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Abstract: The purpose of this work is to investigate the existence and stability of traveling wavefronts
for competitive-cooperative systems with three species. The existence result can be derived by using
the technique of monotone method with the help of a pair of explicit supersolution and subsolution.
Moreover, some sufficient conditions ensure the linear determinacy for the minimal speed is given.
Then, applying the weighted energy method, we prove that the traveling wavefronts are asymptotically
stable in the weighted Banach spaces provided that the initial perturbations of the traveling wavefronts
also belong to the same spaces.
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1. Introduction

This paper is concerned with the existence and stability of traveling wavefronts for the following
discrete three species competitive-cooperative systems of Lotka-Volterra type:

u; = d\D[u](t, x) + u(ry — byju — bov + bizw),
v; = dy D[V](t, X) + v(ry — bayu — byv — byzw), Y(t,x) € R* xR, (1.1)
w, = d3D[w](t, x) + w(rs + bsju — b3y — byzw),

and
u;(t) = diAlu](@) + ui(ry — byyuy — biovi + bizwy),
Vi(t) = o AV(0) + vi(ra = by — by — bysw), Y(t,i) e R* X Z. (1.2)
wi(t) = d3Alwil(0) + wi(rs + baju; — by — byzwy),
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Here D[u](t, x) and A[u;](f) mean the discrete diffusive operators given by

Dlu](t,x) == u(t,x+ 1)+ ut,x— 1) — 2u(t, x)
Alu;](@) := w1 (1) + w1 () — 2u;(7).

and

Systems (1.1) and (1.2) can be considered as discrete versions of the following continuous system:

U = dittye + u(ry — by — by + bizw),
Vv, = dzvxx + V(I’z — b21u - b22V — bng), V(l, X) e R" xR. (13)

Wy = d3Wyx + W(r3 + b3ju — by — byzw),

In system (1.3), u(-), v(-) and w(-) represent the population density of the species. Each d; > 0(i =
1,2,3) stands for the diffusion rate of each species, and r; > 0(G = 1,2,3) is the growth rate of
species. The parameter b; > 0(i = 1,2, 3) means the intraspecific competition rates of a species, and
b1z, by1, by3, b3y > 0 describe the interspecific competition rates between species. Noting that b3 and
b3 maybe positive or negative constants. If b3 and b3; < O then (1.3) is a competitive system among
three species and any two of the three species u#, v and w are in a competitive manner. On the other
hand, if b;3 and b3; > 0, then (1.3) becomes the competitive-cooperative system of three species. That
is, u and v compete and w and v also compete with each other, while # and w are in a cooperative way
to help each other.

Due to different signs of the parameters, the interacting behavior between the species of (1.3) are
quite complicated and different. In biology, one of the important issue is to investigate the invasion
phenomenon for system (1.3). Thus it is very nature to study the propagation of traveling wave
solutions. The concept of traveling wave solutions was introduced by Fisher [1] in 1937 in reaction
diffusion equations, which represents a segregated spatial pattern propagating through the spatial
domain at a constant speed. In addition, such solutions are natural phenomena ubiquitously for many
reaction-diffusion systems, e.g., biophysics, population genetics, mathematical ecology, chemistry,
chemical physics, and so on. In past years, there have many progresses on this topic in various fields.
Here we only illustrate some literature for system (1.3) in the sequel.

For the competitive case, Chen et al. [2, 3] and Mimura and Tohma [4] used numerical approaches
or the construction of exact traveling wave solutions to establish many kinds of pattern formulations.
In addition, when the diffusion coeflicients are small, Ikeda [5, 6] considered traveling wave solutions
and dynamics of weakly interacting front and back waves. Other related works, we refer Kan-on and
Mimura [7], Miller [8] and Mimura and Fife [9]. On the other hand, for the competitive-cooperative
case, one can see that system (1.3) is a monotone system which has some ordering structures. Based
on the monotone structure, Guo et al. [10] proved the existence of traveling wave solutions under the
assumption b3 = b3; = 0. Hung [11] further considered the existence of traveling wave solutions in the
case b3, b3y > 0,d, = d, = dj and r; = r, = r3. Recently, Chang [12] improved the results of [10,11]
to more general parameters. Motivated by the above mentioned literature, it is natural and important
to study the same problems for the discrete systems (1.1) and (1.2). In this paper, we first establish the
existence of traveling wavefronts for discrete systems (1.1) and (1.2). However, when these solutions
are disturbed under small perturbations, only stable such solutions can be visualized in the real world.
Therefore, it is quite important to study the stability problem of the traveling wavefronts. We also focus
on the stability problem in this work.
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Since there are many parameters appearing in the above systems, we first rescale the systems (1.1)—
(1.2) into the following simpler forms:

u, = diD[u](t, x) + u(ry — u — c1v + c13w),

v, = daD[V](t, x) + v(ry — coju — v — c3w), Y(t,x) € R" xR, (1.4)
w; = dsD[w](t, x) + w(rs + c31u — C30V — W),

and
u;(t) = di Alu](0) + wi(ry — u; — crpvi + cizwy),

Vi(t) = dr A[Vi](2) + vi(ry — o1t — vi — C3Wy), Y(t,i) € R* X Z. (1.5
wi(t) = dsAlwil(0) + wi(rs + c31u; — c3vi — wy)).

Furthermore, replacing (u, v, w) and (u;, v;, w;) by (u, r, — v,w) and (u;, r, — v;, w;) respectively, we can
transform systems (1.4)—(1.5) into the following systems

u, = diD[u](t, x) + u(ry — cjary — u + c12v + c13w),

v, = da D[V](t, X) + (v — r)(—cou + v — co3w), Y(t,x) € R" X R, (1.6)
w; = dsD[w](t, x) + w(rs — c3r2 + C31U + 3V — W),

and
u;(t) = diAlug](#) + ui(ry — ciary — u; + cppvi + ci3wy),

Vi) = do A1) + (vi = ra)(=carlt; + v — c3wy), Y(t,i) € Rt X Z. (1.7)

wi(t) = d3A[w;](2) + wi(rs — c3ary + C31U; + €320 — Wy),

Since systems (1.6)—(1.7) are monotone systems, for simplicity, hereinafter we will consider our
subject on the systems (1.6)—(1.7). By elementary computations, systems (1.6) or (1.7) have the
following eight equilibria:

ry +rci3 ric31 +r3

El :(0’ 0’ 0)’ E2 = (M*, rZ’W*) = ( ), E3 = (rla }"2,0),

b 2’
I —caiens I —caiens

c3(r3 — c32h2) 13— C30h
Es =(0,7,,0), Es = (0,72, 13), E¢ = (0, , ,
I —cpnen 1 —cpen

_ ri—cpry c(r —cpn)

E7 - ) 90)7 E8 = (81762’ 63)’
1 = ciae 1 = ciae
where
er :=—[(r1 — c1ar2) + c13(r3 — c3212) — c3(r1c30 — 13¢12)1/ 0,
ey :=—[(ca1 + c31623)(r1 — c1212) + (€23 + €21€13)(1r3 — €3212)]/ O,
e3 :=—[(r3 — c3r) + ¢31(r1 — c1212) + c21(r1632 — 13¢12)1/9,

O :=cy3¢31 + €12023C31 + €21€13C32 + C12C21 + Co3032 — 1.
A traveling wave solution (u(t, x), v(t, x), w(t, x)) for (1.6) means that
(u(t, x), v(t, x), w(t, x)) = (1(x + ct), ha(x + ct), p3(x + ct))
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for some smooth functions ¢;(-), i = 1,2,3 with wave speed ¢ € R. If ®(:) = (¢1(-), d2(-), #3(-)) is
monotone, then it is called a traveling wavefront. Then, taking the moving coordinate & := x + ct, we
see the profile function (¢(£), ¢,(), ¢3(£)) for system (1.6) satisfy the system

cd| (&) = di D[11(€) + ¢1(r1 — crar2 — 1 + Cr2¢2 + C133),
cdy (&) = dyDNhr1(€) + (b2 — r)(—c2191 + 2 — C2363), Y& eR, (1.8)
cP (&) = d3D[P3]() + ¢3(r3 — c3or2 + €310 + C3202 — B3),

where
DI[g:l(&) := i+ D) + (- 1) = 2¢:(6), i = 1,2,3.

Different to system (1.6), a traveling wave solution (u;(¢), v;(¢), w;(¢)) for (1.7) means that

(ui(®), vi(1), wi(1)) = (¢1(i + 1), pa(i + c1), P3(i + 1))

for some smooth functions ¢;(-), i = 1,2, 3 with wave speed ¢ € R. Then, taking the moving coordinate
& = i+ ct, we see the profile function (¢(£), 92(€), ¢3(€)) for system (1.7) is the same as system
(1.8). From the viewpoint of biology, we are interested in the existence and stability of solutions for
system (1.8) connecting the trivial equilibria E; and positive co-exist equilibrium E,, that is satisfy the
following conditions:

lim (1(6).2(6),:(6) = Ex and. Jim(61(6). 92(6). ¢:36)) = Ex. (1.9)

It is easy to see that E; > 0 when c3;¢13 < 1. Here and in the sequel, we always use the usual notations
for the standard ordering in R3.

In this article we first consider the existence problem of traveling wavefronts for systems (1.6) and
(1.7), 1.e., looking for solutions of (1.8) satisfying the condition (1.9). Since (1.8) is a monotone system,
the existence problem could be reduced to find a pair of supersolution and subsolution of system (1.8).
To this end, throughout this article, we assume the following assumption:

(Hl) dl > d3 > dz, C3y < 1< Cy1 + Cx3 and (021 + C23)r2 <r3—c3pry < rp—Cian.
(H2) (c21 + c31023)r1 + (€23 + c21€13)r3 > (1 = ¢13¢31)> 0.

Note that (H2) holds when r, is small enough. The assumption (H1) will be used in proving the
existence of traveling wavefronts. In addition, one can verify that

(c21 + c3103)r1 + (€23 + Cp1C13)r3 — 12(1 = €13¢31)
o .

k

If ® > 0 then (H2) implies that e, < u;. On the other hand, if ® < 0 then (H2) implies that e, > u3.
Hence, under the assumptions (H1)—(H2), we know that Eg ¢ [0, E;].

Based on the above assumptions, we can establish a pair of supersolution and subsolution of
system (1.8). Then, applying the monotone iteration method, we show that (1.8) admits a strictly
increasing solution satisfying (1.9) as long as the wave speed is greater than the minimum wave speed
(see Theorem 3.1). That is the existence of monotonic traveling wave solutions connecting two
equilibria for systems (1.1) and (1.2). In addition, we show that (HI) and (H2) are sufficient
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conditions which ensure the linear determinacy for the minimal speed is given, i.e., the minimal speed
is determined by the linearization of the problem at some unstable equilibrium.

Next, we consider the stability of traveling wavefronts derived in Theorem 3.1. In past years, there
have been extensive investigations on the stability of traveling wave solutions for reaction-diffusion
systems, see e.g., [13—15], the monographs [16, 17], the survey paper [18] and the references therein.
For examples, Mei et al. [14] used the weighted energy method and the Green function technique to
study the global stability of monostable traveling wave solutions for nonlocal time-delayed
reaction-diffusion equations. Recently, by using the monotone scheme and spectral analysis,
Chang [12] considered the existence and stability of traveling wave solutions for system (1.3). More
precisely, the author showed that the traveling wave solutions of (1.3) are essentially unstable in the
uniform continuous function space. On the other hand, if the initial perturbations of the traveling
wave solutions belong to certain exponentially weighted Banach space, then the traveling wave
solutions are asymptotically stable in the weighted Banach space. However, due to the discrete
diffusion operator in (1.8), the method of spectral analysis used in Chang [12] no longer works in
investigating the stability problems of the discrete systems (1.6) and (1.7). Motivated by the
works [14, 19], we will establish the comparison principle for systems (1.6) and (1.7). And then use
the the weighted energy method (see [14, 19-22]) to show that the traveling wave solutions of (1.6)
and (1.7) with large wave speed are exponentially stable when the initial perturbation around them
decay exponentially as the spatial variable tending to —oco (see Theorems 4.1 and 5.1). Moreover,
using different weighted functions, we improve the stability results of Theorems 4.1 and 5.1 to any
wave speed greater than the minimum wave speed (see Theorems 6.1 and 6.2).

2. Construction of sub-super solutions for (1.8)
For convenience, we write E, = (u},u},u}) in this section, and F(u,v,w) := (fi(u,v,w),
Sa(u,v,w), f3(u, v, w)) where

filu,v,w) i=u(r) — ciory — u + c12v + c13w),
L, v,w) :=(v = r)(=coiu + v — c3w),

f3(u, v, w) :=w(rs — e + c31u + c3v —w).
Then the profile system (1.8) can be written into the form:

(&) = diD[$:1(&) + [i($1(8), $2(£), $3()), fori=1,2,3. (2.1)

To establish the existence of solutions for system (2.1) by using the technique of sub-super solutions,
we first give the following definition.

Definition 2.1. A continuous function (¢1(€), $2(€), $3(€)) is called a subsolution or supersolution of
(2.1), if each ¢;(€) is continuously differentiable in R except at finite points and satisfies (resp.)

ci(§) < diDIpil(&) + fi(1(£), $2(£), $3(8)), a.e. § €R, (2.2)

or

(&) 2 diDIPil(&) + fi($1(£), $2(£), $3(8)), a.e. § €R. (2.3)
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Before constructing a pair of sub-super solutions for system (1.8), we first consider the characteristic
polynomials of system (1.8) at E; given by

Fl(/,t;C) 0 0
det| coira  To(usc)  cary | =T olna(u; ol's(u; o),
0 0 [3(u; ©)

where
Li(uso) i=di(e + e =2) —cu+r —ciara,

Do(us¢) i=do(e + e =2) —cu—ra,
[3(u;0) i=ds(et + e™ —2) — cu+ r3 — c3ors.

It is clear that I';(u; ¢) = 0 have a positive root for any ¢ > 0. For I'1(u; ¢) and I';(u; ¢), we have the
following properties.

Lemma 2.1. There exist ¢} > ¢; > 0 such that (for i = 1, 3)

(1) ifc > ¢}, there exist O < u; < ;" such that

Li(ui5¢) =0, Ti(ps ) < 0, Y € (i, 1) and Ti(ps ) > 0, Y € [p7, 171
(2) if c = ¢}, there exists a unique y: € (u; ,p;) such that
(s cr) = 0and Ti(u; ¢i) > 0, Yu # 'y

(3) if0<c<c}, thenTi(u;c) > 0 forall p € R.

In addition, we have u; < uy < ui < u3 when c > cj.
By Lemma 2.1, we can construct a pair of sub-super solutions for (1.8) in the sequel.

Lemma 2.2. Assume c > cj. Let’s set

eMié + quy[e'”‘l_f, if.f < gl’

MT’ lfé:zé:l,

fori =23, where (&) = u: (i = 1,2, 3), g and n are positive constants with

R e + qure™s,  fE < &,
and i;(¢) = { T ut l;g > g

() = {
My < mpy < min{uy, gy, gy + i) (2.4)
Then U(f) = (i11(€), (&), it3(£)) is a supersolution of (1.8) when q is large enough.

Proof. Let us write & = &(q) (i = 1,2,3) as a function of g. Since #;(§;) = u;, one can easily verify
that

lim &;(q) = —o0, fori=1,2,3. (2.5)
q—)OO
Then, for & > £,(g), it is clear that
d\ Dl 1(&) - ity (&) + 1(U(é) < fi(Ey) = 0. (2.6)

If £ < £1(q), by (2.4) and (2.5) and elementary computations, we have
4\ D[in)(é) - ety () + fi(U ()
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=qu; ™ T (quy; ©) + i (E)( = (&) + cpaily(€) + c13813(€))

<quie™ T (nuys o) + (€ — ¢ + (c1a + €13)e + g(—u} + cpaus + Cl3u§)eWI§)

<quie™ T (uy; c) + (e + quie™®)(cpy + c13)est <0,
provided that g is large enough.
Next, we set
u* = max{u}, u}, uy} and a(€) = ¢ + que™*.

Then, for all £ € R7, itis clear that max{it; (&), it,(£), it3(£)} < a(€) and

HOE) = @08 = r)( = et () + (&) — exiz(£))
< (&) = r)(— e li(€) + i12(€) — cp3i(€))

< —r(=c21 — 23)i(6).
Assuming that g is large enough, we have &,(q) < 0. For € > &(qg), it is clear that
drDlin](€) — city(é) + (U (©E) < f(Ey) = 0.

If &€ < &(q), by the fact it,(€) < r,, (2.4), (2.8) and (H1), we can obtain

dDin)(€) - ciy(@) + f(UE)
< DNir](§) — city(€) — ra(—car — 23)(§)
=e"1é[dy (et + e —2) — cuj + ra(cay + ¢23)]
+qu e ¥ [dy (e + €M = 2) — e ] + quira(ean + ex3)e™
<" T3(us; ) + qute™ & (ds(e™ + e = 2) — ey + ra(can + €23))

<qu* ™ T3(nu; ) < 0.
Finally, for & > &;(q), it is clear that
d:Dli(é) = city(€) + f(U©) < f3(By) = 0.
If ¢ < &(q), then (2.4) implies that

d; Dli131(€) — city(€) + f(U©))
=55 T5(15 5 ©) + quie™ < T3(uys ©) + A3(E)(c3181 () + cxnia(§) — 113(€))

<quse™ Ty (s ©) + i3(€)(c316° + c36!5* — 5% + gleayu] + ey — up)e™ )

Squg‘e”“'_fl“l(n,u] 1) + c31(5° + qu?e”“'_‘f)e“'_‘f <0,

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

provided that ¢ is large enough. Hence, it follows from (2.6)—(2.12) that U(¢) is a supersolution of

system (1.8) when ¢ is large enough. The proof is complete.

O
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Lemma 2.3. Assume ¢ > c}. Let’s set iiz(&¢) := 0,

e — quieiE, ifE <&, et — quiest, ifE < &,

(&) = { 0. ifés i and u3(¢) = { 0, ifeé>&,

where i;(&;) = 0 for i = 1,3; g and n are positive constants with

1 < < min{us /i3, 1y /17, 2). (2.13)
Then U(€) = (it1(€), ir (&), it3(€)) is a subsolution of (1.8) when q is large enough.

Proof. Let us also write & = &(qg) as a function of g. Similarly, &(c0) = —oo, fori = 1, 3. According to
the definition of it;(¢), we only need to consider the cases & < £;(g) and & < &(g) for it;(¢) and i3(€),
respectively.

If & < £1(g), by (2.13), we have

d Dl 1(é) = cit (&) + fi(U(€))
=T (175 ¢) — quie™ ¥ T (quy; ©) + i (E)( — w1 (€) + c13it3(€))
> T (11 ) — quiy €™ Ty (s ©) — 11 (£)ity (€)
= — qui e T (nuy; ©) — (¢ — quie™*)(e€ — quie™ )
> — que™ T (quy; ) — (1 — quie™¥)etrs > 0, (2.14)

provided that g is large enough.
For ¢ < &(g), by (2.13) again, one can see that

3 DIa31(€) — city(é) + f(U()
=e5 Ts(u3; ¢) — quise™ Ta(nus; ¢) + t3()(ca1ity () — 13(£))
>e!5 s (u3; ¢) — quise™*Ta(nus; ¢) — 13(€)ii3(€)
— qu§€""5§r3(nﬂg; c) — (eﬂ§§ — quge’”‘;f)(e“?‘f — quﬁe”"gf)
> — quie™ ¢ Ta(nuy; ©) — (€55 — quise™%)ets€ > 0, (2.15)

if g is large enough. Hence, it follows from (2.14) and (2.15) that U() is a subsolution of (1.8) when
q is large enough. The proof is complete. O

3. Existence of traveling wavefronts for (1.6) and (1.7)

Based on the supersolution and subsolution derived in previous section, we can apply the the
monotone iteration method to obtain the following existence result.

Theorem 3.1. Given any ¢ > c}, system (1.8) admits a strictly increasing traveling wave solution

D(E) = (91(E), P2(&), P3(E)) satisfying (1.9) and with wave speed c.

Proof. Let ¢ > ¢} and U (&) and U(€) be the supersolution and subsolution constructed in Lemmas 2.2
and 2.3 respectively. Since (1.8) is a monotone system on [E;, E;], by the monotone iteration method,
system (1.8) admits a non-decreasing solution (&) = (¢1(€), P2(£), P3(€)) satisfying
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U(€) < O¢) = (¢1(8), $2(6), $3(6)) < U(§), for all ¢ € R.

Since U(-o0) = U(-c0) = E,, it follows that ®(—c0) = E,;. Moreover, we have ®(c0) = E, =
(E!,E2, E?) for some equilibrium E, < E,. By the non-decreasing property of ®(¢) and the fact it; # 0
and it # 0, we see that E! > 0 and E? > 0, and hence E, € {E,, Eg}. Since Eg ¢ [0, E,], we conclude
that E, = E,. Hence ®(¢) satisfies the condition (1.9).

Next, we consider the case ¢ = c]. Let {,} be a sequence with £, > ¢} for all n € N, which converges
to ¢j. Denoting ®,(£) by the non-decreasing solution of (1.8) satisfying (1.9) with ¢ = £,. Then, by
the limiting arguments (cf. [23]), {D, (&)} has a convergent subsequence which converges to a function
. (¢) which satisfies (1.8) and (1.9) with ¢ = ¢j.

Finally, we show that ®’(¢) > 0 for all £ € R. We first claim that ®(£) > 0 for all £ € R. Note that
¢1(+00) = u,. If there exists & € R such that ¢;(£;) = 0, we may assume that ¢;(£) > O for all £ > &;.
Since ¢;(-) > 0, we have ¢/(£;) = 0 and hence it follows the first equation of (1.8) that ¢;(&; + 1) = 0,
which contradicts to the definition of &,. Thus, ¢;(£) > 0 for all £ € R. Similarly, we can show that
#3(€) > 0 for all ¢ € R. Suppose that there exists & € R such that ¢,(&) = 0 and ¢,(€) > O for all
& > &. By the second equation of (1.8), we have

0 =¢5(&) = dalga(&a + 1) + §a(éa — 1) + naend1(&2) + c33(62)] 2 0,

which implies that ¢,(&; + 1) = 0. This contradiction shows that ¢,(£) > 0 for all £ € R. Hence the
claim holds.

According to (1.8), we know that

D) = f e H(D(s))ds, (3.1)
where £ is a positive constant and

H(D(&)) = (H(D(¢)), Ha(D(£)), H3(D(£))) := LD(E) + F(D(E)).

Choosing ¢ large enough, we know that H('¥') is monotone increasing for any ¥ € [E;, E;]. Since ®(¢)
is non-decreasing in &, by differentiating (3.1) with respect to &, we have

D'(&) = —Le f e“TH(D(s)) — H(D(E))]ds > 0. (3.2)

Suppose that ¢}(&;) = 0 for some & € R (i = 1,2, or 3), then (3.2) implies that H;(®(s)) = H;(D(&;)) for
all s < &;. Taking s — —oo, it follows that

L&) + ¢;(§i) = H(®(£)) = H(D(-00)) = 0.
which implies that ¢;(¢;) = 0. This contradiction implies that ®'(¢) > 0, V¢ € R. The proof is

complete. O

Next, we investigate the linear determinacy for the problem (1.8). The definition of linear
determinacy was first introduced in [24], which means that the minimal speed is determined by the
linearization of the problem at some unstable equilibrium. In the following theorem, we show that c}
is the minimal speed of system (1.8).
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Theorem 3.2. Assume c¢ < cj. System (1.8) has no strictly increasing solution

D(&) = (91(8), $2(8), $3(8)) € [Ey, Eo] satisfying the condition (1.9).

Proof. Suppose that (1.8) admits a strictly increasing solution ®(&) = (¢1(£), d2(£), #3(€)) € [Ey, Es]
satisfying (1.9) with ¢ < ¢]. Then we define (&) := ¢(£)/¢1(£). From (1.8), one can verify that /(&)
satisfies the equation

(@) = difek YOU 4 VO og L (@(E)/ (@), (3.3)
Since ®(—o0) = 0, we have

fl_i)r_noo[—Zdl + fi(@(E)/1(E)] = =2d; + r| — cpor.

According to (3.3) and [10, Proposition 3], the limit y/(—oo) exists and satisfies

(Y (—0);¢) = 0. (3.4)
Then it follows from the proof of Lemma 2.1 that ¢ > ¢}, which gives a contradiction. This completes
the proof. O

4. Stability of traveling wavefronts for (1.6) with large ¢

In this section, we will apply the weighted energy method to study the stability of traveling
wavefronts for (1.6). Inspired by [14, 19], we first introduce the following definition.

Definition 4.1. Let I be an interval and w(x) : R — R be a differentiable function.

(1) Let L*(I) be the space of square integrable functions defined on I. We denote L2 (I) by the weighted
L?-space with the weight function w(x), which endows with the norm

Ol = ( f w00 (0.
I

(2) Let H*(I) (k > 0) be the Sobolev space of the L*-functions f(x) defined on I whose ith-derivative
also belong to L*(I) fori = 1,--- ,k. We denote H*(I) by the weighted Sobolev space with the
weight function w(x), which endows with the norm

£ df(x)p 1
ko = — | dx)?.
At (Z; f, wE| =5l d)

(3) Let T > 0 and B be a Banach space. We denote C([0,T];B) by the space of the B-valued
continuous functions defined on [0,T], and L*([0,T1;B) is regarded as the space of B-valued
L*-function on [0,T]. The corresponding spaces of the B-valued function on [0, ) can be
defined similarly.

Note that we always assume (H1) and (H2) throughout this article. Moreover, we assume the
parameters satisfying the following assumption:

= =2r1+ (4 —cin—ci3)u, — (2ciz + c3))w, > 0,
(S1) & :=—4r, + 2cy — ci)us + (2c3 — cx)w, > 0,
{3 = =2r3 + (4 — ¢c31 — c)ws — (2¢31 + cp3)us > 0.
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First, we establish the following global existence and uniqueness of solutions, and the comparison
theorem for system (1.6) with initial data

Uo(x) = (u(0, x), (0, x), w(0, x)) := (uo(x), vo(x), wo(x))
satisfying the following condition:
(S2)  (uo(x), vo(x), wo(x)) € [Ey, Ez], Vx € R and Uy(x) — O(x) € H. (R).
Here we assume that the weight function w(¢) in (S2) is given by

. e—ﬂ'(f—fo), £< &,
w() = { 1, £> &, “4.1)

for some positive constants o~ and &, which will be determined later.
Lemma 4.1. (See also [19].) Assume (S1)—(S2). Then the following statements are valid.

(1) There exists a unique solution U(t,x) = (u(t, x), v(t, x), w(t, x)) of (1.6) with initial data Uy(x)
such that E; < U(t,x) < E,, ¥Vt > 0, x € R. In addition,

U(t, x) — ®(x + ct) € C([0, +o0); H. (R)) N L*([0, +00); H' (R)). 4.2)

(2) Let U*(t, x) be solutions of (1.6) with U*(0,x) = (u*(x),v*(x), w=(x)), respectively. If E; <
U (0,x) <U0,x) <E,, Yx€R, then

E, U (t,x) <U'(t,x) <E,, Y(t,x) e R" XR. 4.3)

Proof. (1) The assertion can be derived by the theory of abstract functional differential equation, see
[25]. Also the standard energy method and continuity extension method, see [26]. Here we skip the
details.

(2) The proof of this part is the same as that of [27, Lemma 3.2] and omitted. |

Then, applying the technique of weighted energy estimate, we have the following stability result.

Theorem 4.1. Assume that (S1)—(S2) hold. Let ®(x + ct) be a traveling wave front of (1.6) satisfying
(1.9) and with speed ¢ > max{c], ci, 2, c3} (Note that c;, i = 1,2,3 are defined in (4.23)—(4.25)). Let
U(t, x) = (u(t, x), v(t, x), w(t, x)) be the unique solution of the initial value problem (1.6). In addition,
there exist small o0 = oy > 0 and large & > 0 such that

U(t, x) — O(x + cr) € C([0, +0); HL(R)) N L2([0, +c0); HL(R)) 4.4)
and
sup ||U(¢, x) — O(x + cr)|| < Ce™, Vi > 0, 4.5)
xeR

for some positive constants C and p.
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To prove the result of Theorem 4.1 by using the weighted energy method, we need to establish a
priori estimate for the difference of solutions of systems (1.6) and (1.8). For convenience, we denote
Uit,x) = (u(t,x),v(t,x),w(t,x)) by the solution of system (1.6) with initial data
Up(x) = (up(x), vo(x), wo(x)) satisfying (S2). Then, Vx € R, we set

Uy (x) :=(min{uo(x), ¢1(x)}, min{vo(x), 2(x)}, min{wo(x), ¢3(x)}),
Ug (x) :=(max{uo(x), ¢1(x)}, max{vo(x), ¢2(x)}, max{wo(x), #3(x)}).

It is clear that Uj(x) satisfy
E, < U,(x) < Up(x),®(x) < Uj(x) <E,, YxeR. (4.6)
Let U*(t, x) be solutions of (1.6) with initial data U (x), by Lemma 4.1, we have
E, U (t,x) <U(t,x),O(x + ct) < U*(t,x) <E,, Y(t,x) e R" XR. 4.7)
Then it follows from (4.7) that
|U(t, x) — ®(x + cb)|| < max{||U*(¢, x) — O(x + co)||, |U (¢, x) — D(x + cr)||},

for (¢, x) € R* X R Therefore, to derive a priori estimate of U(t, x) — ®(x + ct), it suffices to estimate
the functions U*(¢, x) — ®(x + ct).

4.1. Weighted energy estimate

For convenience, let’s denote
VEt, x) = U*(t,x) —O(x+ct) and Vi(x):= U*(0,x) — D(x), Y(t,x) € R" X R.
Then it follows from (4.6) and (4.7) that
E, <Vyj(x) <E, and E, < V¥t x) <E, Y(t,x) e R" XR.

In the sequel, we only estimate V*(¢, x), since V~ (¢, x) can also be discussed in the same way. For
convenience, we drop the sign “ + ” for V*(¢, x), U (t, x) and set

V(&) = (Vi(1,€), Va1, &), V3(1,€)) = V*(t, %) := U (t, x) — D(&),
Vo(€) = (VI(&), VI(©), VIE)) := V(0,€) = Vi (x), Y(t,x) e R* xR.

By systems (1.6) and (1.8), we can obtain

Vie+ cVig = diD[Vi1+[r — ciora = 2¢1 + c1o(Va + ¢2) + c13(V3 + ¢3)]Vi+

crad Vo + ez Vs — Vi, (4.8)
Vo + Vo = dyDIVa]+[=1p + 20 — c21(Vy + ¢1) — c3(V3 + ¢3) Vo +
ca1(ry — )V + ca3(ry — 92) V3 + V3, (4.9)

V3 + cVie = dsD[V3]+[r3 — c3ora = 23 + ¢c31(Vi + @) + c32(Va + ¢2) V3 +
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3103V + e Va — V3. (4.10)

It is easy to see that V2(¢) € H)(R), then we have V(1,£) € C([0, +), H\(R)), for i = 1,2,3. To
employing the technique of energy estimate to the equations (4.8), (4.9) and (4.10), it is necessary to
assure that the solutions V;(¢, £) have sufficient regularity. To this end, we mollify the initial condition
setting

V&) = (J, % VOE) = f JuE - VOs)ds € HA(R), i = 1,2,3,
R

where J.(¢) is the usual mollifier. Let V?(z, &) be the solutions of (4.8), (4.9) and (4.10) with this
mollified initial condition V(¢) = (V)*(&), VI£(£), V5¢(€)). Then, we have

VE(t, &) € C([0, +00), HX(R)), i = 1,2,3.

Letting € — 0, it follows that V?(¢, &) — V(t, &) uniformly for all (¢, £) € R* xXR. Therefore, without loss
of generality, we may assume V;(¢, &) € C([0, +o0), Hi(R)), for i = 1,2, 3 in establishing the following
energy estimates (cf. [14]).

First, let’s multiply both sides of (4.8), (4.9) and (4.10) by M w(EVi&, 1) with i = 1,2,3,
respectively, where y > 0 will be determined later. Direct computations give

1
(Eez‘”wVf), + (%ez’”wVf)f —die Vi [Vi(t, €+ 1) + Vi(t,€ - 1)]
=" WV 01(t,€) + e wVi[cng1 Vo + 1361 Vs — V11, (4.11)
1
(Eez‘”szz)t + (%ez‘”wvzz)f — dp e WVo[Va(t, €+ 1) + Va1, = 1)]
= wV;05(1,€) + e wValca(rs — $2) Vi + co3(ra — ¢2)V3 + V31, (4.12)
1
(Eezﬂfwvg), + (%eZ“’ng)‘f — dse* WV [Va(t, €+ 1) + V3(1,€ = 1)]
=MWV 03(1, ) + €' wVs[c143 Vi + sV — V3, (4.13)

where
01(t,8) :=u —2d, + %% +[r1 = 2¢1 + cio(Va + ¢2 — 12) + c13(V3 + ¢3)],
Ox(t,&) == — 2d, + %% + [=1r2 + 2¢5 — c21(Vi + ¢1) — c23(V3 + ¢3)],

03(1,6) :=u — 2d3 + g% +[r3 = 2¢3 + c31 (Vi + ¢1) + c32(Va + o — )]

Applying the Cauchy—Schwarz inequality 2xy < x> + y?, we can obtain

! !
2 f f WV Vi€ £ 1, s)déds < f e f w(V} + VA& £ 1, 5))déds
0 R 0 R

_ f 2] f WV2dE + f “C€F D vaeas, (4.14)
0 R R

w
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! !
2 f f e wV,Vidéds < f f WV + Vidéds, i, j=1,2,3. (4.15)
0 Jr 0o Jr
E=00
Since Vi(t,&) € H., we have {eZ“Ia)Vf” = 0, fori = 1,2, 3. Therefore, integrating both sides of

=—00

(4.11), (4.12) and (4.13) over R x [0, t] with respect to ¢ and ¢ and using (4.14), we can obtain

w(fc: D + Wi - 1)]Vlza’fds+

!
ﬂﬂ%mﬂ@SMMQﬂ@+mjifﬂ%ﬂ+
¢ @ 0 JR
f A
2f fez’”le(S,f)Vfdfds+f fez"sw612¢1(V12+V22)d§ds+
0 R 0 R

A
f f e weyg (Vi + Vidéds, (4.16)
0 R

W) W€ Dipageygy
w w

!
VO, IV, +d: [ [ roiz+
¢ “ 0 Jr
! !
2 [ [ roousvideds s [ [ eoen - 000+ Virdeds
0 R 0 R

‘ 1
jﬁf?quxm—¢»w§+vﬁ%“+zjﬂf?mwﬁamx (“17)
0 Jr 0 JR

WE+D) | wE-1D)
w

!
Vs, I <IV30,9117, + ds f f w2 + 1Vidéds+
© @ 0 JR

f t
2 f f e wQs(s, &)Vidéds + f f e wey (Vi + Vi)déds+
0 R 0 R

!
f f e wendy (Vi + Vidéds. (4.18)
0 R

Noting that r, — ¢, > 0. Summing up the inequalities (4.16)—(4.18), we can derive

3

t 3 3
Yol + [ [ o) Risovideds < Y Ivi0.0lE, (4.19)
¢ 0 <R i=1 i=1 ¢

i=1
where

Ri,e) = —dy2+ L&D @€ D)

1 =201 = (c12 + c13)¢1 — c21(r2 — ¢2) — 313,

w(£) w(&)
1 -1
RY(1,6) = —do[2 + w(j(;) ) + w(j(f) )] =207 — cpdp1 — (€21 + €23)(r2 — 2) — c32603 — 2V,
1 -1
Ri(t, ) = —ds[2 + w(j(;) ) + w(j(é:) )] =205 = (c31 + c32)P3 — €23(r2 — P2) — c1361.

For convenience to estimate R’l‘ (t, &), we further set
A1(§) == 2r1 +4¢1(8) — 2c13w. — (C12 + C13)ut — C21(r2 — $2(§)) — caws,
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Ao(&) := —4ry + (2cp1 — 1) + (203 — 30w — (€21 + €23)(r2 — $2(8)),
A3(&) := = 2r3 + 4¢3(E) — 2c31u, — (€31 + C32)Ws — C23(r2 — $2(8)) — C13Us,
Do) =d;[-2+e” +e 7], fori=1,2,3.

Then we have the following properties.

Lemma 4.2. Assume that (S1) holds. There exist small oy > 0 and large & > 0 such that, for
i=1,2,3,

ANi(&) > 0and di[e ™ — 1] — Di(0g) + Ai(é) > 0, forall ¢ > &.
Proof. By (S1) and the fact
(lrii%[D,-(O') —di(e” -] =0, fori=1,2,3,
there exists a small oy > 0 such that
t; >Di(09)—di(e™”* — 1), fori =1,2,3. (4.20)

Fixing this o, then it follows from (1.9) and (4.20) that é1im A(&)=¢ >0and

lim(d;[e™™ — 1] = Di(o) + Ai(€)) = dife™™ — 1] = Di(oo) + €; > 0, fori = 1,2,3.

>0
Hence, this assertion holds by the continuity argument. O

Let’s choose w(¢) as the form (4.1), where o = 0 and &, are the positive constants derived in
Lemma 4.2. It’s easy to see that

) e 7, iféE<é -1,
w' (&) -0y, Ifé< &, wE+1) (e .
w(?) ={ 8 if? ) ?’ %@ ={ eTEf) ifE 1 <£<&, (4.21)
’ 0- 1, if& <é,
eo-O’ lfé: < é:O’

-1

WE—D _ ) o160 g < £ < gyt 1, (4.22)

w(£) 1, ifé+ 1<z
Furthermore, let’s fix three wave speeds c¢; > 0 such that

C10 Z:Dl(O'o) + d1 + 27"1 + 26‘13W* + (C12 + C13)M* + €1 + C31 Wy, (423)
Cr0 Z:Dz(O'o) + d2 + 4}’2 + cpu, + r2(021 + C23) + C3oW,, (424)
Cc30 I:D3(0'()) + d3 + 21”3 + 2C311/l* + (C31 + C32)W* + 12Cy3 + Cr13lls. (425)

Then we estimate Ri.‘ (t,6),1=1,2,3 in the following lemma.

Lemma 4.3. Assume that (S1)—(S2) hold and ¢ > max{cj, ci, c2,c3}. Then there exists a small p > 0
such that the following statements hold:

(1) There exists a positive constant Cy such that

Ri(1,6) = Co, V(1,6) e R* xR,i=1,2,3. (4.26)
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(2) There exists a positive constant Cy such that

3 ‘ 3 3
DUV, + f e N Vit 92 ds < Cre ™ YV OIE,. (4.27)
i=1 0 i=1 i=1

Proof. (1) Noting that (0,0,0) < (Vi + ¢1, Vo + ¢2, V3 + ¢3) < (4., 12, wi). Let’s prove the assertion by
considering the following four cases.

Case 1: € <&y — 1. By Lemma 4.2 and (4.21)—(4.25), we have

R)(t,€) = = Di(00) + cog = 2[r1 = 21 + co(Va + ¢ — 12) + c13(V3 + ¢3)]
—(c12 + c13)p1 — c21(ra — ) — €313
>c100 — D1(0¢) — di — 2r; — 2ci3w. — (€12 + €13)us — racpp — c3ywa = 0,
RY(1,€) = = Da(00) + o = 2[=r2 + 22 = e (Vi + 1) = ex3(Vs + )]
— @1 — (€21 + ¢3)(r2 — $2) — €203 — 2V,
>ca070 — Dy(0¢) — dy — 4ry — cpptt — 12(C21 + €23) — c3w. = 0,

0
R3(1,&) >c300 — D3(07¢) — d3 — 2r3 — 2c31u. — (€31 + C3)W, — 12023 — ci3u, = 0.

Case 2: & — 1 < & < &. In this case, die™ + di(1 — e7¢=50)) > 0, fori = 1,2, 3. By Lemma 4.2 and
(4.21)—(4.25), we have

RY(t,€) = = di[-2 + ™) + 7] + cog = 2[r) = 261 + cia(Va + ¢2 = 12) + c13(Vs + ¢3)]
—(c12 + c13)p1 — c21(r2 — ) — 313
>die™ +d(1 — 7))+
c10o — Di(0o) —dy —2r; — 2ci3w, — (€12 + C13) — 12Cp1 — 33w, > 0,
RY(t,) = = da[ =2 + ™) 1+ &7] + cag = 2[=r2 + 265 = e (Vi + $1) = e (Vs + ¢3)]
—cn¢r — (ca1 + €23)(r2 — ) — ¢33 — 2V,
>dye™ + dy(1 — 7))+
200 — Day(0g) — dy — 4ry — ¢t — 1221 + ¢3) — caows > 0,
RY(t,&) = — d3[-2 + 7 + 7] + cog — 2[r3 — 25 + c31(Vi + ¢1) + c3o(Va + ¢ — 12)]
—(c31 + c32)¢3 — c3(r2 — ¢2) — C136
>d3e™ + ds(1 — 7))+

c300 — D3(00) — d3 — 2r3 — 2c31u, — (€31 + €32)W, — 12023 — Ci3u, > 0.

Case 3: & < & < & + 1. In this case, one can see that d,[e” — ¢ 0¢%~D] < (0. By Lemma 4.2,
(4.21) and (4.22), we have

RYt,6) = — di[=1 + e 0 D] = 2[r) = 21 + c12(Va + 2 — 12) + €15(V3 + ¢3)]

—(c12 + ci3)p1 — c21(r2 — @) — €3103
>di[e””" — 1] = Di(00) + A1(€) > 0,
RY(t,€) = — do[ =1 + e €0 D] = 2[—ry + 265 — €21 (Vi + ¢1) — c23(V3 + ¢3)]
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—cndr — (c1 + 23)(r2 — ¢2) — ¢33 — 2V,
>do[e™7" = 1] = Dy(0p) + Aa(€) > 0,
RY(t,&) = —ds[-1 + & 7] = 2[r3 = 2¢3 + c31(Vi + ¢1) + c3o(Va + ¢ — 12)]
= (31 + ¢32)¢3 — c3(r2 — o) — €130
>ds[e™" — 1] = D3(0p) + A3(§) > 0.

Case 4: & > &) + 1. In this case, by Lemma 4.2, (4.21) and (4.22), we have

R, &) ==2[r1 = 2¢1 + co(Va + 5 — 12) + c13(V3 + ¢3)]
—(ci2 + c13)p1 — e (r2 — h2) — c3193
>A1(§) > 0,
RY(t,&) = = 2[—r2 + 22 — c1(Vi + ¢1) — c23(V3 + ¢3)]
— 1291 — (ca1 + 3)(r2 — §2) — ca2p3 — 2V,
2Ay(&) > 0,
RY(t,€) = = 2[rs = 2¢3 + c31(Vy + ¢1) + cxo(Va + ¢ — 12)]
— (31 + ¢32)¢h3 — c23(r2 — ) — C13¢1
>NA3(&) > 0.

According to the above four cases, we may choose a small i > 0O such that (4.26) holds for some

positive constant Cj.

(2) The inequality (4.27) is a direct consequence of (4.19) and (4.26).

4.2. Derivative Estimates

Now we consider the derivative estimates of system (4.8). By differentiating (4.8), (4.9) and (4.10)

with respect to &, it follows that

Vie + cVige =diD[Ve] + [r1 — ciora = 2¢1 + c12(Va + @) + c13(V3 + ¢3)]V i+
[—2¢12 + c12(Vas + ¢og) + c13(Vae + ¢32) Vi +
Cci2[@1eVa + ¢1Vael + ci3[d16V3 + d1 Vil — 2V Vg,
Voie + cVoge =da D[V + [=12 + 205 — 21(Vi + 1) — c23(V3 + ¢3) Vet
2022 — c21(Vig + d12) — c3(V3e + ¢3) Vot
C21(rVie = 2V — 92 Vig) + €23(raVae — ¢ Vi — 92 Vae) + 2Vo Vo,
Viig + cVage =d3D[V3e] + [1r3 — c32r2 = 203 + c31(Vi + ¢1) + c32(Va + ¢2)]Vae+
[—2¢3¢ + c31(Vig + @12) + €30(Vor + ¢oe) V3 +
31(P3eVi + d3Vie) + 303 Vo + ¢3Vog) — 2V3 Ve

Multiplying (4.28)—(4.30) by e2”’w(§)V,~g(t, &) withi = 1,2, 3, respectively, we can obtain

1 c
(Eezﬂfwvfg)t + (Eezﬂfwvff)g —d1 MWV [Vig(t, &+ 1) + Vig(t, € = 1)]

(4.28)

(4.29)

(4.30)
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=" wQ(t, f)Vlzg + e W[-2¢1 + c1o(Vag + ¢og) + c13(Vag + ¢30) 1V Vigt
M W[=2V  Vig + c1o(p1Va + ¢1Vae) + c13(@16Vs + 61 Vae) Vi, (4.31)

1 c
(Eezﬂfwvgf)t + (Eezﬁ"wvi:)§ — dr e WV, [Vae(t, & + 1) + Voe(t, € = 1)]

=e* wO,(t, §)V22§ + e W2¢oe — 1 (Vig + 1) = c23(Vae + 93)1Va Vgt
e W[2VaVag + €21(rVig = $2eVi = $2Vie) + €23(r2Vag = hogVs = $2Vae) Vi, (4.32)

1
(iezﬂfwvgf)t + (gezﬂfwvgf)g — dr e WV3[Viae(t, & + 1) + Vag(t, € = 1)]

= wQs(t, §)V32§ + e W[ =203 + c31(Vig + d1g) + c2(Vag + o) V3 Vagt
M W[=2V3Vag + c31(h3e Vi + 93Vie) + 3a(h3eVa + ¢3 Vo) Vg (4.33)

Then, applying the Cauchy—Schwarz inequality, it follows that
t t
2 fo fR WV Vie(s, € + 1)déds < fo e’ L (Vi + Vi(s,& £ 1))dédss
t

_ f ] f WV2dE + f CE*D vz aeds (4.34)
0 R R

w

t t
2 f f e WVieVjedéds < f f WV + Vidéds, i, j=1,2,3. (4.35)
0 JR 0 JR )

Since V; € H2, we know that {e*/wVZ}[;"" = 0, fori = 1,2,3. Therefore, by (4.34), (4.35) and
integrating both sides of (4.31)—(4.33) over [0, ] X R with respect to t and &, we have

LeEtl) w@-1)
w

emﬂﬂﬁﬂhfﬂﬁaSHVwUl§W2i+d1J§V£€m%M2 [Vidgds+
2£ILezﬂstl(s,§)V%£d§ds+ ‘ﬁtﬁez”’w(clz + c13)(V; +¢1)V12§d§ds+
‘[Ot‘[Rez‘”wcn(V] + ¢1)V§£d§ds+ LtfRez’”ch(V] +¢1)V32§d§ds+

2 LI fR M W[=2¢1s + Cradas + C13¢3:]Vi Vigds+

2f fez’”w[clzqﬁlgvz + CI3¢I§V3]V1§dS, (436)

0 JR

WE+D) | wE-1)
w w

!
Va1, O, <IVae0, 67, +da f f W2 + V3. déds+
0 JR

" !
2f fezf”sz(s, f)Vzicdfds + f fezﬂth21(r2 — ¢ — V2)V12§ds+
0 0 R

R

!
f fezf"a)(4Vz + C21(r2 = $o=Va) + €23(ra — 2= Vo)) Vs.ds+ (4.37)
0o Jr

!
f fez’”wcz3(r2 - ¢2 - Vz)VggdS-l-
0 R
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!
Zf fe2utw[2¢2§ — C1P1e — €233 Vo Voed s+
0

R

!
zf fezww[—czlfﬁzgvl — C23¢2: V3] Voeds, (4.38)
0 Jr

PVselt, O, <IV3e(0, DI, + d f f o+ XD U D2 e

0 R w
2flf 2’”a)Q3(s,f)Vifdfds+fﬁfez‘”a)031(V3+</>3)V12§a’s+
f f 2 wezp (Vs + ¢3)V2§ds + f f e w(ca + c3)(Vs + ¢3)V3§ds+
2](; fReZ/”w[—2¢3§ + 31016 + €30020) V3 Vaed s+
2 fo t jl; e wle3ndaeVi + cpaeVal Vagds. (4.39)

Summing up the inequalities (4.36)—(4.39), we can derive

3

¢ 3
Sy Wet ol + [ [ oo Y Ris.ovideds
¢ 0 JR P

i=1

3 1
SZJII‘G&(O@IIQ +2 fo fR e w(€)H (s, £)déds, (4.40)

where

wé+1) wE-1)
_2
w® e Y
— (et c3)(Vi +¢1) —ca1(ry — o — V) — c31(V3 + 3),
wé+1)  wE-1)
-2
wd e P
—cp(Vi+ ¢1) —4Vy — (ca1 + €23)(r2 — ¢2=V2) — ¢32(V3 + ¢3),
wé+1) wE-1)
_2
w® e Y
—ci3(Vi+ ¢1) — c3(ry — o = Vo) — (31 + ¢32)(V3 + ¢3),
H(t,&) :=[cio¢1£Va + c1301V31Vie — [c21026 Vi + €2302: V31 Vor + [c3103: V1 + €3003: V2 Vae+
[2¢1¢ + Cra¢h2e + 13031 V1 Vig + [2026 — o101 — C23P3¢] Vo Voet
[—2¢3¢ + C3101 + €32022)1V3V3e.

Rit,&) = —di[2 +

RUt,&) = — do[2 +

Rit,&) = - ds[2 +

Similar to the discussion of Lemma 4.3, we have the following lemma.

Lemma 4.4. Assume (S1)—~(S2) and ¢ > max{c], ci, s, c3}. There exists a small u > 0 such that the
following statements hold:
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(1) There exists a positive constant 50 such that
RAt,E) > Co, Y(1,6) eR* X R, i =1,2,3. (4.41)

(2) There exists a positive constant C | such that

3 ‘ 3 3
D WVl IE, + f DN Vigls, IR, ds < Cre ™ > |[Vie(0, I, (4.42)
0 i=1 i=1

i=1

Proof. (1) Using the same definitions of A;(§) and ¢; (i = 1,---,6, j = 1,2,3), the proof of this
assertion is similar to that of part (1) in Lemma 4.3 and omitted.

(2) According to (4.40), we first consider the following integral:
t
2 f f e#SwH(s, £)déds. (4.43)
0 Jr

Based on the properties of the traveling wavefront (¢@;(£), $.(€), #3(€)), we can know that
(¢1(6), 95(E), ¢5()) 1s bounded for all £ € R. Thus, by the Young-inequality 2xy < e 'x? + gy? with
£ > 0, we have

[H(s, )| <Co(Vi+ Vo + V3)([Vigl + [Vael + [V3el)

-1Zv2<s §)+aZ Vi(s, )] ¥(5.6) € (0,00) xR,

for some constant C, > 0. Then, by (4.27), one has

. 3
f f S wH(s, £)déds <Cre™ f ZﬂSvau N2 ds + Caz f 2*”Z||Vf<s Mz ds
0 R

scye-lchuvxo, M2, + Caz f 2*”va,g(s I, ds.
i=1

Choosing € small enough, it follows from (4.40) and (4.41) that the inequality (4.42) holds. The proof
is complete. o

4.3. Proof of Theorem 4.1

Based on Lemmas 4.3 and 4.4, we know that there exist positive constant C53 and small u = u* > 0
such that

3
Vi, Mgy, < Cre™ (O IV, B, Ve > 0,i=1,2,3. (4.44)

i=1

Since w(é) > 1, we have H! (R) < H'(R) < C(R). Thus,

sup |Vi(t, €)| < CallVilt, 7 < CallVile, 7

xeR

i=1,2,3,

Hl’
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for some C4 > 0. Hence, it follows from (4.44) that there exists a positive constant C* such that

sup [|[U* (1, x) — D(x + cr)|| < C*e ™", for ¢ > 0.

xeR

Similar to the previous discussions, there exist positive constant C~ and small 4 = u~ > 0 such that

sup [|lU(t, x) — P(x + ct)|| £ C e, fort > 0.
xeR

Hence, we can conclude that

sup |lu(t, x) — O(x + ct)|| < Ce™, ¥t > 0,

xeR

for some positive constants C and u. The proof of Theorem 4.1 is complete.
5. Stability of traveling wavefronts for (1.7) with large ¢

In this section, we will also apply the weighted energy method to study the stability of traveling
wavefronts obtained in Theorem 3.1. However, due to the lattice structure of system (1.7), we should
adopt different weighted spaces to derive the weighted energy estimates. Therefore, we first introduce
the following notations.

Definition 5.1. Let w(-) € C(R) be a given weighted function, for any fixed t > 0 and c > ¢}, we denote
the spaces (* and weighted spaces (> by

0* = {v = {vi)izl vi € R and 2 Vv < oo}
and i€Z
C2(1) :={v = {vi}iezl vi € Rand Y, w(i + ct)v? < oo},
i€Z
which are endowed with the following norms:

. 172 . . 1/2
Wl := ( %v?) forve & and Vil = ( %w(l +ctn?) " forv e (1)
1S I5S]

According to Definition 5.1, let us consider the initial value problem of (1.7) with initial data and
{ui(0)}iez, {vi(0)}iez, {Wi(0)}icz satisfying the assumption
(L1) (4;(0),v;(0),w;(0)) € [E1,E;] forall i € Z and
{:0) = ¢1(DYicz, 1vi(0) = pa(Diez, (Wil0) = p3(D}icz € £(0).

Then we can obtain the following stability result.

Theorem 5.1. Assume that (S1), (S2) and (L1) hold. Let ®(i + ct) be a traveling wavefront of (1.7)
satisfying (1.9) and with speed ¢ > max{c}, ¢y, ¢2, c3}. Then the initial value problem of (1.7) admits a

unique solution {u;(t)}iez, {vi(D}icz, {wi(D)}icz satisfying (ui(1), vi(t), w;(t)) € [Ey, Ex] forallt > 0, i € Z.
In addition, for t > 0, we have

(i) = $1(G + cDicz € £5(1), sup lui(i) = ¢1(i + c1)| < Ce™;

i€Z
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(vi(t) = ¢oli + cD}iez € £5(1), sup [vi(i) — dai + c1)] < Ce ™
i€Z

{wilt) = ¢3(i + chliez € L,(1), sup lwi(i) — ¢3(i + cr)| < Ce ™,
i€Z
for some positive constants C and .

Proof. The proof is similar to that of Theorem 4.1 by replacing the weighted spaces L* and L? as ¢*
and £2 respectively, we sketch it in the sequel.

Step 1. Let {Uj(H)}icz = {(ui(t), vi(t), wi(t))}icz be the solution of system (1.7) with initial data
{Ui(0)}iez = {(1;(0), v;(0), w;(0))};cz satisfying (LL1). Then, Vi € Z, we set

U; (0) :=(min{u;(0), ¢1 (1)}, min{v;(0), ¢2 (1)}, min{w;(0), ¢3(i)}),
U/ (0) :=(max{u;(0), $1(i)}, max{v(0), 2(i)}, max{w;(0), ¢3()}).

Based on assumption (A2), it is clear that U>(0) satisfy
E, <U;(0) < U(0),0() < U (0) < Ey, Vi€ Z. 5.1
Let {U(t)}iez be the solutions of (1.7) with initial data {U;(0)};ez, then we have
E, <U; (1) <U1),0(i+ct) < US(t) <Ey, Y(1,0) e R" X Z. (5.2)
Then it follows from (4.7) that
|Ui(t) — @G + ct)ll < max{[|U] () — DG + o), |U; (1) — @G + cn)ll}, (5.3)

for any (z,i) € R* X Z. Therefore, to derive a priori estimate of U;(r) — ®(i + ct), it suffices to estimate
the functions U;(¢) — ®(i + ct). For convenience, let’s denote

Vi) = U (t)— D@ +ct) and VF(0) := UF(0) — ©@), Y(t,i) e R" X Z.
Then it follows that
E, <V*0)<E, and E; <V() <Ey Y(,i) e R" XZ.

Hence, we only need to estimate {V,"(f)};ez, since {V (¢)}icz can also be discussed in the same way. For
convenience, we drop the sign *“ + ” for {V(#)}iez, {U; (#)}icz and set

Vi(t) = (X;(1), Yi(1), Zi(1)) := Ui(t) — O + cr), Y(t,i) € R* X Z.
Step 2. Similar to (4.8)—(4.10), V;(¢) satisfies

Xir = d\D[X;]+[r1 — cior2 = 2¢1 + ci2(Y; + ¢2) + c13(Z; + h3)1Xi+

cd Yi + ez Zi — X7, (5.4)
Yii = doDIY;1+[=r2 + 2¢0 — c01(Xi + ¢1) — c23(Z; + ¢3)]Y i+
C21(ry — $)X; + o3(ry — $2)Z; + Y7, (5.5)

Ziy = d3DI[Z]+[r3 — c301ry — 2¢3 + c31(X; + ¢1) + c3(Y; + )| Zi+
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c31$3X; + cngs Y — Z7. (5.6)
Step 3. Multiplying both sides of (5.4), (5.5) and (5.6) by e*w(&)Xi(t), e w(&)Yi(t) and
e w(&)Z;(t) respectively, we can obtain
1
(Eez“ta)Xiz)t —d, ezﬂthi[X,-H + X;_1]
=™ wX? 0i(t) + e wXilcnd Y + ciahi Zi — X7, 5.7
1
(Eezﬂt(ﬂY?)t - dzezﬂtCUYi[Ym + Yl
=" wY? Qi(t) + e wYilcai(r — 2)Xi + ca3(ra — $2)Z; + Y71, (5.8)
1
(EeZ,uthiZ ), — d3e ' WZi{ Zisy + Ziy]
:e2,uthi2Qi(l,) + 62'ut(,t)Zi[C31¢3Xi + C32¢>3 Y - le]’ (59)
where
Qi(t) :=u = 2d, + [r = 21 + c1o(Y; + ¢2 — 12) + c15(Zi + $3)],

Qi(t) :=pt = 2ds + [—1r2 + 2 — 1 (X + ¢1) — c23(Zi + P3)],
Oi(t) :=pt = 2d5 + [r3 — 23 + c51(Xi + ¢1) + cn(Yi + 2 — 12)].

Step 4. Let us set X(¢) = {Xi(H)}icz, Y (¢) = {Yi()}icz and Z(t) = {Zi(t)}icz. Summing over all i € Z for
(5.7)—(5.9), integrating them over [0, ¢] and applying the Cauchy-Schwarz inequality, we have

+ W+ 1) + wig - 1)]Xl.2ds+
w w

!
HNXOIE <IXO)IE +dy f > w2
w w 0

i€Z
! !
2f ez‘”wQ,-(s)X,-st + f ez‘”wclzqﬁl(X? + Y,-Z)ds+
2 2

i€Z i€Z

!
f D eMwengi(X] + ZD)ds, (5.10)
0

i€Z

Leg+l) w@-1)
w

1Y2ds+
w

!
Y@ <IYO)R +dy f > w2
w w 0

i€Z

! !
2f ez”sa)Q,-(s)Yiza’s+f e wey(ry — ¢)(XF + Y)ds+
; Z ) Z 21(r2 — ¢

i€Z i€Z

f !
f D eHwen(r = (Y] + Z))ds +2 f D ewrids, (5.11)
0 0

i€Z i€Z

! 1 -1
HZON, <IZOW, +ds [ 3 iz HED 1 XDz,
w ® 0 w w

i€Z

! t
2f ez”st,-(s)Zizds+f e wesi (X,-2 +Zl-2)ds+
. Z ; Z 3193

i€Z i€Z
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!
f D e wengs(Y] + Zds. (5.12)
0

i€Z
Summing up the inequalities (5.10)—(5.12), we can derive
t
XN, + YOI + IZ@I) + f D wR(DX] + RA()Y] + R (5)Z)ds
0

i€Z

<(IXO)I, + YO +IZO)II), (5.13)

where

WE+D | wE-1)

Rt :=—di[2 + 1-20i(t) = (c12 + c13)¢1 — c21(r2 — ¢2) — C31 3,

w(§) w(§)

Ri(t) :=—db[2+ we+1) + wiE - 1)] —20i(t) — ciop1 — (c21 + €23)(r2 — $2) — c29p3 — 25,
w(§) w(§)

R = —dy2+ LD L XEm Dy 5500 (e + ey — entra - 6) — e,
w(§) w(§)

Step 5. Similar to Lemma 4.3, there exists Cy > 0 such that
R, R D), R!(t) > Co, Vie Zand t > 0.

Then, for ¢ > 0, (5.13) implies that there exists a positive constant C, such that

t
UIXOI + YOI +IZ@IE) + f eI\ X I + VIR, + I1Z()IE )ds
w w 0 w w w
<Cye H(IXO)IE, + IYO)IE, + IZO)IE,). (5.14)

Step 6. Since w(§) > 1, we have || - [|2 < [ - [|2. By the Sobolev’s embedding inequality % — >,
we have

sup [X;(1)] < ClIIX(Dllz < CIIX@)l2

i€Z

sup [Yi(1)| < CIIY @l < CIIY Dz,

i€Z
sup|Z;()| < CIIZD)|l2 < CIIZDl 2,
i€Z

for some constant C > 0. Then it follows from (5.14) that

sup |U; (£) — ®(i + ct)|| < Cfe™,
i€Z

for some constant C{ > 0. By (5.3) and similar arguments, we have

|Ui(#) = @@ + ct)l| < sup max{[|U; () — @ + ct)ll, |U; (£) = @G + DI} < Cre™,
i€Z

Y(t,i) € R* X Z, for some constant C, > 0. The proof is complete. O
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6. Stability of traveling wavefronts for ¢ > ¢}

In this section, we will improve the stability results of Theorem 4.1 and Theorem 5.1 to any ¢ > cj.
Different to (4.1), we consider the weighted function

w (&) == e, YEeR. (6.1)
Note that u} > 0 is a constant given in Lemma 2.1 such that
iy = di(@ + e —2)+ 1 — cpahs. (6.2)

Furthermore, we impose the following assumption:

(S3) r1 > 2(c1p + c13 + c3)uU + (Beya + 2¢21 + 4 + 2¢03)12 + 2(c31 + C3p)W.
(S4) i = min{%[min{u*—clzrz—c13w*,w*—C31u*—c32r2}—max{cl3u*,C31w*}], =2ry+2co1u, + 203w} >

0.
Example 6.1. Assume that
r=6,rn=0.1,rn=06,cp=c;3=c3 =c3 =0.01, cp; =cp3 = 1.
Then the parameters satisfy the assumptions (H1), (H2), (S1), (S3) and (S4). In addition, we have
E, = (6.06,0.1,6.06) and ({1, 6>, £3) ~ (11.817,12.734, 11.817).
Similar to (4.19), we can obtain the following estimation:

3

t 3 3
> Vi I + f f Mt Y Ri(s, EVideds < ) IV, &I (6.3)
© Jo JR =1 i=1 <

i=1

where each Ri.‘ (t,€) has the same form as R’;‘ (t,€) but replacing w(-) as w*(-). Similar and simpler than
Lemma 4.3, we have the following result.

Lemma 6.1. Assume that (S3) holds and ¢ > c}. Then there exists a small i > 0 such that the following
statements hold:

(1) There exists a positive constant Cy such that
3
D RUE) = Co, V(t,6) e R* X R,i=1,2,3. (6.4)
i=1

(2) There exists a positive constant Cy such that

3 : 3 3
DIV + f e N Vi, 9, ds < Cre ™ Y IViCOIR, . (6.5)
i=1 ¢ 0 i=1 v i=1 “

Proof. (1) Noting that (0,0,0) < (Vi + ¢1, Vo + ¢2, V3 + ¢3) < (U, 2, w.). Since dy > d,, d, it follows
from (6.2) that
et} > di(e"r + e = 2) + 1| — cppry, fori=1,2,3. (6.6)
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By (6.6) and elementary computations, we have

R, ) = = D) + ety = 2[ry = ciora = 2¢1 + cn(Va + ¢2) + c13(Vs + ¢3)]
—(c12 + c13)p1 — c21(ra — ) — c3193
> — (r) — c12r2) — 2c12r2 = 2¢13Ws — (C12 + C13)Us — C2172 — C31Wss
R, &) = — Do) + e — 2[—r2 + 265 — ca1 (Vi + 1) — c23(V3 + ¢63)]
— g1 — (c21 + ¢3)(r2 — $2) — €203 — 2V
>ry = cary — 4ry — ¢ — (C21 + €3)r2 — CaoW,

0
R3(1, &) >r1 — ciary — 2r3 — 2311, — (€31 + C32)Ws — €237 — C13ls.

Then it follows from (S3) that

3
Z R?(f,f) >r — 2(C12 +ci3+ Cg])l/t* - (36’12 + 2C21 +4 + 2023)7‘2 - 2(C31 + C32)W* > 0.
i=1

Therefore, we may choose a small 1 > 0 such that (6.4) holds for some Cy > 0.

(2) The proof of this part is the same as Lemma 4.3 and skipped. O
Similar to Lemmas 4.4 and, we have

Lemma 6.2. Assume (S3) and ¢ > c}. There exists a small yu > 0 such that the following statements
hold:

(1) There exists a positive constant EO such that
RU(t,&) 2 Co, V(t,€) € RT XR, i=1,2,3. 6.7)

(2) There exists a positive constant C | such that
3 ¢ 3 _ 3
D WVielt, 2, + f DN Vigls, IR, ds < Cre™ > [IVie(0, 2, . (6.8)
i=1 ¢ 0 i=1 ¢ i=1 ¢

Note that each ’ﬁf (t,€) has the same form as R\f (t,&) but replacing w(-) as w*(-). as a consequence
Lemmas 6.1 and 6.2, we know that there exist positive constant C and small ¢ = i > 0 such that

3
Vit s, < Ce™ (Y VKO, ), V>0, i = 1,2,3, (6.9)
i=1

Since w*(£) — 0 as & — oo, it is not true that Holﬁ (R) — C(R). However, for any I = (—o0, ] for some
large £ > 1, we can obtain H!.(I) < C(I). Thus, (6.9) implies the following lemma.

Lemma 6.3. Forallt > 0,1 =1,2,3, it holds that
S 1 i}
sup V(€. 1)l < Cre™( D V(O )2, Vé € I = (~o0,E], (6.10)
gel i=1 <

for some fi > 0 and large & > 1.
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To extend the result of Lemma 6.3 to the whole space (—oo, 00), we have to prove the convergence
of Vi(&,1) as & — oo.

Lemma 6.4. Assume that (S4) holds. There exists some constant C > 0 such that
éym Vi 1) <Ce™ i=1,2,3. 6.11)

Note that [1 is given in (S4).

Proof. It’s easy to see that Vis(co,1) = 0 and d;D[V;](+e0) = 0 fori = 1,2,3. Based on (4.8)—(4.10)
and the boundedness of V;(¢) := V;(co, t) for all & € (—o0, ), letting & — oo, one immediately obtains

Vi) = = [u. + Vi(0) = c12Va(t) — ci3V3(DIV1() + crou V(1) + ci3u.V3(0),

< = [ — ciara = cizw ]Vi(0) + crou V(1) + c13u.V5(1), (6.12)
Voult) = = [=r2 + ottt + c3ws + oy V(1) + 3 V3(DIVa(1) + V3(0),
< —[-2r + 2¢o 1, + 2023w, [ Va(2), (6.13)
V3(1) = = [we + V3(0) — c51:V1(0) = cxVa(O)]V3(0) + c3193V1(1) + c323V2(2)
< = [we — a1 — e ]Va(0) + ciiwVi(0) + caow. Va(0). (6.14)
Let’s set
Al = U, — C1oFy — C13Wa, Ap 1= =21 + 2¢o U, + 2¢o3w, and Az := W, — C31Us — C3217.

By the assumption (S4), we see that A, > 0. Integrating (6.13) over [0, 7], we have
Va(t) < Va(0)e ™, Vi > 0.
Then it follows from (6.12) and (6.14) that
Vi) + V3 (1) < = A[Vi(0) + V()] + (crate + ciow)Va(0)e ™™, Vi > 0,

where A := min{A;, A3} — max{cu., c;w.}. We claim that there exists some positive constant € such
that
Vi(t) + V3(t) < Ce™, Vit > 0.

Note that i = min{A/2, A,}. In fact, if A # A,, we then have

!
Vi) + V3(0) <[V1(0) + V3(0)]e™ ™ + e~ f (Cratte + ciow)Va(0)e 21 ds
0

—Axt At

_e_
A-A;

—min{A,A,}t

A = A

=[V1(0) + V3(0)]e™™ + (crat, + c3w.)V2(0)

<[V1(0) + V3(0)]e™™ + (crau, + c3ow.)V5(0)
SC"vle—min{?(,Az}t < é]e—ﬁt’ Vi > O,

where
(crauty + c3ow,)V2(0)

C, := V,(0) + V3(0) +
| 1(0) + V53(0) A A
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If A = A,, then we obtain

t
V(1) + V30) [V1(0) + V3(0)]e ™™ + e f (crau + c3ow.)Va(0)ds
0
<[V1(0) + V5(0) + (crous + ciow.)Va(0)t]e™™
Séze_%t < éze_m, Yt > 0,
for some C, > 0. Thus, the claim holds. Therefore, we conclude that

;im V&, < Ce ™ i=1,2,3,

for some positive constant C. This completes the proof. O
Based on the above lemmas, we can also obtain the following stability result.

Theorem 6.1. Assume that (S3)—(S4) hold. Let ®(x + ct) be a traveling wavefront of (1.6) satisfying
(1.9) and with speed ¢ > cj. Then the initial value problem (1.6) admits a unique solution U(t, x) =
(u(t, x), v(t, x), w(t, x)) satisfying U(t, x) € [E{, E;] for all t > 0, x € R. In addition, we have

U(t,x) — O(x + ct) € C([0, +c0); HL*(R)) N L*([0, +00); HL*(R)) (6.15)
and
sup ||U(t, x) — O(x + cr)|| < Ce™, Vi >0, (6.16)
xeR

for some positive constants C and .
By the same way, we also have the following stability result for (1.7).

Theorem 6.2. Assume that (S3)—(S4) hold. Let ®(i + ct) be a traveling wavefront of (1.7) satisfying
(1.9) and with speed ¢ > c|. Then the initial value problem of (1.7) admits a unique solution
{u;(0)}icz, (vi®)}icz, {(Wi(H)}iez satisfying (u; (1), vi(t), wi(t)) € [E,Ey] forallt > 0, i € Z. In addition,
fort > 0, we have

{ui(r) = ¢1 (i + ct))iez € C(1), suplui(t) = ¢1(i + cr)| < Ce ™,

i€Z

i) = ¢a(i + chlicz € E1(1), sup vi(t) — ¢a(i + ct)] < Ce™;
i€Z

wi(t) — ¢3(i + ct}iez € E2(1), sup [wi(t) — ¢3(i + ct)| < Ce™,
i€Z

for some positive constants C and p.
7. Discussion

In population dynamics, traveling wave solution can be used to describe the spatial spread or
invasion of the species. In this article we consider the existence and stability of the traveling
wavefronts of discrete diffusive systems which come from the competition and cooperations between

three species.
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In Theorem 3.1, we proved that both systems (1.6) and (1.7) admit traveling wavefronts connecting
the extinct state E; and co-existence state E,, provided the assumptions (H1)-(H2) hold and the
propagation wave speed c is greater than the minimum speed c}. Roughly speaking, to guarantee the
assumptions (H1)-(H2) hold, it is required that d,, r», ¢12, c3, are small enough, and d,;, r; are large
enough. Biologically, it means that the diffusion effect, growth rate for the species v and the
competition relation between v and the other species are very weak. Since the species u and w
cooperate with each other; the species u has strong diffusion effect and growth rate; and their
competition from the species v are very weak, this gives us the reason why the minimal speed is
determined by the linearization problem of the first u-equation of both systems. And also the
existence of traveling wavefronts propagating from the extinct state to the co-existence state.

As mentioned in introduction, when the traveling wavefronts are disturbed under small
perturbations, only stable such solutions can be visualized in the real world. However, since such
solutions exist for all ¢ > c¢j, generically any one of them won’t be globally asymptotic stable.
Therefore, we introduce the weight functions to split the domain of attractions of traveling wavefronts
with different speeds, and then obtain the stability results.
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