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Abstract: Brucellosis is one of the worlds major infectious and contagious bacterial disease. In order
to study different types of brucellosis transmission models among sheep, we propose a deterministic
model to investigate the transmission dynamics of brucellosis with the flock of sheep divided into basic
ewes and other sheep. The global dynamical behavior of this model is given: including the basic repro-
duction number, the existence and uniqueness of positive equilibrium, the global asymptotic stability
of the equilibrium. We prove the uniqueness of positive endemic equilibrium through using proof by
contradiction, and the global stability of endemic equilibrium by using Lyapunov function. Especially,
we give the specific coeflicients of global Lyapunov function, and show the calculation method of
these specific coefficients. By running numerical simulations for the cases with the basic reproduction
number to demonstrate the global stability of the equilibria and the unique endemic equilibrium, re-
spectively. By some sensitivity analysis of the basic reproduction number on parameters, we find that
vaccination rate of sheep and seropositive detection rate of recessive infected sheep are very important
factor for brucellosis.
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1. Introduction

Brucellosis is an infectious bacterial disease often spread via direct contact with infected animals or
contaminated animal products [1, 2]. Brucellosis can transmit to other animals through direct contacts
with infected animals or indirect transmission by brucella in the environment. The disease primarily
affects cattle, sheep and dogs. In the real world, the infected sheep remain the main source of brucel-
losis infection, and the basic ewes and other sheep (which includes stock ram and fattening sheep) are
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often mixed feeding together, therefore there must exist the mixed cross infection between other sheep
and basic ewes [3]. Brucellosis is prevalent for more than a century in many parts of the world, and
it is well controlled in most developed countries. However, more than 500,000 new cases are reported
each year around the world [4-7].

Mathematical modeling has the potential to analyze the mechanisms of transmission and the com-
plexity of epidemiological characteristics of infectious diseases [8]. In recent years, several mathe-
matical modeling studies have reported on the transmission of brucellosis [3, 9-19]. However, these
earlier models have mainly focused on the spread of brucellosis between sheep and human through
using the dynamic model. Only Li et al [3] proposed a deterministic multi-group model to study the
brucellosis transmission among sheep (which the flock of sheep were divided into basic ewes and other
sheep). However, they only gave the global stability of disease-free equilibrium and the existence the
endemic equilibrium, but the uniqueness and global stability of the endemic equilibrium were not
shown when the basic reproduction number is larger than 1. Multi-group model is a class of highly
heterogenous models with complex interactions among distinct groups, and the difficulty of global
dynamics of multi-group models lies in establishing uniqueness and global stability of endemic equi-
librium when basic reproduction number is larger than one [20]. In this paper, we want to study the
global dynamic behavior of multi-group type model for the transmission of brucellosis among sheep
which are absent from previous papers [3]. We prove the uniqueness of positive endemic equilibrium
through using proof by contradiction, and the global stability of endemic equilibrium by using Lya-
punov function. Especially, we give the specific coefficients of global Lyapunov function, and show
the calculation method of these specific coefficients. By running numerical simulations for the cases
with the basic reproduction number to demonstrate the global stability of the equilibria and the unique
endemic equilibrium, respectively. By some sensitivity analysis of the basic reproduction number on
parameters, we find that vaccination rate of sheep and seropositive detection rate of recessive infected
sheep are very important factor for brucellosis.

This paper is organized as follows. In Section 2, we present the dynamical model. And the mathe-
matical analysis including the uniqueness and global stability of positive endemic equilibrium will be
given in Section 3. In Section 4, some numerical simulations are given on the global stability of the
equilibria and the unique endemic equilibrium. Section 5 gives a discussion about main results.

2. The dynamic model

In previous paper [3], we proposed a multi-group model with cross infection between sheep and
human. In this model, S,(?), E,(2), 1,(t), V,(t) and S £(2), E¢(), I(t), V¢(t) represent susceptible, reces-
sive infected, quarantined seropositive infected, vaccinated other sheep and basic ewes, respectively.
W(¢) denotes the quantity of sheep brucella in the environment. S ,(¢), I;(t), Y;,(¢) represent susceptible
individuals, acute infections, chronic infections, respectively. There are some assumptions on the dy-
namical transmission of brucellosis among sheep and from sheep to humans, which are demonstrated in
the flowchart (See Figure 1). The following ordinary differential equations can describe a multi-group
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brucellosis model with Figure 1:

Bs = A= BooEo + BorEs + BoW)S o + A,V — (o + do)S o,
Lo = BooEy +BosEs +BW)S o — (co + d,)Ey,

WL = ¢ E, — (@, +d,),,

Lo = 9,8, = (A, +d,)V,,

—F = Ap = BrrEs + BroEo + BrW)S s + A5 Vy = (yp +dp)S
d .
Lt = (ByrEs +BroEo+BW)S s — (cf + d)E;, o
dl .
dd—; = CfEf — (af + df)]f,

\%4

G =S =@ +dp)Vy,

W — o (Ep+ 1) + k(Ef + 1) = (8 + n0)W,

dj_zh =An— BroEo + BusEs + BuW)S 1w — dpS 1 + ply,
D = BoE, + BrrEy + ByW)S ) — (m + dy + p)I,

dY
d_th = mlh - thh-

Because the last three equations are independent of the first nine equations, we can only consider
the first nine equations. Rewrite system (2.1) for general form into the following model:

2
% =A—di+y)Si+ A4V - ZIIBijSiEj - BiS W,
J=

2
T = L BySiE) + BiS:W = (di + ),
]:

& = ¢iE; — (d; + ap;, i=12. (2.2)

dt

% =yiSi — (i +d)V,,

2
dw  _
il l; ki(Ei + Il) —oW.

Adding the first four equations of (2.2) gives

dS;,+E, +L+V)
dt

SAl'—d,'(S,‘+E,‘+I,‘+Vi),

which implies that limsup(S; + E; + [; + V;) < %ﬁ'. It follows from the last equation of (2.2) that
t—o00 i

2 kA

: d; . .
lim sup W < =—=—. Hence, the feasible region

t—oo

2
kiA;
Ai l; di
X={S,LEL,LV,S,LE, LV, W0LS, +E+L+V; < E’O <W< 5

,i=1,2}
is positively invariant with respect to model (2.2). Model (2.2) always admits the disease-free equi-
librium Py = (59,0,0,V?,0)i = 1,2 in X, where §¢ = Adrd)_y0 — 2% apd Py is the unique

] ’ di(di+Ai+y)’ 1 di(di+Ai+yi)’°
equilibrium that lies on the boundary of X.
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/
s, o,

Figure 1. Transmission diagram, where g(S,) = (BooEo +BorE s +BoW)S 4, 8(S ) = (BrrEf+
BroEo +BW)S rand g(S 1) = (BroE, + BrrEr + BaW)S 1, respectively [3].

2.1. The basic reproduction number

According to the definition of R, in [21-23] and the calculation of R, in our previous paper [3], we
can obtain the basic reproduction number of model (2.2) is

Al +An + V(A —A»)? +4A,A
Ry = p(FV1) = 1+ An + A 112 2) 122
where
S9 ki(d S9 ko(d
L= 1 (ﬁ11+’81 1(1+C¥1+C1))’A12: 1 (ﬁ12+’81 2(2+a2+02)’
dl + C; 5(d1 +a1) d2 + 5(d2 +a2)
A Baki(dy + a; +¢y) S9 Bako(dy + @y + ¢2)
Ay = 2 + aA = 2 + ?
T+ e (B2 5(dy + ay) ) A d +c2('822 5(dy + @2)

g0 = Ai(d) + Ay) 0_ Ay(Ay + dy)
didi+ 4 ) T d(a+do )
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3. Mathematical analysis
In our previous paper [3], for the global stability of disease-free equilibrium and the existence of

the positive endemic equilibrium of system (2.2), we have following theorems.

Theorem 3.1. If Ry < 1, the disease-free equilibrium Py of system (2.2) is globally asymptotically
stable in the region X.

Theorem 3.2. If Ry > 1, then system (2.2) admits at least one (componentwise) positive equilibrium,
and there is a positive constant € such that every solution (S (t), E((t), I;(t), W(t)) of system (2.2) with
(S :(0), E/0), I;(0), W(0)) € R"x Int R>"*! satisfies

min{lim inf E;(¢), liminf 1;(¢), liminf W)} > €,i = 1,2, ..., n.
—o0 [— o0 11—

If Ry > 1, then it follows from Theorem 3.2 that system (2.2) is uniformly persistent, together with
the uniform boundedness of solutions of (2.2) in the interior of X, which implies that (2.2) admits at
least one endemic equilibrium in the interior of X.

3.1. The uniqueness of positive endemic equilibrium

Let P* = (S}, E; 1T, Vi, W"),i = 1,2 be a positive equilibrium of system (2.2), we will show its
uniqueness in the interior of the feasible region X.

Theorem 3.3. System (2.2) only exists a unique positive endemic equilibrium in the region X when
Ro > 1.

Proof. For the positive equilibrium P* of system (2.2), we have the following equations:
2
Ai—=(di+y)S] + AV = X BiSIE; —BiSIW* =0,
j=1

2
Y BiSiE; +BS;W* = (d; + c)E; =0,
j=1 |
GE! = (di+a)I =0, i=1,2.
YiST =i +d)V: =0,

2
S K(E: + 1) = 6W* = 0.
i=1

It is easy to obtain that

2
ki(ci+di+a;) o+
5, Meato)

Vi= S StV = A BT = S = T
i = @i + Vi) =Ai—di t )by, 1 = W= ;
LAt d; + o 5
2 ki(ci+di+a;)
2 ;1 ltli,'+(11/,' IE';‘<
5722&#ﬁ+ﬁ£? 5 =(d;+c)E;,i=1,2.

Jj=1
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Hence, the positive equilibrium of system (2.2) is equivalent to the following system

Mi(A; - nE)Zg,, =0,i=1,2. 3.1)
j=1
where
di'f'/li kj(cj+dj+aj)
M= ———&;=6ij+ B o =di + ¢
Gd+ gy TPt Py " ¢

Firstly, we prove that E* = e, e = (ey, e;) is the only positive solution of system (3.1). Assume that
E* = e and E* = k are two positive solutions of system (3.1), both nonzero. If e # Kk, then e; # k; for
some i (i=1,2). Assume without loss of generality that e; > k;, and moreover that e, /k; > e;/k; for all
i (1=1,2). Since e and k are positive solutions of system (3.1), we substitute them into (3.1). It is easy
to obtain

2 2
M;(A — nlel)Zfljej —niey = Mi(A; — nlkl)Z§ljkj —nik; =0,
=1 =
SO

ki
M, (A, —n1€1)Z§1;€j— —niky = My(A, _nlkl)Zfljk —nik; =0,

J=1 J=1

M, (A, —”161)251161 = M(A, —nlkl)qu

J=1 J=1

But (e;/e))k; < k; and M (A — nje;) < M(A| — n1ky); thus from the above equalities we get

M, (A, _nlel)Zfljej_ <M(A - nlel)Z§1/k <M A - nl’ﬂ)qu

J=1 J=1 J=1

This is a contradiction, so there is only one positive solution E; = e of system (3.1). So when Ry > 1,
system (2.2) only exists a positive equilibrium P*. O

3.2. The global stability of positive endemic equilibrium

In this section, we will show the global asymptotic stability of endemic equilibrium P* of system
(2.2) in the interior of the feasible region X.

Theorem 3.4. Suppose that matrix [B;j]1<i j<» is irreducible. Then the endemic equilibrium P* of system
(2.2) is globally asymptotically stable in the region X when Ry > 1.

Proof. Let Ly =S, -8} - Sln +V Vi- V*ln +E E’ - E’In

i * * I;
E*,L =L-I'-1I lnEand
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Ly=W-W"-W*In Wﬂ For i = 1,2, differentiating and using the equilibrium equations give

dL,l S %A E'\
- —t)Si+[1- )V +[1-=)E,
dr S; V; Ei l

S*
(1—?)( = (di +¥)S: + A4V — Z,B,JSE ,B,SW}

1 ] 1

*

Vi A\~
+ (1 - 71) (viSi — (i +d)Vi) + (1 - E) ;ﬂijSiEj +B:SiW = (di + ¢)E;
S; : NN -
:(1 - S—i) (d; +7,)(S; —S,->+Ai<vi—v,-)—jzl]ﬁixs,-E,—S,-E,-)
S VA (S, V.
(1= Jasw-siwremsi(1- 3 (-7
(1——)[2,8,](SE SE—) ﬁ,(SW SIW* )]
=d;S: (2 % _o +d,Vi (3 Vi S
5§ ) o5 -5
2 *
symsis (-5 5 ( i) &)
JZ‘ / S E; SE
sosivw (13 (5 ) (-5 2)

2
S* E, E; SEE
<Y BySIE; 2———— A B Rl P
‘Z ( S; E E S;E;E,-) Bis; (

E. W S,WE:

1

Using the 1nequa11ty 1 —a < —-Ina,a > 0, one can obtain that
Si E E; SiEE; < E;

2- -+ Ly st Ay ol
Si E; E; SEE E; E; S STEE,;
E; E; E; E;
= ZL-InZL+mn= ,
§S; E. W SWE W E S SWE
2-——-= —In——-1In

+— = < - =
S EI W~ STWE;, — W* E! Si STWHE;

— < GSTER2 - L - = 4 L - L+ BSTW 2 -+ — =+ — — !
dt ‘Zﬁf ! J( S: E; E; S:EE B Si Er W SIWE;

2
E. E, _E E W W  E E
<D BuSIE | L~ i = 2 BSiW [ —In I - ),
< 2 BiS 1( , — g ) P (W* e TN E E)

— + — .
S Ef Wr S’."W*Ei)
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Similarly, we can obtain

e = 1——ll<: 1——l ,'El'—di'i' iIi: 1——l iE,'—l'E%—l
dt ( I,-) l ( Ii)(c () ( I')(C ‘ 11*)

E; 1 Eili*)
<

EI' El

dL W W
3:(1 ) (1— )[Z(kE+mI)—6W]
W

kiE; + ml, KE: +ml
(S S|
2 2

EE E W W AL LW W
<Y KE | Zr =2t In— = ) mly = In I — )
L E-E W w4 o wwe

i i

CI'E‘;k (1 +

Il
—_
p—
*

Define the Lyapunov function

L= Z vi(ain Ly +apLp +als).
P

It follows that

W W E E (E . E L I
+al~1,8iS:7W* (W_ W nE?k —E)+ai2CiE~ (—.—ln—'f‘ln_——.)

2 2
(E.  E W W (L LW W
+ a3 izél k,‘Ei (E_;‘_lnE_;k-'_an_W*)-i_aB E m,-Il- (I_*_lnl_fk_'_an_W*))

Considering the following equations

(a,lﬁ,S W* — a3 Z(kE + m,l*)) (4 —Ingf) =0,
(a,-3 ; ml} a,zclE*) (— —Ink ) 0.
We have
=TI BiS; W

ap = ———4a;3,4;3 = air .
! Z(k,E;." + ml-I;")
i=1
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and
a,BS*W* c;E E kE In—-—|=0
1P apnc; a;s E* E*

Let a;, = 1 and take the equation a;; and a;3 into the equatlon we can obtain

dt’

2
mll*
AL | psowe | ™
— =D vl L+ Ly

i=l 2 (kET + ml})
i1

2 2
SZU,‘ ZlﬁljSlE](E—;—lnE;k‘i'lnE*—E*
J:

Due to matrix [B;;]i<; j<> 1s irreducible, hence we can calculate v; = $,S3E], v, = B12S|E} such

that
2 E; E; E;

D uBiSIE; | = - i B

i,j=1 J ] ! i
The equality L' = 0 holds only for S; = S?,E; = Ef,I, = I,i = 1,2 and W = W*. Hence, one can
obtain that the largest invariant subset where L = () is the s1ngleton P* using the same argument as
in [24]. By LaSalle’s Invariance Principle [25], P* is globally asymptotically stable in the region X
when Ry > 1. O

Remark 3.1. In this model, the host populations are divided into 2 homogeneous groups. If the host
populations have n groups, we can extend our Lyapunov function into the following equation:

: pswe B
L:ZU,‘ Li1+ P £ Li2+L3
= S(GE; +ml?) | i
i=1
Furthermore we can obtain that
dL ’ ﬂiSi W lé m Lo, ’
E = v; Lil + P R Li2 + L3
i1 SGEr +mlry|

i=1

Hence, if the matrix [Bijli<i j<n 15 irreducible, and according to the methods and conclusions in [24, 26,
27], there exist constants v; > 0,i = 1,2, ..., n such that

- 2y E; E; E
Zv,ﬂijSiE (E—IHE In E—E):O

i,j=1
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4. Numerical simulations

In an epidemic model, the basic reproduction number Ry is calculated and shown to be a thresh-

old for the dynamics of the disease. Taking parameter values 6 = 3.6,A; =

1976000,d, = 0.6,4; =

0.4,A, = 1680000,d> = 04,1, = 0.4, = 12,0, = 12,8; = 1.O0X 10,8, = 1.8 x 1078, =
10X 1078, 8y = 2.1 x 1077, ky = 15,k» = 15,7, = 0.316 X 0.82,7> = 0.316 X 0.82,¢; = 0.15,¢ =

0.15,[312 :ﬁ21 =135x 1077

in paper [3], we run numerical simulations with system (2.2) for Ry > 1

(see Figure 2) and Ry < 1 (see Figure 3) to demonstrate the conclusions in Theorem 3.4 and Theorem

3.1.

14000
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——5,(0)=1.78"10°

$,(0=2.78*10°

$,(0)=3.78*10°

——,(0)=4.78"10°

12000
10000
8000
6000
4000
2000
10 2

(a)

Time

40

50

(b)

The infectious cases with group 2 (Iz)

x 10°

N

g
00

[
e

=
S

[
N

0.8

0.6

0.4]

0.2

——5,(0)=2.46*10°

S,(0)=1.46*10°

S,(0)=3.46*10°

——5,(0)=4.46*10°
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Figure 2. Numerical simulations for Ry = 1.9789 > 1 with different initial values. (a) The

infectious cases with group 1. (b) The infectious cases with group 2.
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Figure 3. Numerical simulations for Ry = 0.8330 < 1 with different initial values, where
v =1x0.82,y, =0.316 X 0.82,c; = 0.3,¢c;, = 0.3,812 = B21 = 0. (a) The infectious cases
with group 1. (b) The infectious cases with group 2.

4.1. Uncertainty and sensitivity analysis

In order to evaluate the influence for infectious individuals over time with the key parameters (such
as the efficient vaccination rate vy, y,, the seropositive detection rate ¢y, ¢;, and the transmission rate

Mathematical Biosciences and Engineering

Volume 16, Issue 5, 5836-5850



5846

B1, 811,82, 52, P12, 521). We explored these parameter space by performing an uncertainty analysis
using a Latin hypercube sampling (LHS) method and sensitivity analysis using partial rank correlation
coeflicients (PRCCs) with 1000 samples [28]. In the absence of available data on the distribution
functions, we chose a normal distribution for all selected input parameters with the same values in
paper [3], and tested for significant PRCCs for these parameters of system (2.2). PRCC indexes can
be calculated for multiple time points and plotted versus time, and this can allow us to assess whether
significance of one parameter occur over an entire time interval during the progression of the model
dynamics.

x 10

1.8

1.6

14

12

PRCC(I,)

0.8

0.6

0.4

0.2

Time
(a) (b)
x 10"
25 1
08f ——
<
2 0.6/\"\__.-‘-----------81'--‘
A -
oaf LA\ o/ 0 —Py
NS e e e e e e -==B, __
15 ~ 02 —By,
= 8 0 -==B
g \} B21
1 -02
1 -—-=y
\}
-04f | Y
v c
05 —06F Lemmmmmmmmm - 1 = -
N P
08 ~eo-” ©2
0 -1
0 10 20 30 40 50 0 10 20 30 40 50
Time Time
() (d)

Figure 4. Sensitivity analysis. (a) and (c) Plots of output (1000 runs) of system
(2.2) for I} and I,. (b) and (d) PRCCs of system (2.2) for I; and I, with parameters

71572a Ci, C29ﬁlaﬁll»ﬁ2aﬂ22? ﬁlZaﬁ21~

Figure 4 show the plots of 1000 runs output and PRCCs plotted for selected parameters with respect
to the number of infected individuals in group 1 and 2 for system (2.2). Figure 4 (b) and (d) show that
the effects of parameters vy, y», c1, ¢2, B1, Bi1, B2, B22, P12, B21 change with respect to /; and I, over time.
In the early time, these selected parameters with PRCCS have obvious change, and finally they remain
constant. In Figure 4 (b), the efficient vaccination rate y;,y, and the seropositive detection rate of
group 2 ¢, are negatively correlated with PRCCs for /;, and the other parameters are positively corre-
lated with PRCCs for /;. But In Figure 4 (d), the seropositive detection rate of group 2 ¢; is positively
correlated with PRCCs and the seropositive detection rate of group 1 c¢; is negatively correlated with
PRCCs, other parameters have the same correlation with PRCCs for /;. From Figure 4, we can see the

Mathematical Biosciences and Engineering Volume 16, Issue 5, 5836-5850
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efficient vaccination rate y;,y, have the strong negatively correlated PRCCs (black solid and dotted
lines) for I; and I, and the seropositive detection rate has the strong positively correlated with PRCCs
for infected individuals. Hence, one can conclude that the vaccination and the seropositive detection
of infected individuals are the effective control measures.

To find better control strategies for brucellosis infection, we perform some sensitivity analysis of
the basic reproduction number R, in terms of the efficient vaccination rate (yy, y,) and the seropositive
detection rate (c;, c;). We show the combined influence of parameters on R, in Figure 5. Figure 5(a)
depicts the influence of sheep efficient vaccination rate y;,y, on R,. Though vaccinating susceptible
sheep is an effective measure to decrease R, Ry cannot become less than one even if the vaccination
rate of all sheep is 100% (which is the efficient vaccination rate y; = 0.82,7y, = 0.82 in Figure 5(a),
under this circumstances R, = 1.3207). Figure 5(b) indicates the influence of seropositive detection
rate ¢, c; on Ry, which shows to increase seropositive detection rate of recessive infected sheep can
make R, less than one, which means under the current control measures, increase seropositive detection
rate of recessive infected sheep can control the brucellosis. Hence, we can conclude that combining the
strategy of vaccination and detection is more effective than vaccination and detection alone to control
brucellosis.

(a) (b)
Figure 5. The combined influence of parameters on Ry. (a) Ry in terms of y; and y,. (b) Ry
in terms of ¢; and c,. Other parameters are the same values in paper [3].

5. Conclusion and discussion

In this paper, in order to show the uniqueness and global stability of the endemic equilibrium for
brucellosis transmission model with common environmental contamination, the multi-group model in
paper [3] is chosen as our research objectives. Firstly, we show the basic reproduction number R,
of the model (2.2). Then, we obtain the uniqueness of positive endemic equilibrium through using
proof by contradiction when R, > 1. Finally, the proof of global asymptotical stability of the endemic
equilibrium when R, > 1 is shown by using Lyapunov function. Especially, we give the specific co-
efficients of global Lyapunov function, and show the calculation method of these specific coefficients.
Numerical analysis also show that the global asymptotic behavior of system (2.2) is completely deter-
mined by the size of the basic reproduction number R, that is, the disease free equilibrium is globally
asymptotically stable if Ry < 1 while an endemic equilibrium exists uniquely and is globally stable

Mathematical Biosciences and Engineering Volume 16, Issue 5, 5836-5850
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if Ry > 1. With the uncertainty and sensitivity analysis of infected individuals for selected parame-
ters y1,¥2, €1, €2, B1, P11, P2, P25 P12, P21 using LHS/PRCC method, one can conclude that the efficient
vaccination rate y;,vy, have the strong negatively correlated PRCCs (black solid and dotted lines in
Figure 4), and the seropositive detection rate has the strong positively correlated with PRCCs for in-
fected individuals. By some sensitivity analysis of the basic reproduction number R, on parameters,
we find that vaccination rate of sheep and seropositive detection rate of recessive infected sheep are
very important factor for brucellosis.
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