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Abstract: On the basis of recent work by Cardin and Teixeira on ordinary differential equations with
more than two time scales, we devise a coordinate-independent reduction for systems with three time
scales; thus no a priori separation of variables into fast, slow etc. is required. Moreover we consider
arbitrary parameter dependent systems and extend earlier work on Tikhonov-Fenichel parameter values
— i.e. parameter values from which singularly perturbed systems emanate upon small perturbations —
to the three time-scale setting. We apply our results to two standard systems from biochemistry.
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1. Introduction and overview

Ordinary differential equations involving a small parameter appear frequently in mathematics and
in science. Their principal use in chemistry and biochemistry — which is the main topic of the present
paper — is to find certain (attracting) invariant sets and to achieve reduction of dimension. The
mathematical basis is singular perturbation theory, originally due to Tikhonov [1] and Fenichel [2],
for systems with one small parameter & (or, in other words, for systems with two time scales).

While Tikhonov’s and Fenichel’s theory is concerned with first order approximations in &, there
exist approaches to include higher order terms in &, e.g. to improve accuracy in the approximation of
invariant manifolds; see for instance the critical survey in Kaper and Kaper [3]. More recently, Noel
et al. [4], Radulescu et al. [5], Samal et al. [6, 7] developed an algorithmic method to compute
slow-fast scenarios in chemical reaction networks, using tropical geometry. Concerning the existence
(or persistence) of invariant sets obtained by such (a priori formal) calculations one may invoke
hyperbolicity properties; for instance Theorem 4.1 in Chicone [8] is very useful in this respect. A
direct method for chemical reaction networks involving different orders of a single small parameter,
given certain properties of the system, is due to Cappeletti and Wiuf [9].
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A different perspective is the consideration of systems with more than two time scales by
introducing, cum grano salis, several small parameters €y, &;,..., and to obtain invariant manifolds
and reduction on this basis. (One has the option to set all parameters equal in the end.)

Recently Cardin and Teixeira [10] generalized Fenichel’s fundamental theorems, proving results on
invariant sets and reductions of systems with more than two time scales. Here, the differential equation
systems are assumed to have variables separated into blocks of fast, slow, “very slow” ones, and so on.

The present paper is based, on the one hand, on Cardin and Teixeira [10]. On the other hand, we
extend earlier work [11, 12] that is concerned with coordinate-independent reduction (not requiring
an a priori separation of slow and fast variables), as well as with the basic question of finding — in
arbitrary parameter dependent systems — critical parameter values from which singular perturbation
reductions emanate.

We will focus on the three time-scale setting, essentially to keep notation manageable, and will
only briefly sketch extensions to more than three time scales. Furthermore we will mostly consider
systems that satisfy not only the normal hyperbolicity conditions from [10] but have the stronger feature
of exponential attractivity. One reason for this restriction lies in our interest in chemical reaction
networks. But beyond this practical consideration, the algorithm to compute critical parameter values
for singular perturbation scenarios indeed requires this additional property.

The paper is organized as follows. In Section 2 we review the work by Cardin and Teixeira [10].
Section 3 generalizes the coordinate-independent reduction algorithm from [11] to three-time scale
systems. In Section 4 we start from a general parameter dependent system and extend the work
from [12] on critical parameter values (Tikhonov-Fenichel parameter values) to three time scales
(resp. two ‘“small parameters”), and in Section 5 we discuss two classical examples (cooperativity
with two complexes, competitive inhibition) from biochemistry in detail. Section 6 contains a few
remarks about more than three time scales, and finally, for the reader’s convenience, we prove some
essentially known facts in an Appendix.

2. Separated fast and slow variables

In this section we review and specialize results from Cardin and Teixeira [10] for a parameter
dependent ordinary differential equation system

. d

o= o= filx, €1, &)

. d i X

X o= T2 o= eafilx,e,8); briefly x = f(x, &, 8). 21
. d

X3 = % = g &afsx, e, &)

Here x = (x1,x2,x3)" € R" with x; € R™, x, € R™, and x3 € R™, and f is smooth on an open
neighborhood of U X [0, d1) X [0, 6,), with U € R”" open and nonempty, and ¢; > 0, 6, > 0.
We define

M ={xeU; fi(x,0,0) = 0} (2.2)

and
M, :={xe U, fi(x,0,0) = f(x,0,0) = 0}, (2.3)

and we will assume throughout that these sets are nonempty. Cardin and Teixeira require some
hyperbolicity conditions, which we state here in slightly stronger versions, for the sake of simplicity:
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e First hyperbolicity condition: For every x € M, all the eigenvalues of D, fi(x,0,0)" have
nonzero real parts.
For sufficiently small &, &, this condition implies local solvability of the implicit equation
fi(x, &1, &) = 0 1in the form x; = g(x», x3, €1, &), and one may furthermore write

(X2, x3, 81, 8) 1= fo(g(x2, X3, &1, 82), X2, X3, €1, &2).

e Second hyperbolicity condition: For every x € My, all the eigenvalues of DX2E(x, 0,0) have
nonzero real parts.”

By suitable choice of U, d; and §, we may assume that M; and M, are submanifolds.
Continuing to follow [10] we introduce the auxiliary system

0 = % = fl (X, Oa 82)
o= 2= f(x0,8) 24)
X = % = &fi(x,0,&)

on
M} ={xeU; fi(x,0,&) =0},

and the intermediate reduced system

0 = Z_;\:; - ﬁ(-x’ 0’ 0)

o= 92 = f(x0,0) (2.5)
o= 82 =0

on M,;. Thus in both equations (2.4) and (2.5) above the dot denotes differentiation with respect to
T, := & 1. By suitable choice of §, we may also assume that every M5’ is a submanifold of R”.
Finally we define the completely reduced system

0 = Z_;\:; - ﬁ(-x’ 0’ O)

0 = &2 = f(x0.0 (2.6)
o= 2 = fi(x,0,0)

on M,, hence the dot in (2.6) denotes differentiation with respect to 73 := £;&,¢. From here on we will
follow [10] by just using dots for differentiations, with the appropriate time scale evident from the
context.

We replace the hyperbolicity conditions from [10] by stronger requirements, since in our
applications we focus on attracting invariant manifolds.

Definition 1. We say that system (2.1) satisfies the hyperbolic attractivity condition (HA) if
D, f1(x,0,0) has only eigenvalues with negative real part on M, and if furthermore D,, f>(x, 0, 0) has
only eigenvalues with negative real part on M,.

“For a smooth function g = g(x,y,...) we denote the partial derivatives by D,g, D,g etc.

In [10] the second hyperbolicity condition is erroneously written for f; rather than f. The authors are aware of this and will publish
a corrigendum.
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Our starting point is the following theorem, specialized from Cardin and Teixeira [10], Theorems
A, B and Corollary A. Some of our statements are informal; for rigorous statements and pertinent
definitions we refer to [10].

Theorem 1. Let system (2.1) be given, with (HA) satisfied.

(a) Let N € M, be a compact submanifold (with nonempty interior in the relative topology, and
possibly with boundary). Then for all sufficiently small &,&, there exists a locally invariant
manifold N, ¢, for system (2.1) which is O(g; + &;) close to N, diffeomorphic to N and locally
exponentially attracting. Given the appropriate time scales, solutions of (2.1) on N, ., converge
to solutions of (2.6) on N.

(b) Let &, be sufficiently small and let L C M’ be a compact submanifold (with nonempty interior in
the relative topology, and possibly with boundary). Then for all sufficiently small &, there exists
a locally invariant manifold L., ., for system (2.1) which is O(e| + &) close to L, diffeomorphic
to L and locally exponentially attracting. Given the appropriate time scales, solutions of (2.1) on
L., ., converge to solutions of (2.5) on L.

Note that the passage from (2.1) to (2.6) may be seen as a singular perturbation reduction for two
time scales. From this perspective, system (2.5) indeed represents an intermediate step. For systems
with two time scales this leads to the question whether intermediates exist.

As given, the part regarding E in condition (HA) is not ready to use in applications. We provide two
equivalent versions.

Proposition 1. Condition (HA) is equivalent to either of the following conditions.

(i) Dy, fi(x,0,0) has only eigenvalues with negative real parts on M,, and
Bi(x) := =Dy, f2(x,0,0)D,, fi(x,0,0)”' Dy, fi(x,0,0) + D,, f2(x,0,0)
has only eigenvalues with negative real parts on M,.

(ii) Dy, fi(x,0,0) has only eigenvalues with negative real parts on M,, and for all sufficiently small
g > 0 the matrix

D,, fi(x,0,0) D,,fi(x,0,0)
eD, f(x,0,0) &D,,f:(x,0,0)

has only eigenvalues with negative real parts on M,.

By(x,¢) :=

Proof. We use the notions introduced with the hyperbolicity condition (H) and Definition 1. From
J1(g(x2, X3, €1, €2), X2, X3, €1, 82) = 0
one gets by the chain rule
D.,8(x2,x3) = =Dy, fi(x,,&1,8) " Dy, fi(x,, &1, &)

when fi(g(x, X3, €1, &2), X2, X3,€1,€2) = 0, and a further application of the chain rule shows the
equivalence of (HA) and (i). The equivalence of (i) and (ii) follows from Lemma 3 in the Appendix.
O

Mathematical Biosciences and Engineering Volume 16, Issue 5, 5062-5091.



5066

Remark 1. (a) One may rewrite systems (2.1) through (2.6) to some extent, with no effect on the
reductions. Using Hadamard’s lemma, one may restate (2.1) as

X1 = filx,e) +efii(x,e) +eiefiax, g1, &)
Xy = eifailx,e1)  +e1&fra(x, g1, 8)
X3 = ei1&2f3(x, €1, &)

with only the ﬁremaining in the subsequent reductions. Thus the auxiliary system becomes

0 = ji(x, &)
X = f(x0)
X3 = &fix,0,&)

and there are analogous modifications for the intermediate and the fully reduced system.

(b) The passage from (2.1) to the completely reduced system (2.6) can evidently be obtained in the
following manner: Fix €, > 0 and reduce (2.1) with respect to the small parameter &, (in time
scale g,t). Then let €, — 0, rescaling time once more to 3. We will use this observation later on.

3. Coordinate-free reduction

In the present section we generalize the coordinate-independent reduction procedure from [11,13]
to the three-time scale setting. The first task is to intrinsically characterize those systems which admit
a transformation to “standard form” (2.1). Reversing matters, applying a (local) smooth coordinate
transformation to Eq (2.1) yields a smooth system

i = g0, 81,8) + 81 (¢ (x,81,8) + 820V (x, 81, 82)) (3.1)
on an open neighborhood of U x[0,6,) % [0,6,) CR"XR xR (U CR" open), evidently satisfying the
following conditions:

(i) For all sufficiently small &; > 0, &, > 0, the zeros of g%V (x, g, &) form a 1 submanifold M, CU,
of codimension n;, 1 < n; < n. Given any compact submanifold ; C M, there exists 8; > 0
such that at every y € P, the derivative D,g(y, €1, &;) admits the eigenvalue zero with algebraic
and geometric multiplicity n — n;, and the remaining eigenvalues have real parts < —6,.

(i1) For all sufficiently small &; > 0, &, > 0O the zeros of
g0, &1,6) + £18"0(x, 81, £)

form a submanifold E cU , of codimension n; +n,, 1 < n, < n—n,. Moreover, for any compact
submanifold £, € M, there exists a #, > 0 with the following property: At every y € $, the
derivative D,g%0(y, g, &,) + £,D.g"0(y, &1, &,) admits the eigenvalue zero with algebraic and
geometric multiplicity n — n; — n,, and the remaining eigenvalues have real parts < —6,¢;.

By Remark 1 one may assume that system (3.1) is in the special form
i = g00(x, £2) + &1 (8" 0(x,81) + £8P (0)) + Olealer + £2)), (32)
adjusting conditions (i) and (ii) accordingly. Conditions (i) and (ii) are certainly necessary for (3.1) or

(3.2) to be a transformed version of (2.1). The first part of the next lemma shows sufficiency.
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Lemma 1. (a) There exists a local diffeomorphism transforming system (3.2) to a system of type (2.1)
with condition (HA) if and only if conditions (i) and (ii) above hold.

(b) Condition (i) for system (3.2) is equivalent to the following: For any y € M there exist a
neighborhood U, ,, a smooth map Py : U, — R™" such that P,(y, &) has rank n,, and a smooth
map py : Uy — R™ such that D (y, &) has rank n,, yielding a decomposition

g*0(x, &) = Py(x, &) (x, &2),
and moreover there is a 8, > 0 such that
Ai(x, &) := Duy(x, £2)Pi(x, &)

has only eigenvalues with real part < —0,, for all x € U, ,,.

(c) In presence of condition (i), condition (ii) for system (3.2) is equivalent to the following: For
every (sufficiently small) €, > 0 and any y € M, there exist a neighborhood U,,, a smooth
map P, 1 U,y — R™" such that (P\(y, &2),&1P2(y, 1)) has rank n; + ny, and a smooth map
Mo 2 Usy — R™ such that (D, (y, €2), Do (y, &))" has rank n, + n, yielding a decomposition

§90(x, 82) + £18"0(x, £1) = Pi(x, &)1 (x, £2) + &1 Pa(x, £1)a(x, £1),
and moreover there is a 6, > 0 such that

Du;(x, &)

Ar(x,&1,8) = (Dm(x £)

) (P1 (x,&) &1Pa(x, 81))

has only eigenvalues with real part < —b&,, for all x € U,,.

Proof. The nontrivial assertion of part (a) follows from the existence of n—n; independent first integrals
of g®9 in a neighborhood of y, which was noted by Fenichel [2], Lemma 5.3 for smooth vector fields,
and shown in [13], Proposition 2.2 for the analytic setting, and likewise from the existence of n—n; —n,
independent first integrals of g + £,¢""9 in a neighborhood of y. These first integrals determine
slow and “very slow” variables. Parts (b) and (c) are straightforward applications of [11], Theorem 1,
Remark 4 and Remark 2. ]

Remark 2. The existence of the decomposition g*° = P, u; in part (b) (as well as the decomposition

in part (c)) is a consequence of the implicit function theorem in the smooth or analytic case. For
polynomial or rational vector fields there exists a decomposition with rational functions as entries of
Py and p,, and there is an algorithmic approach to its computation. See [11] for details.

Next we use the decompositions to compute reductions.

Proposition 2. (a) In arbitrary coordinates the reduction corresponding to the passage from system
(2.1) to the auxiliary system may be obtained as follows:
Given &, > 0, determine the projection matrix

Q1(x, &) := I, — Pi(x, &)A(x, &) ' Doy (x, &).

Mathematical Biosciences and Engineering Volume 16, Issue 5, 5062-5091.



5068

The auxiliary system (2.4) for &, > 0 then corresponds to

i = 01(x, ) (8", 0) + £2"(x)

on the local invariant manifold defined by u,(x,&,) = 0. The equation corresponding to the
intermediate reduced system (2.5) is obtained by setting &, = 0.

(b) In arbitrary coordinates the reduction corresponding to the passage from system (2.1) to the
completely reduced system (2.6) may be obtained as follows:
Given g, > 0, determine the projection matrix

QZ(X»EI) =1, - (Pl(x, 0), & Pa(x, 0)) Ay(x,&1,0)! (Dxﬂl(xa O)) .

Dx/JZ(xa O)

Then Qz(x,sl) extends smoothly to a matrix valued function Q,(x) at & = 0. The equation
corresponding to the completely reduced system in arbitrary coordinates is given by

&= 05(x) gV (x)
on the local invariant manifold defined by p,(x,0) = ux(x,0) = 0.

Proof. Part (a) is a direct application of [11], Theorem 1. For part (b) this theorem is also applicable,
but there is a technical problem involving 0, as &1 — 0, since Ax(x,0) is non-invertible. To resolve
this difficulty, recall that Q,(x, &;) is the projection map onto the kernel of

D, g9 (x,0) + £ D,g"(x, &)

along the image, for x € Mvz (see [11], Remark 1). With the conditions given in Lemma 1 (c) the image
is equal to the column space of (P, € P,), which in turn equals the column space W, of (P, P,). The
latter matrix has full rank at £, = 0, and its entries depend smoothly on &, and x. Moreover the kernel
is equal to the kernel of (D,u;, D,u)", and we may assume w.l.o.g. that

Dx,ul _
(Dx,UZ) B (Ml MZ)
with invertible M;, whence the kernel is equal to the column space W, of the matrix

—MI_IMZ
1

with entries depending smoothly on &;. Thus there remains to verify that the matrix of the projection
onto W, along W, depends smoothly on &;. For the sake of completeness we give a proof of this fact
in Lemma 4, Appendix. O

We note that the reduction also works, including convergence properties, under the weaker
assumption corresponding to (H) rather than (AH) for A; and A, in Lemma 1.

Remark 3. While Proposition 2 provides the reduced equations, one also needs initial values for these,
which may be obtained from an initial value y of system 3.2 with the help of the first integrals noted in
the proof of Lemma 1(a), see [11], Proposition 2:
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e Assuming that y is sufficiently close to /T/ﬁ , the corresponding initial value (up to an error of
order &, + &) for the auxiliary system and for the intermediate reduced system is the (locally
unique) intersection of M, and the level sets of n—n, independent first integrals of x = g% (x,0)
which contain y. .

e Assuming that y is sufficiently close to M, , the corresponding initial value (up to an error of
order &, + &) for the auxiliary system and for the intermediate reduced system is the (locally
unique) intersection of M, and the level sets of n — n; — n, independent common first integrals
of ¥ = g99(x,0) and x = g"0(x,0,0) which contain y. (A direct application of Proposition 2
in [11] would lead to simultaneous first integrals of x = g®V(x,0) + £,g10(x, &,0) for all ;.
This is equivalent to the condition stated.)

To illustrate the procedure with an example, we recall the competitive inhibition network with
substrate S, enzyme E, inhibitor I and two complexes Cy, C»; see for instance Keener and Sneyd [14].
The reaction scheme is given by

k

E+S = C, = E+P
k-1

3

E+1 = G

=
k-3

=~

which leads (with the usual assumptions of mass action kinetics, spatial homogeneity and constant
thermodynamical parameters) to the differential equation system

§ = kojcp —kis(eg—cp — )
¢ = kis(eo—cy =) — (koy + ky)ey (3.3)
¢y = ksleg —c1 —c)ip — ¢2) — ke

for the concentrations. (The original system is five dimensional; the two linear first integrals e +¢; + ¢
and i + ¢, yield reduction to dimension three.) There is a familiar two time scale reduction for this
system, viz. the quasi-steady state (QSS) reduction for both complexes; see Eqs (1.51-1.52) in Keener
and Sneyd [14]. As was shown in [15], section 3.2 this QSS reduction is (up to irrelevant higher order
terms) identical to the singular perturbation reduction with small parameter ey = ge;;, hence Tikhonov
guarantees its validity. (It is not generally true that QSS reductions amount to Tikhonov-Fenichel
reductions. A sufficient condition is stated in [16], Prop. 5, and a list of possible QSS reductions
for competitive inhibition - including a characterization which correspond to singular perturbation
reductions - is given in section 5.2 of that paper.)

Example 1. In system (3.3) set x = (s, ¢y, ¢2)" and assume k, = 16k, ks = e1k; and k_3 = g/k” .
(Colloquially speaking, binding to the inhibitor and degradation from the inhibitor complex are slow,
while degradation from the substrate complex to enzyme and product is very slow. The related two time
scale reduction to a one dimensional equation corresponds to slow formation of enzyme and complex.)
This is of the type (3.2), with

k_icy —kys(eg — c1 — ¢2)

g90) = | kis(eg — c1 — 2) —k_ic1 |,
0
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0
gM(x, &) = 0 ,
ki(eo — c1 — ¢2)(ip — ¢2) — kX502
0
g(l’l)(x, £1,&) = |—kic|.
0

Moreover M, is contained in the common zero set of
* * *
M1 = k_1C1 - kl S(€0 —C1 — C2) and Mo = k3(€0 —C| — Cz)(lo - C2) - k_3C2,

M is contained in the zero set of u;, and we have

1 0
Pi(x,&) =|-1|, Px,&)=]0].
0 1

We determine the auxiliary system and the intermediate reduced system. With
Duy = (—ki(eo — ¢y — 2, kis + k-1, ki)

one has
Dy Py = —ki(eg —cy — ¢y — (kys + k_y) =0 —vy

and furthermore
* k1S + k_1 k1S

O = 13+,,il *  —(kys+k_y) —kis
0 0 0
* k1S + k_l kls
= % * kl(eo—cl —Cz) —kls .
0 0 V1
Application to
0 0
g"0 + &8 = 1y |0 | = &2k5c1 | O
1 1

yields the auxiliary system (in time scale £7) on /\~/(1:

S kis * kis+k_

.| M2 k 2¢1 k
cif=7-~his| - &= 1(eg —c1 —c2) .
C"z ! Vi ! 0

Setting &, = 0 one obtains the intermediate reduced system.
When the initial values for system (3.3) are given by (so, c10,20), to obtain the approximate initial
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values (s, ¢ o, ¢5 ) on M, one uses (according to Remark 3) the two first integrals s + ¢; and ¢, of
2% and the defining equation for M;, thus the system

S+C; = S+ Cipo
G = Cp
k,lcl —kls(eo—cl —02) =0

which leads to quadratic equations for s and c;.

To find the fully reduced system one first computes

Dy = (0, —k3(ip — ¢2), —k3(eo +ip — c1 — 2¢2) — k3)

and
_ (P
Ay = (D,uz) (Pl, 81P2)
(—kl(eo—CI—C2)—k1S—k_1 81~k1s )
k(ip — ¢2) —&1 - (k3(eo +ip — ¢y — 2¢2) + k25))

The computation of the projection matrix is straightforward (although a software system is helpful) but
the output is sizeable. We just record the fully reduced system (in time scale €,&,¢). It is given by

&1
X = vlz 1&2
&3
with
vy =scikik; + scakiky — seokiky — cikiky = 3eicakik; + 2¢1e0ki Ky + crigkiky — 2¢3ki k3
+ 3cae0kiky + caiok K — egkiky — eoiokiky — sk sky + c1k”sky + cikoiky + cok’ 3k
+ 200k 1ky — eok’3k1 — eok-1ky — iok-1k3 — kZ3k-
and

& =ky(seok” 3ky + creok_1ky — crigk_1K} + ck_1K; — caeok_1K; — caigk_1k
+ e()llok_lk; - CZki3k—l),
kik;
& == (€)= 2eeo(ks)” + 2ok + 1 (k3)” — 2cenio (ks
3
+ c1ig(k) + 3 (k) = Geo(k;) = 2c3i0(k3) + 2cae0io(K3)” + caig(k5) — eoig(k3)?
— ISk + cregk” kG + 2c1igk ks — 3C3kT Sk + 202e0k” K5 + 3caiok” K
- 280i0ki3k; + 2C2(ki3)2),

_ ki:‘?klk; .7k 27 % * .7k .ok *
§3 = - e (C]l0k3 - Czk3 + C2€0k3 + C210k3 — €0l0k3 + Czk_3)
3

restricted to the invariant curve Mz.
Finally, given initial values (so,c;,C20) for system (3.3), approximate initial values for the fully
reduced system may be determined by solving the algebraic equations s + ¢; = so + ¢10, 41 = 0 and

/.12:().
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4. Critical parameter values

Typically in applications one starts with a general parameter dependent system, rather than a system
of type (2.1) or (3.1) with pre-assigned “small parameters”. Therefore the first task is to determine
critical parameter values, for which small perturbations lead to singular perturbation scenarios. Thus
we consider Tikhonov-Fenichel parameter values, as defined in [12] for two time scales, and extend
the notion to the three time scale setting.

4.1. Tikhonov-Fenichel parameter values

Tikhonov-Fenichel parameter values (TFPV) were introduced in [12] for polynomial (or rational)
parameter dependent systems

x=h(x,m), xeR', mell CR" 4.1

A TFPV T is characterized by the property that small perturbations 7 = 7 + £o + - - - along a smooth
curve in parameter space I1 give rise to a singular perturbation reduction for

x=h(x,T+ep+-)=h(x,7)+eDh(x,T)p + - --

with locally exponentially attracting critical manifold. (The definition extends easily to smooth
systems but the algorithmic approach relies on the stronger assumption.) There exists an intrinsic
characterization of TFPV’s, see [12] Lemmas 1 and 2, for which the characteristic polynomial

x@x, ) =7+ o0,.1(x, 7r)‘1'"_1 + -+ o(x, 1T+ oo(x, ) 4.2)

of the Jacobian D, h(x, ) is relevant. We recall:

Lemma 2. Given 0 < s < n, a parameter value 7 is a TFPV with locally exponentially attracting
critical manifold Z, (depending on'r) of dimension s, and xq € Z,, if and only if the following hold:

g h(x()a/ﬂT) = 0.
e The characteristic polynomial x(t, x, ) from (4.2)) satisfies
(i) oo(xo, ) = -+ = 051 (x0,7) = 0;

(ii) all roots of x(t, xo, ™)/ 7 have negative real parts.

e The system x = h(x,7) admits s independent local analytic first integrals at x.

All the conditions in the lemma can be represented by polynomial equations and inequalities. The
condition on the roots of x(r, xo,7)/7* is characterized by inequalities: There exist n — s Hurwitz
determinants (see e.g. Gantmacher [17], Ch. V, §6, Thm. 4 ff.) which must attain values > O.
Moreover, the existence requirement for s independent first integrals leads to a series of polynomial
equations via degree by degree evaluation of Taylor expansions. While there are notable exceptions
for chemical reaction networks, with possible first integrals from stoichiometry, this condition is the
most problematic to verify in general. One may proceed as follows: For every d > 0 there is an
induced action of D.h(x,m) on the space S| + --- + S, of polynomials in n variables with zero
constant term and of degree < d. Extending condition (i), the characteristic polynomial of this action
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(which coincides with (4.2) for d = 1) must have vanishing coefficients for all sufficiently small
powers of the indeterminate. No further inequalities appear, due to the structure of the eigenvalues for
this action, and thanks to Hilbert’s Basissatz, finitely many of these equations suffice. With increasing
dimension, one has to deal with feasibility problems. In applications the common procedure is step by
step, looking for simplifications at every stage. A full account is given in [12].

For the remainder of this section we assume that I1 C R’ is a semi-algebraic set, and that system
(4.1) admits the positively invariant subset R’}. Then, as was shown in [12], the Tikhonov-Fenichel
parameter values for dimension s, 1 < s < n form a semi-algebraic subset II; € R™. We will denote
the Zariski closure of II; by W;. Thus the elements of W; satisfy all defining equations for I but not
necessarily the defining inequalities.

4.2. Nested Tikhonov-Fenichel parameter values

Generalizing the approach to TFPV in [12]), and taking into account the special form of (3.1),
it seems reasonable to consider surfaces in parameter space. Thus consider a smooth surface of the
special form

Y(e1, &) =7+ &1 (pi(e1) + £202(€1, €2))

defined in some nighborhood of (0, 0). Substitute y(g;, &;) for 7 in (4.1) to get

h(x,y(e,2)) = hx,m)+h(x,y(&1,0)) - h(x,7)
=:g(0.0) —ig1-g(10)

+ (h(x’ ’}’(81, 82)) - h(Xa@) - (h(x’ 7(81’ 0)) - h(x’;a)

=:g16,g1:D

4.3)

with the g smooth by Hadamard’s lemma. In order to obtain a system (3.1) that also satisfies the
conditions (i) and (ii) preceding Lemma 1, the following is necessary: There exist s > 0 and k > 0
such that 7 € T, and 7w + & - p1(e;) € I1; for all sufficiently small &; > 0. (Note that &, plays no role
in these conditions.) This observation gives rise to:

Definition 2. Given system (4.1) and s, k > O with s + k < n, let 5 > 0 and let
B:(=6,0) = 11, & = B(e1)
be a smooth curve such that
(i) B(ey) € I for all &, > 0,
(ii) 7 := B(0) € M.
Then we call 7@ a Tikhonov-parameter value (for dimension s + k) nested in I1,.

We note some properties of nested TFPV.

Proposition 3. (a) Any TFPV 7 € I, which is nested in ﬁs lies in the boundary of 11 relative to its
Zariski closure W.

(b) Let 8 as in Definition 2, and for &, > 0 consider the decomposition
h(x, B(e1)) = P*(x, ey’ (x, &1)
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according to [11], Theorem 1. Then
det Du*(x, 0) P*(x,0)) =0

on the critical manifold.

Proof. Part (a) is a direct consequence of the definition. As for part (b), at &, = 0, with 7w € II,,; and
Xo € Z. (using notation from Lemma 2), the coefficient o-(xo,7) of the characteristic polynomial
(4.2) of

D h(xo, T) = P*(x0,0)Du" (xo, 0)

must vanish. This is equivalent to non-invertibility of Du*(x, 0) P*(x, 0)); see e.g. [11], Remark 4.

Remark 4. Proposition 3 opens a starting point for the computation of nested TFPV: Start with system
(4.1) corresponding to “generic” parameter values in 1y, i.e. parameter values in the intersection of
I1; with an irreducible component of the Zariski closure W,. In order to find nested parameters for
higher dimension one only needs to look at the boundary of Il,, and one can use part (b) in order to
obtain necessary conditions. Practically this may be realized by determining the decomposition P - u
for generic nt € Il and then looking at zeros of Du- P, with parameters in the boundary. (The boundary
may also contain further parameter values in I1;.)

4.3. Special settings for chemical reaction networks

For chemical reaction networks (CRN) the parameter region is usually given by II = R, thus

T
. m
= : €R+,

g

and for many such systems and given s, the irreducible components of W; are just determined by the
vanishing of certain of the r;; see e.g. [12,16,18]. (The underlying reason for this fact is the subject of
forthcoming work.) Thus we have, for  in a given irreducible component:

(i) Upon relabelling, thereis an ¢, 0 < £ < m such thatr; =0 forallie {€+1,---m};
(i1) the remaining parameters are nonnegative.

In other words, the intersection of II; with the given irreducible component of W corresponds to

some subset of RY, with boundary RY \ R%. This leads to an obvious case-by-case analysis. Note that
boundary points may or may not be contained in II;, but there is no loss in starting with “generic”
parameter values in the interior R’ . We look at a particular example.
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Example 2. We again consider competitive inhibition; see Eq (3.3). Here the parameters are of the
form

€0
ki
k-1
T = k2 S Rz
o
ks
k-3

From [12], Proposition 8 (see also Goeke’s dissertation [18], section 9.3) we have the necessary
condition epkik,k_3 = 0 for a TFPV in II;, with each of the four cases (e.g. ey = 0 and all other
parameter values > 0) yielding a singular perturbation reduction with attracting one dimensional
critical manifold. Hence W, has four irreducible components. For the cases with some k; = 0, which
amount to a distinction of slow and fast reactions, the two time scale reductions may be obtained
using a computational procedure outlined in Heinrich and Schauer [19]; see also Stiefenhofer [22]. In
order to find nested TFPV’s for dimension 2 we perform a case-by-case investigation. We only
consider one case here; see Section 5 for the remaining ones.

For the case k, = 0 the system is given by

s = k_1C1 — klse
c1 = kyse —k_jcy
¢y = kyei — k_3¢o,
where we have used the abbreviations ¢ = ey — ¢y —c; and i = ig — ¢p; note thate > Oandi > 0
by design of (3.3). By Remark 4, nested TFPV’s for dimension two and corresponding points in the
critical manifold necesarily satisfy det (Dy - P) = 0, with

k_1C1 — klse ! 0
u= . ,P=1-1 0],
k3ez — k_302 0 1
Dy = —kie kis+k_y kis
K= 0 —k3i —(k3i + k3€ + k_3) ’

Proceeding according to Remark 4, we determine the vanishing set of

kii —(k3i + kze + k_3)
=k ksie + k1k3€2 + kik_ze + kiksse + kik_zs + k_1ksi + k_1kze + k_1k_3.

det(_(kle+kls+k_l) kls )

Since all the variables and parameters are nonnegative, this sum equals zero if and only if every
summand vanishes. In particular, k_; - k_3 has to vanish for any nested TFPV. We look at the two
ensuing cases.
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(1) k—; = O0: Then the remaining conditions are
kiksie = kikse* = kik_se = kiksse = kik_3s = 0.

If ky, = 0 or k3 = k_3 = 0 we obtain a two dimensional variety of stationary points. Checking the
attractivity conditions (HA), one finds that these cases yield nested TFPV. If ¢ = s = 0 holds then
we get ey — ¢; — ¢, = 0 = s which corresponds to a one dimensional variety. In case e = k_3 = 0
we get ¢; = 0 while ¢, and s are arbitrary, thus we have a two dimensional (attracting) variety of
stationary points.

(i1) k_3 = 0: In this case there remains
kiksie = kikze* = kikzse = k_iksi = k_jkse = 0.

In view of case (i) we only have to check k3 = 0 or e = i = 0. In both cases we get a variety of
dimension two.

The case k3 = k_3 = 0 leads to system (3.3) with k3 = £k}, k_3 = k", and k, = &,&:k3, the reduction
of which was discussed in Example 1.

5. Further examples

In this section we continue the discussion of the competitive inhibitor network, to some extent,
and furthermore present a fairly complete investigation of a cooperative system with two complexes,
following the strategy outlined in Remark 4. The mathematical analysis yields a rather large number
of possible reductions, with parameter conditions that allow an interpretation in a biochemical context.
It seems that most of these reductions have not been discussed before in the literature. Here one
should note that the principal interest in biochemistry (as in the monograph by Keener and Sneyd) lies
in identifying and discussing reaction velocities for given parameter constellations; thus the focus is
different from the one in the present paper. (Noel et al. [4], Radulescu et al. [5], Samal et al. [6, 7]
investigate questions related to those in the present paper.) Missing from a complete analysis are
some cases concerned with boundary points in I1; € W; which themselves belong to I1;, as well as
certain degenerate cases for II,. Moreover we will not generally record routine calculations to verify
conditions such as (HA), and for ease of notation we will frequently use the term “critical manifold”
for the Zariski closure of this object, without mentioning the inequalities to be satisfied.

5.1. Competitive inhibition (cont.)

We continue to investigate the competitive inhibition network; see Eq (3.3), Examples 1 and 2.
The analysis of TFPV which was started in Example 2 will be finished here. For II; there are three
remaining cases, viz. ¢g = 0, k; = 0 and k_3 = 0.

(a) For ey = 0, the system is given by

s = (k]S + k_l)Cl + kyscy
¢ = —(k1S+k_1 +k2)C1 —k1S02 (51)
¢y = —k3iC1 — (k3l + k_3)C2
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We only consider the generic case for I1;, thus all the remaining parameters are > 0. Then the
(only possible) decomposition P - u for the right hand side is given by

c k1S + k_l kls
o= (Cl), P= —(k1S+k_1 +k2) —kls
? —ksi ~(ksi + k_3)

For nested TFPV, a simple computation yields the necessary condition
0 =det(Du - P) = ik_1k3 + ikoks + sk_sky + k_sk_; + k_3k,,
with all terms positive; thus every summand must vanish, and in particular
det(Du-P)=0 = (k.1 +k)k3=0 = k_y =k, =0o0rk_3 =0.

In case k_; = k, = 0 system (5.1) admits a two dimensional variety of stationary points, with
kis # 0 only if ¢; + ¢, = 0. The intersection of this variety with the positive orthant is only one
dimensional, thus we do not obtain a two dimensional critical manifold. The cases with k;s = 0
translate to k; = gkj for the system with small parameters. (Otherwise the critical manifold would
be given by s = 0, which does not contain the line given by ¢; = ¢, = 0.) Moreover we have
ey = £1&2€;, hence every term ke is of the form 8%32 - (-++), and the completely reduced system
is necessarily trivial. Likewise, the case k_3 = 0 in system (5.1) leads to k;s = 0.

To summarize, for the case ¢y = 0, which leads to the familiar QSS reduction in the two time scale
setting, there are no interesting reductions for the three time scale scenario: No parameter value
leads to an intermediate reduction to dimension two with nontrivial complete reduction.

(b) Next we consider the system with k; = 0, i.e.

s = k_]C1
¢1 = —(k_1 + ka)ey
6"2 = k3€i — k_3C2.
Because of Example 2 we may assume that k, # 0, which yields ¢; = 0 for stationary points.

In case k.3 = k3 = 0 we indeed have a two dimensional critical manifold. Turning to small
parameters we have k| = g1&2k], ks = €1k; and k_3 = £,k”;, and (3.3) becomes

N k_lcl 0 -1
| = -tk + ko)er |+ & 0 + e16kjes| 1 (5.2)
CH 0 kiei — k ;co 0

We compute the reductions for this case. For the auxiliary system (on the critical variety defined
by ¢; = 0) we obtain the decomposition

k_lcl k_l
—(k_y +ko)er | =|—tkor + k) |-
——
0 0 Hi
—————
Py
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and a straightforward computation yields the projection matrix

1 k_y/(koy+ k) O

0 =10 0 0
0 0 1
and the auxiliary system
s 0 kikyes -1
¢ = 0 + 82k A 0
C"z k;€l — k_3*C2 -1t 0

on the variety defined by ¢; = 0. (This is a QSS reduction for complex Cy, according to [16],
Proposition 5.) The intermediate reduced system is obtained setting &, = 0.
Turning to the complete reduction, the decomposition of the “fast part” of (5.2) is given by

k_ 0

—(k_y +ky) 0O (cl), with u, = kiei — k'5c,.
0 & M2
One obtains
A = —(k_1 + ko) 0
2T\ + ka)ksi —y (ka(e + 1) + k_zca)

and may continue as prescribed by Proposition 2. There are shortcuts, though: First note that the
critical manifold is given by ¢; = 0, and ¢, constant and equal to the smaller solution ¢, of the
quadratic equation

0 = 120, c2) = kx(eg — c2)(ip — ¢2) — kX5,
The completely reduced system will automatically yield ¢, = 0 and ¢, = 0, hence only the first

row of the projection matrix needs to be computed. As the final result of the reduction procedure

we get the equation
kik,

ko + ko
with the dot denoting differentiation with respect to ;1.

§= (eo —¢2)s,

(c) Finally, we deal with the case k3 = 0, which does not automatically yield a one dimensional
variety of stationary points. System (3.3) becomes

§ = k_lCl —klse
¢ = kyse — (k_l + kz)C]
Cz = k3€i.
We may assume that k; # 0 and k, # 0, otherwise one would arrive at (non-generic) subcases of
previously discussed systems. From this we obtain ¢; = 0 and es = 0 as necessary conditions. Now

e = 0 and nonnegativity of varaibles imply ¢, = 0; a previously discussed case, therefore every
stationary point satisfies s = 0. If k3 # 0 then i = O forces ¢, = iy; the corresponding parameter
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values are not in II;. So the only case remaining is k3 = k_3 = 0 (very slow binding to the inhibitor,
very slow degradation of the inhibitor complex), with system

$ = k_1C1 —klse
¢ = kyse — (k_l + kz)C]
C‘z = O
To obtain a two dimensional variety of stationary points one has to check the boundary of II; for

nested TFPV, which splits into four cases. We only discuss the case k; = 0 here, thus (3.3) with
small parameters becomes

N k_lcl -1 0
C"l = _(k—l + kZ)Cl + 81kT€S 1 |1+ E1&E 0 (53)
&5 0 0 kiei — k ¢z

The computation of the auxiliary system runs similar to the reduction of (5.2) and yields

‘S kikses 0
c1|= otk + & 0 s
é‘z -1 2 0 k;el - k_3*C2

on the invariant variety given by ¢; = 0. Finally, the completely reduced system lives on the variety
defined by ¢; = s = 0 (a coordinate subspace), and therefore by [16], Proposition 5 the reduced
system may be directly obtained via “classical” QSS reduction; yielding

¢ = k3(eg — ¢2)(ip — ¢2) — kZ5cs.

5.2. A cooperative system

In this subsection we study the standard cooperative system involving substrate S, two complexes
C,, C,, enzyme E and product P. The reaction scheme

kl kz

S+ F 1:—_‘ Ci = E+P
b ke

S+C1 k‘ﬁ C2 - C1+P
-3

yields, with the usual assumptions and stoichiometry, the differential equation

s = —kieps + (k_l + ks — k3S)C1 + (kls + k_3)C2
¢ = kleos - (k_] +ky + ks + k3S)C] + (k_3 + ks — Ky S)C2 (54)
¢y = kyscy — (ks + k4o

where all appearing constants are non-negative; see Keener and Sneyd [14], equations (1.62—-64),
where the QSS reduction for complexes C; and C; is discussed. A direct proof of validity via singular
perturbation theory - for two time scales - is given in Murray [21], Section 6.5 when ey = &ej;
alternatively [16], Proposition 5 is applicable. In [16], subsection 5.4 a list of parameter conditions for
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various types of QSS is given, and their relation to Tikhonov-Fenichel reductions is discussed. Keener
and Sneyd also mention the (partial) equilibrium approximation, by which one generally determines
the product forming velocity given equilibrium in a certain subnetwork. In the present context [14],
section 1.7, Exercise 10 this means that k;, = €k; and k4 = €k are small. The discussion in 5.2.4
shows, among other things, that these conditions are not compatible with singular perturbation
reductions. (One needs to add further “small parameters”, and the resulting reduction formulas are
more complicated.) Cooperative systems with three complexes are mentioned in [14], and the singular
perturbation reduction in the case of arbitrary many complexes, with small ey = &e, is derived
in [16], section 5.3. Now we turn to the three time scale setting.

According to Goeke [18], Kap. 9.4, necessary conditions for TFPV are given by

eoklkz(k_3 + k4) =0.

52.1. Casek; =0
When we substitute k; = 0 in Eq (5.4) we obtain

s = (k_l - k3S)C1 + k_3co

¢ = _(k—l +ky + k3S)C] + (k_3 + k4)6'2
C) = k3SC1 - (k_3 + k4)C2.

Hence considering the generic case (all remaining parameters > 0) we obtain an irreducible component
of W, given by k; = 0, and the critical manifold is given by ¢; = ¢; = 0. We get a decomposition with

—sks + k_; k_3 c
P = —(Sk3 +k | + kz) k_3 + ky , M= (Cl) R
sks —(k3 + ky) ’

and necessary conditions for nested TFPV from
0= detDu -P= (k_l +k2)(k_3 + k4) >k 1=k =00rksz=k=0.

Thie first set of conditions does not, by itself, yield a two dimensional critical manifold, and we will
not pursue it further here. The second set, i.e. k_3 = k4 = 0, yields the two dimensional variety given
by Cc = 0.

Considering this setting, we introduce the small parameters in our original system by substituting
ki = &k}, k.3 = g1k’5, ky = £k, . Ordering the parameters as e, ki, k_y, ko, , k3, k_3, k4 , we thus
consider the surface in parameter space given by

€p 0 0

0 0 :

k_; 0 0
YEL&) =k |+& || 0 |+&|0]],

ks 0 0

0 K, 0

0 K, 0
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and with x = (s, ¢, )" we get

h(x,&1,&) = 8(0’0)(16) ter- (g(l’o)(X, g)+e- g(l’l)(X, &1, 82)) (5.5)
with
(—Sk3 + k_l)Cl
g0(x) = | =(sks + k-1 + ko)ey
k3SC1
ki36‘2

g O, e) = | (k5 +kDes
—(k, + K)cs

skici + skic, —kiegs
8"V (x,e1,82) = | =(skjcr + skica — Kjeos) |
0

For this system we compute the complete reduction on ¢; = ¢, = 0 and the intermediate reduction on
c¢1 = 0. In order to compute the completely reduced system, a factorization of g% + g,g19 is given

by
(Pl, 81P2) : (z;)

with u; = ¢y, o = ¢, and

—sksy + k_; ki3
Py =|-(sks+k_i+k)|, P,= ki3 + kz
3k k
kss —(k*5 + k)
The projection matrix is
| oshekik ke kg —skki 2k ko —haky ki
K ko1 ok ko K +hok, K ko +hok k1 k thak,
Q=10 0 0 ;
0 0 0

and the fully reduced system in very slow time on the invariant manifold ¢; = ¢, = 0 is given by the
equation

kgkjs + ki3k2 + kaz
Kk + okt + kK + Kok,
Similarly one computes the intermediate system on the two dimensional variety given by ¢; = 0 from
the decomposition Py - pyy:

§ = - kjeps.

s 1 —(SCzkng + 2k_1c2ki3 + kzki:;Cz + Czkj;k_l)
C"] e —— 0
o) SEtkatk —(koy 0ok’ s + kok* 505 + Cokik_y + Cokok)

In this context, a brief digression may be appropriate: In their discussion of reaction velocities, Keener
and Sneyd [14] also derive a Hill function in Eq (1.69)) with arguments that could a priori be interpreted
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as involving three time scales: They consider “k; — 0 and k3 — oo, with constant product kk3”.
Rescaling time, one might think of this as a case of very small k;, with k3 of order one. One system
satisfying these conditions is (5.5), but the completely reduced equation manifestly does not follow
Hill kinetics. One might also consider the case when k3 is of order one, k; is very small and all the
other k; are small. This corresponds to a degenerate (but a priori legitimate) subcase of “k_3 = k4 = 0”
discussed above, with the surface in parameter space now given by

€p 0 0
0 0 ki
0

YL, e)=|0|+e || & [+&

k3 0

0

0

(=l eloNoNe)

A straightforward analysis shows, however, that the resulting system does not satisfy the rank (or
eigenvalue) conditions from Lemma 1(c), hence Tikhonov-Fenichel reduction is not applicable. To
summarize: For the given cooperative network, a reaction velocity of Hill type cannot be obtained
from time scale arguments.

5.2.2. Caseey =0

From ¢; = 0 one also obtains a component of W, and system (5.4) specializes to

§ = (k_l + kls - k3S)C1 + (k]S + k_3)02
¢ = —(k_1 +ky + ks + k3S)C1 + (k_3 + kg — k]S)CZ
¢y = kyscy — (k_z + ky)cs.

The right hand side has a factorization P - u with

c sk — Sk3 + k_; sk; + k_3
,u:(l), P= —Skl—Sk3—k_1—k2 —Sk1+k_3+k4 ,
Sk3 —k_3 — k4

and in order to obtain nested TFPV we examine all variable-parameter configurations that satisfy
0= det(D,u . P) = sky - (sks + k3 + k) + (k- + kg) c(k_z + ky).

The plane given by s = 0 is not a viable candidate for a two dimensional critical manifold since it does
not contain the line ¢; = ¢, = 0. This leaves the cases k; = k_; = k, =0, ky = k.3 = k4, = 0 and
ks =k3=ks =0.

The first of these yields a two dimensional variety (defined by ks;sc; — k_3c; = 0) only under the
additional condition k; = 0. The second case, whenever k; # 0, yields a variety whose intersection
with the positive orthant has dimension one, hence is of no relevance. For the third case we obtain a
two dimensional variety only if k; = 0 or k, = 0.

With the exception of this very last case, the completely reduced system will always be trivial, due
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to ki = g1k} and ey = &1&2¢;;, which implies kjey = 0(8%82). We consider one special case, viz. the
intermediate reduction coresponding to the nested TFPV with ky = k3 = k.3 = k4 = 0; here ¢; = 0
defines the two dimensional critical manifold. Considering

0 0 e,
0 ki 0
k_q 0 0
yEne) =k |+e || 0 [+&]0]],
0 k3 0
0 k*, 0
0 k; 0
we compute:
cik_y
g0 = =(k_; + ko)ey
0
(ski — sk3y)cy + (skj + k"))co
g1 = | =(sk + skt + (—ski + k' + kDea
kiscy — (k25 + kj)ca
—g1kjeys
gt = gikieys
0

The intermediate reduced system on the invariant variety ¢; = 0 is then:
Y ((scakiky + 205k" sk_y + ok’ sky + cokik) (ki + ko)
| = 0
&) —(k* 5 + kp)ea

523. Casek;3=k; =0

These conditions define a component of W, and generically the critical manifold is given by s =
c1 = 0. System (5.4) is given by

s = —k1€0S+(k_1 +k1S—k3S)C1 +k1SC2
¢1 = kiegs —(k_y +ky + kis+ k3s)cy — ki sc;
C"z = k3SC]

and the product decomposition (which we do not write down here) yields
0 =detDu- P = ki(eg — c2)(ky + 2k35).
as necessary conditions for nested TFPV. One possible case is k; = 0 with critical manifold ¢; = O.
The remaining cases are:
(1) k, = k_y = 0 with variety s = 0;
(i1) ky = k3 = 0 with variety ky(ep — ¢1 — ¢2)s —k_1c; = 0.

Note that the condition ¢y — ¢; = 0 does not yield a two dimensional critical variety.
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52.4. Casek, =0

In this situation system (5.4) simplifies to

s = —kleos + (k_l + kis— k3S)C] + (k]S + k_3)C2
¢ = kle()S - (k_l + k1S + k3S)C1 + (k_3 + k4 — kl S)Cz
¢ = kzscy — (k_3 + k4)6'2.

The condition k&, = 0 by itself does not define an irreducible component of W;; in other words it
does not guarantee the existence of a one dimensional variety of stationary points. Therefore we first
investigate sufficient conditions, using the observation § + ¢; + 2¢; = —kyc5.

(a) For k4 # 0O this observation implies that any stationary point satisfies ¢c; = 0, and the remaining
condition is kzsc; = 0.

(1) In case k3 # 0 we have either s = 0, with the variety of stationary points given by s = ¢, = 0;
in turn this yields the parameter configuration

k_l :kz :O.

(i1) Alternatively we have ¢; = 0, the variety is given by ¢; = ¢, = 0, and one must have ke, = 0.
We obtain the possible parameter configurations

klszZOOI'eo:kz:O.

(b) In case k4 = O the remaining system is

s = —kies+k_ici —kzscy + k_zca
¢ = kies—k_jc; + kysc; + k_s¢
62 = k3SC] - k_36'2.

Adding the first two equations for stationary points shows that k_3c, = 0, and combining this with
the third equation yields k3sc; = 0; in addition one has kjes — k_yc; = 0. Thus there are further
conditions for the existence of a one dimensional critical variety.

(i) Given that k3 # 0 and k_3 # O, the variety is given either by ¢, = s = 0, which yields the
parameter conditions
ky=k_y =ks=0;

or the variety is given by ¢; = ¢, = 0, with parameter conditions
k2:k4:k1 :00rk2:k4:e():0;

all of these are special cases from (a).

(i1) Incase k3 = 0 we obtain the one dimensional variety given by ¢, = 0 and ky(ep—c;)s—k_1c; =
0; thus we have the parameter condition

which defines a component of W.
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(ii1) In case k_3 = 0 one obtains the variety s = ¢; = 0, with parameter conditions
ky =ks =k_3=0.

For all these parameters the next task is to discuss conditions for embedded TFPV. We will only do
so for two cases.

1. In the case k_; = k, = 0 one has a decomposition
—kle - k3C1 k,3 g
kle—k3C1 k_3+k4 .(C )
kycy —(k_3 + k4) 2

which yields
detD,u -P= kl(k_3 + k4)€ + k3k4C1.

We take a closer look at the case k; = k3 = 0, with critical variety ¢, = 0. The surface in parameter

space
€o 0 0
0 k; 0
0 0 k*,
yELe) =0 [+ -||0|+e]|k
0 k3 0
k_3 0 0
k4 0 0
yields
Cgk_3
g0 =| (ks + ka)ea
—(k_3 + k4)cz

o) —kjegs + (ski — sk3)cy + skic,

g kiegs — (kis + kjs)c) — kisco
k;sc
kilcl
gl ==k, + ke |
0

The intermediate reduced system is as follows:

scik_ski + kskicys — scikiky — kieosk_z — kjeo sk
ks + ky

§ =

¢ = —sciky + kieps
é‘z = 0,
and the completely reduced system (on s = ¢, = 0) is given by:
—Cl(Clk_3ka; — Clki1k§k4 + c1k>fk;k4 — Clk;k§k4 — €0k_3k>fk; — €0k>fk;k4)
C]k_:;ki< + C]ka4 - C]k;k4 - €()ka_3 - 6()ka4

C"lz
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2. In the case k» = k3 = k4 = 0 we have the one dimensional critical manifold
kis-(eg—c1)—k_1c1=0,c, =0

and the right hand side of the system at k, = k3 = k4 = 0 can be decomposed into P - u, with

1 sk + k_3
P=|-1 —sk +k;

0 —k_3
_ (kls ~(eg—c1) — k—lcl)
U= )
(&)

This yields
det(Du -P)= (k1(€() — Cl) + k1S + k_4) . k_3.

We investigate the case k_3 = 0. Additionally setting k_3 = 0 we obtain the two dimensional
critical manifold defined by

Mo 1= —kleos + (k_l + k]S)C] + kisc, = 0.

Following the usual procedure we consider the surface

€o 0 0
ky 0 0
k_ 0 0
YELEe) =0 [+ || 0 [+&]|k
0 0 K
0 k, 0
0 0 k;

in parameter space, and thus

00 = kle()S - (Sk] + k_l)Cl + —k;sco

—kyegs + (sky + k_j)c; + klscz]
0

kigcz
—ki302
—skic;
gl = =(sk; + k3)ey + chz] .
skici — k¢

Here the intermediate reduced system is given by

) 1
5= ski + ki(eg —c1 — ) + kg

. (SCzki3k1 + 2C2ki3k_1)
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1
Sk1 + k](eo —C| — Cz) + k_l

& = - (sCak" sk = 2kycak” 301 — 2kik* 563 + 2eokik 5c5)
é‘z = —Czk:o’

on u, = 0, and the fully reduced system is given by

1
- - (=seokik;
S Sk] +k1(€0—01)+k_1 ( seof 2)
1
o = (ki ket — Keok
€l Sk] +k1(€0—C1)+k_1 ( el 2€0 1C1)
¢ =0.

6. More time scales

In this section we give a brief outline on extending the coordinate-free approach to more than three
time scales. Thus let N > 3 and first consider a system with N — 1 small parameters of the form

X = (rl 8j] - filx,e1,...,en-1), 1 <i<N; briefly x = f(x,¢) 6.1)

1<j<i

with separated variables. By a smooth coordinate transformation this becomes

X = g(O ..... 0) + & (g(l,O,...O) + & (g(l,l,O,...,O) + & ( X ))) (62)

(x,&1,...,&n-1). Moreover conditions (i), (ii) preceding Lemma 1 generalize in an obvious manner to
the vanishing sets of

g(O ..... 0) + 81g(1’0""0)

g(o ..... 0 4 & (g(l,O,...O)+82g(1,1,0,...,0))

etc.

and as in Proposition 2 one obtains decompositions

o = Py
Hi
g0 4 g 0l00) = (P1, 81P2)(ﬂ2)
Hi
g0 0)+81(g(1’0""0)+8zg(1’1’0’”"0)) = (Pl, 1Py, 8182P3) M2
3
etc.

Likewise, one generalizes the definitions of A;, A, and the constructions of the projection matrices
Q;, the latter extending smoothly to & = ---&y_; = 0. This yields the various (intermediate)
reductions.
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Given a general parameter dependent system (4.1), nested Tikhonov-Fenichel parameter values may
be found via the ansatz

v:(e1,...,en) P T+ (01(x, &) + & (02(x,81,8) +&3(-++)))

and the ensuing decomposition of h(x, y(ey, ..., ex-1)) analogous to the one in (4.3). Thus the problem
istofind s > 0,0 < k; <--- < ky_; with s + ky_; < n and a smooth map

B:(er,...,en0) = 11,

defined in some neighborhood of 0, such that

Bler,....en2) € 1l
18(815 <o EN-3, 0) € Hs+k1

ﬁ(o’ ey 0) € HS+kN,1

whenever all g; > 0. Rather obvious generalizations of Proposition 3 hold, and the strategy outlined in
Remark 4 remains applicable.
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Appendix
For the reader’s convenience we state and prove here two lemmas.
Lemma 3. Let ry, r, be positive integers and
AeR™"  BeR™?2 CeR?™", DeR>™?,
Moreover assume that all eigenvalues of A have real part < 0. Then the following are equivalent.

(i) All eigenvalues of —CA™'B + D have real part < 0.

(ii) There exists 6 > 0 such that, for every € € (0, 0), all eigenvalues of
A B
eC &D
have real part < 0.

Proof. Consider the singularly perturbed linear differential equation

X = Ax + By
y = &Cx + €Dy

Introducing z := x + A~! By one can rewrite this as

z = AZ + 8(' . )
£((-CA™'B+ D)y + Cz)

Here the fast system is just given by z = Az, and the slow system (on the critical manifold defined by
z = 0) is given by
y = &(~CA™'B + D)y.

Using Tikhonov’s theorem (in the form given e.g. in Verhulst [23], Ch. 8), one sees that both conditions
(1), (11) are equivalent to exponential attractivity of the stationary point O for the linear system. O

Lemma 4. Let V C R" be open and nonempty, 0 <r <n, 6 > 0 and

Bl VX [05 5) - Rnxra (Xa 8) = B]()C, 8)
B2 VX [05 6) - Rnx(n—r), (-x’ 8) = B2(X, 8)

be smooth functions (defined in some neighborhood of V X [0, 0)) such that R" is the sum of the image
W, of B, and the image W, of B,, for every (x,g). Then the entries of the matrix Q(x,g) € R™"
which sends v € R” to its W,-component with respect to the direct sum decomposition W, & W, depend
smoothly on (x, €).
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Proof. We suppress the arguments (x, £) in the notation. By assumption C := (Bl, Bz) is invertible,
and the entries of C~! depend smoothly on (x, £). With the projection matrix given by

the assertion is obvious.
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