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Abstract: Transcription is a pivotal step in gene expression yet a complex biochemical process. It
occurs often in a bursty manner, leading to cell-to-cell variability important for the cells surviving
in complex environments. Quantitative experiments of such stochastic transcription call for model
analysis in a systematic rather than case-by-case fashion. Here we analyze two general yet biologically-
reasonable classes of stochastic transcription models: the first class called promoter models considers
that promoter structure is general, and the second class called queuing models considers that waiting-
time distributions are general. For the former, we show that there are conjugate relationships between
models with different transcription exits. This property well reveals the mechanic principle of
stochastic transcription in complex cases of transcription factor regulation. For the latter, we establish
an integral equation for the mRNA moment-generating function, through which stationary mRNA
moments of any orders can be analytically derived. Finally, we analyze parametric regions for robust
unimodality and bimodality. The overall analysis not only lays a foundation for quantitative analysis
of stochastic transcription but also reveals how the upstream promoter kinetics impact the downstream
expression dynamics.

Keywords: stochastic transcription; chemical master equation; unimodal distribution; bimodal
distribution; cellular phenotype

1. Introduction

Transcription is not only a central process in life but also a pivotal step in gene expression since it
determines when and how the genetic information stored in DNA is transcribed into messenger RNA
(mRNA) molecules that are further translated into proteins that virtually participate in all cell
functions. Transcription occurs often in a bursting fashion [1-5], leading to substantial variations in
mRNA and further protein abundances. Single molecule measurement technologies have provided
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evidence for transcriptional bursting, i.e., production of mRNAs in bursts [6-9]. This noise has been
identified as an important source of cell-to-cell variability [3, 10-16]. Owing to its importance,
stochastic transcription has received extensive attention in recent years. However, quantitative
experiments of stochastic transcription call for a modeling effect that addresses transcriptional
mechanisms in a systematic rather than case-by-case fashion.

Transcription is the most complex step in gene expression, involving ordered assembly of
pre-initiation complexes, recruitment of various polymerases, chromatin remodeling, binding and
unbinding of transcription factors (TFs) to DNA regulatory sites, etc. [17-19]. These factors or
processes either result in non-exponential distributions of ON and OFF times (i.e., the times that the
gene dwells at active and inactive states) [11, 16, 20], or create complex promoter
structures [18,21-25]. The former case occurs mainly because, e.g., some of the chromatin states are
transcriptionally permissive, and together make up the ON-phase of the gene and allow for (repeated)
multistep assembly of the preinitiation complex and promoter escape. This will motivate us to
introduce a so-called queuing model of stochastic transcription, where the distributions of the ON and
OFF times may be arbitrary. The latter case may occur in prokaryotic and eukaryotic cells. For
example, the PRM promoter of phage lambda in E. coli is regulated by two different TFs binding to
two sets of three operators that can be brought together by looping out the intervening DNA and as a
result, the number of regulatory states of the PRM promoter may be up to 128 [26]. In contrast,
eukaryotic promoters may be more complex since they would involve, e.g., nucleosomes competing
with or being removed by TFs [27], and epigenetic regulations via histone modifications [19, 28, 29].
In a word, complex promoters with more than two activity states are not the exception but the rule as
combinatorial control of gene regulation by multiple TFs is widespread [9, 25, 30, 31]. This will
motivate us to introduce another model of stochastic transcription (called the promoter model), where
the promoter may contain many active and inactive states and there are random transitions among
them. For both generalized models, an unsolved issue is how the upstream promoter dynamics affects
the downstream expression dynamics, and in particular, how mRNA distribution is derived.

On the other hand, a different mRNA distribution describes a different pattern of cell-to-cell
variability at the transcription level, or represents a different cellular phenotype. As a matter of fact,
bimodality of gene expression, as a mechanism driving to phenotypic diversity, can enhance the
survival of cells in a fluctuating environment [32]. Unimodality also has similar biological function,
e.g., the unimodal expression of Tat (a vital gene in HIV-1 viral) can drive phenotypic diversity of
clonal populations through inducing phenotypic bifurcation [33, 34]. In simplified cases or under
strong assumptions, previous studies showed that distributions of gene product (mRNA or protein)
may follow simple distributions such as Poisson distribution [4,35], Gamma distribution [36,37] and
Beta distribution [9, 38, 39]. These simple distributions provide explicit and intuitive relationships
between cellular phenotypes and expression patterns. In general, however, the mRNA numbers
follows more complex distributions expressed by confluent hypergeometric functions, as shown in
previous studies [24, 39]. This raises another question: How are unimodal or bimodal mRNA
expressions robustly shaped? From the viewpoint of synthetic biology, studying this question is
significant since it can help biologists design robust experiments and interpret their experimental
results. We point out: (1) with the emergence of single cell measurement techniques, there have been
increasingly rich data on distributions of gene systems [40, 41]. These distributions, which are in
general stationary, are still biologically reasonable if a set of reactions proceeds much faster than
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environmental changes; (2) the stationary distribution and the corresponding statistics are important
quantities characterizing the steady-state behavior of many biochemical systems. Therefore, we will
focus on the steady-state distribution and moments of mRNA.

This article is organized as follows. In section 2, we analyze a promoter model with arbitrarily
complex promoter structure at the stochastic transcription level. By analysis, we find that there are
conjugate relationships between mRNA distributions, which well reveal the essential principle of
stochastic transcription in complex cases of TF regulation. In section 3, we analyze a queuing model
of stochastic transcription, where waiting-time distributions are general (e.g., non-exponential). For
this model, we derive an analytical formula for calculating raw moments, and give a strategy for
reconstructing the mRNA distribution from raw moments. In section 4, by mathematical analysis
combined with numerical simulation, we give robust regions for unimodal and bimodal expressions in
two specific models of stochastic transcription. Finally, we conclude this paper and give some
discussions.

2. Analysis of a gene model with arbitrary promoter structure

2.1. Model description and stationary mRNA distribution

As pointed out in the introduction, a gene promoter (i.e., a regulatory sequence) may contain many
activity states (referring to Figure 1, which shows a biologically feasible example [21]), and there are
random transitions between these states. We assume that the promoter has N activity states in total. For
analysis simplicity, we further assume that there is transcription only at ON state whereas there is no
transcription at OFF state, and there are transitions among these states with constant transition rates.
To incorporate effects of TF regulation, we assume that the TFs act directly on transition rates [21], so
that these rates may change in some finite ranges. In addition, we assume that all the produced mRNAs
degrade in a linear manner. Here we do not consider protein levels since mRNA levels can well explain
stationary protein levels in many situations [42].

Denote by m the number of mRNA molecules, and let P(m; t) represent the distribution that mRNA
has m molecules at the k™ state of promoter and denote by P = (Py,---, Py)T the column vector
consisting of these factorial distributions. Denote by A;; the transition rate from state-i to state-j (4;; =
0 means that no transition occurs). Let the N X N matrix W = (4;;) describe transitions between
promoter states (called transition matrix), the diagonal matrix A = diag(u;, - - - , uy) describe exits of
transcription (called transcription matrix) with y; representing the transcription rate of mRNA in state-i
(1; = 0 means that no transcription takes place), and the diagonal matrix 6 = diag(d;,- -+ ,dy) describe
the degradation of mRNA. The chemical master equation describing mRNA dynamics takes the form

%P(m; 1) = WP(m: ) + A(E™" = D[P(m; )] + 6(E — D[mP(m; 1], 2.1)

where E and E™! are step operators and I is the identity operator. Clearly, the first term in Eq (2.1)
describes promoter dynamics with transition matrix W being actually an M-matrix (i.e., the sum of
every column or row elements is equal to zero), the second term describes the exits of transcription
with transcription matrix A, and the third term describes the degradation dynamics of mRNA with
degradation matrix ¢ (throughout this paper, we will assume that all the degradation rates are the same.
Without loss of generality, we further assume that the common degradation rate is 1. This is equivalent
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Figure 1. A biological example for gene model with multiple activity states [21], where the
five promoter states indicated by C, R, N, B, and A correspond to binding of TetR, TBP,
and RNA Pol II to promoter DNA in the following combinations: both TBP and TetR bound
(’Combined” state C), only TetR bound ("Repressed” state R), only TBP bound ("Bound”
state B), neither TBP nor TetR bound ("Neutral” state N), and TBP and RNAPol II bound
("Active” state A). States C, R, and N (TBP not bound) represent inactive promoter states,
while states B and A (TBP bound) represent active promoter states. The transition rate from
B to N (and C to R) depends on TBP-DNA stability, while the transition rate from state N to
R depends on the inducer concentration.

to the normalization of all other parameters by this common rate). We point out that model (2.1)
includes many previously-studied gene models as its particular case.

In order to solve (2.1), we simply introduce the convergent moment (CM) approach that we
developed previously [43]. CMs of a distribution in the one-dimension b, = 3, (’Z)P(n), k =
0,1,2,---, all cases are defined as

b=y (Z)P(n),k —0,1,2,--- | 2.2)

n>k

with by = 1 that corresponds to the conservative condition of probability. It is easy to verify that the
CMs defined in such a way are actually coefficients in the Taylor series of the probability-generating
function, denoted by g(z) , corresponding to the probability p(n) , that is, b = (1,/k!)0*g(z)./ 07" |.-:.
Importantly, if all the CMs are finite and given, we can have the following formula for reconstructing
the distribution
= —_— k_n n = DY
Pin) = Y (=1) (k)bk, n=0,12--, (2.3)
k>n

where symbol (Z) represents the common binomial coefficients.

' Now, we return to (2.1). Denote by by the k™ order CM of the total distribution P = Zfil P; and by
b;{’) the k™ order CM of the factorial distribution P; . Next, we can derive the following CM equation
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from (2.1)

dby

dt —ka+Abk1—kbk,k:1,2,"', (24)
where W and A have been rescaled by 9, and b, = (b(l) e b(N))T is a column vector consisting of

factorial CMs. See Appendix A for the derivation of (2.4). Flndmg steady-state mRNA distribution is
common interest. According to (2.3), the key is to find stationary CMs b, . For this, we have

Proposition 1 Steady-state CMs b, are given by

by = 1 l—[[(zl W)'Albo,k=1,2,---, (2.5)

KT TS G+ a,)

where uy = (1,1,---,1) is an N-dimensional row vector, 0, —a@y,—a,, -+ ,—Qy_; are nonzero
characteristic values of M-matrix W; (iI — W)* is the adjacency matrix of matrix (I — W); and
by = (b, -+ ,bI")T is given by

-1 ﬁ ()
=1, 1<j<N (2.6)
al
i=
in which -8, —ﬁ(’) . ,B(J) are the characteristic values of W; , the minor matrix of W after

crossing out the j* row and J column of the entry A;; of W.

Proof Here, we only provide main steps of the proof. See Appendix B for more details.
First, note that at steady state, (2.4) becomes the following iterative form

(kI = W)by = Aby_1,k=1,2,---. 2.7)

Using the fact that W is an M-matrix, i.e., the sum of every row elements is equal to zero, it is not
difficult to verify (2.5).
Second, note that the Laplace’s formula for M-matrix W gives

W (det(W,), - - - , det(Wy))" = det(W)I = 0, (2.8)

the null space of W is one-dimensional, and (2.7) holds for k = 0 (implying Wby = 0). Therefore, we
can set the formal expression of by as by = c(det(W)),--- ,det(Wy))T , where c is a constant, given by

N N-1
Zﬂﬁﬁ“ : (2.9)

c= [Z det(Wk)] = (- ¢

Third, if we denote by
fwx) =det(xly — W) = x(x +a;y) - (x + an_y), (2.10)

the characteristic polynomial of matrix W , it is not difficult to show

N-1 N-1

N
de(X)lx o = 1r((-W)") = (—=1)M"! Zdet(wk - Z H’Bf @; (2.11)

k=1 i=1 =1
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where ”tr” represents the matrix trace.
Finally, using (2.10) and considering the components of vector b, we have

N-1 N- N- 1ﬁk
bg‘>=c~det<wk>:(—1)N“[ a,-] (=D ‘]_[ﬁ ﬂ I<ks<N, (2.12)

i=1

thus proving Proposition 1.
After having obtained all the stationary CMs, we can reconstruct the stationary mRNA distribution
using (2.3). From (2.7) and using the fact that W is an M-matrix, we can show

N
1
bi=uybe = > pib| = uNAbk Lk=0,1,2,- (2.13)
k4
Thus, it is particularly interesting that if all the states of the promoter are ON with the same
transcription rate u , i.e., if A = uly, the mRNA number obeys to the following Poisson distribution

m

Pm) = e 5 m=0.1,2, . (2.14)
m.

This indicates that the mRNA distribution is completely determined by a single parameter
(transcription rate), independent of promoter structure. This property has the following implication: if
transcription rates are not exactly the same, the corresponding mRNA distribution is definitely not a
simple Poissonian one. In this case, deriving its analytical expression is challenging.

2.2. Conjugation

In order to address the above challenge, here we introduce the conception of conjugation. By
conjugation we mean that for two gene models with the same transition pattern between promoter
states (i.e., both have the same transition rate matrix W), denoted by Model A and Model B, if their
transcription matrices take the specific forms: Ay = diag((u + &Iy, uly_g) for Model A and Ap =
diag(ulx(u+&)ly_;) for Model B, where ¢ is a real number and may be equal to —u, and K is a positive
integer of less than N , next we call Model A conjugate to Model B or vice versa. Such conjugation
is existent in natural or synthetic biological systems, e.g., for the example illustrated in Figure 1(A)
(denoted by Model A), if states C, R, and N are active while states B and A are inactive, the resulting
model becomes a conjugate model of Model A. The conjugation is useful in revealing relationships
between complex mRNA distributions. In the following, for a system of gene expression with promoter
states, let P(m;t) = (Py(m;t),--- ,Py(m;1)T and G(z;t) = (G(z;1),--- ,Gn(z;1))" be the column
vectors consisting of factorial probabilities P;(m;t) with 1 < i < N and the corresponding factorial
probability-generating functions G,(z; t) with G;(z; 1) = Y.,.s0 Pi(m; )" and 1 < i < N, respectively; let
P(m;t) = Zfil P;(m;t) and G(z; 1) = Zfil G(z; 1) represent the total probability and the corresponding
total probability-generating function, respectively.

2.3. Distribution properties

The above CM approach can in principle give the exact mRNA distributions in gene models with
arbitrary promoter structure, which however may be complex in form [25]. For example, for the
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common ON-OFF model of stochastic transcription, we know that the mRNA distribution is expressed
by a complex confluent hypergeometric function [24]. To see that these reconstructed distributions
belong to which types, we check the corresponding Fano factors defined as the ratio of variance over
mean. This is because if the Fano factor is less than 1, the distribution is sub-Poissonian, if it is equal
to 1, the distribution is Poissonian, and if it is greater than 1, the distribution is sup-Poissonian [45].
For clarity, we consider a specific case, that is, the promoter has one ON state and N — 1 OFF states,
which altogether form a loop (i.e., the so-called DNA loop [46]). In this case, we can show

N-1 a; N—lﬁEN) +1
%) 21

i=1 i=1

Fano — Factor = 1 + (m)

where (m) represents the mean number of mMRNA molecules and can be expressed as
(m) = p(Ton)/(Ton) + (Torr)) With u being the transcription rate, and (7,,) and (7,s/) representing the
mean times dwelling at ON and OFF states, respectively. We can prove that ,BEN) < «; for any
i =1,2,---,N — 1. Therefore, the term in the big bracket of (2.15) is larger than or equal to zero,
implying that for stochastic gene transcription, the mRNA distribution is either sup-Poissonian or
Poissonian, independent of promoter topology. Regarding conjugation between two systems of gene
expression with the same number of promoter states, we have the following theorem.

Theorem 1 For two conjugate stochastic transcription Models A and B, if we let two pairs P,(m; ),
G(2), and Pg(m; ), Gp(z) represent the distributions and probability-generating functions

em—k

(m - k)!

Ga(s) = € G(—s), Palmspr) = € ) Py(m; —p), (2.16)
k=0

where s = z7 — 1.

Proof Consider the following two models of stochastic transcription
Model A:

%P(m; 1) = WP(m: 1) + AL(E™' = D[P(m; 1)] + 6(E — D[mP(m; 1)].
Model B: p
EQ(m; 1) = WQ(m; ) + Ag(E™" = D[Q(m; 1)] + 6(E — D[mQ(m; 1)].

Introduce probability-generating functions: Ga(z;t) = 2,50 P(m; )", Gp(z;t) = 3,50 Q(m; )",
Then

0 0
_ cF) = " _P(m:
&GA(Z,I) E Z 5 (m; 1)

m>0
= > 2" (WP(m; 1) + Au(E™" = DP(m; 1) + S(E — D(mP(m; 1)
m>0
= WGA@ D)+ As| D PO =150 = ) 2"P(m; t)] + 5(2(;% + D" + 150) = ) m2"P(m; 1)
m20 m20 m20 m20

= WG4 (z;1) + (2 — DALGA(z; ) — (2 — 1)56%GA(Z; 0.
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Assume ¢ = oI with ¢ being a positive constant, and set s = z — 1. Next, we have

0 0
—GA = WGA + SAAGA - S—GA, (217)
or os

where 7 = 67, W and 1~XA have been scaled by ¢. Similarly, we can obtain
0 ~ ~ 0
—GB = WGB + SABGB - S—GB, (218)
or os

where Ay has been scaled by 6. Multiplying e~** on both sides of (2.17) and noting that s is unrelated
to 7 yield
0

~ ~ 0
— (7Gy) = W (e ®Gy) + sA4 (75 Gy) — se > —Gy
or Os

~ - 0
=W (e™Gy) + sA, (e7°°Gy) — Sos (e7°Gy) — se(e7°Gy).

In other words, under the transformation G4 = ¢*F, , (2.17) is transformed into
0

0
EFA - WF, + s(AA - sI) F, — sa—FA, (2.19)

which is similar to (2.18) in form, where A4 — eI = —Aj is a constant matrix. Thus, according to the
transformation G4 = ¢*°F, and noting that —sd/ds = —(—s)0/0(—s) , we know that the first equality in
(2.16) holds. Furthermore, through the relationship P(m;t) = (1/m!)(0"G/d7™)|,=0, Where P = Zﬁl P;
and G = Y | G; are respectively the total probability distribution and the total probability-generating
function, it is not difficult to verify that the second equality in (2.16) also holds. To that end, the proof
of Theorem 1 is completed.

From (2.16), we see that P4(m;u) is actually a binomial convolution of Pg(m;u) and a Poisson
distribution. We point out that by making use of the conjugation idea, one can find analytical
distributions in complex gene models, e.g., the gene model with one OFF state and two ON states is
difficult to solve but the gene model with two OFF state and one ON states is easy to solve. Using the
conjugation idea, we can transform the question of solving the former into that of solving the later. To
show this point clearly, here we consider a more general case. Assume that for some multi-state
model of stochastic transcription the steady-state equations for probability-generating functions are

Z/lk,Gk—Z/l,kG +,usG—Ol—12 N -1,
k=1,#i k=1,#i (220)
N-1 N-1 8G

ﬂkNGk—Z/lNkGN—Sa—'i'(/J'FS)SGN—

>~

=1 =1
where s = z — 1, and parameter € may take any value in the interval [—u, u] . This equation group
seems difficult to solve since the corresponding gene model contains multiple nontrivial transcription
exits. However, the following equation group

Z/llek—Z/LkF =0,i=1,2,--- ,N—1,

=1,#i k=1,#i
1 _
OFy
AnFr — /lF——+ Fy=0
1ka ZNkN Sa ESI'N

(2.21)

2

>~
Il
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which corresponds to the gene model with one ON state and N — 1 OFF states and hence is easy to
solve [24]. Moreover, using the above CM approach, we can obtain the solution for the total generating
function Fy = YN Fi(s)

N )
F(s) = y-1Fna1 ( b ool ;SS) ) (2.22)
ay,: - ,&N-1

where ,F, (Zi’::’Z” ;0') is a confluent hypergeometric function [44]. Note that (2.20) and (2.21) are
conjugate under the transformation G; = ¢#°F; . Thus, we obtain the analytical expression for the total

generating function G, = YV | Gi(s)

’3<N) - )
G(s)=e’”F(s)N_1FN_1( b 0N ;—es). (2.23)
g, -, AN

Furthermore, using the relationship P(m) = G™(0)/m!, we obtain analytical steady-state mRNA
distribution in the underlying model of stochastic transcription, which is given by

—u m N-1 (N) k + (N) . k + (N)
R Y T | B L i S RECETS
m! &\ k LU (@i k+ap, -, k+ay

Before concluding this section, we discuss the relationship between this hypergeometric type
distribution and Poissonian distribution. In fact, if there is only one ON state without OFF state, the
distribution is Poissonian. Also, if there is only one OFF state without ON state, the distribution is
degenerative. Consider a promoter structure with K ON states and L OFF states. For slow promoter
switch rates, one observes the characteristic distribution that results from the mixture of K Poissonian
distributions and L degenerate distributions approximately. For fast promoter switch rates, the
characteristic distribution is a Poissonian distributions with mean synthetic rate approximately. For
moderate promoter switch rates, the characteristic distribution is very complicated hypergeometric

type.

3. Analysis of a gene model with any waiting-time distributions

3.1. Calculation of raw moments

The extensively used two-state model of gene expression [37,47-50] assumes that gene promoter
has two states: one active (ON) state and one inactive (OFF) state and two transition rates between
these states are constants (implying that times that the gene dwells at ON and OFF states, i.e., ON
and OFF times, follow exponential distributions). However, transcription depends on the chromatin
template that accumulates over time until the promoter becomes active [24]. This implies that OFF
times do not follow a simple exponential distribution but may be general [51]. Similarly, ON times
may also follow a non-exponential distribution [20]. Some recent experimental papers [52, 53] also
showed non-exponential promoter switching times. In addition, the mRNA degradation may undergo
a multistep process, implying that the distribution of mRNA’s half lifetimes may be non-exponential.
For such a gene model that one can find its prototypes in the real biological systems [16], there are
few studies. Here, we apply standard results from the queuing theory [50,51,54,55] to analyze a state-
waiting model of stochastic transcription with general waiting-time distributions f,,(?), f,s¢(t), and h(z),
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referring to Figure 2. A similar model was previously studied in [56]. Importantly, we derive explicit
formulae for calculating the moment-generating function corresponding to the mRNA distribution,
which can in turn be used for quantitative analysis of mRNA noise and even for reconstruction of the
mRNA distribution. We point out that the gene model considered here can be viewed as an extension
of the gene model considered above. In fact, for the later, we can show [25]

Jon(t) = uKWIOCXp(Wlll)Wmu;, 3.1)
Jorr(1) = “LWOleXP(WOOZ)Wloll{, ’

where W = (gg‘:m?) is a block matrix, ug = (1,1,--- ,1)and u;, = (1,1,---, 1) are two row vectors.
Here, Wi, and W describe transitions among the ON states and among the OFF states respectively,
whereas W,y and W, describes how the ON states transition to the OFF states and vice versa
respectively. Note that two functions f;,(f) and f,s¢(¢) are in general the sums of exponential

functions of ¢, implying that ON- or OFF-times follows a non-exponential distribution.

f;/f(l)
|L exponential distribution
bursting P waitingtimeO
o Ly
£ mRNA

Figure 2. The schematic for a queuing model of stochastic transcription, where the times
that the gene dwells at ON and OFF states are assumed to follow general distributions, and
mRNA is synthesized in a bursty manner and degrades in a multistep manner.

Assume that the synthesis rate of mRNA, u, is a constant. Denote by P(m;t) the mRNA
distribution at time ¢ and by W(z;t) the corresponding moment-generating function with the initial
condition denoted by W;,;(z) = W(z;0). Unlike the case of common gene models where waiting-time
distributions are exponential, we in general cannot establish the master equation for P(m; ) in the case
of general waiting-time distributions f,,(), for7(f), and h(?), since the corresponding processes are
non-Markovian. Therefore, we will turn to consider moments of P(m; ), and apply queuing theory to
establish integral equations for moment-generating functions.

First, we establish the following proposition.

Proposition 2 Let /(¢) be the survival probability density function and H(z) = ft ~ h(7)dt be the survival
function of mRNA. We have

W(z; 1) = Wini(log(1 + H(n)(e" - 1))). (3.2)

Proof In order to prove (3.2), we need to make assumptions: (I) there are N mRNAs produced at time
t = 0. In general, N itself is a random variable, and every mRNA X; (1 < i < N) at time ¢ is also
a stochastic variable, taking the value of either 1 (representing survival) or O (representing death); (II)

Mathematical Biosciences and Engineering Volume 16, Issue 5, 6134-6166.



6144

every X; is independent of random variable N (this assumption seems reasonable from the viewpoint
of biology); (III) all the stochastic variables X; ( 1 < i < N) are independent of one another, each
following a Bernoulli distribution with the moment-generating function given by M(z) = 1+H(#)(e*—1)
[20,50,54].

Note that the total molecule number of mRNA at time 7, given by S = X; + --- + X}, is a random
variable. By the definition of moment-generating function, we know W(z; 1) = (% )s. Also note that
the mean (¢® ) can be expressed as (¢= )g = ((ZX1* XV |N)y)y. The above assumption (III) implies

{(eXTHMIINY Sy = (€M1 N)y -+ (e“V|N)x)y. Again by the definition of moment-generating
function, we have (¢*i|[N)x, = M(z) with 1 < i < N and the above assumption (II) yields
(eX|NYy, = ((M()V)y = (eNosM@y, — According to the meaning of W, (z), we know

Winir(log(M(z)) = (eNos™M@)y,  Substituting the known expression M(z) = 1 + S(t)(e° — 1) into
Wini(log(M(z)), we immediately obtain (3.2) and Proposition 2 is thus proved.

Next, we follow the standard derivation of the moment-generating function in queuing theory to
derive an integral equation for W;,;(z) [20, 54], which is a key for calculating raw moments. For this,
we give the following proposition.

Proposition 3 The initial moment function W;,;,(z) satisfies the following integral equation
W@ = [ [ Wallog(1 + HGs + 0 = D) f0)fy (s, (3.3)
s=0 J1=0

where p, = u fot H(t)dr.

Proof Let time ¢ = 0 be the beginning of an OFF-state and W(z; t) be the moment-generating function
of mRNA molecules at time ¢ (0 < ¢ < 1,, + f,77) as motioned above. The completion of one cycle
(OFF- and ON state) define the boundary condition:

00 (o9

W(z,0) = M(z;ton + topy) = f W(z; 1) fon(t — 8) forr(s)dtds. (3.4)

s=0 Jit=s
This equation in principle determines W;,;,(z) due to W,,;,(z) = W(z;0) if W(z; ) is known. However,
the expression of W(z;7) seems difficult to derive. Here, we introduce another strategy to calculate
W..ir(2), which is based on specification of moment-generating functions during an OFF duration and
an ON duration.

Given the distribution of mRNA life times, /(¢), the probability that one mRNA molecule is still
present after time Ar is a Bernoulli random variable with the moment-generating function given by
1 + H(At)(e* — 1) [50, 51, 54]. Starting with the moment-generating function W(z;0) = W,,;,(z) and
considering only degradation of mRNAs, the compound moment-generating function at time Af is
given by

W(z; Ar) = Winir(log(1 + H(AD)(e* — 1)). (3.5)

Therefore, at the end of an OFF-state (denoted by 7, the corresponding time), the
moment-generating function W(z;1,;s) should be equal to the integral of the initial
moment-generating function W;,;,(log(1 + H(s + t)(¢* — 1))) multiplied by the OFF-time distribution
for#(2) over the infinite interval (0, c0), that is,

Wz try) = f Wan(log(1 + H)(E — D) fyy, (1. (3.6)
=0
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To that end, we have given the expression for the moment-generating function during an OFF duration.

Next, we derive the moment-generating function during an ON duration. During this period,
degradation of the mRNA molecules that are present at the beginning of bursts continues as described
through the function 1 + H(f)(¢* — 1) with the moment-generating function given by,
Wz torr + 1) = Wigir(log(l + H(u + t,¢¢)(e* — 1))), where u represents a moment of the ON duration.
Besides, mRNAs are also created and degraded according to a birth-death process with an exponential
waiting time. This process can be described by a Poissonian distribution with the average
Py =M foy H(t)dt (remark: if the mRNA synthesis rate is a constant u and the survival probability
density function of mRNA is A(f), this mRNA distribution is Poissonian [67]). Correspondingly,
according to the definition, we know that the moment-generating function is given by
Wefrea(Zs topr + 1) = €D The combination of the above two aspects produces an effective burst
size. Note that during an ON duration, the probability distribution of the mRNA number should be the
convolution of the distribution of the number of those molecules that are still present from previous
bursts and the effective burst-size distribution, that is,

W(zs toss + 1) = f Winir (log(1 + H(s + p)(¢* = 1)) eV f, ( ()dt 3.7)
s=0
Then, W(z;t,¢¢ + 1,,) 1s given by integrating W(z; 1, + u) over the infinite interval of u € (0, o) , 1.e.,

W(Z; toff + ton) = W(Z; 0) = Winit(Z)

o (oo . . (3.8)
_ f f Wanlog(1 + H(s + @& — D), (5)ds | (i
n=0 s=0
which is just (3.3). Note that (3.8) can be rewritten as
W(z;0) = f ) f ) Winie (log(1 + H(t)(€ = 1))) eV £, (¢ = 5)forr(s)dtds (3.9)
5s=0 Jir=s

which is actually (3.4). To that end, we have actually proven Proposition 3.

In general, solving the integral equation (3.3) is difficult since two functions f,,(¢) and f,s¢(7) are
arbitrary. However, we can use (3.3) to calculate moments of the mRNA distribution at time ¢ = 0. For
example, by differentiating both sides of (3.3) at z = 0, it is not difficult for us to derive the expression
of the first-order initial raw moment

5 pefon(D)dt
L= 5[5 H(t + ) fou(0) fopp(s)dtds

According to the definition of moment-generating function, we know that W;,;,(0) = 1 . Similarly,
we can derive the expression of the second-order initial raw moment

(MYinis = W, (0) = (3.10)

(M*)inie = M(p;,(0)
B f:; fyjo[Pz(l +00) + (MY H(s + 1) (1 = H(s + 1) + 20)] fon() forr(8)dtds (3.11)
1 - fz:) f:o H2(s + 1) fou(O) fors(s)dtds )

Other higher-order initial raw moments can also be derived similarly. Detailed expressions are omitted
due to complexity.
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Now, we give explicit formulae for calculating raw moments of any order. Let F'(s) and G(s) be the
cumulative functions of the duration distributions at OFF and ON states, respectively. Next, we have
Fore(t) = fot Jorr(s)ds and F,,(1) = fot fon(s)ds. According to definitions, the mean OFF and ON times
are calculated according to

<T()ff> = f_o Sﬁ)ff(S)dS, <T0n> = f—() Sﬁm(S)dS, (312)

respectively. Note that the derivatives of W(z; 1,54 + ) at z = 0 give the raw moments of the mRNA
distribution at time ¢ = #,¢¢ + ¢ during an ON duration, denoted by (m* )« » whereas the derivatives of
W(z;1,5r) at z = 0 give the raw moments of the mRNA distribution at the end time 7 = 7,/ of an OFF
duration, denoted by {(m*),. Then, the total moments of the mRNA copy number distribution should be
the sum of the two parts obtained by averaging over all times according to their probabilities, that is,

k —; Sk B o ~
<’">‘<To,,>+<foff>( f )1 Fogy(o)ds + f ), Fonw»du), (3.13)

where k = 1,2,--- ,. In(3.13), we emphasize that (m"), is obtained by calculating the k-order derivative
of function W;,;;(log(1 + H(s)(e* — 1))) at z = 0 whereas (mk)ﬂ by calculating the k-order derivative of
function fs :oo Wi (log(1 + H(s + p)(e — 1))) e’V f, . :(s)ds at z = 0. We point out that although we
have derived general formula for calculating raw moments, e.g., (3.13), the actual calculation would
be complex even if waiting times follow exponential distributions, referring to Appendix C.

3.2. Reconstructing the mRNA distribution from its raw moments

As shown above, we can calculate raw moments of any orders. In spite of this, the common
interest is in finding the corresponding distribution. Here, we consider the question of how the mRNA
distribution is reconstructed from the raw moments obtained above. For the above model with general
waiting-time distributions, it is easy to show that CMs of the steady-state mRNA distribution by
defined by (2.2) are linear combinations of raw moments that however have been given using the
above method, e.g.,

1 1
by = (m), b, = 5(<m2> —(m)), by = 6(<m3> = 3(m®) + 2(m)). (3.14)
More generally, we can give explicit relationships between convergent moments and common

moments. For example, central moments (denoted by ;) can be expressed as

k=1 k—i

pe = (=b0)f + > > R, NGB, (3.1)

i=0 j=

~

where R(k,i,j) = (—1)’(’;)5 (k — i, j) and S(n,k) is the Stirling number of the second kind [65].
According to (3.15), we can in turn use central moments to express CMs (details are omitted here). In
a word, all the CMs can be given if all the raw moments are given using the above method (but the
related calculations would be complex. See the following content). Thus, according to (2.3), we can
in principle reconstruct the mRNA distribution although waiting-time distributions may be general.
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3.3. Compared with some known results: effect of non-Markovianity

As applications of the above general expressions, here we first give explicit formulae for the mRNA
mean and the mRNA noise, which actually establish a relationship between the above two models
through initial two moments. Here ,we assume A(f) = e~ and 6 represents the mean degradation rate
of mRNA. Firstly, consider the mRNA mean. Calculations (see Appendix C) yield

_u (Ton)
e

<Ton> + <Toff>

This formula is well known for the common ON-OFF model [24]; [57] but here derived in a more

general case (i.e., ON and OFF waiting times follow general distributions. In other words, the formula
for the mRNA mean in the case of non-exponential waiting-time distributions is the same as in the case
of exponential waiting-time distributions). Secondly, consider the mRNA noise. If the mRNA noise
is defined as the ratio of the variance over the square of the mean, by complex calculations (see an
example in Appendix C), we can derive

(3.16)

2 1 <T0ff> <T0n> + <Toff>(1 _Lon((s))(l _Loff((s))
= — o+ - . . (317
<m> (Ton> 6<Ton> 1 - Lon(d)Loff((S)
——
internal noise promoter noise

where L,;((s) and L,,(s) are the Laplace transforms of functions f,;/(f) and f,,(f), respectively. In
(3.18), the first term represents the factorial noise due to the birth and death of mRNA whereas the
second term represents the factorial noise due to switching between two promoter states. In particular,
if two transition rates between ON and OFF states are constants, implying that ON and OFF waiting-
time distributions are exponential, (3.17) is reduced to the following known form [24, 58]

1 Toff 2
W >+<<>ff+>< XTorr) G189
m T{)n T() Ton T()
m rr i
internal noise promoter noise

Therefore, (3.16) and (3.17) are the extensions of the mRNA mean and the mRNA noise in the
common two-state model of stochastic transcription. In addition, if we consider a model of stochastic
transcription where the promoter is assumed to have one ON state and multiple OFF states, which
altogether form a loop, (3.16) and (3.18) still hold although the OFF times follow an non-exponential
distribution (implying non-Markovianity) [24].

Next, we show that in the limit of fast switching, the mRNA distribution can become Poissonian
irrespective of the distribution of mRNA life times, . In fact, in the limit of fast switching, the second
term on the right-hand-side of (3.17), which describes the promoter noise, approximates zero. Thus,
the resulting mRNA noise can be approximated as 12, ~ @ implying that the mRNA number
approximately follows a Poissonian distribution independent of the distribution of mRNA life times.
Interestingly, the author [55] recently gave intuitive interpretations for Poisson steady-state
distribution of the mRNA number.

In order to show effects of non-Markovianity on the mRNA mean and the mRNA noise, we consider

that ON- and OFF-times follow Erland distributions:

tkr)n_] e_t/H(m tkoff_l e_t/eﬂff
fon(t; kon’ Hon) = > ﬁ)ff(t; koffa Hoff) = . 0= 1, (319)
91;(;{' (kon - 1)‘ Hﬁ}f; (koff — 1)'
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where k,, and k,¢; describe the shapes of the distributions and take integers; 6,, and 6,75 are two
parameters and take positive real numbers. Note that if k,, = 1 (or k,;y = 1), the only one ON
(or OFF) state is considered, corresponding to the case of exponential distribution (Markovian). By
simple calculations, we can show

Lon(s) = (1 + Seon)_kona Loff(s) = (1 + sgoff)_koffa (Ton) = konOons <Toff> = koffeoff’

< > <Ton> kongon
m) = = S
'u<Ton> + <Toff> /Jkoneon + koffeoff (320)
_kon — _ko
g2 = Konbon + Kogsbors  Koysbors_ Konbon + KogsBos (1= 1+ ) ) (1= 1+ 6070
" ﬂkoneon kongon (koneon)2 1- (1 + gon)_k(m(l + eoff)_koff
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Figure 3. Effect of non-Markovianity on the mRNA noise. (A, B) phase diagrams for
logarithms of means and noise intensities in the phase plane of mean OFF and ON times,
(torf) and (7,,); (C, D, E) represents the mRNA mean whereas (F, G, H) represents the
corresponding mRNA noise. Parameter values: (A, B) u = 10, k. € {1,2,---,20},
Oorf = 5, On = 1, ko € {1,2,---,20}; (C, F) u = 10, kopp € {1,2,---,20}, O,5p = 1,
kon € {1,2,---,20}, 6,, = 0.1; (D, G) u = 10, kopy = 1, 0,5y = [0.05,1], ko, = 1, 6,, = 0.1;
(E,H)u =10, korr € {1,2,---,20}, 0,57 = 1/kosf.kon = 1, 8,, = 0.1. In (C-H), empty circles
are obtained by numerical realizations (Appendix D), whereas the solid lines are given by
(3.16) and (3.17).
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The numerical results are shown in Figure 3, which shows effects of non-Markovianity on the
mRNA mean and the mRNA noise. Specifically, for the same mean ON and OFF times, a larger mRNA
mean corresponds to a smaller mRNA noise (Figure 3(A, B)); the mRNA mean is a monotonically
decreasing function of k,;y = 1 (in a nonlinear manner. See Figure3(C, D)) whereas the mRNA
noise intensity is a monotonically increasing function of k,¢s = 1 (in an approximately linear manner.
See Figure 3(F, G)). Figure 3(E, H) shows that if the mean mRNA is fixed, the mRNA noise is a
monotonically decreasing function of k,ss = 1, implying that non-Markovianity can reduce the mRNA
noise.

Finally, we point out that at first glance, there is a big difference between the two models, but there
is a close relationship between them. First, if the only first two moments are considered, the model
analyzed in section 3 above (i.e., the queuing model) can be viewed as an extension of the model
analyzed in section 2 above (i.e., the promoter model). In fact, (3.1) implies that the distributions of
ON- and OFF-times in the promoter model are the algebraic sum of exponential functions but those
of ON- and OFF-times in the queuing model may be more general distributions. Second, the mRNA
mean is given by the same formula (3.16) for both models, and the formula for the mRNA noise in the
queuing model, given by (3.17), is an extension of that for the mRNA noise in the promoter model,
given by (3.18). Third, for both models, we can reconstruct the mRNA distribution from the respective
CMs that are given by (2.5) for the promoter model or by the method given in the above subsection
3.2 for the queuing model. In addition, we can show that in the limit of fast switching, the mRNA
distribution becomes Poissonian for both models. In fact, for the promoter model, this point is easily
verified as for the common ON-OFF model. For the queuing model, the second term on the right-
hand-side of (3.14) will disappear in the limit of fast switching. Some related discussions were done
in [55].

4. Parametric regions for robust unimodality and bimodality

As a mechanism contributing to phenotypic diversity, bimodality of gene expression can enhance
the survival of cells in a fluctuating environment. However, an unsolved question is how unimodality
or bimodality appears or disappears. Here we address this question.

Although we have given analytical expressions of mRNA distributions in the previous sections,
they are in general complex in form. On the other hand, a proper cellular phenotype characterized by
the shape of some distribution is important for the cell to enhance the survival of cells in a fluctuating
environment [33]. Thus, we naturally consider a question of how unimodal and bimodal expressions
are robustly formed or how reaction rate parameters impact unimodal and bimodal regions. This
nontrivial issue seems to have not been studied previously. Here we will address the issue by
theoretical analysis combined with numerical simulation. The aim of this section is twofold: the one
is to better help the reader understand the given-above complex distributions, and the other is to lay a
theoretical foundation for finding parametric regions for unimodality and bimodality. We point out
that biologically, if a unimodal distribution is wide enough, it can work as well as bimodal distribution
in driving phenotypic heterogeneity [59].

For clarity, we will consider two cases separately. The following analysis is tedious, and the
theoretical results are established based on properties of complex confluent hypergeometric functions.
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4.1. Case of two-state gene model

Here, we consider and analyze a representative model of stochastic transcription. Assume that the
gene promoter has one ON state and one OFF state (implying N = 2 in the above general model). For
convenience, denote by A the transition rate from ON to OFF state whereas by y the transition rate
from OFF to ON state and by u the transcription rate of mRNA, and set the mRNA degradation rate as
0 = 1 (this is equivalent to the normalization of three parameters u, A4 and y by ¢). According to the
above analysis, the corresponding mRNA distribution can be expressed as

p @ +mu™ TA+y)
m = Ty +m) T

1Fi(A+m, A+ y + m;—p). “4.1)

Note that 4 > 1 always holds since u represents the transcription rate normalized by the degradation
rate. We distinguish two cases to give theoretical results on unimodal and bimodal mRNA distributions:
(A) P(1) > P(0) ; (B) P(1) < P(0).

Theorem 2 P(1) > P(0). For any u > 1,4 > 0 and y > 0, there is an integer my > 0 such that
P(m + 1) — P(m) > 0 for 0 < m < my whereas P(m + 1) — P(m) < 0 for m > my. In this case, P(m) is
unimodal.

Proof Using the integral expression of hypergeometric function

. _ r(ﬁ) : 7t ja—1 _ —a—1
lFl(a’ﬁ’Z)_—F(a)F(ﬁ—a)foet (1 —rfldr, 4.2)

we can rewrite Eq (4.1) as

_H"T@+y) [

—pt Arm=11 oyl
Pom) =t | et o 4.3)
Thus,
B _H"T(A+y) b dmet =Y
Pun+ 1) =P = BT [ ety (—m+l 1)dt 4.4

implying that P(m + 1) — P(m) < O for any m > m = u—1 > 0. On the other hand, we have
P(1) — P(0) > 0. Therefore, if we set my = min{m|P(m + 1) — P(m) < 0, m > m}, then we know that
P(m+1)— P(m) > 0 for 0 < m < my whereas P(m + 1) — P(m) < 0 for m > my. This finished the proof
of theorem 2.

The reader can refer to the numerical result in Figure 4, where a representative mode of mRNA
distribution is shown. This figure verifies that our theoretical prediction is in accordance with the
numerical result.

Theorem 3 For the case of P(1) < P(0), we have: (1) If A > 1 and ud < A+, orif A < 1 and
u < min(y + 1 — A4+ 2~ =2Dy,1 + y/A), P(m) is unimodal; (2) If u > A + vy + 2 and
2y +1 =2Du < (A +y - 1?2 =1, P(m) is bimodal.

The proof of this theorem is put on Appendix E. Here we show numerical results, referring to
Figure 5.
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Figure 4. A representative mode of mRNA distribution in case of P(1) > P(0). Empty circles
are obtained by numerical realizations with Gillespie simulation algorithm [60]. Numerical

simulation verifies that the mRNA distribution is only unimodal for any parameter values in
this case.
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Figure 5. Three representative modes of mRNA distribution in the case of P(1) < P(0),
where (A) and (B) correspond to unimodal distribution whereas (C) corresponds to bimodal

distribution. Empty circles are obtained by numerical realizations with Gillespie simulation
algorithm [60].

4.2. Case of multiple-state gene model

Here, we only analyze a simple case: the promoter has one active state and two inactive states.

_ /J_m (ﬁl)m(ﬁZ)m

—m! (@)@

P(m)

2Hr(m+ B, m+Byym+a,m+ ay;—u),m=0,1,2,---,

Denote by A, and 1) the transition rates between two OFF states, by A; and 7y, the transition rates
from one OFF state to ON state and from ON state to the OFF state respectively, and by 4, and y, the
transition rates from the other OFF state to ON state and from ON state to the OFF state, respectively.

According to the previous analysis, we know that the mRNA number follows a hypergeometric
following distribution given by

4.5)
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where

1 ,
=5 (772t A+ Do b+ A eyl de ) =) ().

i
Bra=g (WAt ot dst J(dr+ =2y =124,

Note that all the parameters have been normalized by the degradation rate ¢, and @; and S8, i = 1,2,
may be complex. In the following, we only consider they are real.

In order to find parametric regions for unimodality and bimodality, we introduce the following
lemma.

Lemma 1Ifb > a and c > d, then we have the Kummer-type transform of the form

(b !
2Fy(a,byd,c;x) = m N1 = PN Fi(c - d, ¢; —xt)dt. (4.6)
- 0

Note that for any m, we have

Pm+1) u Br+m)Br+m)Fom+1+B,m+1+Bm+1+a,m+1+ay;,—p)

= , (4.7
P(m) m+ 1 (a; + m)(ay + m) 2Fo(m+ By, m+ Boym+ ap,m+ ap; —p) 7

where two confluent functions are given according to Eq (4.6). Using Lemma 2, it is not difficult to
prove the following two lemmas.

Lemma 2 For any nonnegative integer m, then we have the inequality

uo (B +m)(By +m)
Pm+1)< R Py, m)P(m) 4.8)

Lemma 3 For any m, we have the following estimation

uo (B +m)(By +m)

m+ 1 (a7 + m)(ay + m)

Pm+1)>& P(m) 4.9)

- 1 1
where & = (1 = A5 (1 - 4(m+ﬁz))'
Similar to the case of the common two-state model, we may distinguish two cases to find parametric

regions for unimodality and bimodality in a gene model with one active state and two inactive states.
That is, we consider two cases separately: P(1) > P(0) and P(1) < P(0) . The key equation to be
solved is that under what conditions of reaction rates, the difference P(m + 1) — P(m) is positive or
negative. When one wants to estimate the sign of this difference, the above three lemmas are useful.

By analysis, one is able to know that P(m) is unimodal under some conditions of reaction rates
whereas it is bimodal under other conditions of reaction rates. For example, we can rigorously prove
the following result: For P(1) < P(0), if uB3, < aja; and pf,(X) < 1 are simultaneously satisfied,
where f>(x) = [(B1 + X)(B2 + x)]/[(x + 1)(@; + x)(as + x)] and X is the extreme point of f,(x), P(m) is
unimodal. In fact, first note that 3,8, < @, can guarantee P(1) < P(0) due to Eq (4.8). Second, for
function f>(x), we know by calculation that there is a X such that f,(x) reaches its maximum at x = X,
referring to the inset of Figure 6(A). Apparently, if uf,(X) < 1, P(m + 1) < P(m) for all m, indicating
that P(m) monotonically decreases with regard to m. Therefore, P(m) is unimodal. The numerical
simulation has verified the correctness of our analysis, referring to Figure 6(A).
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Figure 6. Representative modes of mRNA distribution in a model of stochastic transcription
with the promoter having one ON state and two OFF states: (A) and (B) P(1) < P(0); (C) and
(D) P(1) > P(0). Parameter values are set as: (A) y; = 10,7, = 0,4, = 13 = 1,4, = A} =
O,u=10;B)y1 =04,y =0, =43 =14, =2, =0,u=20; (C)y1 =4, =0,4, =
/7.3 = 10,/11 = /1’2 = 0,/.1 = 20, (D) Y1 = 0.6,’)/2 = 0,/12 = /13 = 1.5,/11 = /1'2 = 0,/1 = 40.
In all the cases, 6 = 1. Empty circles are obtained by numerical realizations with Gillespie
simulation algorithm [60].

5. Conclusion and discussion

Transcription is a core process in life, but how upstream promoter kinetics affects downstream
transcription dynamics remains to be not fully understood. Here, we have analyzed two representative
yet general models of stochastic transcription. For the queuing model of transcription with general
waiting-time distributions, we have derived a general formula for calculating raw moments of any
order. In turn we have proposed an efficient method—the CM method, to reconstruct the mRNA
distribution, where CMs are actually linear combinations of raw moments but the former has better
properties than the latter, e.g., CMs converge to zero as their orders tend to infinity. For the multistate
model of transcription with arbitrarily complex promoter structure, we have derived exact steady-state
mRNA distributions, which are expressed by generalized confluent hypergeometric functions.
Moreover, we have found that there are conjugate relationships among these complex distributions.
For both models, we have shown that the mRNA distribution is in general sup-Poissonian. In
addition, we have analyzed robust regions for unimodality and bimodality for two specific yet
representative models. By combining numerical simulation, we have found parametric regions for
how unimodal and bimodal expressions are robustly shaped. Importantly, our analysis methods and

Mathematical Biosciences and Engineering Volume 16, Issue 5, 6134-6166.



6154

results can save time for investigate gene expression behavior than numerical simulations. Our
analysis lays a foundation for quantitative analysis of stochastic gene transcription whereas our results
would be helpful for designing biologically robust gene regulatory circuits.

Although our analyzed models of stochastic transcription are general, i.e., they include many
previously-studied models as their particular cases, we still neglect some other processes underlying
transcription, such as alternative splicing [35], DNA methylation [18], RNA nuclear retention [61],
cell division [62], negative feedback [19, 32] and spatial heterogeneity [63, 64]. These processes or
factors can also impact the transcription level or transcription efficiency, but how this impact is
mathematically analyzed and how exact analytical results are derived would need to develop new
mathematical models and new analytical methods. In particular, when extracellular dynamic and
stochastic regulatory signals are considered, the theoretical or numerical analysis would be
challenging since the corresponding chemical master equation will become a non-Markovian system
in this case. In addition, we have given conservative parametric regions for robust unimodal and
bimodal expressions by analyzing complex mRNA distributions in two simple models of stochastic
transcription, but a gene model with multiple active states may exhibit various modes of distribution,
including unimodality, bimodality and multimodality [25]. Theoretically proving this point or giving
exact parametric regions for multimodality seems difficult.

We point out that our first model of stochastic transcription belongs to the so-called GIX/G /oo
system in queueing theory [50, 54]. Using this theory, one can also derive formulae for calculating
raw moments in a gene model of stochastic transcription where the mRNA lifetime follows a general
distribution rather than an exponential distribution considered here, besides that ON and OFF times
follow general distributions. In addition, we point out that it looks like a big difference between the
two gene models studied above, but we can establish the relationship between them by calculating
the mRNA noise. This is because that (3.16) always holds for both models. These models are all
convergent, referring to some discussions in [66], and the corresponding mRNA distributions exhibit
discontinuities [68], which can easily be verified from the expressions of the distributions reconstructed
from our CMs.

Until now, the study of stochastic transcription focuses on the following two classes of models:
(1) The first class is the so-called promoter models where the promoter has arbitrary activity states
(either ON or OFF) and there are random transitions among these states, e.g., the model studied in
this paper or referring to Figure 7(A); (2) The second class is the so-called queuing models, where
the waiting times, e.g., from OFF to ON states, from ON to OFF states, from DNA to mRNA, or for
a multistep process of mRNA degradation, follow a distribution. Note that this class of models can
further be classified as more specified models by considering combinations of the mentioned cases,
e.g., the state-waiting model in Figure 7(B) and the transcription-waiting model in Figure 7(C). These
two classes of models were partially studied [25, 56, 66, 68]) and some interesting results were also
obtained [25, 52, 53, 56, 66, 68]. In principle, our queuing model studied in this paper includes the
queuing models in the existing literature as its special cases, and our results obtained in the paper can
partially reproduce some previous results, at least those for the first two moments obtained under the
same assumed conditions. Although we have established partial connections between the two classes
of models, deeper connections are worth further study.

Finally, it is worth mentioning that the CM method that we simply introduced here would have broad
applications in modeling, analysis and simulation of biochemical reaction networks including complex
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Figure 7. Schematic diagrams for three representative classes of gene models: (A) promoter
model, where the promoter contains many (ON and OFF) states and there are transitions
among these states, and the mRNA degradation rate is constant; (B) state-waiting model,
where the promoter contains one ON state and one OFF state but the times that the gene
dwell at these two states follow non-exponential distributions, the mRNAs degrade in a
multistep manner (i.e., the corresponding times follow a non-exponential distribution), and
the transcription rate is constant; (C) transcription-waiting model, where the waiting times
from DNA to mRNA follow a general distribution, the mRNAs are produced in a bursty
manner, and the mRNAs degrade in a multistep manner.

gene regulatory networks. In fact, apart from two remarkable advantages mentioned in this paper, i.e.,
CMs tend to zero as their orders go to infinity; CMs can be used to reconstruct the corresponding
distribution, there are other advantages, e.g., according to the definition of CMs, we can derive the
time evolution equations for CMs based on the chemical master equation, which are a linear equation
group with constant coefficients. Thus, one can use CM equations to study how upstream promoter
dynamics affect downstream expression dynamics, and may reveal dynamical mechanisms behind it,
which would be difficult by directly analyzing the chemical master equation.
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Appendix

A. Derivation of (2.4) in the main text

Let bg) be the convergent moments corresponding to the factorial distribution P;. According to the
CM definition, we have

blf)(;) - Z( Z )Pi(m, f), where 1 <i<N,k=0,1,2,--- (AD)

m>k

Note that (1) in the main text is expressed in the component as

Pi(m;1) At A o Ay Pi(m;1)
0| P(m;t) 3 Ay Ay - Aoy P>(m; 1)
ot : B :
Pyn(m; 1) Ayt Az o0 Ann Py(m; 1)
m 0 - 0 Pi(m—1;1) Pi(m;1)
0 o --- O Py(m—1;1) Py(m; 1)
+1 ... . . - .
o o0 --- MN PN(m—l;t) PN(m;t)
op 0 --- O Pi(m+1;1) Pi(m;1)
0 6 --- 0 Py(m+1;1) Py(m; 1)
+1 . . . . - .
0O 0 --- on Py(m+1;1) Py(m; 1)
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Also note that for any fixedi : 1 <i < N, we have

Z( v )[Pi(m— L= Pmol= ) ( mel )R-(m;r)—Z( " )Pl(m;r)

m>k m+1>k m>k

k m+1 m
=(k)Pi(k—1;r)+Z( L )—(k)]a-(m;r)

m>k
m
_Pi(k—l,t)+§(k_l)Pi(m,t)
m i
:Z( L )Pmm;r):b;)(t),
m>k
m m-—1 m
;(,{ )[P,-(m+1,r>—Pl-<m,r>]—m_ZDk( L )Pmm,n—;(k)a(m,t)
m—1 k
=D, [( L )]Pi(m,n—(k)a(k,t)
m>k+1
- S (") Pk
k_l l >
m>k+1
m i
= —kZ( j )Pi(m; 1) = —kb®(2).
m>k
Therefore, the summing over all the possible m being greater than or equal to k in (A1) yields
b;(cl)(t) A A - Ay bl(cl)(t)
ol BP0 | | A A o v || BP0
2 N N :
b™ (1) v Ave o A LBV
w0 - 0 (B (1) s 0 - 0 b
0 wo - 0 || 620 0 6 - 0 b(t)
oo ) -kl :
0 0 - mv )\ B0 0 0 - oy J\ 6.

Assume that all the degradation rates are equal and denote by ¢ the common degradation rate. Using &
to normalize all the parameters and setting T = ¢¢, we can obtain

db
d—k:ka+Abk_1—kbk, k=1,2,---, (A2)
=

—_ (5D ) PR () PR o . )
where b, = (bk ), b,7(0),- -+ , b, (t)) is a column vector. (A2) is just (4) in the main text.

B. Details for the proof of proposition 1 in the main text

At steady state, it follows from (4) in the main text or (A2) that

(kI -W)b, = Abyy, k=1,2,-- (B1))
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Note that the W matrix describing the promoter structure is an M-matrix (i.e., the sum of elements
in every row is equal to zero, implying that the determinant of W is equal to zero, or det(W) = 0).
Therefore, (kI — W) is a reversible matrix with the inverse given by (kI — W)™ = det(kl o ——— (kI — W)*
in which (I — W)* and det(iI — W) are the adjacency matrix and the determinant of matrix (il — W),
respectively. Left multiplying (kI — W)~! on both sides of (B1) yields

1

b= —H-W)'Ab_;, k=1,2,--- B2
k det(kI—W)( ) Ab;_ (B2)
from which we have
(kI - W)*A L (T — WY'A
=|— = ———1|by, k=1,2,---. B3
‘ [det(kl - W) L det@m-w) | (53
If we denote by uy = (1,1,---,1) a N-dimensional row vector, uyb; = Zf\il bg) = b; holds. Left
multiplying uy on both sides of (B3) yields
1.
(I - W)*A
b, = ———— by, k=1,2,---, B4
k=t [ | et - W)] 0 (B4)
where by = (b(()l), bf)z) b(N)) is a column vector.

Next, we derive the expressions of bg) (1 <i < N). The results are

O N-l ﬁ(_j)
bgﬂ:]_[l—_, 1<j<N, (BS)

iz i
where —ay,—ay,---,—an-; are nonzero characteristic values of matrix W whereas
ﬁ(j), —ﬂ(]) ., (’) , are those of W, the minor matrix of W after crossing out the j™ row and j™"

column of the entry /L ; of W. In fact, det(W) = 0 implies WW* = det(W)I = 0. As a direct
consequence of Laplace’s formula for the determinant of matrix W, we have

det (Wl)
W : =0, (B6)
det (Wy)
where
N-1
det(Wy) = (D' [ [B¥. 1<k <N (B7)
i=1
since —B(j), - (2]'), cee (’ ) _, are the characteristic values of matrix W;. Note that the null space of W is

one-dimensional due to rank(W) N —1, and that (B1) still holds for k =0 (i.e., Wby = 0). Therefore,
from the combination of (B6) and Wb, = 0, we can express by as

det (Wl)
by =c : , (B8)
det (Wy)
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where ¢ is a constant. Also note that bg)(t) = Ym0 Pi(m; 1) according to the CM definition and
S Suso Pim;f) = 1 for any t > 0 due to the conservative condition of the total probability.

Therefore, we have the constraint condition uyby = 1, which in combination with (B8) gives

1

= B9
S det (W) (59)

If we denote by fy(x) = det(xIy — W) = x(x+ a;)---(x + ay_1) the characteristic polynomial of
matrix W, it is easy to show that
N-
]_[ (B10)
i=1

dfw(X)

xX=

On the other hand, Jacobi’s formula gives

dfw ddet (xIy — W d(xIy - W
Jw(X) _ et (xly ) = tr [(xIy — W' (xIy )
dx x=0 dx x=0 a’x =0
N N N-1 (B11)
= =DV Y detW = > [ |8,
k=1 k=1 i=1
where ”tr” represents the matrix trace. The combination of (B10) and (B11) gives the equality
N N-1 N-1
B =1 |a. (B12)
k=1 i=1 i=1
Thus, we have the relationship
N N-1
D det(Wy) = (D" [ e (B13)
k=1 i=1
‘e _ (=DM 1 k) _
due to (B7).In addition, note that ¢ = i = S dawy and b,” = c - det(W,) due to
det (W)
by = ¢ : , as well as det (W;) = (= DV~ TT¥,! 8 due to the fact that -8 (1 <i < N)are
det (Wy)

the characteristics of matrix W,. Therefore, we have

-1

N-1
bf)") = ¢-det(W,) = (-=DN! [1_[ ai] (D! l_[ﬁ(k)

i=1
To that end, the proof of Proposition 1 in the main text is finished.

C. Derivation of (3.16) and (3.17) in the main text

For clarity, here we consider only the case of constant degradation rate (6). First, we derive the
analytical expression for the mRNA mean. According to (33), (34) and p, = %‘ (1 - e‘&‘)as well as
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definitions in the main text, we can respectively show

(MYiniy = W, (0) = Joo Prfon(ds iy Joo (1= ) fontirdt
M= 3 S HO SO fogs()dids O 1= [T [T e £ (1) fop(s)dds n
u 1= [y e foult)dt _u 1Ly
S 1= [ eotf(t)dt [~ e forp(s)ds 61 - Lon(8)Loyf(6)
Joo [HGs + 0 (1= H(s + 1)+ 2p)] fon(0) for p(s)dtds
2 _ 17 _ - Jr=0
() = Wit = () 1~ L,,(20)L,;,(20)
5 [0 pe(L 4 00) fonD) fop(s)dtds
1 - Lon(26)L0ff(26)
o o I [e72 (1 = €799 + 20,)] fon®) fog (5)deds . Joo o (1+ ) fon(t)dt )
= Vit 1 = Lyy(26) Loy r(26) 1 = Low(26) Loy 1(26)
o (1+ %) Lou(O)Log(8) = Lon(28)Log(28) — 25 Lou(26) Log(5)
— Wi 1= Lon(20) Loy /(20)
) B(1+8) =2 (14 2) Lou(8) + 5 Lou(26)
1- Lon(26)L() f]‘(26) '
d |
), = Wi (log [ 1+ (@ = )| = W, (0™
' (C3)
(m?) = 12 Wi (log[1+¢ (¢ = D) _ = Wiru(0)e™ + W (0) (7 = ™),
0o =52 [ Wi ftog (1 -+ € = 1)) (90 sk
s=0
= Wz',niz(O)LOff((S)e_éu + PuWinir(0),
2 00
<m2>u = j_zz f—o Winie (log (1 Sl o 1))) eV f o o(8)d Sl (€4)

= pu (1 + p,) + W/ (0)e 2L, 1(26)
+ Wi (0) [ Loy p(8) + 20ue™ Loy s(8) — € Lyy7(26)]

Substituting these expressions into (36) in the main text yields
(¢Tond + (ops)) (m) = f (myy(1 = F(s))ds + f (myu(1 = G(u))du
s=0 u=0

- f ) Wl.’m.t(O)e_(”( ) Fors(tds + f ) | Wi O Loy (8)e™ + pu | ( f ) fon(t)dt) du
s=0 u= t

t=s 0 =u

= W;:(0) f e ( f i foff(f)dt) ds
s=0 t=s
+ Wii(0)Loy1(0) f e ( f ) fon(t)dr) du + f i Pu ( f i ﬁm(t)dt) du,
u=0 t=u u=0 t=u
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where

foo 6_65 foo foff(t)dtds =
f f Jon(t)dtds =

fm (f fon(t)dt)du— f e f fon(D)dtdu
u=0 =u 6 u=0
Ef f fon(t)dtdu_gf e_&’f fon(t)dtdu
u=0 u

<T()I’l > 62 62 L()I’l (6) *

Loff((s),

Sollan

L()Vl (6) ”

o)|- SR
| =

Therefore, we have
((Ton> + <Toff>) <m>

, 11 , 11 7 KoM
= Wi (0) (5 - gLoff(@) + W;i(0)Los£(6) (5 - gLon(é)) +5 (Ton) — gt gl«m(@ (C5)

Iz poH W3,i(0) H
= g <Ton> - E + (ELon(d) + T (1 - Loff((s)Lon((s)) = 5 <Ton> .

This gives the analytical expression for the mean mRNA in the case that the on-state and off-state
lifetimes follow general distributions, i.e., (3.16) in the main text.

Next, we derive the analytical expression for the mRNA noise intensity. The key is to give the
second-order moment (mz) Note that

(¢Tond + (Tops)) (m*) = f o; (m?) (1= F(s))ds + f ) (m?) (1 = G(u)du

s= u=0

= f : ([ W (0)e™ + mn(o)( —os _ —265)] f_ ) foff(t)dt) ds
“(( pu (1 +py) + W (0)e > L, (26)
’ f ({ +Wl,nlt(0) [ 6ML()J‘]‘ (0) + 2pu MLij ©)—e 26ML(;fj (26)] } f fon(t)dt)
= Wiin(0) { f (e‘z‘” f ﬁ,ff(r)dz) ds + Lyy7(20) f (e—zau f £.0) dt) du}
=0 =S u=0 t=u

0l J=o (e = &) [7 fors(Ddt) ds + Lo (S) [T (€7 [, fonO)dlt) du
Wi 2Loff(5)f o (oue™ [ fon(t)dt) dit = Loyp(26) [ (72 7 fon(0)dt) du

+f°° (Pu(l +Pu)f fnn(t)df) du
u=0 =u

Simple calculation yields

12 (1= Lop(®) (1 = Logs(6))
((Fond + (o) ) = =55 —= GG + 5 ) + 5 () (C6)
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Using (C1) and according to the noise definition, we can obtain the analytical expression for the mRNA
noise intensity

o1 (o) () @) D [ pstutor (5 fon(wdsdlu

nm =-—+ - ) 00
(m) ~ (Ton) BT 1= [T [ e £ n(8) fon(u)d sdu «n
_ 1 + <T0ff> B <T()ff> + <T0n> (1 - Lon((s)) (1 - Loff(é))
B <m> <Ton> 0 <T0n>2 1- Lon((s)Loff(é)

D. Queuing model simulation algorithm

In the queuing model of stochastic transcription, we assume that the synthesis rate and degradation
rate of mRNA are u and ¢ respectively. And the times that the gene dwells at ON and OFF states are
assumed to follow general distributions f;,(#) and f, () respectively. Let g(¢) be gene state and m(r)
be the mRNA number in the cell at time t. If the gene dwells at ON state, g(¢) = 1, ortherwise g(¢) = 0.
We propose the following stochastic simulation algorithm to obtain exact numerical realizations of the
mRNA synthesis and degradation process m(?).

0. Initialize the time 7 = #, and the system’s state m(t) = my.

Lifg(r) =1
generate a waiting time 7, according to probability f,,(?)
set 704 =1 + 7,
repeat
update the mRINA’s state m(f) and based on Gillespie simulation algorithm [60] for reactions
@ — mRNA and mRNA — @ whose reaction propensity functions are given by a;(m(t)) = u
and a,(m(t)) = om(t) respectively
until 7 > 7
setg() =0

else

generate a waiting time 7 o according to probability f,(¢)
set T =1+ T o
repeat
update the mRNA’s state m(f) and based on Gillespie simulation algorithm [60] for reaction
mRNA — @ whose reaction propensity function is given by a,(m(t)) = om(¢)

until 7 > 7 ¢
set g(r) =1
end

2. Record trajectories (t, g(t), m(t)) as desired. Return to Step 1, or else end the simulation.
3. After discarding the early part of the trajectories (the burn-in phase), the remaining realizations
are used to estimate the steady-state probability distribution and the related statistics.
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E. Proof of Theorem 3 in the main text

Note that for any m , we have

IFrA+mume™ I'(A+7y)
mI'A+y+m) I'(Q)

Pm+1)— P(m) =

U+ m) (ED
Fily,A+y+m+ 1) = Fi(y,A+y +m;
DAy em 1y, d+y+m+ 1) — Fi(y Y+ m; )
and
Fily, A+y+m+1L;p0)— Fi(y,A+y+m;u) <0 (E2)

For clarity, we distinguish the following three cases.

First, if ud < A+vy, wd+m)<(m+ 1)(4+7y+m)holds for m = 0, implying that P(1) < P(0) is
guaranteed.

Second, note that if 4 > 1, the function fi(x) = % has no extreme value with regard to ,
implying that it is monotonically decreasing. Therefore, the inequality u(d + m) < (m + 1)(A +y + m)
holds for all in this case. Thus, if 4 > 1 and ud < A4 + y, P(m) is unimodal.

Third, if 2 < 1, the function fj(x) reaches its maximum at the unique point ¥ = —1 + +/y(1 — A).
Furthermore, If u(1+ %) < (X + 1)(1 + y + X), fi(¥) < 1, implying that P(m + 1) < P(m) holds for all .
Therefore, P(m) is also unimodal in this case. However, u(1 + ¥) < (¥ + 1)(1 + y + X) is equivalent to
(u+A—y—1)4/(1 = Dy <2(1 = Ay, which is further equivalent tou < y+ 1 -2+ 2+/(1 — A)y. Thus,
we know that if two inequalities A < 1 and 4 < min(y+1—-2+2+/(1 — 2)y, 1 +y/A) are simultaneously
satisfied, P(m) is unimodal, referring to Figure 4(A) and (B) in the main text.

Now, we turn to considering bimodality. It is not difficult to establish the inequality

1Fity, A+ y+m+ L) > EuFi(y, A+y +m;p) (E3)
for any m, where & = 1 m According to the expression of

_ T+m)e ™" T(A+y) . P(m+1) (A+m)u _ _ 7
P(m) = e o F1(vs A +y + mip), we have o > So2mR s, where £ = 1 — s,

Thus, in order to ensure that P(m) is bimodal, we only need to find a m; > 1 such that

H (A+my)u fed : :
(1 — +m|)) T yye—t— 1. However, this inequality can be rewritten as

dmi —du—-A—y—Dmy +p> —4u+4QA+y) <0 (E4)

Therefore, if u > A +y+2and (u—A—vy —1)> > > — 4Au + 4(1 + y) (the latter is equivalent to
2(y +1-=2A)u < (A1+7y — 1)?)) are simultaneously satisfied, we know that there is at least one such that

1
1<m1<§(u—/l—y—l+ V= A-y =1 -2 + 4u - 41 + 7)) (E5)
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