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Abstract: We develop a stochastic neural model based on point excitatory inputs. The nerve cell
depolarisation is determined by a two-state point process corresponding the two states of the cell. The
model presumes state-dependent excitatory stimuli amplitudes and decay rates of membrane potential.
The state switches at each stimulus time.

We analyse the neural firing time distribution and the mean firing time. The limit of the firing time at
a definitive scaling condition is also obtained.

The results are based on an analysis of the first crossing time of the depolarisation process through the
firing threshold. The Laplace transform technique is widely used.
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1. The model of neural activity with alternating states

A neuron is surrounded by a membrane with selective conductivity depending on its current state.
The membrane potential V = V (¢) undergoes a sudden change, which is called the “spike” potential.
The spike (impulse) is generated in response to an external influence and only when it exceeds a certain
threshold. Since most cells of central nervous system are characterised by spontaneously emitted train
of impulses, stochastic modelling is of primary interest in the field. It is assumed that the excitatory
stimuli that occur in random time are random and depend on the current state of the neuron. Each
stimulus is followed by a refractory period, which corresponds to an exponential decay of the potential.
In view of this, the first-passage-time problem for the underlying stochastic processes is important for
the description of the neuronal firing.

A large number of models of single neurons were developed: from simple threshold models to
biologically plausible “portrait” models. Best results were achieved when complicated experimental
features were combined with a rather simple mathematical model, see, for example, the mathematical
model of the Nobel Prize winner Hodgkin’s of the squid giant axon by [1]. The first simple threshold
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neuron model is considered to be the model proposed by Louis Lapicque in 1907 [2] which is usually
called the “leaky integrator” or the “forgetful integrate-and-fire” model. In modern terms, the simplest
version of this model with an external forcing term described by a Brownian motion W = W () yields
the following stochastic differential equation

dv (1) = (é - %) dt+odW(t),  V(0)=Vp.

A spike is generated, once the process V (¢) hits the firing threshold H.

Since excitatory stimuli are intermittent, synaptic input should be modelled by means of point
processes. This approach was proposed by R. Stein [3], see also [4]. In [5], Stein’s model is briefly
presented in a rigorous manner. See also recent paper [6] on this subject.

Stein’s model presumes a time evolution of the potential described by a stochastic equation based
on two independent Poisson processes N and N_

v (1) = —%V(t—)dt +aydNy (1) —a_dN_ (1),

where a1 denote the amplitudes of excitatory/inhibitory currents.

An excitatory model with an exponentially decaying membrane potential and a non-homogeneous
Poisson process driving the consecutive neuronal stimuli is studied by [7]. Methods for assessing how
well this model describes neural spikes are based on the time-rescaling technique, [8].

The detailed review of the existing models can be found in [9].

The model proposed in this paper suggests that neurons take one of two states, alternating at each
stimulus time. Similar ideas are widely used in neural modelling. For example, in the recent mono-
graph [10], the three-phase Stein model was presented: the standard Stein model is supplemented by
an additional O-phase, which starts at the end of the refractory period and lasts until depolarisation
occurs. In [11], a two-phase model is studied, based on neuronal oscillations interrupted by stochastic
behaviour. The authors claim that this can be explained by a bistability in the ensemble dynamics of
coupled integrate and fire neurons. See also the paper [12], where some practical observations are
presented that can serve as the basis for such an approach.

To describe the model, consider the right-continuous process € = €(¢), ¢t > 0, which has the state
space {0, 1}, with independent consecutive (random) holding times {7,},>1. Let N = N(z) be the
process counting the switching of & till time #,

N(t)zmax{n: ZTkgt}, t>0.

k<n

To construct a model of neural activity, we will use a well-studied class of jump-telegraph stochastic
processes, see, for example, the review in [13] and [14]. Recent paper [15] intensively developed
methods for studying the distributions of first passage times for such processes.
The jump-telegraph process X = X (t), t > 0, with additive jumps, is defined by the stochastic
equation
dX(t):Cg(,_)dt—l—YN(,_)dN(l‘), t >0, X(0) =0, (1.1)
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which by integration yields
N(t)

1
X(1) :/0 cendT+ Y Y. (1.2)
n=1

Here velocities cg, ¢ are two real constants, Y,,, n > 1 are independent random variables independent
of &, corresponding to jumps which accompany each velocity switching. By X;(z), t > 0, we denote
the solution of (1.1), provided with the additional initial condition: €(0) =i, i € {0,1}.

We propose a neural potential model that includes state-dependent decay rates of membrane poten-
tial, along with multiplicative state-dependent stimuli. The model suggests a change in state at the each
stimulus time.

This model presumes the nerve cell depolarisation V =V (t), t > 0, to be determined by the stochas-
tic exponential of X, see (1.1)-(1.2). In other words, process V = V (t) is the solution of the stochastic
equation

dV (1) =V (1—) (ce(r—ydt + YydN(1)) t>0,

(1.3)
V‘I\LO :V().

The counting process N = N(t) corresponds to the number of excitatory stimuli received by the neuron
till time ¢, Y, is the voltage level at the stimulus time, and the negative constants cq, c¢; correspond to
the rates of exponential decay of the membrane potential being in the state O and 1 respectively.

The solution V = V(¢) of (1.3) is given by stochastic exponential of X,

N(t)

V(t) = Vo& (X) =Vyexp (/Ot cg(s)ds> [T1+1)

n=1

1 N()
=Vpexp /ch(s)ds—{—Zlog(l—l—Yn) .

n=1

(1.4)

Let the holding times 7,,, n > 1, have alternating distributions my and 7, that is m;(dr) = P{T; €
dr | €(0) =i}, i€ {0,1}, and

ﬁo(dt) ::P{Tn e dt ‘ 8(T1 —l—...—I—Tn_l) = O},

n>2.
ﬂl(dl‘) I:P{Tn edr | 8(T1 —I—...-I-Tn,1) = 1},

Jumps Y, have the distributions gg and g1, alternately, together with alternating distributions 7y and 7;
of holding times.

For each ¢, t > 0, the distribution of V(¢) can be expressed by means of the given distributions
o, 1, 0,81, seee. g. [15].

The main interest of the neural modelling lies in the properties of the first passage time of the
depolarisation process V = V(t) through the firing threshold H, H > 0. We are interested to study the
distribution of of the stopping time .7, x = log H /Vp, of the jump-telegraph process,

' N()
T :inf{t >0 | / Ce(s)ds + Z log(1+Y,) >x}
0 n

=1
=inf{r >0|V(t) >H}.
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For a continuous version of such processes, Y,, = 0 Vn, this mathematical problem is well known and
studied, see e.g. [16, 17, 18]. See also the recent paper [19], where arbitrary sequences of velocities
and jumps intensities were applied. The number of level-crossings for the telegraph process has been
analysed in [20].

Properties of .7, with nontrivial jumps are less known, see [7, 21, 22], where a single state model
with independent exponentially distributed jumps, log(1 +Y,) ~ Exp(b), is being studied. Some solu-
tions for a jump-diffusion process are presented in [23, 24, 25], the martingale methods are developed
by [26] (see the review in [27]). For applications of jump-diffusion processes to models of neuronal
activity see [28].

In this paper, we generalise the results of [7] on a two-state model with positive independent random
jumps Z, = log(1+Y,), n > 1, having the alternating exponential distributions, Exp(bg) and Exp(by),
bo,b1 > 0, which corresponds to the (alternating) Pareto distributions of the second kind (Lomax dis-
tributions) of Y, used in economics and actuarial science, see [29, 30],

P{Y, >y} = (1+y)%, y >0, ic{0,1}.

In Section 2, we treat the problem in a general setting. For the case of exponentially distributed
jumps, explicit formulae for the moment generating function of .7, x > 0, are obtained. The firing
probabilities and the mean values of the firing time are also studied.

Section 3 concerns the limit behaviour of .7, under small frequent stimuli. In Section 4 we give an
overview of the single-state case, including the limit behaviour under the parameters’ scaling similar
to that described in Section 3.

2. Firing probabilities and the first passage time of the jump-telegraph process
Let %C(i) be the the first passage time of X;(¢), (1.1)-(1.2), through the positive threshold x,
g = inf{r >0: X;(¢t) > x}, i€{0,1}.
By definition, we set Z(i) lr<0=0, i€ {0,1}.
Since cg,c1 <0, the process X exceeds the threshold xx, x > 0, just by jumping. Conditioning on

the first switching we have the following identities in law:

x—coT©) —y(0)° x—cTM—y 1)’

see the definition of X (), (1.2). Here T(®)/ Y(© and 7(V/ y()) are the first holding time / the first
stimulus amplitude at the states £(0) = 0 and €(0) = 1 respectively.

Denote by ¢;(x) = ¢;(x;q) the Laplace transform of Z(i),
0:(x) =B |exp(~¢Z")],  g>o0. (2.2)
By definition, 0 < ¢;(x) < 1 Vx, and @o(x) = 1, ¢;(x) = 1, if x < 0. Integrating by parts in (2.2), we
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have
o2 o (-a52)| = [ saet <1
0
= / ge "P{ 7 < t}de
0

—P{T) <e,} =P{ sup Xi(r) > x},

0<r<ey

where e, is an exponentially distributed random variable, Exp(g), independent of € and {Y, },>1.

Assuming that the sequential jumps Y, have the distributions go and g, alternating together with
the alternating distributions 7y and 7; of holding times, identity (2.1) can be written as

00(x) =B [exp(—g )| =B |7 xexp(—q 71} 1) | T~ 7o, ¥ ~ o]

(2.3)
01() =B [exp(—g T | =B [e " xexp(—4 T ;) | T~ m, ¥~ g1].
Equations (2.3) are equivalent to
oo X— CQT
Po(x) = / mo(T)e” QT[ X—coT +/ - cof—y)go(dy)] dr,
0 (2.4)

¢1(X):/Ooo7'[1(l')e [Gix—an +/x o —clr—y)g1(dy)]dr.
Here

Gily) =Py >y|e=i} = / " gi(dy)

denotes the conditional survivor function of the stimulus amplitude under the state € =i, i € {0,1}.
In what follows, assume excitatory inputs to be positive and exponentially distributed, that is

Goly)=e ™AL Giy)=e AL (2.5)
with the corresponding density functions

g0(y) = boexp(—boy)1y~0, g1(y) = brexp(—b1y)Ly~0, (2.6)

bg,b1 > 0.

We try to find the solution ¢ = (¢, ¢1)’ of (2.4) in the form

N
p(x) =Y e A, x>0, (2.7)
k=1

with the indefinite coefficients Ay = (Ao, A1x)’, Ax 20, and &, & # bo,b1, k=1,...,N. Substituting
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(2.7) and (2.5)-(2.6) into (2.4), we obtain the following algebraic system:
(N

Y Agre 5 = e P Ty (g — cobo)

k=1

N
+bg Z —Alk |:e_€kx7’fo(q — COék) — e_boxﬁo (C[ — C()b())] ,
k:1b0 - &k o
N @8)
Z Alkeigkx = eiblxﬁl (q —C b])
k=1

N o4 L o
+by Z o [e Sy (g—c1&) —e P (q—clbl)],
k:1b1 —&

where -
Ap)= [ e rmna,  ie o),
0

is the Laplace transform of the distribution of the holding time.

From (2.8), we get the following linear equations for the indefinite coefficients & and Ay, i €
{0,1}, k=1,...,N:
Aok

bo 1, b —1 2.9)
Z’lbo—ék = b1 =&
and b A b A
Ap=tozoAw o, bioS Aw (2.10)
bo  To(q—co&) by m(g—c1&)
k=1,....N.

The k-th system of (2.10) has a nontrivial (A;; # 0) solution, if and only if & = &;(g) is the root of
the equation
¢ S

fo(q—mé)‘ﬁl(q—mé):(1—b—0)~<1—b—1). (2.11),

Since the mappings & — y(q — co€) and & — 7y (¢ — 1 &), & > 0, (with negative c( and c;) are pos-
itive decreasing functions and 7(g) - T (q) < 1 Vg > 0, equation (2.11), has exactly two real positive
roots & = &1(q), & <boAby,and & = &(q), & > by V by, see Fig. 1.

(g —co§) - m(g—c1§)

Figure 1. Positive roots &; and &, of equation (2.11),,.
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Hence, the moment generating function (ﬁ (x;q) is defined by (2.7) with N = 2,
¢ (x;q) = e SN e DFA, (2.12)

The corresponding coefficients A; = (Ag1, A11)" and A; = (Agy, A12)’ are determined by system (2.9)-
(2.10), which splits onto two dual linear systems

Aol A2 )
by - + =1,
: (bl —& bi—&
Ao A 1

mo(q—cobt)  Tolg—cob)

Aql Apn )
bO' ( + :1,
bo—&  bo—&
Aqq n Aqp
m(g—c1&) mlg—c1&)

After easy algebra, one can obtain the following explicit formulae

_bi=& fol&)=b1  _ bi—&i — fo(&1)
Aot = b fo(&)—fol&) b1 <1 Jo( C‘z — fo(&1) ) 1)

and

=1.

ot i e e (R ) e
o AgaE)
bt e (SR o

where the following notations
WO =hE0 =S HO=AED= s, t20, @I

are used.
To study the firing probabilities, P { ﬁx(o) < oo} , P { ﬂx(l) < oo} , and the mean value of firing time,
E [%(0)] , E [%(1)] , we are interested to analyse the limits of the moment generating function and its

derivative under ¢ | 0,

. dg(x;q)
lim ¢ (x; Iim ————=.
ql0 $(x:q), a0 dg

d
To do this, keeping in mind (2.12), we need &;(g)|,0 and Selg )’qi 0, k= 1,2, where & = &£i(q),
dg

Ei1(q) <boAby and & = &E(q), &E(q) > b1 V by, g > 0, are the two branches of (positive) roots of
(2.11),.

The firing probabilities P{ﬁx(i) < oo} = limg o ¢i(x;q), i € {0,1}, are presented by the following
proposition.
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Proposition 2.1. Let the mean value of the holding time intervals T,,, n > 1, exists, that is

dmo
Eo[T]:=E[T | e =0] = — d“‘) lg=0 < ©o,
q
47 (q) (2.18)
1g
E\T|:=E|T |e=1]=— _o < oo.
7)=B[r |e=1)=-T1D) <
. If
coBo[T]+c1B1[T]+b, ' +b7' <0, (2.19)
then the limits &, = limg|o & (q) and &* = limg | & (q) exist and are positive.
The firing probabilities are given by
P { ﬂx(o) < oo} :Agle*éx +A32e*5*",
(2.20)

P{x(” < oo} —Aj e S ALe S,

where A = Ay (&+,E%), i € {0,1},k = 1,2, are defined by (2.13)-(2.16) with §; =&, & = &E*.
° 0therwzse lf
coBo[T]+c1B1[T]+ by + b7 >0, (2.21)

then the firing occurs a. s.
P{z(o) <oo}:P{3;“) <oo}:1. (2.22)

Proof. Note that To(q —co&), T1(qg—c1&), co,c1 <0, are positive decreasing convex functions of ¢ > 0
and of & > 0.

Since p(0) = 7, (0) = 1, then £ = 0 is the root of equation (2.11)g. The other roots of equation
(2.11)¢ depend on the relation between the values of the derivative on £ at point £ = 0 of the sides of
this equation. The derivatives of the RHS and of the LHS of (2.11), are given by

O VNS

and

35 (= o) (g = 1€)] 1,0 ~cuBolT]+ i ], .24

respectively, see (2.18).
We have two distinct situations.

1 1
e Let (2.19) holds, that is — (b b ) > coEBo[T] + c1E[T].
0

Since Ty(—co) - T (—c1€), € > 0, is the positive decreasing convex function, & — (1 —& /by) -
(1 —&/by) is convex, and

%[ﬁo(—coé)ﬂl( 015)]|§¢0<d§ K bi) (1_1,%)} 210
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equation (2.11)¢ has explicitly two positive roots: &, < bg Aby, E* > by V by, see Fig. 2 (left).
Functions ¢ — Tp(q — co€) and g — T1(q — c¢1&) are monotone decreasing. Hence, the roots
1(q), &(q) of (2.11)4, g > 0, are monotone functions. Further, for any positive ¢ we have

& < &i(q) <boAby <byVby <&(q) <&,

and

lim ¢y (q) = &, Eﬁ}éz(@=€*-

q0
Equalities (2.20) follow by passing to limit in (2.12)-(2.17).

1\ \

o< & & ¢

Figure 2. Two positive roots &, and &* of equation (2.11)g in the case (2.19), (left); one
positive root £* of (2.11)g in the case (2.21), (right).

1 1
e On the contrary, let (2.21) holds, that is — (b ) < coEo[T] 4 c1Ey[T].

by
In the case of the strict inequality,

35 (o7 (—e18)] e

10-8) (&)

equation (2.11)¢ has only one positive root
E*, E* > by V by, see Fig. 2 (right), and

lqlﬁ)lgl() 0, lqiigéz(q)zé*- (2.25)

In this case, see (2.17),
lim fo(81(q);q) = b1, lim f1(&1(q); ) = bo.
ql0 ql0

Hence, by (2.13)-(2.16) we have

llmA(n = hmAH = 1 11mA02 = 11mA12 =0. (226)
410 ql0 ql0
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Therefore,

lim¢o(x;9) =limo(x;q) =1

qwfi)o( q) qw‘l)l( q)
and

e At
. 1
If the equality holds, — (— b_) = coEo[T]| + ¢1E[T], then we have
_ 1\2
2¢0c1Bo[T1E1 [T] = (by ' +b7")" — c§(Bo[T))* — i (B4 [T])?,

and

&
d&z[ 0(—co8)m (—c18)]le 0

:c0E0T2+c1E1T +2cqc1Eo[T]E; [T]
=(by' +b;! ) + ¢ Varg[T] + ¢t Var; [T]

>b02b1 di{(l_béo) (l_éﬂm’

Therefore, since 7p(—co&) 7 (—c1€) and (1 - b%) (1 - b%) are decreasing convex functions, the
same result occurs: (2.25)-(2.26), and then (2.22).

O

The mean value of the firing time can be obtained in a similar way. We need some auxiliary results.
Let &1 (g), &2(q) be the two branches of positive roots of (2.11),, g > 0, and condition (2.21) holds.
By proposition 2.1, 0 < &1(q) < by V by < &»(q) and

lim&; (¢) = 1;?0152((1) =&

g0
Let coefficients A = A (&1, &E2; ¢) be defined by (2.13)-(2.17).
Lemma 2.2. Let (2.21) be satisfied. The following limit relations hold.:

déi(g), Eo[T]+E,[T] B
dg las0 = by + b7+ coBo[T] + 1B [T] o>0 2.27)
and
d% :A01 (81(q); S2(q)s q): |10 = Bo(E¥) — bi‘l, (2.28)
dilq :Aoz(él(Q)a S2(q); 61): lq10 = (% — 1) Bo(E%), (2.29)
4o (A& @) @00 0]l =B1(E)— 1 230)
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£ [An@0). 205 0]l = (5 1) B @3
where Bo(E") :blEO[T] — G*('l —I—_b1C()]E()[T]),
fo(&*;0) — by (2.32)
Bl(é*) :boEl[T]—G(l—i-boclEl[T]) )

f1(§550) —bg

Proof. Substitute & = & (g) into (2.11),. Formula (2.27) follows from (2.23)-(2.24) by differentiating
in (2.11),. The derivative in g at ¢ | O gives

— (Bo[T] +E4[T]) + dé(ic(lq) lq10 (CoEo [T]+c1Ey [T]>

:_dé(Q)l ,<i+i)
dg """ \by b/

Under condition (2.21), limgo &1 (g) = 0. By definition (2.17), it follows that

limfo(G1(q). ) =b1, 1imfi(&i(). 9) = bo,

e lim {31‘0(5;@‘ } [T
| og  e=tile) | 01Eoll],
- {afl a(f] ) ‘ézél(q)} o [T,

With this in mind, by (2.13)-(2.14) you can get

. [dA01(&1,82; q)
lim { P |51:51 (9), &2=82(q)

ql0
. dfo(S; q) }
1 N limg o {—95 le=&1q) _ R 1+ DbycoEo[T] (2.33)
by Jo(§%0) — by by fo(§*:0)—by’ '

. [0An(&1,62; q)
lim { 3¢, l&1=61(9), &=82(q)

q}0
_bl —5* . 0 85 £=41(9) B by —é* . 1+b1COEo[T] (2.34)
b fo(6*:0) = b b fo(E%50) —by '
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. [9A401(&1,62; q)
lim { 2q |§1=51 (9), &2=82(q)

q40
) d
hmqukl Ei(q b]Eo[T] 5 35
= fo(g*, ) fO(g*aO)_bl, ( . )
. [d402(61,62; 9)
lqlﬁ)l[ OZ(alq 24 |§1—§1(4)7§2—§2(Q)}
—lim M’
_5* . ql0 aq &i=1(q) _ by —5* . blE()[T] 2 36)
b fo(§%:0) — by bi  fo(§%0)—by .

and

. [9A01(&1,&2: q)
lqlﬁ)l [ 25 ‘51251(0)7 &=&(q)| =05

lim [aAoz(ﬁl,éz; q)

(2.37)
lim 5 \él—§1<q>752—52<q>} =0.

Substituting (2.33)-(2.37) into

dAo; dAp1 Ao dAp
dg lglo = 7 |q10- €1(0) + 95 |q10- &2(0) + g —— 410,
dAoz dAp A2 8A02
dg g0 = 3 |q10-€1(0) + 95 |q10 - &2(0) + !qw,

where £/(0) := d&(g)/dq|s0, k = 1,2, one can get Eqns (2.28)-(2.29). Eqns (2.30)-(2.31) follow
similarly. O

Proposition 2.3. If (2.21) holds, then the mean firing time M(x) = (]E [%(0)] , E [,%(I)D is finite and
is given by the entries

E [3_;(0)} —c (x+ bll) — Bo(EY) [1 n (‘2—1 - 1) exp(—‘g'*x)} : (2.38)
82| =0 ( blo) Bi(£*) { (i—o - 1) exp(—é*x)} , (2.39)

where &, Bo(§*), B1(E¥) and & = limy( &5(q) are defined in Lemma 2.2.

A numerical example with various values of jump amplitudes is depicted in Fig.3: the average firing
time increases when up jumps vary from large to small.
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45 T T T T T T T

<25

1.5F

0 5 10 15 20 25 30 35 40

A

Figure 3. Mean values of firing times ]E,%(O), x=1,co=—1,c; = -2, (2.38), with expo-

nentially distributed holding times, Exp(A), depending on A = Ay = A;. From left to right:
b() = 0.1,b1 = 0.5; b() = l,bl = 5; b() = 2,b1 = 10; bo :4,b1 =20.

Proof. Since M(x) = —lim,

do(x;q) by 2.12)
dg

dA; dA,
M(x) = —exp (—x&iq10) & |q10 — exp (—x&2]400) & 410
+xexp (_xé’l ’qw) (§{A1) |g10 +xexp (_x§2’q¢0) (52/A2) |410-
By (2.25) and (2.26) we have A |, 0 =1, A2|,10 =0, 1400 =0, &0 =& and &[40 = ©. Therefore,

dA dA
M(x) = == oo —exp (=870~ Plgto + 01,
which by Lemma 2.2 gives (2.38)-(2.39). O

Remark 2.1. Firing time distribution in the markovian case. Let the holding times be exponentially
distributed with alternating mean values A, I A" In this case, the pair (X(¢),(t)), t > 0, is the
Markov process.

Since,

mo(p) = Jo_
Ao+p’
functions fy and f7, see (2.17), are defined by
fo(§) =45 (b1 = &) (Mo +q—cob),
Si8) =A (bo—&) (M +g—c1§),

 M+p’

m (p)
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and equation (2.11), becomes

(ﬂo+q—cog?/{1+q—61§) (1_1750) (1—%)

In this case formulae (2.38)-(2.39) for mean firing times hold with

o bl—G().o-i-blCo)
BO(& )_g*(C()é*—)L()—blC())’
by — &(A1 +boct)
E*(c1&* — M —boc)’

Bi(§") =

where £* = lim, | &>(q).

Formulae (2.38)-(2.39) for mean firing times can be simplified to an explicit form also in the case
an alternating compound Poisson process, that is if co = ¢; = 0, which gives a nice additional result.

Proposition 2.4. Let the telegraph component vanish, co = c; = 0.
In this case, condition (2.21) always holds. The mean firing times of 7, are given by

[ (0)' 1 b]E()[T] —o | b() 1
E AR P 1+ Pexp(—2 2.4
_ﬂx | < + b1> + b _ + b exp( bx)_ ) (2.40)
and 1\  boE b '
- - T _
B[] =g (x4 L)+ 2BTIZ0 L B s ab] (2.41)
REAN bo 2 | b _

where 0, see (2.27), is simplified to

o boby

b (Eo[T] +E4[T]), 2b=bo+b;.

Proof. The moment generating function ¢ is given by (2.12), where & (q), & (q) are the two (positive)
roots of the equation (2.11), withco =c; =0

(bo—&)(b1—&) =Cy, Cy = bob170(q)71(q), g >0.

Explicitly,

1 1
&=b—3D, &=b+3D,  where D= V/(bo—b1)? +4C,, (2.42)

Formulae for the coefficients Ay, i € {0,1},k = 1,2, can be simplified. First, by (2.17) we have

by —bo+D

 by—by—D
7)) fo(&) =

fo(&1) = 2%

(2.43)

Further, by (2.13) and (2.14)

by — by —i—D‘ (by —by—D) —2b17/f0(q) B 2Cq+b17/fo(q)(b1 —bo+D)

Aol = _
ot b, —2D 2bD
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_ To(g) (1+4)
2
and N ~
A — by —by—D ‘ 2b171'0(q) — (bl — by —l-D) _ (b1 —bo—D)b]TC()((J) +2Cq
027 "o, —2D - —2b,D
_ To(q) (1 —A)
2 9
_ 2ba T
where Ag = b1 = bo +2bom, (q)

D
Similarly, by (2.15) and (2.16

m(q) (1+A1)

Al = NS VA Sl VA
11 ) ’ D) )

bo—b; +2b T
where A; = 0 1+ 17To(q).

D
After easy algebra one can obtain the explicit formulae for the moment generating functions of .7;:

0o (x;q) =Ty (q) exp(—bx) [cosh(Dx/2) + Ag - sinh(Dx/2)],
01(x;q) =7 (q) exp(—bx) [cosh(Dx/2) + Ay - sinh(Dx/2)].

Further, by (2.42) £* = limy( &>(gq) = 2b; by (2.43) fo(§*;0) = —by. Similarly, f(£*;0) = —b; and
by (2.32)

o blEo[T] —0 o boEl[T] —0
Under these simplifications, formulae (2.38)-(2.39), Proposition 2.3, become (2.40)-(2.41). O

3. Firing time under small frequent stimuli

Consider the case of small frequent stimuli. We assume that the mean values of jumps, by ! bl_],
and the holding times, 7;,, consistently tend to zero. We are interested to study the asymptotical be-
haviour of the firing time under these circumstances. Let’s set the exact assertion.

Let the parameters of stochastic stimulation of a neuron be scaled as follows: first, the mean stimuli
amplitudes consistently tend to zero,

Eo[Y] =by' =0, E[Y]=b"'—0; (3.1)
second, the holding time intervals tend to zero. More precisely, assume that for any fixed positive g

To(q) — 1, m(g) — 1, (3.2)

such that the derivatives of the moment generating functions 7, and 7; exist and vanish:

mo(q) == —7y(q) =Eo [Te "] =0,  mi(q):=—7(q) =E; [Te 7] =0, (3.3)
Ty (q) =Bo[T?e "] —»0,  7(q)=E;[T? 9] —0. (3.4)
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Assume the convergence rates at (3.1) to be comparable,

b EiT]
by o E()[T]

— B; (3.5)

convergence rates at (3.1), (3.3)-(3.4) to be consistent as follows:
EolY 1 Eq[Y 1
2,[ ] = — V0, ,1\/[ ] =
—7o(q)  bomo(q) —m(q)  bimi(q)

— VI, V0, V1 Z Oa (36)

and
boEo [T?e "] =0,  biE; [T?e 1] — 0. (3.7)

Coefficients vy, v; describe an additional positive trend arising in the jump-telegraph process due to
small frequent positive jumps.
Let
Ki=1+covy' +B(1+cvy'). (3.8)
To analyse the comportment of the roots &; and &, of (2.11), we will use the following decompo-
sition of the moment generating functions of the holding times distributions:

(g — co&) =mo(q) +co&mo(q) +Ro(&;9),

R N (3.9)
mi(q—c18) =mi(q) +c16mi(q) +Ri(S:q),
where by (3.4)
LN 282 2 T & (c08T)" 2¢2 2 T
Ro(&;q) =cGE7Eo | T e n>0—(n+2)! < c5E7Ey [T7e '] — 0,
- - T)”_ )
Ri(E:;q) =c3E%E, |T?e 4T —(Clé < EE, [T?e 1] 0.
1(8:q) =c1&°E, _ z (n12)! <cié 1[ }
Condition (3.7) provides the uniform in & convergence:
boRy(S; To(q — —To(q) —
0 06(25,61) _ b0~ <05) 7202(61) cwsmo(9)
~ S (3.10)
biR(8:q9) _, m(g—ci§)—m(g) —ciémi(q)
e = b 22 — 0.

Theorem 3.1. Let by, by — oo, and the holding times be asymptotically zero, such that conditions
(3.1)-(3.6) and (3.7) met.
If x € (0, +o9], then for any x, x > 0,

T = VX, a.s.,
where
_vo B v 4By >0
K L+covy ' +B(1+cpy ) '
If k <0, then

Ty — +oo a.s.
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Proof. To analyse the asymptotical behaviour of .7, we need to evaluate the comportment of the posi-

tive roots &1(q),82(q), &1(q) < &2(q), of equation (2.11),.
It turns out, the behaviour of the smaller root &1, &; < by A by, depends on the sign of k, (3.8).
Due to (3.9) equation (2.11), takes the form

(Fo(g) + coEmo(q) + Rol&:4)) (71(g) + crEmi(q) + Ry (E:q)) = (1 - b%) (1 —b%) ,

which can be rewritten as
Ag—A1E+AE2=0. (3.11)

Here Ap and A are constants (depending only on g),

Ao =1-mo(q)mi(q),

1 1 ~ ~
A= —+ —+como(q)m(q) +cimi(q)mo(q),
by b
and Ay = A() is given by
1
Ay =Ay(&) =—— —cocrmo(q)m1(q)
bob

—E7%[Ro- (M1 (q) +c1&Emi(q)) + Ry - (To(q) + co&mo(q)) + RoRi].

By (3.10) and (3.6)

lim (boAo) =limby - (1 —7o(q)71(q)) = glimby - (Eo[T] +E4[T])

, R (3.12)
=qlimby - (mo(0) +m;(0)) = q (vy' +Bv;') > 0.
By (3.6) and (3.1)-(3.2), bpA| converges to Kk, (3.8),
. . by ~ ~
lim[boA] =lim |1+ b + cobomo(q) 71 (q) + c1bomi (q) To(q) (3.13)

=1+ —|—c0v6l +[301v1_1 = K.

Next,
boAs =b; ' — coermi(q) - bomo(q)
PR @)+ (@)~ 5 Rola) + Emo(a) ~ R

Since & = & < by A by, the terms Emg(gq) and Emy(g) by (3.6) are uniformly bounded. Therefore, by
(3.10),

lim[bpA,(&1)] = 0. (3.14)
If k¥ > 0, the smaller root &; of (3.11) has the following limit:

2A0
Al + /A —4A0A;
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By (3.12), (3.13) and (3.14) this limit is positive and finite:

Ao qvg" +Bvih

limé&; (q) :limA—1 = . =qy>0.
Further, under this scaling
TESPCLCDI T o1V U TP N VL
1 7o(q — co81) bo (g —c181)

Under the scaling (3.1), the greater root &>, & > by V by, always goes to infinity, & — oo; moreover,

Jo(&2)/b1 and f1(&2) /by are finite.
As a consequence, Ag; and A1, which are defined by (2.13) and (2.15), converge to 1 and Ay and
A1y are bounded.

Summarising, we obtain
lim ¢ (x) = exp(—q¥x),
which means

T —

vo+ Bvi
——Xx=x a.s.
K

If the limit lim[bpA ;] = K in (3.13) is not positive, k < 0, then (see (3.15))
lim¢&; (g) = oo,
which corresponds to
lim@(x) =0

and

T — +o0 a.s.
O
Remark 3.1. The result of Theorem 3.1 can be interpreted as the behaviour of two types of neurons:

if k > 0, then the scaled model corresponds to the so called a tonically discharging cell, a phasic cell
appears when k < 0, that is .7, — oo, the firing rate drops to zero, see [31].

Remark 3.2. In the markovian case, that is if 75(¢q) = Ao/(q+ Ao), Ti(q) = A1/(g+ A1), conditions
(3.2)-(3.7) hold when

A'Ou 2'1 — +°°7
ﬂ,o/b()—>V(), 7L1/b1—>v1.

The crucial parameter K becomes
k=1+covg ' +B(1+cvy!) =1+1im[by- (b +cory ' +er )]
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4. Single-state homogeneous model

The model of neural activity based on a jump-telegraph process, see (1.1), (1.4), which is studied in
Sections 2 and 3 can be simplified, restricting to the case with one state. Consider the particular case
of the neural model (1.4) based on the single-state symmetric process

X(t)=ct+) Y, c <0, 4.1)

with independent positive exponentially distributed stimuli amplitudes Y,,, ¥, ~ Exp(b), b > 0; the in-
dependent inter-arrival times {7}, },>1, are identically distributed with the density function 7(¢). When
T,, are exponentially distributed, such a model has been studied in detail by [7] and [21].
The moment generating function ¢ (x) = E[exp(—qg.Z)] of the first passage time .7, is given by
(2.12),
0 (x) = e SFA| +e A,

where A| = Ay = A1, Ap =Agy = Ay are defined by (2.13)-(2.17), & = E1(q) and & = &;(q) are the
two branches of positive roots of (2.11),.
For the single-state process X (¢), defined by (4.1), equation (2.11), is simplified to

m(g—c) = ‘1——‘

More precisely, &, & < b, is the positive root of T(q —c&) =1—& /b, and &, & > b, is the root of
7(q—c&) =& /b— 1. In this case, functions f and f;, which are defined by (2.17), coincide,

b—8&

fo(§) = fi(8) = Fg—cd) f(&),
that is, : §
_b=G b—&
(&) = =& /b b,  f(&)= By b. (4.2)
By (4.2) and (2.13)-(2.16)
b— ~
A1=A01=A11=T§1=7T(q—651), Ay =Ap =A1n =0,
and the moment generating function ¢ (depending only on &;) is given by
b—
o(vg)=—, : e, (4.3)
where § = &1(q), 0 < &1(q) < b, g >0, is the root of
m(g—c§)=1-¢/b. (4.4)

Function 7T = ff(q), q > 0, is positive, convex and decreasing, hence the root of (4.4) exists and function
£1(q), ¢ > 0, increases,
0< q1 < g2 = 0< él(ql) < 51((]2) <b.

Mathematical Biosciences and Engineering Volume 16, Issue 5, 3411-3434



3430

Therefore, lim, o &;(q) exists and, by Proposition 2.1,

& >0, if CcE[T]+b!<0,
limé&;(q) =

910 ) 1
0, if cE[T]+b7" >0.

Further, the firing probability P{.7; < oo} = lim, ¢ (x;q) is given by

b—&,

7 exp(—&x), if CE[T]+b"! <0,

P{T; <oo} =
1, if CcE[T]+b7!>0,

In the case cE[T|+ b1 >0, by differentiating in (4.4) (see also (2.27)) one can obtain

lim déi(q)  E[T]

= 0.
al0  dg b=1+cE[T] ”

The mean firing time is finite: by (4.3) and (4.5) one can obtain

E[Z] = - d¢(q)|qw—( +67') - lim d%; 2 (iiZjJ)EI?[TT]]'

This result is in concordance with Proposition 2.3 . In this case, by (2.27),

-
~ b T+ cE[T]
and by (2.32),
y (2.32) bE[T] — (1 + bcE[T])
f(E)—b

By(&*) =B1(&%) =
which by (2.38)-(2.39) gives (4.6).

=0,

4.5)

(4.6)

In particular, consider the model (4.1) defined by the compound Poisson process with the (neg-
ative) drift ¢, that is, let the inter-switching times of model (4.1) be exponentially distributed,
nt(t) = Aexp(—At). Now, formula (4.3) holds with £, 0 < & < b, which is the unique positive root

of the equation (4.4):
A
——=1-¢/b.
A+q—c& &/
We have
A+q+bc— \/(A+q+bc)>—4bcq qd— \/q*+4bcA
0<&=E(g) = ik g IV,

where g := g+ A — bc. Due to (4.3), the moment generating function ¢ is given by

d
¢(x:q) =Be 97 =e ¥ b ! aeféx

4.7)

(4.8)
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27
CA+q—be+ /P + (A +bc)?+2q(A —bc)
( A+q+bc— \/g*>+ (A +bc)? —|—2q(7t—bc)x)

X
exXp 2

which coincide with [7, (39)]. By applying the inverse Laplace transform Xqit to (4.8) one can obtain
the firing density f (t). Formula [32, 2.2.5-18] applied to exp(—&(g)x) with &(q) defined by (4.7)
shows

2 lexp(=E(a00] = =t (2 Vi 4 2at ) exp(~bx = (A~ o)),

where a = x/(—2c¢), z=2+/—bcA. After easy algebra, from (4.8) we obtain

) = 25 [000) 20| exp (e~ (2~ ) 49

xX—ct

with w := 2 \/Abt(x — ct). Formula (4.9) was derived in [7, Theorem 3.1] using another technique.
Firing probability, P{.7; < e}, and moments of .7; can be also obtained: if A +bc > 0, then (2.21)

holds and
1+bx

A+bc
If A +bc <0, then E[.;] = +eo. This coincides with the known result, see [7, Proposition 4.2].

The limit behaviour under small frequent stimuli, Section 3, in the case of the single-state model,
also looks simple.

In this case, condition (3.1) corresponds to b — o and 8 = 1, see (3.5); (3.6)-(3.7) follows, if

E[7] =

7L—>—|—ooandz—>v.

By (4.3)
b—2¢
Bexp(~q73) = 9(x) = = = exp(—~Eu),
where & = £(q) is the positive root, 0 < &;(q) < b, of
A 1 g

Adqg—cE b’

One can see that for any ¢ > 0 under this scaling
T ifvge>0,
2q v+c

51(4) =

%
v+c+q/b+ \/(v+c+q/b)2—4cq/b .
4o, ifv+c¢ <0,

and for any x > 0
exp(—gx/(v+c)), ifv+e>0,
¢ (x) =
0, if h+c<0.
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Therefore,

, ifv+e>0,
v+c

T —

00, ifv+c<O0.
5. Concluding remarks

The main goal of this paper is to study the stochastic model based on two states/phases of the nerve
cell, alternating at random times of exponential excitatory inputs. The corresponding single-phase
Stein’s model is well known and presented in detail, see [3, 5, 10]. Our model generalises and modifies
the two-phase cell cycle model, presented by [10, 11]. In this paper, we have obtained the explicit
formulae for firing probability and the mean firing time, under the certain necessary condition. The
asymptotical behaviour of the firing time under small frequent stimuli has been also presented. The
known results of the single-state homogeneous model, [7], follow as a special case.

Since the real activity of neurons depends on the current state/phase of the organism, the pro-
posed model, based on two alternating patterns, fits well with a naive understanding of this issue. The
structure of this model can serve as a guide for practitioners: it would be interesting to discover this
two-phase phenomenon of the behaviour of neurons in an experiment.
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