termination

kd M0, M0’, M1,
M0’reg

Rate constant of mRNA degradation

krd M0, M0’, M1,
M1’, M0’reg

Rate constant of premature ribosomal drop-off from
translated mRNA

kp M0, M0’, M1,
M1’, M0’reg

Rate constant of protein degradation

k01 M0’, M0’reg Rate constant of the first round mRNA initialization and
binding of the 40S subunit including specific steps of
initialization

k02 M0’, M1’ Rate constant of the first round of ribosomal assembly on
initiated mRNA

k+
1 ,k−1 M1, M1’ Rate constants of reversible binding of 40S subunit to mRNA

ka M1, M1’ Rate constant of 40S subunit scanning of 5’UTR for the
start codon. In the model M1’ it includes binding of factors
facilitating the scanning, collectively denoted as IF2

k+
01,k−01 M1’ Rate constants of reversible binding of both translation

initiation factors, collectively denoted as IF1 and 40S to the
naked mRNA (first round of initialisation)

kb M0’reg Rate constant of irreversible binding of a regulatory
molecule (such as microRNA) to mRNA

k+
s ,k−s M0’reg Rate constant of reversible capturing of mRNA to a

compartment (such as P-bodies) where the translation is
inhibited

kbd M0’reg Rate constant of degradation of mRNA in a compartment
where the translation is inhibited
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Figure 9. A mechanistic interpretation of the simplest model of translation M0. A mRNA is
a place of translation which can exist in “open” (M) and “closed” (F) states. When the place
is “open” it can accept a small ribosomal subunit, after which the place is “closed” until the
large ribosomal subunit is recruited and the assembled ribosome is released into the pool of
translating ribosomes.

The model is made extendable such that it makes it relatively easy to represent in more details
some particular aspects of protein synthesis dynamics, if this is needed. We provide several model
extensions, each of which can have specific applications. One of such extension deals with a feature of
the basic model which might be non-desirable: namely, a possibility for unlimited number of ribosomes
in a polysome. Explicit representation of a reaction step describing the scanning by the 40S ribosomal
subunit for the start codon along the 5’ end of mRNA limits the number of ribosomes in polysome and
allows determining the most sensitive parameters of translation initiation under various assumptions
(e.g., for the case of unlimited access of 40S and 60S subunits).

Another example of application that we provided is modeling the synthesis of ribosomal protein
pool in a cell. We demonstrate that in this cellular system there exists an intrinsic bi-stability, with three
steady-states for the amount of ribosomes in a cell, two stable ones, 0 and S High, and one unstable S Low.
We derive formulas for these values connecting them to the basic parameters of protein synthesis. The
biological meaning of S Low is the minimum number of ribosomes required for a cell in order to sustain
its protein synthesis. If the number of ribosomes drops below this number, then the whole machinery
of protein synthesis is predicted to collapse, not being able to maintain the synthesis of ribosomal
protein pool. Interestingly, the usual estimates for the number of ribosomes in a living cell is made
for the case of actively proliferating cells using simple arguments for the necessity of protein pool
replenishment in dividing cells [33]. By contrast, the estimates for S High (stable number of ribosomes)
and S Low (minimum number of ribosome state from which the protein synthesis is able to recover) are
valid even for quiescent cells. It is known that the house-keeping proteins have relatively long half-
lives: therefore, sustaining cellular life can less crucially depend on the de novo protein synthesis and
availability of the ribosomal proteins.
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For quiescent cells, the experiment with depleting the ribosomal protein pool might be feasible in
theory. We must notice that in a real cell even transitory depletion of the ribosomal pool might be
incompatible with cell viability for multiple other reasons not directly related to the bistability and
collapse of the protein synthesis machinery. Also, the parameter estimations of the protein synthesis
model used in this study might be grossly inaccurate. Nevertheless, the theoretical conclusion on the
existence of the critical minimum number of ribosomes is independent on the parameter values, and
can be potentially validated in an experiment.

The model of ribosomal protein synthesis suggested in this paper needs to be completed with
equations describing the synthesis of non-ribosomal proteins. Also, distinguishing 40S and 60S
ribosomal proteins might lead to the new interesting dynamical effects such as existence of
oscillations in protein synthesis machinery, which potentially can lead to periodic change in the
cellular dry mass, even in the absence of proliferation. Exploration of such model extensions, with
construction of their complete parametric portrait is beyond the score of this paper but is a feasible
though a difficult task.

One particular application of the translation models consists in deciphering the results of application
of modern sequencing-based technologies quantifying the global state of the translational machinery,
such as Ribo-Seq or TRAP-Seq [35]. The amount of data of this type (translatomic data) rapidly grows,
but remains less ready for intuitive interpretation compared to other omics data types and require
mathematical modeling, taking into account various aspects of polysome [36].

To conclude, the introduced mathematical models of protein synthesis can find applications in
modeling and data analysis when the most detailed representation of the translation mechanisms is
not required.
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