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Abstract: This paper deals with the propagation dynamics of an epidemic model, which is modeled by
a partially degenerate reaction-diffusion-advection system with free boundaries and sigmoidal function.
We focus on the effect of small advection on the propagation dynamics of the epidemic disease. At
first, the global existence and uniqueness of solution are obtained. And then, the spreading-vanishing
dichotomy and the criteria for spreading and vanishing are given. Our results imply that the small
advection make the disease spread more difficult.
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1. Introduction

In order to describe the evolution of fecal-oral transmitted diseases in the Mediterranean regions,
Capasso and Paveri-Fontana [1] proposed the following model

1.1
V(1) = =bv + G(u), (1)

{u’(t) = —au + cv,
where a, b, ¢ are all positive constants, u(¢) and v(¢) denote the concentration of the infectious agent
in the environment and the infective human population respectively. The coefficients a and b are
the intrinsic decay rates of the infectious agent and the infective human population respectively, ¢
represents the multiplication rate of the infectious agent due to the human infected population. The
function G(u) stands for the force of infection of the human population due to the concentration of
infectious agent. We assume that G(u) satisfies the two specific cases: (i) a monotone increasing
function with constant concavity; (ii) a sigmoidal function of bacterial concentration tending to some
finite limit, and with zero gradient at zero. These two cases contain most of the features of forces of
infection in real epidemics. For some epidemic, if the density of infectious agent is small, the force of
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infection of the humans will be weak and may tend to zero, and the function G will satisfy case (i1). In
this paper, we focus on such case, and assume that the function G : R* — R™ satisfies:

(Gl) G € C*(R*), G(0) = 0, G'(z) > 0 for any z > 0 and lim G(2) = 1;
z7—00

(G2) there exists & > 0 such that G”(z) > 0 for z € (0,¢) and G”(z) < 0 for z € (&, 00).

Denote

_cG'(0)
~ab
Under two specific cases stated above, the global dynamics of the cooperative system (1.1) has been
described in detail in [2]. It follows from [2, Theorem 4.3] that the global dynamics of (1.1) under
conditions (G1) and (G2) can be described as follows:

(1)Ife<1and @ < “L—? for any z > 0, then the trivial solution is the only equilibrium for problem
(1.1) and it is globally asymptotically stable in R* X R*.

(i1) If 6 > 1, then problem (1.1) has only one nontrivial equilibrium point (z*, v*) in addition to (0, 0)
and it is globally asymptotically stable in R* x R™.

(i1i) If 8 < 1 and %') > “—Cb for some z; > 0, then problem (1.1) has three equilibrium points:

0

K K
EO = (O, 0)’ El = (K19 Q) and E2 = (K27 2)7
C C

where 0 < K; < K; are the positive roots of G(z) — i—?z = 0. In this case, E; is a saddle point, E, and
E, are stable nodes.
In 1997, Capasso and Wilson [3] further considered spatial variation and studied the problem

u, = dAu — au + cv, (t,x) € (0, +00) X Q,
v, = —bv + G(u), (t,x) € (0, 4+00) X Q, (12)
u(t, x) = 0, (1, x) € (0, +00) X O, '

u(0, x) = ug(x), v(0, x) = vo(x), xe€Q,

where Q is bounded. By some numerical simulation, they speculated that the dynamical behavior of
system (1.2) is similar to the ODE case. To understand the dispersal process of epidemic from outbreak
to an endemic, Xu and Zhao [4] studied the bistable traveling waves of (1.2) in x € R.

The epidemic always spreads gradually, but the works mentioned above are hard to explain this
gradual expanding process. To describe such a gradual spreading process, Du and Lin [5] introduced
the free boundary condition to study the invasion of a single species. They considered the problem

u; — du,, = u(a — bu), t>0, 0<x<h(),
u(1,0) =0, u(t,h() =0, >0, (13)
B () = —pu(t, (D)), t>0, '

h(o) = h()’ M(O, x) = I/l()(.X), 0<x< h07

and showed that (1.3) admits a unique solution which is well-defined for all # > 0 and spreading and
vanishing dichotomy holds. Moreover, the criteria for spreading and vanishing are obtained: (i) for
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hy > 3 \/g, the species will spread; (ii) for hy < § \/g and given uy(x), there exists u* such that the
species will spread for 4 > p*, and the species will vanish for 0 < u < p*. Finally, they gave the
spreading speed of the spreading front when spreading occurs. Since then, many problems with free
boundaries and related problems have been investigated, see e.g. [6—22] and their references.

In 2016, Ahn et al. [23] considered (1.2) with monostable nonlinearity and free boundaries. They
obtained the global existence and uniqueness of the solution and spreading and vanishing dichotomy.

Furthermore, by introducing the so-called spatial-temporal risk index
G'(0);

RE() = ——2—,
a+d(m5'm)

they proved that: (i) if Ry = < 1, the epidemic will vanish; (ii) if Rg (0) > 1, the epidemic will
spread; (iii) if Rg (0) < 1, epidemic will vanish for the small initial densities; (iv) if Rg 0) < 1 < Ry,
epidemic will spread for the large initial densities. Recently, Zhao et al. [24] determined the spreading
speed of the spreading front of problem described in [23].

cG’(0)
ab

Inspired by the work [23], we want to study (1.2) with bistable nonlinearity and free boundaries.
Meanwhile, we also want to consider the effect of the advection. In 2009, Maidana and Yang [25]
studied the propagation of West Nile Virus from New York City to California. In the summer of 1999,
West Nile Virus began to appear in New York City. But it was observed that the wave front traveled
187 km to the north and 1100 km to the south in the second year. Therefore, taking account of the
advection movement has the greater realistic significance. Recently, there are some works considering
the advection. In 2014, Gu et al. [26] was the first time to consider the long-time behavior of problem
(1.3) with small advection. Then, the asymptotic spreading speeds of the free boundaries was given
in [27]. For more general reaction term, Gu et al. [10] studied the long time behavior of solutions of
Fisher-KPP equation with advection 8 > 0 and free boundaries. For single equation with advection,
there are many other works. For example, [28—34] and their references. Besides, there are also several
works devoted to the system with small advection, such as, [35—40] and their references.

Taking account of the effect of advection, we consider

u; = duy, — fu, —au + cv, t>0, g(t) < x < h(t),
v, = —=bv + G(u), t>0, gt) < x < h(t),
u(t,x) = v(t,x) =0, t>0, x=g() or x = h(t),

1.4
8(0) = —ho, g'(t) = —pu,(t,8(1)), >0, (4

h(0) = ho, W' (f) = —uu.(t, (1)), >0,
u(0, x) = upg(x), v(0, x) = vo(x), —hy < x < hy,

where we use the changing region (g(¢), h(t)) to denote the infective environment of disease, where the
free boundaries x = g(¢) and x = h(t) represent the spreading fronts of epidemic. Since the diffusion
coefficient of v is much smaller than that of u, we assume that the diffusion coefficient of v is zero.
When u spreads into a new environment, some humans in the new environment may be infected.

Hence, we can use (g(¢), i(t)) to represent the habit of infective humans. We use Iy = (—hy, hy) to
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denote the initial infective environment of epidemic. The initial functions uy(x) and vy(x) satisfy

ug(x) € Z1(hg) = {uo(x) € W;(IO) : up(x) > 0 for x € Iy, up(x) = 0for x € R\Io} ,
vo(x) € Z5(hy) = {vo(x) € C*(Ip) : vo(x) > 0for x € I, vo(x) =0 for x € R\Io} ,
where p > 3. The derivation of the stefan conditions h’(¢) = —uu,(t, h(t)) and g’'(¢t) = —uu,(t, g(t)) can

be found in [41,42]. In this paper, we always assume that G satisfies (G1)-(G2) and

(G3) G(z) is locally Lipschitz in z € R*, i.e., for any L > 0, there exists a constant p(L) > 0 such that
1G(z1) — G(22)| < p(D)|z1 — 22, ¥ 21,22 € [0, L].

Furthermore, we assume that 0 < 8 < 8" with

00, 0<1,
B* = (3
2d(SQ —a), 6> 1.
The rest of this paper is organized as follows. In Section 2, the global existence and uniqueness of
solution, comparison principle and some results about the principal eigenvalue are given. Section 3 is

devoted to the long time behavior of (u,v). We get a spreading and vanishing dichotomy and give the
criteria for spreading and vanishing. Finally, we give some discussions in Section 4.

2. Preliminaries

Firstly, we prove the existence and uniqueness of the solution.

Lemma 2.1. For any given (ug, vo) € Z1(hy) X Z>(hy) and any a € (0, 1), there exists a T > 0 such
that problem (1.4) admits a unique solution

(v, 8. ) € (WE(Q) 0 €1 @) x €' (10, T1: L (g0, ho) x [C4q0. 7D] . 1)

nioreover,
||u||W]1)’2(QT) + ||u||C1+Ta,l+a(§T) + ”g”CH%([O’TD + ||h||C1+%([0,T]) S C’ (2'2)

where Qp = {(t,x) € R?: 0<t< T, g(t) < x < h(t)}, C and T depend only on hy, «, ||u0||W§([_hO’hOJ)
and ||vollco.

Proof. This proof can be done by the similar arguments in [43]. But there are some differences. Hence,
we give the details. Let

B0k ( , () — @)y + (1) + g(t))
h() —g) =~ ’ 2 ’

and

At y) = v ( " (h(t) — g(t))y2+ h(t) + g(;)).
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Then problem (1.4) becomes

wt—dAzwyy+(BA—B)wy:—aw+cz, O<t<T, -1<y<l,
w(t,—1) =w(t,1) =0, 0<r<T,
w(0,y) = uo(hoy) = wo(y), -l<y<l,

v, = —=bv + G(u), 0<t<T, g(t) < x < h(t),
v(t,g() =v(t,h(t))=0, 0<t<T,
v(0, x) = vo(x), —hy < x < hy,
and
gt = —pAwy(t,-1), 0<t<T,
W (t) = —uAwy(t, 1), 0<t<T,
8(0) = —ho, h(0) = ho,

where

W@ +g'@ HW@-g @

2
A =A(g®),h(t)) = ——— and B = B(g(1), h(1),y) =

h(t) — g(7) o g k) - g0

Denote g* = — £ u)(~ho) and h* = —£uj(ho). For 0 < T < 52—, define

Ar =10, T] x[-1,1],

Dir ={w e C(ar) : w0,y) = wo(y), w(t, 1) =0, |lw —wollcar) < 1},
Dyr ={g € C'([0,T]) : g(0) = —ho, g'(0) =g", lIg’ — & llcqo.ry < 1},
Dy ={h e CY[0,T]) : h(0) = hy, W(0) =h", ||W - hllcqory < 1)

It is easy to see that Dy = D7 X D,y X Ds7 is a complete metric space with the metric

d((wi, &1, ), (W2, 82, ) = llwi = walleay + g1 = &allerqory + 171 = hallergo.ry-

For any given (w, g, h) € Dr, there exist some &1, &, € (0, 1) such that
’ ’ * * h
|g(®) + hol + |h(t) — hol = |g"EDIt+ W (EDE<TQ2+g +h") < 50

which implies that
2hy < h(t) — g(t) < 3hy, Yt €[0,T].
Thus, A(g(?), h(?)) and B(g(?), h(t), y) are well-defined. By the definition of w, we have

2x — g(f) — h(t))
ht)—gt)y )

u(t,x) =w (t,

Since [w(t,y)| < |[wollz~ + 1 for (¢,y) € A7, we have

lut, )| < lwoll~ + 1 = My, ¥ (2, x) € [0, T] X [g(0), h(D)].

(2.3)

(2.4)

(2.5)

(2.6)
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Define

VO(x)’ X € (_hO’ hO)’ ndt =40 X € [ ho, h ]
= 5 —10, 0 ds

ti’ X € [g(T)7 _hO) and x = g(ti),
Vo) = {0 x € R\(=ho, o)
’ 070 ¢, x € (hy, h(T)] and x = h(t").

For u defined as (2.6) and any given x € [g(T), h(T)], we consider the following ODE problem

{v, = —bv+Gu(t,x)), t,<t<T, 2.7)

V(ty, X) = Vo(x).

By the similar arguments as the step 1 in the proof of [44, Lemma 2.3], it is easy to show that (2.7)
admits a unique solution v(¢, x) for t € [t,, T,], where T, € (0, m] Hence, problem (2.4) has a
unique solution v(z, x) € C'([0, T,]; L*([g(1), h(t)])). By the continuous dependence of the solution on

parameters, we can have
Willze@ry < Ci.
Then
Ville=@r) < Walleo@ry < Ci, YT < T,

For this v, we can get
(h(®) — g@)y + (1) + g(1)
> .

Z(l, y) =vl{,
For (w, g, h) and z obtained above, we consider the following problem

W, —dA* Wy, + (BA—Bw, = —aw+cz, 0<t<T, -1<y<],
w(t,—1) =w(, 1) =0, 0<t<T, (2.8)
w(0,y) = uo(hoy), -l<y<l.

Applying standard L” theory and the Sobolev imbedding theorem, we can have there exists 75 € (0, 7]
such that (2.8) admits a unique solution w(¢, y) and

||W||W]1,’2(AT2) + ||W||CHTQ'HH(AT2) < C27

where C, is a constant depending only on Ay, @ and 10l lw2 1 no.no1)- Then

903200y + 9015010 S I+ I, < G VTS T (29

(ar
Define

5(0) = —hy - fo WA(g(T), (), (7, ~ 1),

h(t) = hy — fo HA(g(T), h(T))wy(t, 1)dr,
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then we have g(0) = —hy, h(0) = hy,

g/ (1) = —pAR(D), h()Wy(t, — 1), B (1) = —uA(g(r), (D)w,(t, 1),

and hence B
25 g0 7y < 1o C2 = C. (2.10)

Now, we can define the mapping ¥ : Dy — C(ar) x C1([0,T]) x C'([0, T]) by

—
18113 0.7

F(w,g,h) = (w3, h).

Obviously, Dy is a bounded and closed convex set of C(A7) x C'([0, T]) x C([0, T]), F is continuous
in D7, and (w, g, h) is a fixed point of ¥ if and only if (w, v, g, h) solve (2.3), (2.4) and (2.5). By (2.9)
and (2.10), we have ¥ is compact and

— Tta — « a -/ « a
W = wollciayy < C2T 2, 8" = & llcqory < C3T2, Ih = I lcqory < CaT2.

__2 _2
Therefore if we take T < min {Tz, c, G ”} = T3, then ¥ maps Dr into itself. It now follows

from the Schauder fixed point theorem that ¥ has a fixed point (w, g, h) in Dr. Moreover, we have
(w, v, g, h) solve (2.3), (2.4) and (2.5),

vl + 0l t5zca < Ca IWallioy < 1 ¥V T < T,

(ar)

Define as before,

2x — g(t) — h(?)
0 WG o) — 800 )
Then (u, v, g, h) solve (1.4), and satisfies (2.1) and (2.2).
In the following, we prove the uniqueness of (u,v,g,h). Let (u;,v;, g, h) (i = 1,2) be the two
solutions of problem (1.4) for T € (0, T3] sufficiently small. Let

(hi(t) — &)y + hi(1) + gi(f)) _

ita :ita
) = .

Then it is easy to see that (w;, v;, g;, h;) solve (2.3), (2.4) and (2.5). Denoting
A; = A(gi(0), hi(1)), B; = B(gi(1), hi(1),y), W=w1—wy, Z=21-22, G=g1— &, H=h; — hy,
we can have
W, — dA3W,, + (BA, — B)W, = —aW + cZ
+(dA? — dAS)way, + [—(BAI — B)) + (BA2 — B))lway,, 0<i<T, -1<y<]1,

W, -1)=W(t,1)=0, 0<tr<T,
W(an):()9 —1<y< 1,

and
G' = —puA W (t, = 1) + Ay — Away(t, - 1), 0<1<T,
H = —puA \W,(t, 1) + u(Ay — Apwyy(t, 1), 0<t<T, 2.11D)
G(0) =0, HO0) =0.
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Using the L? estimates for parabolic equations and Sobolev imbedding theorem, we obtain

W12y < Ca (IZllcear + IGllcrqory + 1Hllerqor) (2.12)

where C, depends on C,, Cs and the functions A and B. Next we should estimate ||z; — 22||¢(a,). For
convenience, we define

H,,(t) = min{h; (1), ha(t)}, Hy(2) = max{h(2), b (D),
G,(t) = min{g, (), g2(t)}, Gu(t) = max{g,(t), g2(t)},
QG = 10, T] X [G(t), Hy(D)].

By direct calculations, we have

llzi (2, y) = 22t Wllcar)
" (t (h (1) = g1(@®)y + hy (1) + gl(l)) - (t (ha(1) — g2(0)y + ha(1) + gz(f))

2 2 C(ar)
<y, (t, (h (1) - gl(f))y2+ hi (1) + gl(l)) ) (t, (hi (1) - 81(1)))’2+ hi (1) + gl(f)) 2.13)
C(ar)
( (h (1) — g1(D)y + hi (1) + 81(1)) ( (ha(1) — g2(D)y + ho(1) + gz(l))
+ |2 |, D — v, 3
C(ar)

< i@ x) = va(t, Oll e qGminny + ||V2x||LM(Q?m,HM) (IGllcqo.ry + IHllcqory) -

Now we estimate |(v; — v,)(¢*, x*)| for any fixed (", x*) € Q?””HM. It will be divided into the following
three cases.

Case 1. x* € [—hyg, hy].

Since (2.4) is equivalent to the following integral equation:

wt,x) = e [vo(x) + f e Gu)(s, x)ds] ,

0

we have
vi(t, x) = va(t,x) = e [ f " (G(uy) — G(ua)) (s, x)dS] :
0

Then,

. M
i, x7) = va(t', x7)| < pOM)

||u1 - uzllc(ggm*HM)' (2.14)

Case 2. x* € (hy, H,,(1)).
In this case, there exist 1], 15 € (0, ") such that h(¢]) = hy(#;) = x*. Without loss of generality, we
may assume that 0 < ¢; < 7;. Then,

Vi, x") = (', x7) = e [v1<tz,x*>eb’5+ f " (G(uy) — G(up)) (5, x*)dss | .
.

2
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Thus,

M
i, x7) = vo(t7, x| < vi(85, X)| + pIM)

||u1 - u2||C(Q(T;m’HM)'

By (G1) and (G2), we can have that there exists y such that G(z) < yz for z > 0. Now we estimate
vi(£5, x*). Direct calculations give that

€t} ,65]

f
vt x) = e | PG (s, x)ds < X max fuy (6, x)] = % max () - )t ).
r b relr; b relt;.13)

1

Hence,
Yt p(My)

i, x°) = va(f", x7)| 5

lluy = ol qGmn - (2.15)

Case 3. x" € [H,,(t"), Hy(t")].
Without loss of generality, we assume that A (") < hi(¢*). In this case, there exists 7] such that
hi(t]) = x*. Then v (t], x*) = 0, us(t, x*) = vo(t, x*) = 0 for ¢ € [£], "]. Hence, V(¢*, x*) = vi(¢", x*) and

t*
V([ 5y = e f e Guy)(s, )ds < L max [uy (£, x| = L max |(u; — ur)(t, X)|.
P b relri . b e[t ]

1,0
1 1

Hence,
* * * * 7
() = Va0 < g = g (2.16)

By (2.14), (2.15) and (2.16), we have
||V1 - v2||C(Q(T;m’HM) S C5||l/l1 - u2||C(Q(T;m’HM)’ (217)

where Cs depends on b, p, M, and y. Now we estimate ||u;(z, x) — u» (¢, x)|| c@Cm iy
T

[l (2, ) = a8, O)ll o Gt

( 2x — gl(t)—hl(t)) ( 2x—gz(t)—hz(t))
117, —wa i,

) - 10) 1)~ 820 legqonm,
2x = i) = I () 2x = 1(t) = (1)

— ) - D 2.18

1& mm—m») W& mm—mn)aﬁm) 19

+

W(tzx—gmn—hmn)_w(t2x—gxw—hxn)
U m -1 U - 20

< w1 @) = walt, Vlleeayy + Co (IGllco.ry + 1Hlleqo.rn) »

C(Q?ﬂhHM )

where C¢ only depends on Ay and ||w2x||C(AT3). By w0, y) = 0 and Sobolev imbedding theorem, we
have
||W(t7y)||C(AT) S [v‘/]c%A,O(AT)YW7 S C7T§[W]C%YQ(AT) S C8T7||W||W,1}>2(AT)’

where C7 and Cg do not depend on 7. By (2.12), (2.13), (2.17), (2.18) and (2.19), we can get

(2.19)

IWlhy120yy < CoT EIWIlyr2, + Cro (IGlerqory + IHllerqor)
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where Cy depends on Cy4, Cs and Cg; Cyo depends on Cy, Cs and Cg. If T € min {T3, (2C9)‘%} =Ty,

Wy 120y < 2C10 (IGlcrqory + IHlleigor) - (2.20)
In the following, we estimate ||G||c1 o,y and [|H||c1jo.ry)- Since G(0) = G'(0) = 0, we have

G = max G(¢) + max G'(¢) £ max G'(&)T + max G'(¢
G0, max () max (@) [max €3] max (2)

<(1+T) max MT%

. =Ti(1 + T)[G’
1€[0,T] (r— ())(7 ( NGl

ciqo.ry’
By (2.11), we have

/ —
(G ]C%([O,T]) =Cqn [[Wy(t’ —1)]C%.o([0’n) + (IGllevqo,ryy + 1H lergo,rp) [way (2, _1)]C%([O,T])] ,

where Cy; depends on u, A and hy. It follows from the proof of [45, Theorem 1.1] that we have
(Wt )] g0, < Cral Wyt s, < CrsllWilyiag, ),
where C}, and Cy3 do not depend on 7. Therefore, we have
IGllcr oy < C14T%(1 + T)IGller o + IHlero.rm)s (2.21)
where Cy4 depends on C;, Cyg, Cy; and Cy3. Similarly, there exists Cys such that
lHllc1o.r7) < CIST%(I + T)UIGller o,y + Hllero,77))- (2.22)

It follows from (2.21) and (2.22) that
o 1
||G||cl([0,T]) + ||H||Cl([0,T]) =CieT2(1 + T)(”G”Cl([o,T]) + ||H||c1([o,T])) < E(”G”cl([o,n) + ”H”C'([O,T]))

if T < min {T4, 1, (4C16)‘%} = Ts, where Ci1g = C14 + Ci5. Hence, G = H = O for T < Ts. It follows
from (2.20) that W = 0. This implies that u; = u,. By (2.17), we have v; = v,. The uniqueness is
obtained. O

Then it follows from the arguments in [23] that we can get the following estimates.

Lemma 2.2. Let (u,v, g, h) be a solution of problem (1.4) defined for t € (0, Ty, where T,y € (0, +c0).
Then there exist My, M, and M5 independent of T such that

(1) 0 <u(t,x) <My, 0 <v(t,x) < M, fort € (0,Ty] and x € [g(1), h(?)].

(1) 0 < =g’(v), W' (t) < M5 fort € (0, Ty].

Just like the proof of [37, Theorem 3.2], we can obtain the global existence and uniqueness.
Theorem 2.3. The solution exists and is unique for all t > 0.

Then, we exhibit the following comparison principle, which can be proven by the similar argument
in [23, Lemma 2.5].
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Theorem 2.4. Assume that

2, h e C'([0, +o0)), u(t, x), ¥(t, x) € C(D) N C"*(D),
ﬁ(()’ .X') € %(h0)7 ‘_}(0’ X) € %(h())

with _
D:={(t.x)eR*: 0<t<co, (1) <x<h®),

and (4,7, 3, h) satisfies

U, > dil, — fil, — au + cv, t>0, 3(t) < x < h(?),
v, > —bv + G(u), 1> 0, 3(t) < x < h(?),
u(1,3(t)) = u(t, h(r)) = 0, t>0,
W(t,5(1) = W(t, h()) = 0, t>0,

8(0) < —ho, g'(t) < —pu,(t,g(1), t>0,
70) > ho, i (£) > —pin(t, h(D), t> 0,
u(0, x) = uy(x), v(0, x) > vo(x), —hy < x < hy.

Then the solution (u,v, g, h) of the free boundary problem (1.4) satisfies
h(t) < h(t), g(t) > g(®), ¥ 1 > 0,

u(t, x) < u(t,x), v(t,x) <v(t,x), Vt>0, gt) < x < h(t).

Remark 2.5. The pair (%, 7, g, h) in Theorem 2.4 is usually called an upper solution of problem (1.4).
Similarly, we can define a lower solution by reversing all the inequalities in the suitable places.

In the following part, we consider the following eigenvalue problem

A =do,. — Bo, — + L0 , —l<x<l,
¢ =dps —Pox —ap + ——¢ x (2.23)
¢(=0) = ¢() = 0.
Denote by A((/) the principal eigenvalue of problem (2.23) with some fixed /.

Lemma 2.6. 1y(!) has the following form:

B ﬂZ d7T2
WD =533+ 48

cG’'(0) )
5 al.

Proof. We choose S to be small and determine it later. By a simple calculation, we can achieve the
characteristic equation

cG'(0)
;=
and let i; (i = 1,2) be the roots of (2.24). Then the solution of (2.23) is

di* —Bu+-a+ 0, (2.24)

d(x) = c1e"" + e,
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where c¢; and ¢, will be determined later. Since ¢(—1) = ¢(I) = 0, we can derive that

cG’(O)) <o.

A:ﬁ2—4d(/l—a+

In fact, if A = 5% — 4d (/1 —a+ %(0)) > 0, we have ¢ = 0, which is a contradiction. Hence, (2.24) has
two complex roots:

priid(1-a+S0)-p p-i4d(1-a+S0)-p
s = 2d P H2 = 2d '

Then

4d (1= g+ SO _ g
¢(X)=cle%x cos\/ ( at =5 ) B

C J(l-a+ SO0) - p
2d X +18SIn 2 X

Jid(1-a+SO) g ad(1-a+ GO)-p
>d X —isin ¥ x|.

b
+ cre2* | cos

By ¢(=1) = ¢(I) = 0, we have ¢; = ¢; and

\/4d(/l—a+ GO _ g
2d

When k = 0, A attain its minimum, we have

2 dn? G’ (0
Ao(z):f—d+4—’;—(c b( )—a),

s

l—2+k7r,VkeN.

and the corresponding eigenfunction ¢(x) = e%* cos (%x) O
Then we have the following properties about A((/).

Lemma 2.7. The following assertions hold:
(1) Ao()) is continuous and strictly decreasing in |,

B’ (CG’(O) )
—ayj.

llirgl Ao(l) = oo, Zlim () = — -

4d b
(i1) If% >1land )< B <2 1/d(%(o) — a), then there exists
G'(0
I = 2dx| 4d(c ( )—a)—ﬁ2

such that Ao(I") = 0. Furthermore, Ayp(l) > 0 for 0 <1 < I*, and Ay(l) < O for 1 > I".
(iii) If 2 < 1, then Ao(l) > & - (S2L - a) > 0.

Proof. By the expression of 1y(/) in Lemma 2.6, the proof of lemma is obvious. We omit it here. O
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3. Spreading and vanishing

Firstly, we give the definitions of spreading and vanishing of the disease:

Definition 3.1. We say that vanishing happens if
he — g0 < 00 and }Lf?o(||u(l, Neasw.moy + 1IVE lleagonan) = 0,
and spreading happens if

Neo — 8o = 00 and lim sup(||u(t, )lcew.non + IV ledew.naen) > 0.

t—00
Then, we give the following lemmas.

Lemma 3.2. Let (u,v, g, h) be the solution of (1.4). If he, — goo < o0, then there exists a constant C > 0
such that

ez, e ey nen < C> Y > 1. (3.1)
Moreover,
lim g’(¢) = lim A'(r) = 0. (3.2)
[—o0 —o0

Proof. We can use the method in [46, Theorem 2.1] to get (3.1). Then the proof of (3.2) can be done
as [16, Theorem 4.1]. O

Lemma 3.3. Let d, u and hy be positive constants, w € CHT”’”"([O, ) X [g(®),h(1)]) and g, h €
C'*3(]0, o)) for some a > 0. We further assume that wy(x) € Z1(hg). If (w, g, h) satisfies

W = dwy, — Bw, — aw, t>0, g(t) < x < h(t),
w(t,x) =0, t>0, x <g,
t,x) =0, t>0, x> h(),
w(t, x) / x = h(r) (3.3)
8(0) = —ho, g'(t) < —pw.(1,8), >0,
h(0) = ho, W'(1) = —puw,(t, h(1)), >0,
w(0, x) = wo(x) 2,2 0, —hy < x < hy,
and
lim g(¢) = goo > —o0, lim g’(¢) = 0, lim A(f) = ho, < o0, limA'(¢) = 0,
t—o0 t—o0 t—o0 [—o00
w(, e qemmeny <M, Y i>1
for some constant M > 0. Then
lim max w(t,x) =0.
t—o00 g(f)<x<h(r)
Proof. 1t can be proved by the similar arguments in [16, Theorem 4.2]. O

By above Lemmas 3.2 and 3.3, we can derive the following result.
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Theorem 3.4. If ho, — g0 < 00, then
tlifg(ﬂu(f, Neagonon + 1IVE Nleqgm.nan) = 0
Proof. Firstly, we can use the method in the proof of [46, Theorem 2.1] to get

+ ||Al| <C.

B21(10,c0)x[ (). h(1)]) ”g”C”%([Oaw»

Recall that u satisfies (3.3). By Lemmas 3.2 and 3.3, we can get lim [|u(z, -)l|c(g()n7) = O-
—00
Noting that v(¢, x) satisfies

vi=-bv+Gu), t >0, g(t) < x < h(r)
and G(u) — 0 uniformly for x € [g(?), h(?)] as t — oo, we have lim [|v(z, *)llc(e).nan) = O- |
[—0o0

Lemma 3.5. If@ < 2 for any z > 0, then ho, — geo < 0.

Proof. Direct calculations yield
0

c
— u(t, x) + —v(t, x)) dx
dt J g ( b

) ¢
= f (u, + —vt) dx
800 b

h(t) c
f (duxx — Bu, —au + EG(U)) dx

g0

h(r)
_ ﬁl(h’(t) -g'()+ f (—au + EG(u)) dx
J7i b

8

h(t)
f (u(t, X+ fv(t, x))dx
g()

ho
:f (uo(x)+ vo(x))dx——(h(l) 8(0)

h(s) c
+ 2h0 + f f —au + —G(u)) dxds.
8(s) b

Sinceu > 0,v > 0and G(u) < & uforu>0 we have

Integrating from O to ¢ gives

ho
h(t) - g(1) < ’E‘ f (uo(x) + %vo(x))dx +2hy < oo,

—ho

Letting t — oo, we have hy, — goo < 0. O

Lemma 3.6. Assume that G(Z‘) "L—?’ for some z; > 0. If Ag(hy) > 0 holds, then vanishing will happen

provided that uy and vy are suﬁiciently small.
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Proof. We prove this result by constructing the appropriate upper solution. Let ¢ be the corresponding
eigenfunction of Ay(hy). Since Ay(hy) > 0, we can choose some small ¢ such that

Bhe®® 3. 1
e A N S
2402 +0) AT xor2

Set

5
o(t) = ho(l +6 — Ee—f”), t>0,

u(t, x) = ge“”qﬁ( ?:))ef"(l_:&)x, t>0, —o(t) < x < o(p),
’ 2

v(t, x) = (G © + —0) ho_ t>0, —o() <x < o).
b 4c¢) o2

Direct computations yield

u, — duy, + Bu, +au — cv

@’ xhoo'  Bhox o’
( 0 ¢ o? "2 o2

. 2 2
— dee O em (1= {¢” (%) + 2¢’}£% (1 - %) + ¢(%) (1 - %) ]

’ h2
+ﬁge—5fez%(1—%))x [(;5'}? + ¢é% (1 - %)] +au — C(G;O) + j—g) O_—gﬁ

2 2
+ ge 0 etl1- am)X[ (d¢”+ﬁ¢)+¢’8 (1—h—‘;)
o b

’ 2 2
Zﬁ(—é—%z+§ﬂoh ) (l—h—)('g—u+au)

4d
_ Bhoo? 3 1

N S s Ry DU
”[ 2d2+0) 40T 1or|”

_ (G’(O) ) h2
+au—-c + —u
4c

’

and
v, + bv — G(u)
G0 2h%o _
= ( ZE) 4c) 3 u+ ( l§)+_c)_(ut+bu) G'(éu
G'(0) 2h & _ G’(O) Bh6? o
( b +4c) el ( )0-2 T 242 +0) b]”_G@”

__[(GO) A\ I Bhoo? L hg 26°
‘”{( b +%)E[_‘s_2d(2+5)]+6(0)?[1_b(2+5)

Aoh 262
w0 )

2+0
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for all t > 0 and —o(¢) < x < o(t), where & € (0,u). Let

2 0
_ Sho(1+9) o bon e:;aho}

2% mln{_¢’(ho) "¢/ (—ho)

&

hy

Since 7 < se’ 00 we can choose ¢ to be sufficiently small such that B > 0. Noting that

, 6’ -5t = —5t 41 ho B (o (t)=ho)
o'() = hoge , U(t,0(0) = ge™¢ (ho);e% ,
h
(1, =0 (1)) = "¢/ (~hg)— a0,
then we have

U, > dy, — fu, —au + cv, t>0, —o(t) < x < o(t),
v; > —bv + G(u), t>0, —o@) <x <o),
u(t,—o (1)) = u(t,o(1)) = 0, t>0,
v(t, —o (1)) = v(t,0(1)) = 0, t>0,
—0(0) < —hy, —07(t) < —pu,(t,—o (1)), t>0,
o (0) = hy, o/(t) = —uu,(t, o(1)), t>0.

If uy and v, are sufficiently small such that

o(x) < s¢(1 +X5/2)ezd‘3§ia>, VY x € [=hy(1+6/2) . hy(1+6/2)]
and
G'0) A 1 X\ e )
vo(x)s( . +%)(1+5/2)28¢(1+6/2)e 5, ¥ x € [—ho (1+6/2) . ho (1 +6/2)]
then

uo(x) < u(0, x), vo(x) <0, x), Y x € (=hg, hy).

Applying Theorem 2.4 gives that h(t) < o(¢) and g(¢t) > —o(¢). Hence, ho, — goo < 2ho(1 + 0) < c0. By
Theorem 3.4, we have }LTO(”M(L MNeaewnon + IV Nlleqew.non) = 0. o

By Lemma 3.6, we can derive the following corollary directly.

Corollary 3.7. Assume that %?) > “—Cb for some z; > 0, then the following statements holds:
) If % < 1, then vanishing will happen for uy and vy sufficiently small.

() If % > 1 and hy < I*, then vanishing will happen for uy and v, sufficiently small.

G(z1)
21

> “L—{’for some z; > 0 and <<9Q > 1, If hy > I*, then spreading will

Lemma 3.8. Assume that =

happen.
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<¢G'(0)

> 1 and hy > [I*, we have

Proof. Let ¢ be the corresponding eigenfunction of Ay(hy). Since
Ao(hy) < 0. Then we construct a suitable lower solution. Since
GO A ﬁz 34

+a—-——>0,
b 4 4’ 412 T

we can define
u(t,x) = ed(x), t 20, —hy < x < hy,

ot 3) = (G’[EO)

)¢()t>0 —hy < x < hy.
Direct computations yield

CG’(O)¢ - ﬁqs) = 2o <0,

u,—du  +pBu +au—cy= 6(—d¢” + B, + ap —

and
by
v+bv—G(u)—e¢(G(0) G'(&) + c)

forall r > 0 and —hy < x < hy, where &€ € (0, u). We can choose € small enough such that

G'0)-G' &+ by <0, ed(x) < up(x), (@ + @) €p(x) < vo(x).
4c b 4c
Then

u <du._ —pu —au+cy, t>0, —hy < x < hy,

v, < =bv+ G, t>0, —hy < x < hy,

u(t, —hgy) = u(t, hy) = 0, t>0,

v(t, —ho) = v(t, hy) = 0, t>0,

0> —uu (t,—ho), 0 < —uu (t,hy), t>0,

u(0, x) < u(0, x), v(0,x) <v(0,x), —hy<x<hp.

It follows from Remark 2.5 that u(¢, x) > u(t, x) in [0, 00) X [—hy, hp]. Hence,
}L% ez, leey.nan = €d(x) > 0.

By Theorem 3.4, we have h,, — go = 0. O

Lemma 3.9. Assume that G(T‘) ab 2 for some z; > 0 and CGb(O) > 1. If hg < I, then hyy — goo =
provided that uy and vy are suﬂic;ently large.

Proof. We first note that there exists VT* > I* such that 1,( VT*) < 0.
Inspired by the argument of [8, proposition 5.3], we consider

{—dgo”—(%+ T*+1)g0’:§ogo, O<x<l1, 3.4)

¢'(0) = (1) =

Mathematical Biosciences and Engineering Volume 16, Issue 5, 5991-6014.
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It is well-known that the first eigenvalue Ao of (3.4) is simple and the corresponding eigenfunction ¢
can be chosen positive in [0, 1) and ||¢||z~—11) = 1. Moreover, one can easily see that 1o > 0 and
¢'(x) <01n (0, 1]. We extend ¢ to [—1, 1] as an even function. Then clearly

—dg" - (3 + VT"+ 1) sgn(x)¢’ = g, —1<x<1,
o(=1) = ¢(1) = 0.
Now we construct a suitable lower solution to (1.4). Define

n(t) = Vito, 0<t<T",

u(t, x) = {(tf;)kso( w), 0S1ST ono) <x <),

0, 0<t<Tr, x| =n@),

where the constants o, m, k are chosen as follows:

. 2 ~ . (T* + 1)
0<o<min{Lig}, k2o+a(T” +1), m> —— .
2pumin{g’(-1), —¢'(1)}
Let
tl, xe[-n(T"),-+o)and x = —n(th),
ty = O, X € [_ \/@, \/@]9
2, x€(yo,n(T)]and x = n(t7)
and

v () = §+§cos(§§x), -0 < x < Go,
-0 -
0, x| > /o,

where we choose € small enough such that

Vo(X) < vp(x), ¥ x € (= o, Vo).

Then we define
!
vt,x)=e™ (f e’ G(u(t, x))dt + v_o(x)) , L <t < T —n(t) < x < n).
x

Direct computations yield

u —du, +pBu +au—cy

m X
< - ——— kg + "+dy” — \t+op —alt +
o [t et T o¢’ —a(t + )
m [ 1 ’ 1" *
<~ gt [+ VIR senot a1y
m [ 7 1 # Yy =
S g | (g VI s+ o] =0,
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6009

and
v+by-Gu)=0,0<t<T", —n) <x<nd).

For x € [-+/o, 4/ol, we have t, = 0. Then

v(0,x) = vy(x) < vo(x), ¥ x € [-+o, VoI

Moreover,

1 um
+ -¢'(1) <0, Vte(0,T),
2yt+0  (t+ o)z

o oo L um :
' (1) — pu (¢, n(t))_zm (I+Q)k+%g0( 1)<0,Vte(0,T".

n'(0) + pu (1,1(0) =

If uy is sufficiently large such that u(0, x) = ;—’lgo (%) < up(x) for x € [-+/o0, /o], then we have

u <du —pPBu —au+cy, 0<t<T, —n() < x < n(),
v, < =bv + G(u), 0<t<T*, —n) < x<n),
u(t,x) = v(t,x) =0, 0<r<T* x<-n),
u(t,x) =v(t,x) =0, 0<t<T* x=n@),

-1/ (t) 2 —pu (1, —1(1)), 0<t<Tr,

() < —pu (1, 7(1)), 0<t<Tr,

u(0, x) < up(x), v(0,x) <vo(x), —n(0) <x <n0).

Noting that n(0) = /o < ho, we can use Remark 2.5 to conclude that A(?) > n(¢) and g(r) < —n(?) in
[0, T*]. Specially, we obtain A(T*) > n(T*) = VT* + o > VT* and g(T*) < — VT*. Then

(=1, 1) C (= NT*, NT*) C (g(0), h(2)), ¥ t > T".
Hence, we have h,, — g, = +00 by Lemma 3.8. O

Next, we present the sharp criteria on initial value, which separates spreading and vanishing.

Theorem 3.10. For some y > 0 and w; and w, in Z (hy), let (u,v, g, h) be a solution of (1.4) with
(up, vo) = y(w1, wy), then the following statements holds:
cG G(z1)
Z

(1) Assume that % <1 If % < “‘—f’ for any z > 0, then vanishing will happen. If =L > “c—f’ for

some 71 > 0, then vanishing will happen for uy and vy sufficiently small.

(i1) Assume that % >1land 0 <B<?2 w/d(@ - a). If@ < "C—f’for any z > 0, then vanishing

will happen. If %Zl‘) > % for some z; > 0, then the following will hold:

(a) If hg > I, then spreading will happen; (b) If hy < I*, then there exists y* € (0, c0) such that
spreading occurs for vy > y*, and vanishing happens for 0 <y < y*.

Proof. This theorem follows from Lemma 3.5, Corollary 3.7, Lemmas 3.8 and 3.9. The conclusion (b)
can be proven by the same arguments in [23, Theorem 4.3]. O
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Finally, we give the asymptotic behavior of (1.4) when spreading happens.

Theorem 3.11. Assume that % >1,0<pB< 21/d(%(0) ) and G(ZI‘) “—C}’for some 7y > 0. If

heo — oo = 00, then

(" (x),v(x)) < hmmf(u(t x), v(t, x)) < lim sup(u(t, x), v(t, x)) < (u*,v")

100
for x € R, where (u*(x), v*(x)) will be given in the proof.
Proof. We denote by (u(?), v(¢)) the solution of (1.1) with
u(0) = lluollr(-ro.no1y @and v(0) = [vollL=(-ng o))
Applying the comparison principle gives
(u(t, x), v(t, x)) < (u(t),v(t)) for t > 0 and g(¢r) < x < h(t).

Since << > 1, lim(u(r), (1)) = (u*,v*). Hence,
1—00

lim sup(u(t, x), v(t, x)) < (u*,v") uniformly for x € R.

[—0o0

By Lemma 2.7, we can find some L > [* such that 4o(L) < 0, where Ay(L) is the principal eigenvalue
of problem (2.23) with / = L and ¢(x) is the corresponding eigenfunction. For such L, it follows from
he — 8o = oo that there exists 7 such that

[-L,L] C [g(®), (D], YV t > T].

Let (u(, x), v(t, x)) = (¢(x) (G O 4 j—g) ¢(x)), then we can choose small ¢ such that

u —du +pPBu +au—cy <0, t>T,, -L<x<L,
v,+bv -G <0, t>T,, -L<x<L,
u(t,x) =v(t,x) =0, t>T;, x=—Lorx=1,

E(TL’ X) < u(TL’ .X), X(TL’ -x) < V(TL’ X), —-L<x<-L.

Applying the comparison principle gives that
(u(t, x), v(t, x)) > (5(¢( ), (GI(O) + —) d(x )) t>T;, -L<x<L.
We extend 6 (¢(x), (42 + 42) ¢(x)) to (u"(x), v"(x)) by defining

x<-Lorx>L.

W (x),v'(x)) = { (qb(x) (G(O) %) ¢(X)), -L<x<L,
u(x),v 0.

Then we have lim inf(u(z, x), v(t, x)) > (u*(x), v*(x)) for x € R. |
—0o0
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4. Discussion

In this paper, we have dealt with a partially degenerate epidemic model with free boundaries and
small advection. At first, we obtain the global existence and uniqueness of the solution. Then the effect
of small advection is considered. We have proved that the results is similar to that in [20,23] under the

condition 0 < 8 < 8*. But we should explain that, for the case that CCZ;O) >land B >2,/d (‘Gh—(o) - a),
the criteria for spreading and vanishing is hard to get by using the results of eigenvalue problem to
construct the suitable upper and lower solution. We will study it in the future. When spreading occurs,
the precise long-time behavior also needs a further consideration.

In order to study the spreading of disease, the asymptotic spreading speed of the spreading fronts
is one of the most important subjects. To estimate the precise asymptotic spreading speed, we need to
study the corresponding semi-wave problem or some other new technique. This may be not an easy
task and deserves further study. We will consider it in another paper.

Due to the advection term, we find that the spreading barrier /* becomes larger if we increase the
size of B for B € (0,5%). This means that if 8 € (0,5"), the more lager the size of advection is, the more
difficult the disease will spread. This result may provide us a suggestion in controlling and preventing
the disease. It may be an effective measure to make the infectious agents move along a certain direction
by artificial means.
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